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Weak and Strong Reversibility of Causal
Processes* |

PATRICK SUPPES
Stanford University

1 Introduction

It is widely known, and often commented upon, that the basic equations of
classical physics remain valid under a transformation from time ¢ to —¢. It is
often also remarked that this invariance under a change of direction of time
is completely contrary to ordinary experience. So the invariance of well-
established classical physics, as well as other parts of physics, for example,
relativistic mechanics and the Schrédinger equation in quantum mechanics,
creates a natural philosophical tension about the nature of causal processes.
The purpose of the present article is not to resolve in any complete way this
tension between physics and ordinary experience, but to at least reduce the
tension by introducing two con_écpts of reversibility. The first is that of weak
reversibility, which is what is exemplified in the invariance of the equations
of classical physics under time reversal. This is the weak sense of reversibil-
ity, because we can usually distinguish by observation whether a system of
particle mechanics is running one way or the other. The appearance is not the
same when we go to a reversal of time. Elementary examples would be mea-
suring the. velocity of a particle accelerating from rest, moving in a straight
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line and hitting an impenetrable wall. The picture of change of velocity, es-
pecially, will be very different under time reversal. Under such reversal, the
particle has a very large velocity immediately, as motion begins, and will
continue to decelerate until it finally reaches the state of rest, quite contrary
to what would be observed in the usual direction of time. Of course, this dif-
ference is well accepted in discussions of the invariance of classical physics
under time reversal.

The concept of strong reversibility introduced here, and used in various
analyses of a variety of natural phenomena, including stochastic processes,
has a much stronger condition for reversibility. A process, deterministic or
stochastic, is said to be strongly reversible if we are unable to distinguish
whether the process is running forward or backward. To put it in vivid terms
often used, the backward movie, that is, running the film in reverse, of the ob-
servation of the process, is indistinguishable by observation from the forward
movie. In what follows, these ideas are made more precise, especially for
stochastic processes. I should mention that the concept of strong reversibility
used here corresponds to what is often defined in the stochastic-process liter-
ature as simply reversible. So the condition given below for a Markov chain
to be strongly reversible is the same as the standard concept to be found, for
example, in Feller (1950, p. 342) for Markov chains.

Although many of the formal distinctions introduced in what foliows are
familiar in the literature of probability theory, especially of stochastic pro-
cesses, it is my impression that the distinction introduced here has not been
sufficiently emphasized, as a distinction, in the philosophical discussions of
time reversibility. Its introduction is meant to reduce the tension I mentioned
at the beginning, in the sense that there is a close alignment between ordinary
experience not being strongly reversible, and, similarly, for many trajectories
of idealized particles or other processes of importance in physics.

2 Weak Reversibility

As already remarked, it is well known that classical particle mechanics and
relativistic particle mechanics have the property of being weakly reversible,
i.e., the transformation changing the direction of the time always carries sys-
tems of classical particle mechanics into systems of classical particle me-
chanics and, correspondingly, for the relativistic case. Detailed proofs of
these results are to be found in McKinsey and Suppes (1953) for classical
particle mechanics and in Rubin and Suppes (1954) for relativistic particle
mechanics. Because of their technical character they are summarized in the
Appendix,

The proof that first-order Markov-chains are carried into first-order Markov
chains under time reversal is straightforward. Here is the elementary proof
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for first-order chains with a finite number of states. In the proof it is assumed
that all the probabilities that occur in the denominators of expressions have
probability greater than zero.

THEOREM 1. All first-order Markov chains are weakly reversible.

Proof (for finite-state, discrete-time processes):

. ) P(in-1jnkn+1)
Pln-tlinknis) = Pl 1w PG
P(kn+1 |jn)P(jn | in—l)P(in—l)

P(knt1 | jn)P(jn) -
P (jnin—l)
P(4n)
= P(in—l |.7n)

The situation in quantum mechanics is somewhat more complicated con-
cerning weak. reversibility. Certainly, the Schrodinger equation is so re-
versible. It is weakly reversible under transformations changing the direction
of time. On the other hand, in the standard accounts, this is not true of the
measurement process (von Neumann, 1955, Ch. 5). ‘

Finally, from a common-sense standpoint, ordinary experience is cer-
tainly not weakly reversible. Time has a fixed direction and the empirical
evidence in terms of human experience of this direction is overwhelming.

Forward # Backward

People almost never walk up stairs backward. No races are run backward,
etc. This is not to claim the “backward movies” violate laws of mechanics,
only inductive laws and facts of experience, most especially the universally
accepted nature of human memory:

unknown future # known past.

Some definitions. Before going further, it is desirable to introduce some stan-
dard stochastic concepts, implicitly assumed in Theorem 1. First, let X (t) be
a stochastic process such that for each time ¢, X(t) takes values in a finite
set, a restriction imposed only for simplicity of exposition. Any finite family
X(t1), X(t2), ..., X(tn) has a joint probability distribution. Using an obvi-
ous simplification of notation, a process is (first-order) Markov if and only if
for any times t; < t3,...,n,

0)) P(zp | Ta-1...,71) = P(z, | Zn-1),
where the simplified notation is defined as follows:

P(zp | Tne1) = P(X(tn) = jn | X(tn-1) = in_1).
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A Markov process is homogeneous if the transition probabilities such as (1)
do not depend on time, and it is irreducible if any state j can be reached from
any other state in a finite number of steps. For a discrete-time homogeneous

Markov process, I write the transition probabilities in several different, but
useful notations

Pij =p(i,j) P(Jn |in—1)=P(xn =j |xn—1 =i)
P(X(tn) = jn | X(tn-1) = tn-1),
all of these often used in the probability literature.

Let P;;(n) be the probability of returning to state ¢ in n transitions. The
period (1) of a state 1 is the greatest common divisor of the set of integers n
for which P;;(n) > 0. A state is aperiodic if it has period 1. Moreover, it is
easy to show that if a Markov process is irreducible every state has the same
period. So an aperiodic process is one in which every state has period 1.

Hereafter, when I refer to a Markov chain, I am assuming a Markov pro-
cess that is finite-state, discrete-time, homogeneous, irreducible and aperi-
odic.

The definitions of being Markov, homogeneous and irreducible all apply
without change to continuous-time processes, but there are some further con-
ditions to impose to avoid physically unlikely cases. First, we require such
a process to remain in any state for a positive length of time, and, second,
the process cannot pass through an infinite sequence of states in a finite time.
Corresponding to the transition probability for discrete-time processes, the
transition rate for continuous-time processes is defined as:

_ oy PXE+T) =51 X{H) =9 ., .
gij = lim : - y 1F s

and for definitional purposes, we set ¢;; = 0. When I refer to a Markov
process, I will mean a continuous-time one. Such a process remains in each
state for a length of time exponentially distributed with the parameter g(3)

defined as: ; .
a(d) = aij
i
and when it leaves state 7 it moves to state j with the probability

qij
q;

> @i # 1,
j

i.e., transition rates from i to another state need not add up to 1, as must be
the case for transition probabilities from state ¢ in the discrete-time processes.

(A good discussion of such continuous-time processes may be found in Kelly -
(1979).)

pij =
Note that in general
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3 Strong Reversibility

The intuitive idea of strong reversibility is easily characterized in terms of
movies. A movie is strongly reversible if an observer cannot tell whether the
movie is being run forward or backward. There is no perceptual difference in
the two directions. Now, as our ordinary movie experience tells us at once,
this is a pretty exceptional situation. On the other hand, there are impor-
tant physical processes, a few of which we will discuss, that do have strong
reversibility. An interesting case to begin with is this. When is a Markov
chain strongly reversible? The right setting for this is to restrict ourselves at
once to stationary, ergodic Markov chains. A Markov chain is stationary if
its mean distribution is the same for all times. It is ergodic if it has a unique
asymptotic distribution independent of the initial distribution. Note that un-
der these definitions, a Markov chain can be ergodic but not stationary if its
initial distribution is different from its unique, asymptotic one. But here I
assume ergodic chains are stationary.
An ergodic Markov chain is strongly reversible if

3] MiDij = T;Dji

for all states i and j, where 7 is the unique asymptotic distribution. The
equations (2) are often called the detailed balance conditions for strong re-
versibility. Bernoulli processes, such as coin flipping, are strongly reversible
processes, because there is no memory of past states: p;; = p; & Dji = Pi,

so we satisfy (2). Moreover, any 2-state ergodic Markov chain is strongly
reversible. Here is the proof. Since the process is ergodic

m = mMPu+ m2Ppa
= (1l - p12) + m2pa,
S0
T1P12 = M2P21-
On the other hand, many 3-state chains are not strongly reversible. Here is
an example of a three-color spinner.

B R Y

1 1 1
B244
3 1 1
Ré‘za
1 3 1
Ylsg § 3

We have at once for the mean distributions (7, 7, ) of the three states:

m = 3m 4 Em+ F(l-m— )

T = im+im+ 31 -m -7
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solving the two equations, we find:

_ 13 _ 14 _ 10
7Tb--3—,i, Wr—ﬁ, Wy—-s—f.
Here is the proof that it is not strongly reversible:
13 1 ,14 3

TbPbr = 7 : 2 37 ’ § = TrPrb-
We can summarize what we have been saying about Markov chains in the
following theorem, where in the notation of the theorem, 2 means equal in
distribution. '

THEOREM 2. If an ergodic Markov chain is strongly reversible, then it is
impossible to distinguish whether a movie of it is running forward or back-
ward, that is, any finite sequence of random variables of the process has the
same distribution when the order of the random variables is reversed:
(X0, X1,...Xn,) 2 (Xn, Xnot, ... Xo,)
I give the proof for n = 2: _
P(Xo=1,X1=j) = P(X;=j|Xo=1i)P(Xo=1)

= TiDij

= mjpji by (2)

= P(X,=i|Xo=j)P(Xo=7)

= P(X1 =i,Xo =J)
The concepts introduced hold for finite-state continuous-time changes by re-
placing transition probabilities by transition rates q;;,7 # j with g;; > 0, as
defined above. The detailed balance conditions defining strong reversibility

are the same in form as those of (2) with the r; > 0 and summing to 1, as
before:

3 - Tigij = Wjgji.
With a proof just like that of Theorem 2, we have at once:

THEOREM 3. Ifan ergodic continuous-time Markov process is strongly re-

versible, then it is impossible to distinguish whether a movie of it is running
Jorward or backward.

In the present context, there is nothing special about first-order Markov chains.
A second-order ergodic Markov chain is strongly reversible iff

“ WiMijDijk = TkTkjDkjiy
where a chain is second-order Markov if

P(zn | Tn-1,.++,%1) = P(zn | Tho1,ZTn-2),
corresponding to (1) for first-order.
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THEOREM 4. If a second-order Markov chain is ergodic and strongly re-

versible, then it is impossible to distinguish a movie of it running forward or
backward, i.e.,

(X0, X1,...Xn,) 2 (Xn,Xn-1, .- Xo,)-
Proof forn = 3: '
P(Xo =14,X; =j,X; =k)
= P(X2 = k|X; = j,Xo = i)P(X; = j|Xo
= PijkTij Ty
= MeMe;Prji bY (4) :
= P(Xz =i|X; = j,Xo = k)P(X; = j|Xo = k)P(Xo = k)
=PX;=1,X;=5X0=k)..
As is obvious, this proofalso works for continuous-time second-order Markov
processes. Without too much effort, this same sort of proof can be extended
to chains of infinite order that are ergodic and stationary. The line of reason-
ing required is developed in Lamperti and Suppes (1959).
Turning again from Markoy chains to continuous-time Markov processes,
simple examples of strongly reversible processes are ergodic birth and death
processes, defined by the transition rates being zero except for g(¢,i+1) > 0,

representing a birth, and g(¢,7 — 1} > O representing a death. The detailed
balance conditions (3) then assume the form

i)P(Xg =1)

&) Tili,i+1 = Tit1Gi+1,4

where the 7;’s form the stationary probability distribution of the finite set of
states.

Ehrenfest model. A simplified model of statistical mechanics nicely exem-
plifies a birth and death process that is strongly reversible. In the spirit of
Maxwell's demon, there are two containers of particles, thought of as ideal
gas molecules. Let X(t) be the number of particles in container I, and, so,
k — X(t) is the number of particles in container II. The “birth and death”

process corresponds to increasing or decreasing the number of particles in
container I, with the transition rates being:

Giji-1 = 1A, i=1,2,...,k,
gii+1 = (kK = 1), i=0,1,...,k -1,
where X is the rate parameter. The stationary distribution may be shown to
be
m:z*(’f) i=0,1,...,k,

2
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where

(’:) =(—_]_c#and0 =1.

That the process is strongly reversible may be seen by checking the detailed
balance conditions (5).

migiaa =275 (k-9

_ o 2=REN(k—i)A
- k—1i)li!

. 2=kgy since
= E=G+1DHl ik ti' ik—z;+1”'

27 REG ) i
= F=G7F '1%;‘(1! ! sincej; = (ﬂ‘x)‘l
= 2-_ (1.+1)(7: + 1)’\

= Tig1Qi41 Y-

Without attempting a detailed discussion of entropy for this process, I
note that even though it is stationary and strongly reversible, the mean fluc-
tuation from moment to moment is always stronger toward the equal distri-
bution of particles in the two containers rather than away from this equal
distribution, for

qii—-1 ={A < ( _7')/\ qi,i4-1
1f and only if i > -2-. independent of the rate parameter A. If we compute the
entropy by the relative frequency f(t) at time ¢ of the number of particles in
container I, then the “momentary” entropy of the process at ¢ is

H(t) = —(f(t)log f(2) + (1 - f(2)) log(1 — f(2))

and by the analysis just given the mean rate of change of entropy is always
increasing, i.e., is positive, in spite of the strong reversibility of the process.
But there is, obviously, no contradiction between these two features of the
model, even at equilibrium, i.e., when stationary. An excellent detailed anal-
ysis of the Ehrenfest model and also of the Boltzmann equation, and of the
associated “paradoxes’ of Loschmidt and Zermelo, is to be found in Kac
(1959).

Deterministic systems. 1 now turn to deterministic classical physical sys-
tems. It should be evident enough that only very special ones are strongly
reversible. Any sort of dissipative system will, in general, not be. A real
billiard ball on a real table is not strongly reversible. We start the motion
and it comes to a halt somewhere, due to friction on the table. We can eas-
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ily distinguish the forward from the backward picture. On the other hand,
an idealized billiard ball on an idealized table with total conservation of en-
ergy and exact satisfaction of the equality of the angle of incidence and the
angle of reflection can be put in periodic motion and, once in motion, will
continue forever. Moreover, this idealized motion will, of course, be strongly -
reversible. By “observing” it, we cannot decide whether we are seeing the
forward or the backward movie. (I put “observing” in quotes, for there is, in
fact, no such billiard case, but we can artificially simulate it well for a finite
period of time.)

A simple, but important, example of a classical system that has strong
reversibility is an undamped and undriven one-dimensional harmonic oscil-
lator. The differential equation for such an oscillator is: ‘

where w is the natural frequency of the oscillator when undamped and un-
driven, and the “initial” conditions at time ¢ = 0 are:

To = a,
dzo
_(12- 0.

(When the model is a pendulum, the initial conditions correspond to the pen-
dulum being at rest at time ¢t = 0 with displacement «.) The general solution
of (1) is:

z(t) = Acoswt + Bsinwt,

and

d
d_: = —Aw sinwt + Bw coswt

soatt = 0, B =0, whence

Acoswt=catt =0, and A = c.

Then P

O A2

prali Aw” coswt
and finally
6) z(t) = Acoswt.

We have at once that such an oscillator is strongly reversible, since for all ¢
z(—t) = Acos —wt = Acoswt = z(t).

Notice that this solution holds for ~oo < t < oo, and the conditionsatt = 0
are not really initial conditions, but just conditions for some ¢ that yield a
solution simple in form.
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On the other hand, the damped, undriven harmonic oscillator, whose dif-
ferential equation is:

d’z dz

pre) +2ka +w?zs = 0,

where k is the damping coefficient, is easily shown not to be strongly re-
versible. This result is scarcely surprising, since a damped oscillator (in one
dimension) is one of the simplest physical examples of a dissipative system.
In the standard case where the damping is not too heavy, the oscillating func-
tion decreases in amplitude with time. More specifically the envelope of the
oscillations is a negative exponential of the form e~** on the positive side
and —e~** on the negative side.

Without question, if the aim is to find examples of systems in classical
physics that are not strongly reversible, and, therefore, the causal analysis is
not strongly reversible, the place to look is among the many kinds of dissipa-
tive systems. The great prevalence of such systems in nature reinforces our
personal experience to support the common-sense view that, as the saying
goes, ... of course time is not reversible. Who could ever think otherwise?”

APPENDIX

A Classical Mechanics
A.1 Primitive Notions

The axiomatization of particle mechanics is based on five primitive notions:
P, T,m,s, and f. P and T are sets, m is a unary function, s is a binary
function, and f is a ternary function. The intended physical interpretation
of P is as the set of particles. T is to be interpreted physically as a set of
real numbers measuring elapsed times (in terms of some unit of time, and
measured from some origin of time). If p is a member of P (that is to say, in
the physical interpretation, if p is a particle), then m(p) is to be interpreted
physically as the numerical value of the mass of p. If pis in P, and ¢ is
in T, then s(p,t) is an n-dimensional vector. Forn = 3 (or for n < 3,
if we are concerned with plane particle mechanics, or with one-dimensional
particle mechanics) s(p, ) is to be interpreted physically as a vector giving

the position of p at time t. The primitive 8 fixes the choice of a coordinate
system.

A.2 Axioms

Definition Al. A structure P = (P, T, m, s, f) is an (n-dimensional) system
of classical particle mechanics if and only if it satisfies the following axioms:
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Kinematical Axioms

Axiom Pl. P is a non-empty, finite set.

Axiom P2. T is an interval of real numbers.

Axiom P3. Ifpisin Pandtisin T, then s(p,t) is an n-dimensional vector
such that 2z3(p, t) exists.

Dynamical Axioms

Axiom P4. Ifp is in P, then m(p) is a positive real number.

Axiom P5. IfpisinPandtisin T, then fip,t,1)fip,4,2), ...fip.4,i), ...are
n-dimensional vectors such that the series Y .0, f(p,t,1) is absolutely
convergent.

Axiom P6. Ifpisin PandtisinT, then

. [= o]
m) g0 = 2 Sob)

=
The omission of Newton’s third law is deliberate in this general formu-
lation. I specialize the axioms further below. But the level of generality of
Definition Al is useful for two purposes. First, a more general invariance
theorem than is standard can be proved, as can be seen from the statement of
the next theorem. Secondly, this general form of the axioms is most directly
comparable to the axioms given below for relativistic particle mechanics, for
which analogues of Newton's third law do not exist, because of the nonin-

variance of simultaneous distant events in the relativistic setting.

THEOREM Al. Let P = (P,T,m,s, f) be an n-dimensional system of
classical particle mechanics; let A be a nonsingular square matrix of or-
der n; let B and C be n-dimensional vectors; and let o, 3, and ~ be real
numbers such that B # 0 and v > 0. Let T' be the set of all real numbers t'
such that, for somet inT,

(i) t' = a4 Bt
and let m', §', and f' be defined by the following equations, for p any
element of P,t', any element of T', and i any member of I.

m'(p) = ym(p)
(if) s (pt) = s (p, ‘—;—"‘) CA+tB4C
f,(p)tlli) = 7f (P, ‘t',—'é‘g',?-) <A

ThenP = (P, T',m/, s, f')is also an n-dimensional system of classical parti-
cle mechanics. Conversely, if equations (i) and (ii) hold, and (P, T',m/, ¢, ')
is an n-dimensional system of particle mechanics, then so is (P,T,m, s, f).
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The surprise in Theorem A1 is that the matrix A is not restricted to a uniform
change in the unit of measurement of spatial distance by necessarily being a
similarity matrix, but is only nonsingular, which makes it a general affine ma-
trix permitting different changes in spatial units along different dimensions.

Let ¢, be a function which.maps R (the set of all real numbers) onto it-
self in a one-to-one way; let ¢4 be a real-valued function defined over the set
of positive real numbers; let ¢3 be a function which is defined over E,, x R
(where E,, is the set of all n-dimensional vectors), and whose values are
in Ep; and let ¢4 be a function which maps E,, onto itself in a one-to-one
way. Then we call the ordered quadruple (¢1, @2, ¢3, P4) a classically eligi-
ble transformation.

Definition A2. Let ® = (¢1, ¢2,¢3, ¢s) be a classically eligible transfor-
mation, and let P = (P,T,m, s, f) be a system of particle mechanics. Then
the ®-transform of P is the structure (P, T, m/', s, f'), where T" is the set
of all real numbers t' such that, for some t in T,

t' = ¢1(t);

andm',s', and f' are defined by the following equations (for p any element
of P, ¥ any element of T, and i any element of I): :

m'(p) = ¢a[m(p)]
s(p,t) = ¢afs(p,é71(t"),¢]
flpti) = éa[f(p,é7M(H),1)].

An important, but not necessary, restriction on ¢, of an eligible transforma-
tion is that it holds uniformly as the transform of the measure of time for all
particles p in P. Since the general axioms of Definition A1l do not postulate
any kind of interaction between the particles, a separate time measure could
have been introduced for each particle, so that we would have an indexing of
p1onP:

_ t'= P1p (t):
and then the measure of time could be reversed for an arbitrary subset of P.
Our subsequent imposition of Newton’s third law prevents this, but it raises
a problem, discussed below, for relativistic mechanics, for which simultane-
ous action at a distance, as by gravity or classical electrostatic attraction or
repulsion, is not invariant under the Lorentz transformations.

THEOREM A2. Let ® = (¢1, b2, 93, P4) be an eligible transformation, and
suppose that, for every n-dimensional system of classical particle mechanics
P, the ®-transform of P is again a system of classical particle mechanics.
Then there are real numbers o, B,~, with § # 0, and v > 0, n-dimensional
vectors B and C, and a nonsingular square matrix A, of order n, such that,
Jor x and Z any members of R and E,, respectively, and for y any positive
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member of R,
$1(z) = a+fz
$20y) = vy
#3(2,2) = B*Z-A+zB+C
¢4(Z) = ~Z-A.

We now modify the axioms of Definition Al to introduce Newton's third
law—the new axioms are those given in Suppes (1957/1999). New Axiom
P6 requires that the internal force g(p, g, t) of particle g on particle p at time ¢
is equal and opposite to g(g, p, t). New Axiom P7 requires that the direction
of interaction of the internal forces between particles p and g be the same as
the direction of the vector s(p,t) — s(g,t) from the position of p at time ¢
to the position of g at timet. In stating P7 it is standard to use the vector or
cross product = of two vectors (not to be confused with the Cartesian product
of sets). Thus

T Xy (z1,T2,73) X (Y1,¥2,¥3)

(T2y3 — T3Y2, T3y1 — T1Y3, T1Y2 — T2Y1)-

Note that the direction of the vector product is perpendicular to the plane
formed by the vectors z and y. We also restrict the internal forces (Axiom
P8) below to be functions only of the distance between particles. Finally,
in addition to introducing the concept of internal force g(p, g,t), we must
modify Newton's second law, Axiom P6 of Definition A1, to include internal
forces in new Axiom P9 below.

Definition A3. A structure P = (P,T,m, s, f,9) is a system of ultraclassi-
cal particle mechanics if and only if it satisfies the following axioms:

Axioms P1-P5. Same as Definition Al
Axiom P6. Forpandqin PandtinT,

g(p»qv t) = "g(qu) t)'
AxiomP7. Forpandqin PandtinT,

S(p,t) X g(p)Q:t) = —S(Q)t) X g(Q)p)t)'

Axiom P8. Any internal force g(p, q,1) is a function only of the Euclidean
distance between the particles p and q at time 1.
AxiomP9. ForpinPandtinT,

mip)Sre(p,) = 3 0l0.0,) + 3 Flpi ).

gqEP i=1
The following two theorems are about such systems of ultraclassical par-
ticle mechanics. Together they show that once interacting forces satisfying
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P6-P8 are assumed, then the standard transformation result, with 4 a simi-
larity matrix, obtains.

THEOREM A3. If the matrix A of Theorem Al is a similarity matrix, then .
P' is ultraclassical if and only if P is ultraclassical.

THEOREM A4. Let ® = (¢1, @2, ¢3, pa) be an eligible transformatlon in
the sense of Definition A2, and for ultraclassical particle mechanics, let ¢,

be extended to the internal forces: g'(p,q,t') = pa[f(p,q, ¢~ 1(t')] and sup-
pose, moreover, that the ®-transform of every ultraclassical system is ultra-
classical. Then the matrix A of Theorem A2 is a similarity matrix.

B Relativistic Mechanics

The primitive concepts of relativistic mechanics are the same as those used
in Definition A1, with the addition of the positive constant c, standing physi-
cally for the speed of light.

Definition B1. A structure P = (P,T,m, s, f,c) is an (n-dimensional) sys-

tem of relativistic particle mechanics if and only if it satisfies the following
axioms:

Kinematical Axioms

Axioms P1-P3. Same as Definition Al.

AxiomP4. The constant c is a positive real number such that for every p in
PandtinT

|See)] <
Axioms PS and P6. Same as axioms P4 and PS5 of Definition Al.

Dynamical Axiom
Axiom P7. Ifpe Pandt €T, then
I S \vp(t>|2 >

As Axiom P7 makes clear, the concept of rest mass, m(p). is taken as primi-
tive, and the relativistic mass is then definable.

We next introduce the concept of a generalized Lorentz matrix, corre-
sponding to the affine matrix A in the transformation theorems for classical
mechanics. The term “generalized” means that changes in units of measure-
ment can be made in transforming from one relativistic mechanical system
to another, and thus both ¢ and ¢/, for the speed of light are needed. The
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positive number A used with ¢ and ¢’ represents a uniform stretch, if A > 1,
or shrinking, if A < 1, of space and time. As a later theorem shows this holds
in general for eligible transformations of the relativistic systems, a more re-
stricted result than that for classical systems in the sense of Definition Al.
The n-dimensional vector U is to be interpreted as the velocity of the second
frame of reference with respect to the first one, in the notation used below.

Letc,c', and A be positive real numbers. Then a matrix A of ordern + 1
is said to be a generalized Lorentz matrix with respect to (c,c’, A) if and only
if there exist numbers § and 3, an n-dimensional vector U, and an orthogonal
matrix £ of order n, such that

U2
=1, p2(1—z,7)=1,

and

. (I 0 E 0\ (I+8} vUv-E&r
o 4= 5) (5 5)("NF 7))
The following two lemmas simplify the statement and proof of Theorem
B1.

Lemma Bl. Ler ({1},T,m,s, f,c) be a system of relativistic particle me-
chanics, let ¢ and A be positive real numbers, and let A be a generalized
Lorentz matrix with respect to (¢,c', X). Let the function h be defined by the
equation (for every tin T):

A(E) = [(s1(8), ) Al
Then the function %— exists; its values are either always positive or always
negative; and the function h is one-to-one.

The following theorem of matrix theory provides a more elegant charac-
terization of generalized Lorentz matrices.

Lemma B2. Let ¢, ¢/, and X be positive real numbers. Then a matrix A of
order n + 1 is a generalized Lorentz matrix with respect to (c,c , )) if and

only if
- . I 0 » _ 12 I 0
) A( AP (5 %)
THEOREM Bl. Let (P,T,m,s, f,c) be an n-dimensional system of rela-
tivistic particle mechanics. Let c',, and X be positive real numbers, let B

be an (n + 1)-dimensional vector, and let A be a generalized Lorentz matrix

with respect to (c,c', X). Let the function h be defined as follows (for all t in
T):



218 / PATRICK SUPPES

h(t) = [(sp(t),£)A + Bln+1. :
(By Lemma BI the inverse function h=! exists.) Let the function T' be deﬁned
as follows: T' is the range of the function h; and let the functionsm',s', and
f' be defined by the following equations (for pin P, t' inT and i in I ):

m'(p) = ym(p),
s'(p,t') = [(s(p, A1 (¢)), A (¢)) A + Bl1,...ms

0,002 (11,0, LI 300N

Then P! = (P,T',m',s', f',c') is an n-dimensional system of relativistic
particle mechanics.

Let ¢, be a function mapping R+ into R¥; let ¢, be a function which is -
a one-to-one mapping of K1, into itself; and let ¢3 be a function mapping
Ejyn into E. Then we call the ordered triple (¢1, ¢2,¢3) a relativistically
eligible transformation.

Definition B2. Let & = (¢1, ¢2, ¢3) be a relativistically eligible transforma-
tion; let P = (P,T,m, s, f, c) be a system of relativistic particle mechanics;
and let the function H be defined as follows (for every t inT):

H(t) = [$2(s(p, 1), )]ns1.
Then by the ®-transform of P (which we also write: ®(P)), we mean the
structure (P, T',m',s', f'), where for p in P:

m'(p) = é1(m(p));
T is the range of the function H; and s' and f' are defined by the follow-

ing equations for t' in T', if the pre-image H~'(t') of t' under H is unique,
and otherwise they are undefined:

s'(p,t') = [$a(s(p, HT (D)), H (t)1...m

f'(p,t'4) = ¢3(f(p, H7' (&), )v(p, HH (1)),
Jori>1.

THEOREM B2. Let ® = (¢1, ¢2, $3) be an eligible transformation, and let
cand c' be positive real numbers such that (i) for every n-dimensional system
of relativistic particle mechanics P.,(®(P.),c) is a system of relativistic
particle mechanics, and (ii) ¢ carries no c-line into a c'-particle path. Then
there exist positive real numbers v and A, an (n + 1)-dimensional vector B,
and a generalized Lorentz matrix A with respect to (c,c', \), such that, for

X
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any vectors Z, and Z in By, with | 23| < ¢, everyxinR, andy in R+,

) =
¢2(Z1,z) = (Z};Q?)A'l"B,
$3(Z1,22) = Fa=l[(Z,BR) A, .

Condition (ii) of the theorem just requires that ¢, can map no light line in
the first frame of reference into a possible particle path in the second frame
of reference. The lengthy proof of this theorem, which is given in Rubin and
Suppes (1954), arises from the fact that no assumption about the continuity
of 5 and 3 of an eligible transformation is made.

For the framework of the main part of this article, three theorems in the
appendix state fundamental results on weak, but not strong, reversibility of
mechanical systems. Theorem A2 says that every classical system of particle
mechanics is weakly reversible, i.e., can be transformed into a system of clas-
sical mechanics with time reversed (8 < 0 in the notation of the theorem).
Theorem A4 says the same thing for ultraclassical systems. Finally, in the
definition of a generalized Lorentz matrix, just before Lemma A1, § = —1
represents time reversal, which is not as evident in the formulation of Theo-
rem B2, as it was in the classical case, but this is just a matter of the technical
details of formulation. On the matter of time reversal considered here, there
is no conceptual difference between classical and relativistic systems of par-
ticle mechanics. In both cases the time reversal itself is restricted to a linear
transformation.
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