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In this paper we continue the investigation of the founaations of classical 
particle mechanics recently begun by McKinsey, Sugar, & Suppes ("Axiomatic 
foundations of classical particle mechanics", this Journal, 1952, pp. 253-272; 
we shall henceforth refer to this paper as "Foundations"). We shall suppose the 
reader already familiar with "Foundations", and shall refer to axioms and defi­
nitions of it by number, without quoting them in extenso. The present paper will 
be devoted to a determination of the class of transformations which take arbi­
trary systems of particle mechanics into systems of particle mechanics-and of 
the (narrower) class of transformations which take arbitrary ultra-classical 
systems into ultra-classical systems. We believe that the question of the nature 
of these classes is of some interest in itself; moreover, the answer we find seems 
to afford some evidence of the adequacy of the axioms given in "Foundations". 

In addition to the mathematical notions employed in "Foundations", we 
shall also avail ourselves of some matrix theory. If a and ffi are matrices, we shall 
indicate the matrix product of a and ffi by a· ffi. We consider a vector as a 
matrix with one row. 

Theorem 1. Let i' = (P, T, m, s, f) be an n-dimensional system of particle me­
chanics; let a be a non-singular square matrix of order n; let ffi and e be n-dimen­
sional vectors; and let ex, (3, and'Y be real numbers such that (3 =l= 0 and /' > O. 
Let T' be the set of all real numbers t' such that, for some tin T, 

(i) t' = ex + {3t, 

1 We are grateful to Professor HERMAN RUBIN, Dr. ALVIN SUGAR, and Professor ALFRED 
TARSKI for a number of helpful suggestions in connection with this paper. This work was 
supported in part by a grant from the Office of Naval Research. 
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and let m', 8', andf' be defined by the following equations (for p any element of 
P, t' any element of T', and i any member of I): 

m'(p) = -ym(p) 

(ii) 8' (p, t') = Ii 8 (p, t' ; a) . a + t'ill + e 

f '( t") 1 ( t' - a .) p, ,~ = 'Y. p, -{3- ,~ . a. 

Then r = (P, T', m', 8', f') is also an n-dimensional system of particle mechanics. 
Conversely, if equations (i) and (li) hold, and (P, T', m,' 8',f') is an n-dimensional 
system of particle mechanics, then so is (P, T, m, 8, f). 

Proof. To prove the first part, we need merely verify that Axioms PI-P6 
of "Foundations" are satisfied by (P, T', m', 8', f'). The second part follows from 
the fact that the conditions imposed on a, {3, and -y imply that equations (i) and 
(ii) can be solved for t, m, 8, and f. 

Remark 1. The transformations mentioned ill the theorem have a simple 
intuitive interpretation. The transformation t' = a + {3t amounts to changing 
the unit of time by an amount 1/{3 (also reversing the direction of time, if (3 is 
negative), and shifting the origin of time by an amount -a. The transformation 
m'(p) = -ym(p) amounts to changing the unit of mass by an amount l/"Y. The 
terms e and t' ill in the transformation for the position vector amount respec­
tively to a translation, and the imposition of a uniform velocity for the new 
coordinate system with respect to the old. The multiplication of 8(p, [t' - a]/(3) 
by the matrix {32a amounts to subjecting this vector to a general affine trans­
formation. Since every affine transformation can be factored into a series of 
orthogonal transformations and stretches, we therefore see that the transforma­
tion on the position vector consists of the following: a series of rotations about 
the origin, reflections, and stretches is made, followed by a shift in the origin, 
and the imposition on the coordinate system of a uniform velocity. The force 
function, finally, is subjected to a series of rotations about the origin, reflections, 
and stretches; the rotations are the same as the rotations to which the position 
vector is subjected, and the stretches are proportional to those imposed on the 
position vector. 

It should be remarked that the stretches to which the position vector (and 
the force vector) are subjected are not necessarily the same in all directions. 
For instance, if (P, T, m, 8, f) is a two-dimensional system of particle mechanics, 
and if, whenever 8(p, t) = (81, 82) andf(p, t, i) = (It, f2), we set 8'(p, t) = (81,382) 
and f'(p, t, i) = (ft,3f2), then (P, T, m, 8,' f') is a system of particle mechanics 
also. Thus we are at liberty to measure distances along one axis in feet, and along 
the other in yards, so long as we take care to measure force also in appropriately 
different units. 
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Remark 2. It should be noticed that the transformations of Theorem 1 carry 
balanced pairs of forces into balanced pairs of forces; hence they carry Newtonian 
systems into Newtonian systems. We shall see later, on the other hand, that 
these transformations do not always carry ultra-classical systems into ultra­
classical systems. In this connection we have, however, the following more special 
theorem; in the formulation of this theorem we use the notion of a similarity 
matrix, by which we mean a (non-singular) matrix <:t for which there exists a 
positive real number p, such that, for every vector X, 

IX·<:t1 = IXIp,. 
Theorem 2. If the matrix <:t oj Theorem 1 is a similarity matrix, then r' is ultra­

classical if and only if r is ultra-classical. 
Proof. Suppose first that r is ultra-classical, let P = {PI, ... , P.}, and let p, 

be a real number such that for every n-dimensional vector X, 

and hence such that, for every n-dimensional vector X, 

Then, there are r2 functions 0 .. , j (for i, j = 1, ... , r), each of which is a real­
valued function of a real variable, such that 

(1) for i, j = 1, .... r, 

and for all t in T, and all i and j in /1, ... , rI, 

(2) f(pi, t, j) = Oi, j(IS(Pi, t) - s(pj, t)I)[S(Pi, t) - s(p" t)], 

and, for i in /1, ... , r} andj > r, 

(3) 

From (ii) of Theorem 1 and (3) we see directly that, for all t' in T', for all i 
in /1, '" , r}, and for alIj > r, 

(4) f'(pi, t', j) = On. 

We now define real-valued functions O~, i (for i and j any elements of 
{I, ... , r}) by setting, for x any real number, 

(5) O~,;(x) = ~Oi,j~!p,'x). 
From (ii), (2), and (5) we conclude that, for Pi any element of P, t' any element 
of T', andj any element of I, 
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(6) 

= ~0;.{18 (Pi, t' ; a) _ 8 (Ph t' ; a) /) 
. [8 (p;, t'; a) _ 8 (Ph t'; a)Jct 

= ~Oi. {I ~~ 8' (Pi, t') . ct-1 - ~ 8' (Ph t') . ct-1 1) 

[ 1,( ') -1 1,( ') -lJ • ~2 8 pi, t . ct - ~2 8 Ph t . ct . ct 

= ~Oi.i~18'(pi' t') - S'(Ph t') I· ~)[8'(P" t') - S'(Ph t')] 

= 0~.;(1 8' (Pi, t') - 8' (Ph t') I)[s' (Pi, t') - s' (Ph t')]. 

From (1) and (5), moreover, we readily see that, for all i andj in {I, ... ,r}, 

(7) 
, , 

0 •. i = 0i. i· 

From (7), (4), and (6) we now conclude that the system (P, T', m', s',I') is ultra­
classical, n.s was to be shown. 

To prove the second part of the theorem, it is only necessary to notice that 
the inverse of a similarity matrix is a similarity matrix. 

We are shortly going to prove a sort of converse of Theorem 1: roughly speak­
ing, we shall show that the transformations described in Theorem 1 are the 
only transformations which always take systems of particle mechanics into 
systems of particle mechanics. To facilitate the formulation of this theorem, we 
first give some definitions. 

Definition 1. Let CP1 be a function which maps R (the set of all real numbers) 
onto itself in a one-to-one way; let ¢2 be a real-valued function defined over 
the set of positive real numbers; let CP3 be a function which is defined over 
En X R (where En is the set of all n-dimensional vectors), and whose values 
are in En; and let cP, be a function which maps En onto itself in a one-to-one way. 
Then we call the ordered quadruple (cp1, CP2, CPs, cp,) an eligible transformation. 

Definition 2. Let <I> = (cpt, CP2, CP3, cp,) be an eligible transformation, and let 
I' = (P, T, m, 8, f) be a system of particle mechanics. Then by the <t-transform 
of I' we mean the ordered quintuple (P, T', m', s',I'), where T' is the set of all 
real numbers t' such that, for some t in T, 

t' = CP1(t); 

and m', s', and I' are defined by the following equations (for P any element of 
P, t' any element of T', and i any element of 1): 
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m'(p) = <p2[m(p)] 

s'(p, t') = <P3[S(P, <PIl(t'», t'] 

j'(p, t', i) = <P4ff(p, <PIl(t'), i)]. 

Theorem 3. Let cp = (<PI, <P2, <P3, <P4) be an eligible transformation, and suppose 
that, for every n-dimensional system oj particle. mechanics r, the cp-transform oj r 
is again a system of particle mechanics. Then there are real numbers a, (3, ,¥, with 
(3 =!= 0, and '¥ > 0, n-dimensional vectors (B and e, and a non-singular square matrix 
a, of order n, such that, for x and Z any members of R and En respectively, and 
for y any positive member of R, 

<Pl(X) = a + (3x 

<P2(y) = '¥y 

<P3(Z, x) = (32 Z·a + x(B + e 

<P4(Z) = '¥Z· a. 

Prool. Suppose the hypothesis of the theorem is satisfied, and let U1, U2, ••• be 
an arbitrary sequence of members of En, such that E':'=l Ui is absolutely con­
vergent. Let U = E:'l U;. Now we set P = {I}, T = (- 00, + 00), and m(l) = 1. 

2 -For t any real number, we set s(l, t) = jt U, f(l, t, 1) = U, and f(l, t, i) = On 
for i > 1. For t any real number, and for i any positive integer, we put 
g(l, t, i) = U;. 

Then it is readily verified that r = (P, T, m, s, f) and d = (P, T, m, s, g) are 
both systems of particle mechanics-and hence, by our hypothesis, the same is 
true of their <p-transforms. Thus 

00 

E <pM(l, <PIl(t), i)] 
;=1 

2 Professor CHARLES LOEWNER has pointed out to us that a much simpler proof can be 
given for the weaker theorem obtained by adding to our hypothesis the additional con­
dition that </>3 is a continuous function. To carry out such a proof we define a function 
</>. by the equation 

</>.(Z, x) = <</>3(Z, x), </>.(x». 

From the fact that </>1 carries intervals into intervals, we conclude that it is continuous; 
from this fact, together with the continuity of </>" we conclude that </>. is continuous. Using 
(6) and (7) of the present proof, it is easy to show that </>. carries straight lines into straight 
lines; and from this, together with the continuity of </>. it follows that </>. is a projective 
transformation; and, since it takes no finite point into a point at infinity, it is affine. Pro­
fessor HALSEY ROYDEN has remarked that the fact that </>. carries straight lines into straight 
lines and twice differentiable curves into twice differentiablecurves, is not sufficient to prove 
</>. continuous. 
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and 

and hence 

or, recalling the definition of f and g, 

Since the series on the left is convergent, we conclude that 

(1) 

and hence that 

(2) 

Since (2) holds for every absolutely convergent series of vectors, we conclude, 
by setting Ui = On for i > 2, that 

(3) 

From (3) it is now easily seen that if U is any member of En, and r is any 
rational number, then 

(4) 

Now we set 

J 1 = (1, 0, ... , 0) 

J 2 = (0, 1, ... ,0) 

J = (0 0 ... 1)' 
n " " 

and we let 8 be the matrix whose ith column, for i = 1, ... , n, is the transpose 
of ¢4(Ji ). Then we see that if X = (XI, ... , Xn) is a member of En, all of whose 
components are rational, then 
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¢4(X) = ¢4«Xl, ... , x,.» 
= ¢,«Xl, 0, ... ,0) + ... + (0, 0, ... , xn» 

(5) 
= ¢4«XI, 0, ... ,0» + ... + ¢4«0, 0, ... , x,.» 
= ¢,(XI J I) + .. , + ¢4(X,. J,.) 

= XI¢,(JI) + '" + X,.¢4(J,.) 

= X·B. 

Finally, if Z is any vector at all, we let Xl, X 2, ••• be a sequence of vectors, 
all of whose components are rational, and such that Xl + X 2 + ... converges 
absolutely to Z. Then we conclude from (5) that 

¢4(Z) = ¢4(XI + X 2 + '" ) = ¢4(XI) + ¢4(X2) + ... 
(6) 

Since, by our hypothesis, ¢4 is a one-to-one mapping, we conclude that 

(7) B is non-singular. 

Now let P = {II, let T = (- 00, + 00), and let, for t any element of T, 

8(1, t) = (!t2, 0, ... , 0). 

For each positive real number x we define a function m", by the equation 

m .. (l) = x, 

and a function j", by the equations (for all tinT) 

j",(l, t, 1) = (x,O, ... ,0) 

j",(l, t, i) = On for i > 1. 

Then we verify that, for every positive x, the quintuple r", = (P, T, m"" 8, jx) is 
a system of particle mechanics. Hence, by our hypothesis, the <l>-transform of 
r", is a system of particle mechanics, so that, making use of (5), 

00 

= :E j.,(l, ¢11(t), i)· 8 = j",(1, ¢11(t), 1).8. 
i_I 

Thus 
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(8) 

Since 8 is non-singular, not all the elements in the first row of 8 are O. Suppose 
that the element of the first row and .jth column is k =l= 0; then the jth component 
of the vector <x, 0, ... , 0)·8 is kx. Let h be the jth component of d2/ dt2 

¢3[s(1, ¢l\t», fl. Then, by equating the jth components of the two sides of (8), 
we obtain 

¢2(X)' h = kx. 

Since k =l= 0 and x > 0 we conclude that h =l= O. Thus we have ¢2(X) = kx/h. 
Since the vector d2/dt2 ¢a[s(l, ¢11(t», t] and the matrix 8 are independent of x, 
we conclude that there exists a real number 'Y such that, for all x > 0, 

(9) 

Since ¢2(X) = ¢2[m.,(I)] is always positive, moreover, we have 

(10) 'Y > o. 
Since ¢1 is a one~to-one mapping, ¢1(1) - ¢1(0) =l= O. 
N ow we define functions ¢~, ¢~, ¢~, ¢~ by setting, for x any real number and Z 

any member of En 

'( ) X - ¢1(0) 
(11) ¢1 x = ¢1(1) _ ¢1(0) 

(12) ¢~(x) = ! x 
'Y 

(13) ¢~(Z, X) = [¢1(1) ~ ¢1(O)]2 Z'8-1 - [¢1(1) ~ ¢1(0)]2 ¢aCOn, ¢1(O»'8-1 

(14) ¢~(Z) = Z· 8-1; 

and we set q,1 = <¢~, ¢~, ¢~, ¢~). Moreover, we define functions 1/IJ, 1/;2, 1/;a, 1/;4 
by setting, for x any real number and Z any member of En, 

(15) 

(16) 

1/;1(X) = ¢1(X) - ¢1(0) 
¢1(1) - ¢1(0) 

1/;2(X) = X 

(17) 1/;s(Z, X) = [¢1(1) ~ ¢1(O)]2 ¢s[Z, ¢1(0) + (¢1(1) - ¢1(O»x]'8-1 

- [¢I(!) ~ ¢1(O)]2 ¢aCOn, ¢1(0»'8-1 

(18) 1/;4(Z) = Z; 
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and we set w = (1/11,1/12,1/13,1/14). By Theorem 1, we see that the q,/-transform 
of every system of particle mechanics is a system of particle mechanics. More­
over, it is easily verified that, for every system r of particle mechanics, the 
'It-transform of r is the same as the q,/-transform of the cf?--transform of r. 
Hence the w-transform of every system of particle mechanics is again a system 
of particle mechanics. 

From (15) we have 

(19) 

and from (17) 

(20) 

1/11(0) = 0 and 

N ow for each member Z of En we construct a system r z of particle mechanics 
as follows. We take p = {1} and T = (- 00, + 00), and we set m(l) = 1, and, 
for all t in T and i in I, f(1, t, i) = 0 ... For Z any element of En, we let 8z be 
the function such that, for all tin T, 8z(1, t) = Z. We set rz = (P, T, m, 8z, f). 
Since rz is a system of particle mechanics, the same is true of the w-transform 
of r z ; thus 

and hence 

d2 _ 

dt2 1/Ia[Z, t] = 0 ... 

Hence we conclude that there are functions 81 and 82 such that, for Z any member 
of En, and x any real number, 

(21) 

From (21), together with (20), we conclude that 

(22) 

If S is a set of real numbers, then by Wl(S) we shall mean the set of all numbers 
y such that, for some x in S, y = 1/Il(X). Now let T be any interval of real num­
bers. Since the w-transform of any system of particle mechanics is again a system 
of particle mechanics, we conclude that wl(T) is also an interval of real numbers. 
From this it follows that 

(23) 1/11 is a continuous function. 

N ow let Xl, X 2, ••• be any sequence of distinct n-dimensional vectors which 
converges to a vector X, and for which there exists a twice differentiable function 
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g such that g(l + l/i) = Xi for i = 1,2, "', and gel) = X. Let P = {II, let 
T = (- ~, + ~), let mel) = 1, let (for all t in T) 8(1, t) = g(t2), and let 
f(l, t, 1) = d2/dt2 8(1, t) and f(l, t, i) = 0,. for i > 1. Then (P, T, m, 8, f) is a 
Hystem of particle mechanics, and hence the same is true of its w-transform. 
Thus d2/dt2 ,pa[s(l, ,pll(t», t] exists-so that, a fortiori, the function F defined 
(for t any real number) by the equation F(t) = ,pa[s(l, ,pll(t», t] is continuous. 
Since ,pI is continuous, we therefore conclude that the function G defined by the 
equation G(t) = F(,pl(t» is continuous. We have 

G(t) = F(,pl(t» = ,p3[8(1, ,pll(,pl(t»), ,pl(t)] = ,pa[s(l, t), ,pl(t)] 

= 81(8(1, t» + ,pl(t)82(8(1, t» = 8I(g(t2» + ,pI(t)82(g(t2». 

Since G is continuous, we see that 

is also continuous. Thus 

is continuous. For t =F 0 we have ,pI(t) - ,pI ( -t) =F 0 (since ,pI is a one-to-one 
mapping); hence, since ,pI(t) - ,pI ( -t) is continuous by (23), we conclude that 
82(g(t2» is continuous except possibly at t = O. In particular, this function is 
continuous at t = 1, so that 

or 

(24) 

Thus we conclude that 

(25) 82 is a continuous function. 

Thus 82(g(t2» is a continuous function of t. Since ,pI(t) and 81 (g(t2» + 
,p1(l)82(g(t2» are both continuous, we therefore conclude that 81(g(t2» is a con­
tinuous function of t, so that 

lim 81(Xi ) = 81(X) = 81(l.im Xi)' 
,~ '-+00 

and hence 

(26) 81 is a continuous function. 

N ow for U, V, and W any members of E,., let 

8u. v. w(I, t) = Ut2 + Vt + W 
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and 

fu. v. w(l, t, 1) = 2U 

fu. v. w(l, t, i) = On 

Letting P = {1), T = (- 00, + 00 ), and m(l) = 1, the system 

(P, T, m, su. v. w,fu, v, w) 

for i > 1. 

is a system of particle mechanics, and hence its 'IF-transform is a system of particle 
mechanics. Thus 

and hence 

so that, for some members Al and A2 of En 

(27) 

Substituting if;l(t) for t in (27), and making use of (21) and the definition of 
Su, v. w, we obtain 

(28) (It(Ut2 + Vt + W) + if;1(t)(}2(Ut2 + Vt + W) = U[if;I(t)]2 + AI[if;I(t)] + A 2. 

Substituting 0 and 1 for tin (28), and making use of (19) we obtain 

(}1(W) = A2, 

(}1(U + V + W) + (}2(U + V + W) = U + Al + A2, 

and hence 

Al = (}1(U + V + W) + (}2(U + V + W) - U - (}1(W). 

Substituting these values of Al and A2 in (28) we obtain 

(}1(Ut2 + Vt + W) + if;1(t)(}2(Ut2 + Vt + W) = U· [if;I(t)]2 

(29) + {(}I(U + V + W) + (}2(U + V + W) - U - (}1(W) } if;l (t) + (}1(W), 

Equation (29) holds for every real number t, and for all members U, V, W of En. 
Substituting On for V in (29) and transposing, we have 

U· [if;I(t)]2 

(30) + {(}I(U + W) + (}2(U + W) - U - (}1(W) - 82(Ut2 + W) }if;l(t) 

+ (}1(W) - (}1(Ut2 + W) = On. 
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For the time being, we adopt the notation Ci(X) to denote the ith component 
of the vector X. From (30) we see that, for i = 1, ... , n, 

Ci ( U)· [lfl(l)]2 

(31) + Cd 81(U + W) + 82(U + W) - U - 81(W) - 82(Ut2 + W) l'lfl(t) 

+ Ci (81(W) - 81(Ut2 + W» = o. 
Substituting -t for tin (31), we now obtain 

C\(U)· [lfl( _t)]2 

+ C;{81(U + W) + 82(U + W) - U - 81(W) - 82(Ut2 + W)llfl(-t) 

+ Ci (81(W) - 81(Ut2 + W» = o. 
Thus lfl(t) and lfl( -t) are the roots (distinct, if t ::j:: 0, from the fact that lfl is 
a one-to-one mapping) of the quadratic equation 

(32) 
ci(u)·i + Ci(81(U + W) + 82(U + W) - U - 81(W) - 82(Ut2 + W»z 

+ Ci (81(W) - 81(Ut2 + W» = ° 
If t ::j:: ° and Ci(U) ::j:: 0, we therefore conclude that 

,f, (t) .,f. (-t) = Ci (81(W) - 81(Ut2 + W» 
PI PI C~U)' 

Setting t = 1 and W = On, we now have, making use of (19) and (22), 

_ Ci(-81(U» 
--~~(J~CtJf-

Thus, on the supposition that Ci(U) ::j:: 0, we have 

(33) 

-Ci (81(U» 
C;(U) 

Since 81 is continuous by (26), however, (33) holds also when Ci(U) = 0. Since 
(33) holds for all i ~ n, we conclude that, for all U in En, 

(34) 

From (34) and (29) we conclude that 

U[lfl(l)]2 

(35) + I-lfl( -l)(U + V) - U + 82(U + V + W) - (lz(Ut2 + Vt + W) llfl(t) 

+ lfl( -1)(Ut2 + Vt) = On. 
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Substituting -1 for t, !X for U, !X for V, and On for Win (35), and remember 
ing that lh( -1) =1= 0 (since lh(O) = 0 by (19), and lh is a one-to-one mapping) 
we obtain 

(36) 

Substituting - Ut for V, and On for W, in (35), we now obtain, making use 
of (36) 

U· [¥tl (t) J2 

(37) +{-lh (-I)(U- Ut) -U+e +~I(-I))(U_ Ut)}¥tl(t) = On. 

Since (37) is true for U any member of E", we conclude that 

and hence, for ¥tl(t) =1= 0, that 

¥tl(l) = ¥tl(-I)(I - t) + 1 - e + ~(-1») (1 - t) 

= e -¥t;(-1») t + e + ~(-I»). 
(38) 

Since, by (19), ¥t1(0) = 0, and since ¥tl is a one-to-one mapping, we see that 
¥tl(l) =1= 0 if t =1= O. Hence (38) holds for all t =1= O. Since ¥tl is continuous, by 
(23), we therefore conclude that (38) also holds for l = O. Setting t = 0 in (38) 
we obtain, by means of (19), 0 = ![1 + ¥tI( -1)], and hence 

(39) 

From (39), (38), (34), and (36) we conclude that 

(40) 

(41) 

(42) 

and hence, from (21), 

(43) 

¥tl(t) = t 

81(U) = U 

82(X) = 82(0,,) i 

From (40) and (15) we obtain x = (cPt{x) - cPt{O»/(¢I(I) - ¢1(0», and hence 
¢I(X) = ¢1(0) + [¢I(I) - ¢I(O)JX. Thus if we set 

(44) ex = ¢I(O) 
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and 

(45) 

we obtain 

(46) 

From (44), (45), and (17) we have 

Vta(Z, x) = ~ tPa[Z, a + j3x]' 8-1 - ~ tPa(On, a)· 8-1 

and hence, making use of (43) 

(47) - 'Y 1 'Y - 1 Z + x82(0,,) = (32 tPa[Z, a + j3x]8- - ~2 tPa(O,., a) . 8- . 

Replacing x by (x - a)!j3 in (47), and solving for cPaCZ, x), 

(48) 

Setting 

(49) 

(50) 

(51) 

equation (48) becomes 

(52) 

1 
(t = ~ 8, 

13 -
<B = ~ 82(0,.)'8, 

e = - aj3 MOn) ·8 + tP3(O", a), 
'Y 

tPa(Z, x) = 132 Z·(t + x<B + e. 

From (5) and (49) we obtain 

(53) 

Our theorem now follows from equations (46), (9), (52), and (53). 
We now establish a more special theorem, which is the converse of 

Theorem 2. 
Theorem 4. Let 1> = (tPl, tP2, tPa, tP4) be an eligible transformation which satisfies 

the hypothesis of Theorem 3, and suppose, moreover, that the iJ!-transform of every 
ultra-classical system is ultra-classical. Then the matrix (t of Theorem 3 is a simi­
larity matrix. 

Proof. By Theorem 3 there are real numbers a, 13, 'Y, with 13 =!= 0 and'Y > 0, 
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n-dimensional vectors CB and e, and a non-singular square matrix a, of order 
n, such that, for x and Z any members of R and En respectively 

c/>J(x) == ex + ~x 
tP,(x) == 'Yx 

tPa(Z, x) == ~2 z·a + xCB + e 

tP.(Z) == -yZ· a. 

Now suppose, if possible that the ~transform of every ultra-classical system is 
ultra-classical, and that a is not a similarity matrix. 

Since a is non-singular, it follows from a known result of matrix theory that 
there exists a diagonal matrix :0, and two orthogonal matrices Cp and Q such that 

(1) 

Since G. is not a similarity matrix, not all the elements of the main diagonal 
of :0 = (dii) have the same absolute value; without loss of generality we can 
suppose that I du I =l= I d22 1. We conclude from (1) that 

G. == CP':O'Q = cp.:o. ~ ·du·Q == cpo (:0 0 -.!..) .(dwQ) == cp·e·CR, 
du du 

where Cp is an orthogonal matrix, e is a diagonal matrix such that ell = 1, and 
R is a similarity matrix. We set e22 = d22/du = k, and we notice that on the 
above supposition 

(2) I k I =l= 1. 

We now define a system r = (P, T, m, 8,f) of particle mechanics by setting 

P = {1, 2, 31, 

and for all t in T 

and 

T == (- 00, + 00 ), 

m(l) = m(2) = m(3) == 1, 

8(1, t) == 0", 
8(2, t) == (k(1 - t), t, 0, .•. , O)p-I, 

8(3, t) == -8(2, t), 

f(l, t, 1) == 0 .. , 

j(l, t, 2) == 8(2, t)[k2(1 - t)2 + t2J, 
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1(1, t, 3) = -8(2, t)[e(l - t2) + t2], 

1(1, t, j) = On for j > 3, 

j(2, t, 1) = -8(2, t)[e(1 - t)2 + t2], 
}(2, t, 2) = 0", 

1(2, t, 3) = 8(2, t)[e(1 - t}2 + t2], 

1(2, t, j) = 0" for j > 3, 

1(3, t, 1) = 8(2, t)[k2(1 - t)2 + t2], 
1(3, t, 2) = -8(2, t)[k2(1 - t)2 + t2], 
1(3, t, j) = 0" for j > 2. 

It is now readily verified that r is an ultra-classical system ("Foundations", 
Definition 5). Let 1" = (P, T', m', 8',1') be the cI>-transform of r. Then we readily 
verify that for all t in T' 

8' (1, t) = 0" + (Bt + e = (Bt + e 

8' (2, t) = < k (1 - t ~ a), t ~ a, 0, ... , 0) (p-l • (p. 8· <Rtf + (Bt + e 

k 
= ~ (a + {3 - t, t - a,O, ''', 0)<Rtf + (Bt + e, 

, « t-a)t-a ) 1 1 (1 t 2) = k 1 - -- -- 0 ... 0 (p-, , {3 , {3 " , 

[ 2( t - a)2 (t - a)2] . k 1 - -{3- + -{3- 'Y·(P·8·<R 

k [ 2 ( t - a)2 (t - a)2] = ~ (a + {3 - t, t - a, 0"" ,0)-y<R k 1 - -{3- + -(3- . 

Let t = a. Then 

(3) 8'(2, a) -8'(1, a) = ~ ~, 0, .. , ,0)<R{32 

(4) 

Now let t = a + (3. Then 

(5) 8'(2, a + (3) - 8'(1, a + (3) = ~ (0, {3, 0, ... ,0)<Rtf 
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(6) 1'(1, a + (j,2) = ~ (0, (j, 0, •.. ,O)-yCR. 

Since CR is a similarity matrix, it follows from (3) and (5) that 

(7) I s'(2, a) - s'(I, a) I = I s'(2, a + (j) - s'(I, a + (j) I, 
and consequently, since by hypothesis r' is ultra-classical, we ttlUst have 

(8) 11'(1, a, 2) I = 11'(1, a + (j, 2) I . 
In order for (8) to hold, we see from (4) and (6) that we must have 

(9) e = 1, 

which is impossible in view of (2). 
Since we have thus arrived at a contradiction, the proof of our theorem is 

complete. 
Remark 3. From the above theorem we notice that in ultra-classical systems 

of particle mechanics, different stretches along different axes are not permitted. 
This is of interest in connection with the question: what is the largest sub-group 
of the group of eligible transformations which a physicist may always feel free 
to use when dealing with systems of particle mechanics? Theorem 3 implies that 
this sub-group should not be larger than the one described in Theorem 1. More­
over, Theorem 4 implies that if the physicist wants to deal with ultra-classical 
systems, the sub-group should not be larger than the one described in Theorem 2. 
Thus, for example, in meteorology it is convenient to use the sub-group of 
Theorem 1, (measuring horizontal distances in miles and vertical distances in 
feet); whereas, in celestial mechanics, one is restricted to the sub-group of 
Theorem 2. The latter sub-group may be regarded as a generalization of the 
group of Galilean transformations ordinarily used to characterize the classical 
principle of relativity. 

Questions of this sort have often been considered in the literature of physics. 
Because of our axiomatic development of mechanics, however, these questions 
assume here at once a sharper, and a more general, form.3 

Remark 4. Our theorems are also relevant to the question of the adequacy 
of the axiomatization of classical particle mechanics presented in "Foundations": 
these theorems do not constitute a definite proof of the adequacy of the axioms, 
of course; but they at least show that the axioms are free from certain defects. 
Thus suppose, for example, that we were able to. prove Theorem 1 only under 
the additional assumption that the matrix a was a diagonal matrix; this would 
mean that the axioms gave special properties to some particular directions in 
space, and hence were too strong. On the other hand, if we could prove 
in Theorem 3 merely that CPl was monotone (but not necessarily linear), then 
the axioms would be too weak. 

aCf., for example, P. BERGMANN, An Introduction to the 1'heory of Relativity, (N. Y.: 
1947) Chp. II, L. SILBERSTEIN, The Theory of Relativity (London: 1914), Chp. I, II. WEYL, 

Space-Time-Matter, Trans. by II. L. BROSE, Chp. III, §19. 


