PATRICK SUPPES AND MARIO ZANOTTI

WHEN ARE PROBABILISTIC EXPLANATIONS
POSSIBLE?

The primary criterion of adequacy of a probabilistic causal analysis is
that the causal variable should render the simultaneous
phenomenological data conditionally independent. The intuition back
of this idea is that the common cause of the phenomena should factor
out the observed correlations. So we label the principle the common
cause criterion. If we find that the barometric pressure and tem-
perature are both dropping at the same time, we do not think of one
as the cause of the other but look for a common dynamical cause
within the physical theory of meteorology. If we find fever and
headaches positively correlated, we look for a common disease as the
source and do not consider one the cause of the other. But we do not
want to suggest that satisfaction of this criterion is the end of the
search for causes or probabilistic explanations. It does represent a
significant and important milestone in any particular investigation.
Under another banner the search for common causes in quantum
mechanics is the search for hidden variables. A hidden variable that
satisfies the common cause criterion provides a satisfactory explana-
tion “in classical terms” of the quantum phenomenon. Much of the
earlier discussion of hidden variables in quantum mechanics has
centered around the search for deterministic underlying processes,
but for some time now the literature has also been concerned with the
existence of probabilistic hidden variables. It is a striking and important
fact that even probabilistic hidden variables do not always exist when
certain intuitive criteria are imposed. One of the simplest examples
was given by Bell in 1971, who extended his earlier deterministic
work to construct an inequality that is a consequence of assuming
that two pairs of values of experimental settings in spin-1/2 experi-
ments must violate a necessary consequence of the common cause
criterion, that is, the requirement that a hidden variable render the
data conditionally independent. It is easy to show that Bell's in-
equality is a necessary but not sufficient condition for conditional
independence. However, we shall not pursue further matters involv-
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ing specific quantum mechanical phenomena in the present con-
text.

Our aims in this short article are more general. First we establish
a necessary and sufficient condition for satisfaction of the common
cause criterion for events or two-valued random variables. The con-
dition is existence of a joint probability distribution. We then consider
the more difficult problem of finding necessary and sufficient con-
ditions for the existence of a joint distribution. We state and prove a
general result only for the case of three (two-valued) random vari-
ables, but it has as a corollary a pair of new Bell-type inequalities.

The limitation from a scientific standpoint of the first result on
satisfaction of the common cause criterion is evident. The mere
theoretical existence of a common cause is often of no interest. The
point of the theorem is clarification of the general framework of
probabilistic analysis. The theorem was partially anticipated by some
unpublished work of Arthur Fine on deterministic hidden variables.

The second theorem about the existence of a joint distribution is
more directly applicable as a general requirement on data structures,
for it is easy to give examples of three random variables for which
there can be no joint distribution. Consider the following. Let X, Y,
and Z be two-valued random variables taking the values 1 and —1.
Moreover, let us restrict the expectation of the three random vari-
ables to being zero, that is,

E(X)=E(Y)=E(Z)=0.

Now assume that the correlation of X and Y is —1, the correlation of
Y and Z is —1, and the correlation of X and Z is —1. It is easy to show
that there can be no joint distribution of these three random variables.

THEOREM ON COMMON CAUSES. Let X,,...,X, be two-valued
random variables. Then a necessary and sufficient condition that there
is a random variable A such that X,,...,X, are conditionally in-
dependent given A is that there exists a joint probability distribution of
X,....X,

Proof: The necessity is trivial. By hypothesis

P(xl=1,...,xn=1|A=A)=[_I‘P(x.=1|)\=x).

We now integrate with respect to A, which has, let us say, measure u,
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so we obtain

P(x.=1,...,x"=1)=fp(x,=1,...,x"=1|A=,\)du(A).

The argument for sufficiency is more complex. To begin with, let ()
be the space on which the joiat distribution of X,,..., X, is defined.
Each X, generates a partition of Q:

A={w:0 Q& X (w)=1}
A={w:0€Q&X(0)=—1}.

Let ? be the partition that is the common refinement of all these
two-element partitions, i.e.,

P={A\...A, A ... A, ..., A... A},

where juxtaposition denotes intersection. Obviously #? has 2" ele-
ments. For brevity of notation we shall denote the elements of
partition ? by C,, and the indicator function for C, by C, i.e.,

1if wE€C,
0 otherwise.

C‘,(w)={

We now define the desired random variable A in terms of the C,.

o A=3 «f

where the «; are distinct real numbers, ie., a,# «, for i#j. The
distribution u of \is obviously determined by the joint distribution of
the random variables X,,.. ., X,.

Using (1), we can now express the conditional expectation of each X,
and of their product given A.

@ B, B> P(C)f X, du())

and

) E(x....x,,|A)=2P(C)f X,...X, du(d).

We need to show that the product of (2) over the X,’s is equal to (3).
We first note that in the case of (2) or (3) the integrand, X; in one case,
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the product X,...X, in the other, has value 1 or —1. (So A as
constructed is deterministic - a point we comment on later.) Second,
the integral over the region C, is just P(C,). So we have

4
@ EX (A =3 sgneX)6,
J
where sgnc,(X,) is 1 or —1, as the case may be for X, over the region
C;. From (4) we then have

O IEX ) 0=TTS seneX)C,

Given that the product C,C, =0, if j# j', we may interchange product
and summation in (5) to obtain

(6) ITE: |\ =3 T sgne,(X)C,

but by the argument already given the right-hand side of (6) is equal
to E(X;...X, | A) as desired. Q.E.D.

There are several comments we want to make about this theorem
and its proof. First, because the random variables X, are two-valued,
it is sufficient just to consider their expectations in analyzing their
conditional independence. Second, and more important, the random
variable A constructed in terms of the partition ? yields a deter-
ministic solution. This may be satisfying to some, but it is important
to emphasize that the artificial character of A severely limits its
scientific interest. What the theorem does show is that the general
structural problem of finding a common cause of a finite collection of
events or two-valued random variables has a positive abstract solu-
tion. Moreover, extensions to infinite collections of events or con-
tinuous random variables are possible but the technical details will
not be entered into here. We do emphasize that the necessary
inference from conditional independence to a joint distribution does
not assume a deterministic causal structure.

The place where the abstract consideration of common causes has
been pursued the most vigorously is, of course, in the analysis of the
possibility of hidden variables in quantum mechanics. Given the
negative resuits of Bell already mentioned, it is clear how the
Theorem on Common Causes must apply: the phenomenological
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events in question do not have a joint distribution. We are reserving
for another occasion the detailed consideration of this point.

Within the present general framework it is important to explore
further the existence of nondeterministic common causes. Many
important constructive examples of such causes are to be found in
many parts of science, but the general theory needs more develop-
ment. One simple example is given at the end of this article.

We turn now to the second theorem about the existence of a joint
distribution for three two-valued random variables, which could be
the indicator functions, for example, for three events. We assume the
possible values as 1 and —1, and the expectations are zero, so the
variances are 1 and the covariances are identical to the correlations.

JOINT DISTRIBUTION THEOREM. Let X, Y, and Z be random
variables with possible values 1 and —1, and with

E(X)=E(Y)=E(Z)=0.

Then a necessary and sufficient condition for the existence of a joint
probability distribution of the three random variables is that the
following two inequalities be satisfied.

-1 =EXY)+E(YZ)+ E(XZ)
=1+ 2 Min{E(XY), E(YZ), E(XZ)}.

Proof: We first observe that
(1 E(XY)=pu —pw —pou +Ppw.,
where
po =PX=1,Y=-1),etc.
(We use 0 rather than —1 as a subscript for the —1 value for simplicity

of notation. The dot refers to Z.)
It follows easily from (1) that

(2 E(XY)

1
Pm:Pn:Z‘*’ 4
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and similarly

©) Poo=P11=%+EL§Z—),
@ pmpu=1+E02)
®) Pot Plo—%_E%Y),
©) D0-1=Pno=%—'}—3%(—z),
M P~01=P10=1—'E‘Q4{£)
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Using (2)-(7) we can directly derive the following seven equations for
the joint distribution — with p;;, being treated as a parameter along

with E(XY), E(YZ), and E(XZ):

P110—2+E(§Y)_pm
po =3+ 208 _p,,
Pon _4—+E(YZ)_plll
® J le:Pln—E—(%—Y—)-—E%—Q
Powo = p.,,_EQfIL)_E(ZZ)
Poo =p||1—g-§—g_§_(§__z)
pow = 1 4 EXY)  EXZ) | E(YZ)

] 4 4

~Piu
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From (&) we derive the following inequalities, where a =4py;:
1+ EXY)=«a

1+E(XZ)= «

1+E(YZ)=«

%) EYZD)+EXZ)<«a

EXY)+E(YZ) <«

EYZD)+EXZ)<a

1+EXY)+EXZ)+(YZ) = «

From the last inequality of (9), we have at once
10) —1=EXY)+ E(XZ)+ E(YZ),

because a must be nonnegative. Second, taking the maximum of the
fourth, fifth, and sixth inequalities and the minimum of the first,
second, and third, and adding Min(E(XY), E(XZ), E(YZ)) to both
sides, we obtain

(11) E(XY)+ E(XZ)+ E(YZ) = 1+ 2 Min{E(XY), E(XZ), E(YZ)}.
Inequalities (10) and (11) represent the desired result. Their necessity,
i.e., that they must hold for any joint distribution of X, Y, and Z, is

apparent from their derivation.
Sufficiency follows from the following argument. Let

C = Max{E(XY) + E(XZ), EXY)+ E(YZ), E(XZ) + E(YZ)},
C; = Min{E(XY), E(XZ), E(YZ)}.
It is an immediate consequence of (10) and (11) that
(12) Ci=1+0C,,
(13) 1+C +C,=0.

Assume now that C,=0.
We may then choose a = 4p,;; so that

a=BC+(1-B8)1+Cy), for0=g=1.
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On the other hand, if C, <0, choose « so that
a=p(1+Ci+Cy), for0=p=1.

It is straightforward to show that for either case of C;, any choice of
B in the closed interval [0, 1] will define an a4 = p,;, satisfying the
distribution equation (8). Q.E.D.

The two theorems we have proved can be combined to give a pair of
Bell-type inequalities. Two differences from Bell’s 1971 results are
significant. First, we give not simply necessary, but necessary and
sufficient conditions for existence of a hidden variable. Second, we
deal with three rather than four random variables. As would be
expected from the proofs of the two theorems, our method of attack
is quite different from Bell’s.
The corollary is an immediate consequence of the two theorems.

COROLLARY ON HIDDEN VARIABLES. Let X, Y, and Z be
random variables with possible values 1 and —1, and with

E(X)=E(Y)=E(Z)=0.

Then a necessary and sufficient condition for the existence of a hidden
variable or common cause A with respect to which the three given
random variables are conditionally independent is that the
phenomenological correlations satisfy the inequalities

-1 =E(XY)+ E(YZ) + E(XZ) = 1 + 2 Min{E(XY),
E(YZ), E(XZ)}.

NONDETERMINISTIC EXAMPLE. The deterministic result of the
Theorem on Common Causes can, as already indicated, be mislead-
ing. We conclude with a simple but important example that is strictly
probabilistic. )

Let X and Y be two random variables that have a bivariate normal
distribution with |p(X, Y| # 1, i.e., the correlation to be factored out by
a common cause is nondeterministic, and without loss of generality
E(X) = E(Y) = 0. It is a standard result that the partial correlation of X
and Y with Z held constant is (for a proof, see Suppes, 1970, p. 116):

pX,Y)—p(X, Z)p(Y,Z)

XY Z2)=
ol ) V1-pX,Z)V1-pXY,Z)
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Because a multivariate normal distribution is invariant under an affine
transformation, we may take

E(Z)=0,

E(Z)=1.
If p(X,Y)=0, we set

p(X,Z) = p(Y,Z)= Vp(X,Y).
If p(X,Y)<0, we set

p(X,Z) = — p(Y,2)= V]p(X, V).

It is straightforward to check that we now have a proper multivariate
normal distribution of X, Y, and Z with
p(XY Z)=0

and p(X, Z) and p(Y, Z) nondeterministic.

Stanford University

REFERENCES

Bell, J. S.: 1971, ‘Introduction to the hidden-variable question’, in B. d’Espagnat (ed.),
Foundations of quantum mechanics (Proceedings of the International School of
Physics “Enrico Fermi”, Course IL). New York: Academic Press, [71-181.

Suppes, P.: 1970, A Probabilistic Theory of Causality (Acta Philosophica Fennica, 24).
Amsterdam: North-Holland. .



