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Abstract

Ordinary measurement using a standard scale, such as a ruler or a standard set of weights, has two fundamental properties. First, the

results are approximate, for example, within 0.1 g. Second, the resulting indistinguishability is transitive, rather than nontransitive, as in

the standard psychological comparative judgments without a scale. Qualitative axioms are given for structures having the two properties

mentioned. A representation theorem is then proved in terms of upper and lower measures.

r 2006 Elsevier Inc. All rights reserved.
1. Introduction

The psychological consideration of thresholds below
which perceptual or other comparative judgments are
difficult, if not impossible, was initiated by Fechner (1860/
1966). An important early mathematical analysis was given
by Wiener (1921). Much of the modern literature begins
with Luce’s definition (1956) of a semiorder, which was
axiomatized as a single binary relation in the finite case by
Scott and Suppes (1958). Some of the most significant
contributions have been by Falmagne (1971, 1974, 1977,
1985).

The probabilistic analysis of thresholds dates at least
from works of Thurstone (1927a, 1927b). Falmagne (1976,
e front matter r 2006 Elsevier Inc. All rights reserved.
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1978) has also been a central contributor to this approach,
with a number of other papers written with colleagues:
Falmagne and Iverson (1979); Falmagne, Iverson, and
Marcovici (1979), and Iverson and Falmagne (1985).
Almost all of the work I have referred to assume that the
indistinguishability of similar events, objects, or stimuli is a
nontransitive relation. The implicit assumption is that with
many different discriminating observations, many initially
indistinguishable events may be separated. Here the
opposite is the starting point and the reason for the use
of the word ‘‘transitive’’ in the title. It is a consequence of
the axioms I introduce that indistinguishability is an
equivalence relation, and so, transitive.
In the next section I review briefly extensive measure-

ment focused on the construction of a finite standard ratio-

scale representation, by which I mean a representation of a
finite standard sequence with equally spaced minimal
intervals, for example, in the case of weight often 0.1 g,
or in the case of length 0.1 cm, as the minimal interval. In
the third section, I then develop approximate measurement
in terms of such representations.
The basis for transitive indistinguishability is now easy

to explain. An object weighed is assigned to a unique
minimal interval, for example, one between 1.9 and 2.0 g.
The binary relation of two objects, a and b, not part of the
standard sequence, being equivalent in weight, a�b, is
that they be assigned to the same minimal interval in
the standard sequence. This relation is obviously an

www.elsevier.com/locate/jmp
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equivalence relation, i.e., reflexive, symmetric, and transi-
tive, but in the system of approximation developed, these
properties are not directly testable, but rather consequences
of weighing operations with standard already ‘‘calibrated’’
sets of weights.

So, in the notation used later, an object assigned to the
minimal interval (1.9, 2.0 g) is said to have, as an
approximation, upper measure (of weight) w�ðaÞ ¼ 2:0 g
and lower measure w�ðaÞ ¼ 1:9 g. In practice, for all but the
most refined procedures of measurement, no statistical
analysis of having weight in such a minimal interval is
given. In the cases when the minimal interval of the
standard sequence is just on the borderline of instrument
performance a statistical analysis can be given for repeated
measurements.

The ordinary practice is not completely in accord with
my use of a minimal interval and thereby the assignment of
an upper and a lower bound as the appropriate approx-
imate measurement. But what is done is closely and simply
related. As taught in elementary physics courses, to express
a measurement as ‘‘accurate to 0.1 g’’, for example, the
measurement is written as 1:9� 0:1 g. What is usually
recommended in practice is to use two adjacent minimal
intervals to reduce uncertainty and to express the
measurement itself as a single number. The axioms given
in Section 3 could easily be changed to accommodate this
use of two adjacent rather than one minimal interval.

This same � notation is also widely used to express the
statistical standard error of repeated measurements, which
I shall not explicitly consider. It is conceptually important
here to retain both upper and lower measures, for the
foundational view formalized in the axioms is that no finer
measurement than that of a minimal interval is available in
the given circumstances. And no theoretical construction of
a probability distribution for location within the minimal
interval makes much scientific sense. The point being
emphasized is that the formalization given is meant to be a
step closer to much, but certainly not all, actual practice of
measurement when a fixed standard scale representation is
available.
2. Standard extensive measurement

I review the axioms of extensive measurement with finite
standard ratio-scale representations in this section with
three specific interpretations in mind. One is for the
measurement of weight on an equal-arm balance, one is
for the measurement of length of rigid rods, and one is for
the measurement of subjective probability. Other inter-
pretations are certainly possible, but I shall restrict detailed
remarks to these three, with a strong emphasis on weight.

From a formal standpoint the basic structures are triples
ðS;F;kÞ where S is a nonempty finite set, F is a
nonempty family of subsets of S and the relation k is a
binary relation on F. By using subsets of S as objects, we
avoid the need for a separate primitive concept of
concatenation. A general structural condition is that F is
the family of all subsets of S.
The intended interpretations of the primitive concepts

for the three cases mentioned is fairly obvious. In the case
of weight, S is a set of physical objects, and for two subsets
A and B, AkB if and only if the set A of objects is judged
at least as heavy as the set B. Several different uses of the
equal-arm balance are appropriate, and often discussed in
the literature, for reaching a judgment of comparison.
In the case of rigid rods, the set S is just the collection of

rods, and AkB if and only if the set A of rods, when laid
end to end in a straight line, is judged at least as long as the
set B of rods also so laid out. Variations on exactly how
this qualitative comparison of length is to be made can
easily be supplied. In the case of subjective probability, the
set S is the set of possible outcomes of the experiment or
empirical situation being considered. The subsets of S in F
are just events in the ordinary sense of probability
concepts, and AkB if and only if A is judged at least as
probable as B.
Hereafter, only the measurement of weight is analyzed in

more detail, but what is said can be easily reinterpreted for
other kinds of extensive measurement.
Axioms for extensive measurement, subject to the two

restrictions of finitude and equal spacing, are given in the
following definition. In the formulation, and subsequently,
I use the standard definition for equivalence � in terms of a
weak ordering and also that of a strict ordering: A�B if
and only if AkB and BkA; A � B if and only if AkB, and
not BkA.

Definition 1. A structure S ¼ ðS;F;kÞ is a finite equally

spaced extensive structure if and only if S is a nonempty
finite set, F is the family of all subsets of S, i.e., the power
set of S, and the following axioms are satisfied for every
A;B, and C in F:
1.
 The relation k is a weak ordering of F;

2.
 If A \ C ¼ ; and B \ C ¼ ;, then AkB if and only if

A [ CkB [ C;

3.
 If Aa; then A � ;;

4.
 If AkB then there is a C in F such that A�B [ C.

From the standpoint of ordinary ideas about the
measurement of weight or length, it is natural to have
Axiom 3 assert that if Aa;, then A � ;. This is unduly
restrictive in the case of subjective probability, for which a
weaker axiom is more appropriate. In the current setup,
atomic sets are sets with a single element. (In probability
theory they are, of course, called atomic events.)

In stating the representation and invariance theorem, we
use the notion of an additive measure m from F to the real
numbers, i.e., a real-valued function m such that for any A

and B in F:
(i)
 mð;Þ ¼ 0;

(ii)
 mðAÞX0;
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(iii)
 if A \ B ¼ ; then mðA [ BÞ ¼ mðAÞ þ mðBÞ.
Theorem 1. Let S ¼ ðS;F;kÞ be a finite equally spaced

extensive structure. Then there exists an additive measure m
such that for every A and B in F

mðAÞXmðBÞ if and only if AkB.

The measure m is unique up to a positive similarity

transformation. Moreover, any two atomic sets A and B

are equivalent, i.e., A�B.

The proof of this theorem and much of the
preceding discussion are to be found in Suppes (1969,
pp. 4–8). The last remark in the theorem about equi-
valence of any atomic sets leads to the following
categoricity result.

Corollary. Any two finite equally spaced extensive structures

S ¼ ðS;F;kÞ and S0 ¼ ðS0;F0;k0Þ are isomorphic if and

only if the cardinality of S and S0 is the same.

The standard weighing procedures with 1 g weights,
for example, would implicitly suggest at once the correct-
ness of this corollary. The proof is obvious, once we have
shown all atomic sets are equivalent, which is proved by
induction in the reference given above for the proof of the
theorem.

As a matter of terminology, what I have called a
finite equally spaced extensive structure, could just
as well be called a finite standard-sequence extensive

structure. The terminology of standard sequences is
familiar in the literature on the foundations of mea-
surement. This language suggests the useful term
standard sets for the sets of weights forming a standard
sequence.

For subsequent use it is important to note that for two
sets of standard weights A and B, if they are not equi-
valent in weight then the minimum difference possible
between them is the weight of one atomic set. More exactly,
the ordered pair of sets ðA;BÞ is a minimal pair of standard

sets if mðAÞ � mðBÞ ¼ m (one atomic set), i.e., their
difference is actually the minimum for nonequivalent
standard sets. Note that if ðA;BÞ is a minimal pair,
A � B. The equivalence of such pairs is a useful notion
to define. Two minimal pairs ðA;BÞ and ðA0;B0Þ are
equivalent if mðAÞ ¼ mðA0Þ and mðBÞ ¼ mðB0Þ. Here are three
observations that are obvious, but pertinent in some later
proofs.
(1)
 If ðA;BÞ and ðC;DÞ are minimal pairs, then
mðAÞ � mðBÞ ¼ mðCÞ � mðDÞ.
(2)
 Obviously the ordering relation k can be extended to
minimal pairs ðA;BÞ and ðC;DÞ:

ðA;BÞkðC;DÞ iff AkC,

which we could have used earlier to define equivalent
minimal pairs.
(3)
 The empty set ; is a standard set.
3. Approximate extensive measurement
Assuming now a finite equally spaced extensive structure
(also referred to as a finite standard sequence), additional
axioms are given for measuring approximately any physical
object in the range of the standard sequence. The primitive
concepts are now
(i)
 a set O of objects,

(ii)
 a nonempty family F of subsets of O,

(iii)
 a subset S of O, whose elements form a finite standard

sequence,

(iv)
 a subset W of objects to be measured, i.e., W ¼

FjW � f;g is the family of all nonempty subsets of W.
(The notation FjW means that the family F of
subsets is restricted to subsets of W.)
(v)
 a binary relation k on F, but not assumed to be a
weak ordering of W. This is proved later. As before,
we define: W 1 �W 2 iff W 1kW 2 and not W 2kW 1.
Also, W 1�W 2 iff W 1kW 2 and W 2kW 1.
If ðS1;S2Þ is a minimal pair and S1 �W 1 � S2, then
ðS1;S2Þ is said to be a minimal pair for W 1, and also W 1 is
said to have a minimal pair.

Definition 2. A structure X ¼ ðO;F;S;W ;kÞ is an
approximate extensive structure with a finite standard

sequence if and only if W is a nonempty finite set, W �
FjW is the family of all nonempty subsets of W , and the
following axioms are satisfied for all S1;S2;S3 and S4 in
FjS and all W 1 and W 2 in W:
1.
 ðS;FjS;kÞ is a finite equally spaced extensive struc-
ture;
2.
 S \W ¼ ; and S [W ¼ O;

3.
 W 1kW 2 or W 2kW 1;

4.
 If W 1 � S1 �W 2 then W 1 �W 2;

5.
 If S1 �W 1 � S2 then S1 � S2;

6.
 W 1 � S1 or S1 �W 1;

7.
 If ðS1;;Þ is a minimal pair then W 1 � S1;

8.
 If W 1 \W 2 ¼ ;, S1 �W 1 � S2, S3 �W 2 � S4 and

S1 \ S3 ¼ ;, then

S1 [ S3 �W 1 [W 2 � S2 [ S4;
9.
 If W 1 \W 2 ¼ ; then there are standard sets S1 and S2

such that S1 \ S2 ¼ ;; S1 �W 1 and S2 �W 2;

10.
 If W 1 �W 2 then there is a standard set S1 such that

W 1 � S1 �W 2;

11.
 W 1 has a minimal pair of standard sets.
Some comments on these axioms is appropriate. Axiom
1 just brings the structure of standard sets within the
approximation framework. Axiom 2 requires no overlap of
objects between those in S, calibrated for standard sets,
and those in W, objects to be weighed. Axiom 3 is the only
axiom expressed purely in terms of weighed objects,
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without tests using standard weights. Its requirement of
connectedness of k for W is familiar. Axioms 4–11 then
formulate testable assumptions that are sufficient to justify
approximate measurement of weights falling within the
range of standard sets. Because both sets S and W are
finite, each axiom can be directly tested on an equal-arm
balance. Axiom 4 provides the test for W 1 being strictly
heavier than W 2, namely find an S1 such that W 1 � S1 and
S1 �W 2. Axiom 5 states a transitivity condition, so to
speak, on the relationship between standard sets and
weighed sets or objects. If S1 is heavier than W 1 and W 1 is
heavier than S2, then it must be the case that S1 is heavier
than S2. Axiom 6 excludes any weighed object W 1 being of
exactly the same weight as any standard set. Weaker forms
of this axiom are possible, but with attending complica-
tions of the test conditions. The axiom is similar to familiar
‘‘forced-choice’’ axioms in the measurement of beliefs or
actions. Axiom 7 requires that any weighed object W 1 be
heavier than any minimal positive standard set S1. This
axiom permits an equal-arm balance or comparable device
to not be sensitive to any positive weight smaller than a
minimal standard set. Axiom 8 is obviously the general-
ization to approximate measurement of the usual qualita-
tive axiom of addition exemplified in Axiom 2 of Definition
1. Axiom 9 guarantees that given disjoint sets W 1 and W 2

to be weighed, disjoint standard sets that are least upper
bounds, S1 for W 1 and S2 for W 2, can be found that are
also disjoint. This does not follow from other axioms,
because if W 1 [W 2 ¼W , the union of the disjoint least
upper bounds, S1 [ S2 can be one atomic standard set
larger than a least upper bound of W itself, so S must be
enlarged to cover this case. The possibilities are made
explicit in Theorem 12. Axiom 10 is a test for W 1 to be
strictly heavier than W 2, and the test is, of course, relative
to the coarseness of the standard sets. Axiom 11 guarantees
that any objects, or set of objects, to be weighed fall within
the range of the standard sets by having a minimal pair of
standard sets, i.e., a discrete least upper bound and a
discrete greatest lower bound among standard sets.

A number of elementary theorems are proved first, with
a focus on the transitivity of relations � and � between sets
of objects to be weighed.

Theorem 2. W 1 � ;.

Proof. By Axiom 6, W 1 � ; or ; �W 1. Suppose ; �W 1.
Then by Axiom 11, there must be a standard set S1 such
that ; �W 1 � S1, and so by Axiom 5, ; � S1, which is
impossible for standard sets. &

Theorem 3. If W 1 �W 2 then not W 2 �W 1.

Proof. Given the hypothesis, by Axiom 10 there is an S1 in
SjF such that

W 1 � S1 �W 2. (1)

Suppose

W 2 �W 1. (2)
Then again by Axiom 10 there is an S2 in SjF such that

W 2 � S2 �W 1. (3)

From (1) and (3), we have

S1 �W 2 � S2, (4)

and so by Axiom 5

S1 � S2, (5)

but also by the same argument

S2 �W 1 � S1, (6)

and so

S2 � S1. (7)

Obviously, (5) and (7) contradict the asymmetry of � for
standard sets, so our supposition (2) is false, and the
theorem is proved. &

Theorem 4. Not W 1 �W 1.

Proof. Immediate from Theorem 3. &

Theorem 5. If W 1 �W 2 and W 2 �W 3 then W 1 �W 3.

Proof. Given the hypothesis, by Axiom 10 there exist S1

and S2 such that

W 1 � S1 �W 2 and W 2 � S2 �W 3. (8)

By Axiom 6

W 1 � S2 or S2 �W 1. (9)

Suppose

S2 �W 1. (10)

By virtue of (8) W 1 � S1, so by Axiom 5 and (10)

S2 � S1, (11)

but also by hypothesis (8)

S1 �W 2 � S2,

so that by Axiom 5 again

S1 � S2. (12)

Inequalities (11) and (12) contradict the asymmetry of �
for standard sequences. So we infer from (9) and the
negation of (10) that W 1 � S2 and using (8) again we have
W 1 � S2 �W 3, and so by Axiom 4, W 1 �W 3 as
desired. &

The next theorem shows that the equivalence relation �
for standard sets has the congruence property for � on the
set S �W .

Theorem 6. If S1�S2 and S1 �W 1 then S2 �W 1.

Proof. Suppose not S2 �W 1. Then by Axiom 6 W 1 � S2.
From this inequality and the hypothesis S1 �W 1, by
Axiom 5, S1 � S2, which contradicts the hypothesis
S1�S2. &

Next are two obvious elementary theorems. The proof of
the second one uses Axiom 3.
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Theorem 7. If W 1 �W 2 or W 2 �W 1 then not W 1�W 2.

Theorem 8. If not W 1 �W 2 and not W 2 �W 1 then

W 1�W 2.

The next theorem asserts the testable criterion for W 1

and W 2 being indistinguishable.

Theorem 9. W 1�W 2 if and only if W 1 and W 2 have

equivalent minimal pairs.

Proof. Let ðS1;S2Þ be a minimal pair for W 1 and ðS3;S4Þ

be such a pair for W 2. So we have at once S1 �W 1 and
S3 �W 2.

Suppose now W 1 � S3. Then W 1 � S3 �W 2, and so by
Axiom 4, W 1 �W 2, which contradicts W 1�W 2, since by
Theorems 7 and 8 this relation holds if and only if not
W 1 �W 2 and not W 2 �W 1. The supposition is false, so
by Axiom 6, S3 �W 1.

Suppose next S1 � S3, but this contradicts S1 being the
least upper standard bound of W 1 in the minimal pair
ðS1;S2Þ for W 1, and so not S1 � S3. By obvious symmetry,
the same sort of argument shows that not S3 � S1. We may
conclude by Theorem 8 that S1�S3 and so the two minimal
pairs ðS1;S3Þ and ðS2;S4Þ are equivalent. This proves the
first half of the theorem.

Now assume that W 1 and W 2 have equivalent minimal
pairs. We use the same notation as above for two such
pairs. Given the equivalence of the pairs, S1�S3 and
S1 �W 1, we infer by Theorem 3, S3 �W 1. Suppose now
W 1 �W 2. By Axiom 10 there is an S5 such that
W 1 � S5 �W 2. So we then have S1 �W 1 � S5 and by
Axiom 5, S1 � S5 and so S3 � S5. Since S5 �W 2, this last
inequality contradicts S3 being the least upper bound of
W 2 in the minimal pair ðS3;S4Þ. We conclude not
W 1 �W 2. A symmetric argument proves not W 2 �W 1,
and so, as earlier by Theorem 8, W 1�W 2, as desired. &

By similar methods, we may prove a closely related
result.

Theorem 10. Let ðS1;S2Þ be a minimal pair for W 1, and

ðS3;S4Þ be such a pair for W 2. Then

W 1 �W 2 iff S1 � S3.

We are now in a position to prove the transitivity of the
indistinguishability of weights.

Theorem 11. If W 1�W 2 and W 2�W 3 then W 1�W 3.

Proof. From the hypothesis, Axiom 11 and the definition
of minimum pairs, there exist S1;S2;S

0
1 and S02 such that

S1 �W 1 � S2, (13)

S1 �W 2 � S2, (14)

S01 �W 2 � S02, (15)

S01 �W 3 � S02. (16)
From Axiom 3, we may infer at once W 2�W 2, and so by
Theorem 9, (14) and (15) the minimal pairs ðS1;S2Þ and
ðS01;S

0
2Þ are equivalent, and now by (13), (16) and Theorem

9 again

W 1�W 3,

which establishes the transitivity of indistinguishabil-
ity. &

The importance of the next theorem for determining the
approximation that holds under addition of two disjoint
sets W 1 and W 2 of objects to be weighed is brought out in
the discussion following the theorem.

Theorem 12. If W 1 \W 2 ¼ ;, then there exist standard sets

S1, S01, S2 and S02 such that S1 \ S2 ¼ S1 \ S02 ¼ S01 \ S2 ¼

S01 \ S02 ¼ ;, and
(i)
 ðS1;S
0
1Þ is a minimal pair for W 1,
(ii)
 ðS2;S
0
2Þ is a minimal pair for W 2,
(iii)
 ðS1 [ S2;S1 [ S02Þ and ðS1 [ S2;S
0
1 [ S2Þ are equivalent

minimal pairs for W 1 [W 2, or ðS1 [ S02;S
0
1 [ S02Þ and

ðS01 [ S2;S
0
1 [ S02Þ are equivalent minimal pairs for

W 1 [W 2.
Proof. The existential conditions (i) and (ii), together with
the postulated disjointness of upper bounds are immediate
consequences of Axioms 9 and 11, so the real focus of this
theorem is (iii). By virtue of Axiom 8 we have

S1 [ S2 �W 1 [W 2 � S01 [ S02. (17)

Given that by hypothesis S1 \ S2 ¼ ;, it is obviously true
of standard sets that

S1 [ S2 � S1 [ S02, (18)

since S1kS1 and S2 � S02. By virtue of Axiom 6, W 1 [

W 2 � S1 [ S02 or S1 [ S02 �W 1 [W 2.
First case:

W 1 [W 2 � S1 [ S02. (19)

Since S1 [ S2 and S1 [ S02 differ only by one atom, i.e., an
atomic set, the pair is a minimal pair, and so given (17) and
(19), ðS1 [ S2;S1 [ S02Þ is a minimal pair for W 1 [W 2.
Since S1 [ S2 � S1 [ S02 and S1 [ S2 � S01 [ S2 are equiva-
lent minimal pairs, we can also infer, for the first case, that
ðS1 [ S2;S

0
1 [ S2Þ is a minimal pair for W 1 [W 2 as well.

Second case:

S1 [ S02 �W 1 [W 2. (20)

From (17) we have

W 1 [W 2 � S01 [ S02, (21)

but S1 [ S02 and S01 [ S02 differ by only one atomic set. So
from (20) and (21) and the definition of minimal pair, we
infer at once that ðS1 [ S02;S

0
1 [ S02Þ is a minimal pair for

W 1 [W 2, and as in the first case, we then have that ðS01 [
S2;S

0
1 [ S02Þ is also a minimal pair for W 1 [W 2, which

completes the proof. &
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In adding the approximate weight of two collections of
physical objects, from weighing them individually, the
approximate result does not enable us to infer which one of
the two disjuncts formulated in Theorem 12 holds. These
two disjuncts describe two adjacent but different minimal
intervals. But there is one important feature to note.
Addition does not increase the interval of approximation
after addition. So, in Theorem 12, when we are given W 1

and W 2, without further information we do not know in
which minimal interval W 1 [W 2 lies, but, as the dis-
junctive conclusion of the axiom asserts, it is just one of
two adjacent minimal intervals, and by making the
comparison empirically, we can determine which.

The next theorem states that if W 2 is a proper subset of
W 1, then W 1 is strictly heavier than W 2.

Theorem 13. If W 1 �W 2 then W 1 �W 2.

Proof. Let W 3 ¼W 1 �W 2, so W 1 ¼W 2 [W 3 and
W 2 \W 3 ¼ ;. Let ðSi;S

0
iÞ be a minimal pair for

W i; i ¼ 1; 2; 3, with S2 \ S3 ¼ ; in accordance with
Theorem 12. Then by Theorem 12 again ðS2 [ S3, S02 [

S3Þ or ðS2 [ S03;S
0
2 [ S03Þ is a minimal pair for

W 2 [W 3 ¼W 1, and so one of these minimal pairs
is equivalent to ðS1;S

0
1Þ. Thus by Theorem 1,

mðS2 [ S3Þ ¼ mðS2Þ þ mðS3Þ ¼ mðS1Þ, or mðS2 [ S03Þ ¼

mðS2Þ þ mðS03Þ ¼ mðS1Þ and mðS3Þ4mðS03Þ40, since S03a;
by Axiom 7. (If not, S03 ¼ ; and ðS3;;Þ is a minimal pair;
then by Axiom 7 W 3 � S3, which contradicts ðS3;S

0
3Þ being

a minimal pair for W 3.) So mðS1Þ4mðS2Þ, and thus

S1 � S2,

and so by Theorem 10, W 1 �W 2, as required. &

The disjunctive clause (iii) of Theorem 12 and the
assumption of exactness, i.e., no approximation, in the
measurement of the standard sequence itself, mark a
difference from the discussions and results on approxima-
tion in several different places in Krantz, Luce, Suppes,
and Tversky, 1971, Sections 2.2.2, 3.10.3, 4.4.4, and 5.4.3;
Suppes, Krantz, Luce, and Tversky, 1989, Section 16.6.2;
and Luce, Krantz, Suppes, and Tversky, 1990, Sections
19.5.4 and 21.8.2. In fact, the standard concept of a pair
ðm�;m�Þ of upper and lower measures, useful as measures of
approximation, is not introduced anywhere in the three
volumes of Foundations of Measurement. The definition of
such a pair ðm�;m�Þ follows in form that given earlier for a
measure m.

Definition 3. Let O be a nonempty set and F a nonempty
family of subsets of O closed under intersection and union,
and let ðm�;m�Þ be a pair of real-valued functions defined on
F. Then the structure ðO;F; ðm�; m�ÞÞ is an upper-lower
measure structure if and only if the following axioms are
satisfied for every A and B in F:
1.
 m�ð;Þ ¼ m�ð;Þ ¼ 0;

2.
 m�ðAÞXm�ðAÞX0;

3.
 If A 	 B then m�ðAÞXm�ðBÞ and m�ðAÞXm�ðBÞ;
4.
 If A \ B ¼ ;, then m�ðAÞ þ m�ðBÞpm�ðA [ BÞpm�ðA [ BÞ

pm�ðAÞ þ m�ðBÞ.

The concept of a pair ðm�;m�Þ of upper and lower
measures is not new. It goes back at least to the use of inner
and outer measures in analysis in the latter part of the 19th
century by Caratheodory (1917, 1948) and others. Use in
probability goes back at least to Koopman (1940a, 1940b).

The representation of approximate measurement is
explicitly given in terms of upper and lower measures.
Theorem 12, or something roughly equivalent, is needed to
establish the subadditive and superadditive properties of
the upper and lower measures. These properties are
formulated explicitly in part (v) of the next theorem.

Theorem 14. Let X ¼ ðO;F;S;W ;kÞ be an approximate

extensive structure with a finite standard sequence. Then

there is a measure m on FjS satisfying Theorem 1, and an

upper-and-lower measure pair ðm�;m�Þ on FjS [W such that

for any S1 and S2 in FjS and W 1 and W 2 in W:
(i)
 m�ðS1Þ ¼ mðS1Þ ¼ m�ðS1Þ;

(ii)
 If ðS1;S

0
1Þ is a minimal pair for W 1, then mðS1Þ ¼

m�ðW 1Þ4m�ðW 1Þ ¼ mðS01Þ.

(iii)
 m�ðW 1Þ40;

(iv)
 If W 1 	W 2, then m�ðW 1ÞXm�ðW 2Þ and m�ðW 1ÞX

m�ðW 2Þ.

(v)
 If W 1 \W 2 ¼ ; then m�ðW 1Þ þ m�ðW 2Þpm�ðW 1

[W 2Þpm�ðW 1 [W 2Þp m�ðW 1Þ þ m�ðW 2Þ.
Proof. I number the paragraphs for each of the five
conditions to be proved.
(i) This is true by definition, for the upper and lower

measures m� and m� are just defined as mðS1Þ for every S1 in
FjS.
(ii) For W 1 in W, let ðS1;S

0
1Þ be a minimal pair in FjS.

Then we define ðm�; m�Þ by the equations

m�ðW 1Þ ¼ mðS1Þ,

m�ðW 1Þ ¼ mðS01Þ.

Since S1 � S01, and thus mðS1Þ4mðS2Þ by Theorem 1, we
have at once

m�ðW 1Þ4m�ðW 1Þ.

(iii) By Definition 1 and Theorem 1, for every nonempty
S1 inFjS, mðS1Þ40, and so by Axiom 7 m�ðW 1Þ40 for any
W 1 in W.
(iv) Monotonicity is a standard property of measures,

i.e., if A 	 B then mðAÞXmðBÞ. So, let ðS1;S
0
1Þ be a minimal

pair for W 1 and ðS2;S
0
2Þ such a pair for W 2. We consider

only the case where W 2 is a proper subset of W 1. From
Theorem 13, we know W 1 �W 2, and so by Theorem 10
S1 � S2, whence mðS1Þ4mðS2Þ and hence m�ðW 1Þ4m�ðW 2Þ;
a similar argument works for the lower measure as well.
(v) The inequalities are reversed here from X to

p to accommodate the standard inequalities for the
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superadditive property of the lower measure m� and the
subadditive property of the upper measure m�.

By hypothesis, W 1 \W 2 ¼ ; and by Theorem 12, we
have then the existence of minimal pairs, ðS1;S

0
1Þ for W 1

and ðS2;S
0
2Þ for W 2, with S1 \ S2 ¼ S1 \ S02 ¼ S01 \ S2 ¼

S01 \ S02 ¼ ;.
From Theorem 1, we have

mðS01 [ S02Þ ¼ mðS01Þ þ mðS02Þ

and by (ii)

mðS01Þ ¼ m�ðW 1Þ and mðS02Þ ¼ m�ðW 2Þ.

Now by Theorem 12 we have either

S1 [ S02 
W 1 [W 2,

or

S01 [ S02 
W 1 [W 2.

In the second case

mðS01 [ S02Þ ¼ m�ðW 1 [W 2Þ.

So

m�ðW 1Þ þ m�ðW 2Þ ¼ m�ðW 1 [W 2Þ.

In the first case

mðS1 [ S02Þ ¼ m�ðW 1 [W 2Þ,

and so, since m�ðW 1Þ ¼ mðS1Þ

m�ðW 1Þ þ m�ðW 2Þ ¼ m�ðW 1 [W 2Þ,

but since m�ðW 1Þom�ðW 1Þ, we infer at once

m�ðW 1Þ þ m�ðW 2Þom�ðW 1 [W 2Þ.

Then the general result, independent of whether the first or
second case holds, is that

m�ðW 1Þ þ m�ðW 2Þpm�ðW 1 [W 2Þ,

as desired.
Using (ii), the next inequality is immediate

m�ðW 1 [W 2Þpm�ðW 1 [W 2Þ.

The argument for the last inequality of (v) is similar.
In the first case of the disjunction of Theorem 12

W 1 [W 2 
 S1 [ S2,

so

m�ðW 1 [W 2Þ ¼ mðS1Þ þ mðS2Þ

and since

mðS1Þ ¼ m�ðW 1Þ and mðS2Þ ¼ m�ðW 2Þ,

we have at once

m�ðW 1 [W 2Þ ¼ m�ðW 1Þ þ m�ðW 2Þ.

In the second case of the disjunction

W 1 [W 2 
 S1 [ S02,

so

m�ðW 1 [W 2Þ ¼ mðS1Þ þ mðS02Þ,
but

mðS02ÞomðS2Þ,

so

m�ðW 1 [W 2ÞomðS1Þ þ mðS2Þ,

and thus

m�ðW 1 [W 2Þom�ðW 1Þ þ m�ðW 2Þ,

which completes the proof. &

Comparison of the inequalities of clause (v) of the
theorem just proved with the two disjunctive qualitative
possibilities expressed in Theorem 12 suggest that a tighter
bound can be proved, and this is the case. The inequalities
in clause (v) can be tightened by the insertion of the term
m�ðW 1Þ þ m�ðW 2Þ which is justified by Theorem 12.

Corollary.

ðv0Þ m�ðW 1Þ þ m�ðW 2Þpm�ðW 1 [W 2Þpm�ðW 1Þ þ m�ðW 2Þ

pm�ðW 1 [W 2Þpm�ðW 1Þ þ m�ðW 2Þ.

The details are left to the reader. But it is worth
emphasizing that the two cases expressed in the disjunction
of Theorem 12 collapse into the single new term m�ðW 1Þ þ

m�ðW 2Þ in ðv
0Þ. It is also obvious that

m�ðW 1Þ þ m�ðW 2Þ ¼ m�ðW 1Þ þ m�ðW 2Þ,

so both terms could have been included. Only one was
shown in ðv0Þ in deference to the standard inequalities
ordinarily used in probability theory.

I have not stated an invariance result for Theorem 14,
for the obvious one follows from this part of Theorem 1.
But there is a different related consideration of greater
interest. The minimal interval of the finite standard
sequence S ¼ ðS;F;kÞ that is a part of any structure of
approximate extensive measurement, as characterized by
Definition 2, fixes the qualitative empirical precision of the
empirical measurements. Now consider a second finite
standard sequence T for measuring the same property of
the subsets of W, and let ðT1;T

0
1Þ be the minimal interval of

T. Then, unlike the conventional acceptance of a unit of
extensive measurement, in the case of approximate
measurement, we have a directly qualitative comparison
of precision given by the empirical ratio of ðS1;S

0
1Þ to

ðT1;T
0
1Þ. For example, the ‘‘scale’’ I regularly use to weigh

myself has a minimum interval of 0.25 lb, but another one I
use less often has a minimum interval of 0.1 kg. Since
1 kg ¼ 2:20 lb, the ratio of 0.25 lb to 0.1 kg is :25=:22, which
is, to two decimals, 1.14. So the standard sequence
calibrated in the metric system is slightly more precise,
although both ‘‘scales’’ provide minimum intervals beyond
the precision ordinarily observed or recorded for most
purposes. Any further refinement of either one is of little or
no interest for the purpose of measuring body weight.
Similar examples are easily given for measurement of

length using different finite standard sequences. Moreover,
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the approximate theory developed here in terms of upper
and lower measures can easily be extended by the same
methods to difference measurement, bisection measure-
ment, and conjoint measurement, and with somewhat more
difficulty to several dimensions, e.g., affine or Euclidean
geometry. Not surprisingly, applications of upper and
lower measures have been most applied to approximate
measurement of subjective probability. A comprehensive
review and analysis is given by Walley (1991). My own
contribution, Suppes (1974), uses upper and lower prob-
abilities, but with nontransitive indistinguishability.

The focus in that earlier article and in the present one
has been on approximate measurement, but a very different
theory of upper and lower probabilities can be derived
from a direct set-theoretical generalization from random
variables as random functions to random relations. An
indication of the theoretical difference is that the upper and
lower measures derived from random relations by Suppes
and Zanotti (1977) are capacities of infinite order in the
sense of Choquet (1953). In contrast, the upper and lower
measures considered here for approximate measurement
are not even capacities of order two. Clearly, the sense of
approximation introduced here and in Suppes (1974) is in
no sense the only possibility.
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