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In this paper we continue the investigation of the foundations of classical
particle mechanics recently begun by McKinsey, Sugar, & Suppes (‘“Axiomatic
foundations of classical particle mechanics”, this Journal, 1952, pp. 253-272;
we shall henceforth refer to this paper as “Foundations’). We shall suppose the
reader already familiar with “Foundations”, and shall refer to axioms and defi-
nitions of it by number, without quoting them ¢n extenso. The present paper will
be devoted to a determination of the class of transformations which take arbi-
trary systems of particle mechanics into systems of particle mechanics—and of
the (narrower) class of transformations which take arbitrary ultra-classical
systems into ultra-classical systems. We believe that the question of the nature
of these classes is of some interest in itself; moreover, the answer we find seems
to afford some evidence of the adequacy of the axioms given in “Foundations”.

In addition to the mathematical notions eraployed in “Foundations”, we
shall also avail ourselves of some matrix theory. If @ and ® are matrices, we shall
indicate the matrix product of @ and ® by @-®. We consider a vector as a
matrix with one row.

Theorem 1. Let T' = (P, T, m, s, f) be an n-dimensional system of particle me-
chanics; let @ be a non-singular square matrix of order n; let ® and € be n—dimen-
sional vectors; and let «, 8, and v be real numbers such that 8 &= 0 and v > 0.
Let T be the set of all real numbers ¢’ such that, for some ¢ in 7',

i) UV = a4 6,

1 We are grateful to Professor HErmaN RUBIN, Dr. ALvIN SuGAR, and Professor ALFRED
Tarsk1 for a number of helpful suggestions in connection with this paper. This work was
supported in part by a grant from the Office of Naval Research.
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274 J. C. C. MCKINSEY & PATRICK SUPPES

and let m’, ¢, and f’ be defined by the following equations (for p any element of
P, ¢’ any element of 7", and 7 any member of I):

m'(p) = ym(p)

(ii) s'(p, ) = B's (p, t—’—;—g> e+i®+ e

1 e / —a .
f(P,t,'L) = 'Yf(p;T,1’) - Q.
Then T' = (P, T', m/, &', f') is also an n—dimensional system of particle mechanics.
Conversely, if equations (i) and (ii) hold, and (P, 77, m,’ ¢', f') is an n—dimensional
system of particle mechanics, then so is (P, T, m, s, f).

Proof. To prove the first part, we need merely verify that Axioms P1-P6
of “Foundations” are satisfied by (P, T", m/, s’, ). The second part follows from
the fact that the conditions imposed on @, 8, and v imply that equations (i) and
(ii) can be solved for ¢, m, s, and f.

Remark 1. The transformations mentioned im the theorem have a simple
intuitive interpretation. The transformation ¢ = a + Bt amounts to changing
the unit of time by an amount 1/8 (also reversing the direction of time, if 8 is
negative), and shifting the origin of time by an amount —a. The transformation
m'(p) = ym(p) amounts to changing the unit of mass by an amount 1/y. The
terms € and ¢ ® in the transformation for the position vector amount respec-
tively to a translation, and the imposition of a uniform velocity for the new
coordinate system with respect to the old. The multiplication of s(p, [t — «]/8)
by the matrix 8°®@ amounts to subjecting this vector to a general affine trans-
formation. Since every affine transformation can be factored into a series of
orthogonal transformations and stretches, we therefore see that the transforma-
tion on the position vector consists of the following: a series of rotations about
the origin, reflections, and stretches is made, followed by a shift in the origin,
and the imposition on the coordinate system of a uniform velocity. The force
function, finally, is subjected to a series of rotations about the origin, reflections,
and stretches; the rotations are the same as the rotations to which the position
vector is subjected, and the stretches are proportional to those imposed on the
position vector.

It should be remarked that the stretches to which the position vector (and
the force vector) are subjected are not necessarily the same in all directions.
For instance, if (P, T, m, s, f) is a two-dimensional system of particle mechanics,
and if, whenever s(p, t) = (s, s5) and f(p, ¢, ©) = (f1, f2), we set s'(p, 1) = (s1, 3s2)
and f'(p, t, 1) = (f, 3f), then (P, T, m, s,’ f’) is a system of particle mechanics
also. Thus we are at liberty to measure distances along one axis in feet, and along
the other in yards, so long as we take care to measure force also in appropriately
different units.
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Remark 2. Tt should be noticed that the transformations of Theorem 1 carry
balanced pairs of forces into balanced pairs of forces; hence they carry Newtonian
systems into Newtonian systems. We shall see later, on the other hand, that
these transformations do not always carry ultra-classical systems into ultra-
classical systems. In this connection we have, however, the following more special
theorem; in the formulation of this theorem we use the notion of a similarity
matriz, by which we mean a (non-singular) matrix @ for which there exists a
positive real number u such that, for every vector X,

[ X-a|=[X|n

Theorem 2. If the matrixz @ of Theorem 1 is a similarity matrix, then T is ultra-
classical if and only if T 4s ultra-classical.

Proof. Suppose first that I' is ultra-classical, let P = {p, --- , p,}, and let u
be a real number such that for every n-dimensional vector X,

| X-a|=|X]|u
and hence such that, for every n—dimensional vector X,
| X-a7' | = X(1/p).

Then, there are r* functions 6;, ; (for ¢, j = 1, - -+ , ), each of which is a real-
valued function of a real variable, such that

1) 0:, ; = 0j, 4 fori,j=1,+--,r,
and for all ¢in T, and all ¢ and 7 in {1, --- , r},

(2) o, 4, 5) = 0i i(| s(pi, ) — s(ps, ODIs(pi ) — s(psy V)],
and, for<in {1, -+-, 7} and j > r,

From (ii) of Theorem 1 and (3) we see directly that, for all ¢’ in 7", for all ¢
in {1, ---, 7}, and for allj > r,

(4) @i t,5) = O
We now define real-valued functions 6:, ; (for 7 and j any elements of
{1, ---, r}) by setting, for z any real number,
- ’ Y 1
(5) 0:,;(x) = 526”<B7Mx>

From (ii), (2), and (5) we conclude that, for p; any element of P, ¢’ any element
of 7, and j any element of I,
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!/ — « )
i _, .a
vf (p, g
0, < s(,,. ‘;) _ s<p. v — a)
] 1) B i) ﬁ
t — T
' [8 (”"’ 8 a) B s<”’"’ 8 a)]'@

f, (pi) t,: .7)

I

)

© - j< Blzs,(p"’ £)-e" - Elzs'(pj, )-at )
. I:EIE s'(py )@ — Z}z ' (pj, t') -a*l]- Q@

1
= (|5 s ) s )

= 024 8'(pi, ©) — §'(ps, DI ) — (05, D).

From (1) and (5), moreover, we readily see that, for all 7 and jin {1, --- , r},

. 1) [s"(ps, t) — §'(ps, )]
u

(7) 0;, i = 0;, P

From (7), (4), and (6) we now conclude that the system (P, TV, m/, &', f’) is ultra-
classical, as was to be shown.

To prove the second part of the theorem, it is only necessary to notice that
the inverse of a similarity matrix is a similarity matrix.

We are shortly going to prove a sort of converse of Theorem 1: roughly speak-
ing, we shall show that the transformations described in Theorem 1 are the
only transformations which always take systems of particle mechanics into
systems of particle mechanics. To facilitate the formulation of this theorem, we
first give some definitions.

Definition 1. Let ¢; be a function which maps R (the set of all real numbers)
onto itself in a one-to-one way; let ¢. be a real-valued function defined over
the set of positive real numbers; let ¢; be a function which is defined over
E. X R (where E, is the set of all n—dimensional vectors), and whose values
are in F,; and let ¢4 be a function which maps E, onto itself in a one-to-one way.
Then we call the ordered quadruple (g1, ¢2, ¢3, ds) an eligible transformation.

Definition 2. Let ® = (g1, ¢s, ¢3, ¢4 be an eligible transformation, and let
I = (P, T, m, s, f) be a system of particle mechanics. Then by the $—transform
of I' we mean the ordered quintuple (P, 7%, m’, §', f’), where 7" is the set of all
real numbers ¢’ such that, for some ¢ in T,

U= ¢u(0);

and m’, ¢, and f’ are defined by the following equations (for p any element of
P, U any element of 77, and 7 any element of I):
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m'(p) = ¢o[m(p)]
s (p, ) = els(p, ¢1' (1)), ']
f,(py t,y 7’) = ¢4[f(p7 ¢;1(t,)1 7’)]

Theorem 3. Let ® = {¢1, ¢s, ¢3, ds) be an eligible transformation, and suppose
that, for every n—dimensional system of particle mechanics T, the d—iransform of 1"
18 again a system of particle mechanics. Then there are real numbers «, B, v, with
B .0, andy > 0, n—dimensional vectors ® and C, and a non-singular square matriz
@, of order m, such that, for x and Z any members of R and E, respectively, and
for y any positive member of R,

du(z) = a + Bx
&(y) = vy
$:(Z,x) = B Z-Q+ 2® + €

¢(Z) = vZ-Q.

Proof®. Suppose the hypothesis of the theorem is satisfied, andlet Uy, Us, - - - be
an arbitrary sequence of members of E,, such that Dt U is absolutely con-
vergent, Let U = > 53 Us. Nowweset P = {1}, T = (— », + ), and m(1) = 1.
For ¢ any real number, we set s(1, ¢) = 2’ U, f(1,¢, 1) = U, and f(1, ¢, ¢) = O,
for ¢ > 1. For ¢ any real number, and for ¢ any positive integer, we put
g(ly t) 7‘)= Ui"

Then it is readily verified that ' = (P, T, m, s, f) and A = (P, T, m, s, g) are
both systems of particle mechanics—and hence, by our hypothesis, the same is
true of their ®—transforms. Thus

d2

aibm(D)]- T

#ls(1, 70, 0 = 22 o101, 670, )

2 Professor CHARLES LOEWNER has pointed out to us that a much simpler proof can be
given for the weaker theorem obtained by adding to our hypothesis the additional con-
dition that ¢; is a continuous function. To carry out such a proof we define a function
¢5 by the equation

é5(Z, z) = ($s(Z, ©), $:(z)).

From the fact that ¢; carries intervals into intervals, we conclude that it is continuous;
from this fact, together with the continuity of ¢, we conclude that ¢; is continuous. Using
(6) and (7) of the present proof, it is easy to show that ¢; carries straight lines into straight
lines; and from this, together with the continuity of ¢; it follows that ¢; is a projective
transformation; and, since it takes no finite point into a point at infinity, it is affine. Pro-
fessor HaLsEY RoYDEN has remarked that the fact that ¢; carries straight lines into straight
lines and twice differentiable curvesinto twice differentiable curves, is not sufficient to prove
¢5 continuous.
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and

&

SO 55 als, 670), 0 = 3 o1, 670, D

and hence

or, recalling the definition of f and g,

64(U) + ¢4(0,) + ¢4(0n) + «++ = ¢u(Uy) + ¢u(Us) + -+ .
Since the series on the left is convergent, we conclude that
1) ¢4(0n) = Oy,

and hence that

) a(0) = o(3 U:) = s,

=1

Since (2) holds for every absolutely convergent series of vectors, we conclude,
by setting U; = O, for ¢ > 2, that

3) $a(Ur + Us) = ¢4(U1) + ¢4(Us).

From (3) it is now easily seen that if U is any member of E,, and r is any
rational number, then

(4) $u(U-r) = 7-¢4(V).
Now we set

Jy =(1,0,---,0)

J: =(0,1,---,0)

Jn=<0,0,""1>;

and we let & be the matrix whose #*® column, for z = 1, - - - | n, is the transpose
of ¢4(J;). Then we see that if X = (x;, - -+ , 2,) is a member of E,, all of whose
components are rational, then
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$u(X) = ¢4(<x1: Tt CL‘,,>)
=¢4(<x110:"'70>+ tt +<O)07"'1xﬂ>)
= ¢4(<x1,07 e 70>) + .- +¢4(<0,0, e 1xﬂ>)

(5)
= ¢s(®r J1) + -+ + pu(2n Jn)
= 21¢(J1) + -+ + Tapu(Jn)
= X-8.
Finally, if Z is any vector at all, we let X;, X, - - - be a sequence of vectors,
all of whose components are rational, and such that X; + X, + --- converges

absolutely to Z. Then we conclude from (5) that
¢4(Z) = ¢4(X1 + X+ - ) = ¢4(X1) -+ ¢4(X2) + ..
=X 8+ X8+ - =XK1 +Xo4+ -+ )8=Z-8.

(6)

Since, by our hypothesis, ¢, is a one-to-one mapping, we conclude that
) € is non-singular.
Now let P = {1},let T = (— =, 4+ ), and let, for { any element of T,
s(1,8) = (3£,0, -+, 0).
For each positive real number x we define a function m, by the equation
my(1) = x,
and a function f, by the equations (for all ¢ in T')
(1, ¢4 1) = (2,0, ---, 0)
fa(1, 4, 3) = Oa for ¢ > 1.

Then we verify that, for every positive z, the quintuple T, = (P, T, m,, s, f.) is
a system of particle mechanics. Hence, by our hypothesis, the ®-transform of
I'; is a system of particle mechanics, so that, making use of (5),

alma(]- B 4ls(1, 670), 8 = 35 9101, 670, )

= g}fz(l, 1 (D), )-8 = f.(1, 7' (D), 1)-&.

Thus
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2
® #@) T 051, 670, 0 = 0,0, -+, 0)-&.
Since & is non-singular, not all the elements in the first row of & are 0. Suppose
that the element of the first row and j** column is k =& 0; then the j** component
of the vector (z, 0,---, 0)-& is kz. Let h be the j*h component of d*/dt’
ésls(1, ¢1'()), 1]. Then, by equating the jtb components of the two sides of (8),
we obtain

¢>2(x) ‘h = kx.

Since k 3= 0 and x > 0 we conclude that A & 0. Thus we have ¢(x) = kz/h.
Since the vector d’/dt’ ¢s[s(1, ¢1'(t)), {] and the matrix & are independent of z,
we conclude that there exists a real number v such that, for all z > 0,

) $2(x) = v
Since ¢o(x) = ¢o[m.(1)] is always positive, moreover, we have
(10) v > 0.

Since ¢1 is a one-to-one mapping, ¢:(1) — #:(0) = 0.

Now we define functions ¢1, ¢z, ¢s, ¢ by setting, for z any real number and Z
any member of E,

r — ¢:(0)
¢1(1) — ¢:(0)

(12) ) =1z
Y

1) ¢ile) =

Y
[¢:1(1) — ¢, (O)F

(149) ¢(2) = Z-87

(13) ¢4(Z,2) = Z-g" ! 7 $:(0s, 41(0)) -8

T () — $:(0)

and we set & = (¢{, b2, b3, ¢Z> Moreover, we define functions i, ye, ¥, ¥a
by setting, for x any real number and Z any member of ¥,,

_ (@) — $:1(0)
15)  ¥la) = S = 60)

(16)  val@) = =

(A7) ¢s(Z,2) = [_7—_—451—(0—)]‘2 #s1Z, $:(0) + ($:(1) — $:(0))a]-&7

¢:(1)

o g —1
~ D = H @ #On 408

18) (2) = Z;
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and we set ¥ = (Y1, ¥», ¥, ¥4). By Theorem 1, we see that the &—transform
of every system of particle mechanics is a system of particle mechanics. More-
over, it is easily verified that, for every system I' of particle mechanics, the
W—transform of I' is the same as the ®-transform of the &-transform of T.
Hence the ¥—transform of every system of particle mechanics is again a system
of particle mechanics.

From (15) we have

(19) \01(0) =90 and 1&1(1) = 1,
and from (17)
(20) ¥3(0n, 0) = Oa.

Now for each member Z of E, we construct a system I'; of particle mechanics
as follows. We take p = {1} and T = (— o, -+ ), and we set m(1) = 1, and,
for all ¢tin T and ¢ in I, f(1, t, ©) = O,. For Z any element of E,, we let s; be
the function such that, for all ¢ in T, s5(1, t) = Z. We set I'; = (P, T, m, sz, f).
Since I'z is a system of particle mechanics, the same is true of the ¥—transform
of I'z; thus

2 0 0
Yalm(1)]- 37 Walsa (1, 47 0), 8 = 2 walf (1, 937 @), 4 = 25 S(1, 937, 9) = O,

and hence

d2

b WlZ, t] = On.

Hence we conclude that there are functions 6; and 6, such that, for Z any member
of E,, and x any real number,

(21) ¥(Z, z) = 0,(Z) + 20:(Z).
From (21), together with (20), we conclude that
(22) 01(07:) = O—n-

If S is a set of real numbers, then by ¥;(S) we shall mean the set of all numbers
y such that, for some z in S, y = y1(x). Now let T be any interval of real num-
bers. Since the ¥—transform of any system of particle mechanics is again a system
of particle mechanics, we conclude that ¥;(7') is also an interval of real numbers.
From this it follows that

(23) ¥1 is a continuous function.

Now let X;, X, - - - be any sequence of distinct n—dimensional vectors which
converges to a vector X, and for which there exists a twice differentiable function
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g such that g(1 4 1/7) = X;fori = 1,2, ---,and g(1) = X. Let P = {1}, let
T = (—w, +»), let m(1) = 1, let (for all ¢in T) s(1, t) = g(£), and let
f(1, t, 1) = d*/dt* s(1, t) and f(1, ¢, 5) = O, fori > 1. Then (P, T, m, s, f) is a
system of particle mechanics, and hence the same is true of its ¥—transform.
Thus d*/de* ¥sls(1, ¢1'(t)), ] exists—so that, a fortiori, the function F defined
(for t any real number) by the equation F(f) = ¢s[s(1, ¥1(2)), t] is continuous.
Since ¢, is continuous, we therefore conclude that the function @ defined by the
equation G(t) = F(t)) is continuous. We have

G(1) = FGu()) = uls(1, ¥1" (a(®)), 1 (D] = dsls(l, ), ¥a(®)]
6u(s(L, ) + ¥aD:(s(L, 1) = 6:(9(t)) + ¥a(t)0a(g(£)).
Since ¢ is continuous, we see that
G(=1) = 0:(g(f) + ¥1(—1)0:(g()
is also continuous. Thus
Q) — A(=1) = Wa(®) — ¥ (—0)]6:(9(t))

is continuous. For ¢ = 0 we have ¥,(t) — ¥1(—1?) =& 0 (since ¢, is a one-to-one
mapping); hence, since ¢1(t) — ¢1(—t) is continuous by (23), we conclude that
6:(g(t")) is continuous except possibly at ¢ = 0. In particular, this function is
continuous at ¢ = 1, so that

i (4] -
or

(24) lim 6:(X;) = 6,(X) = 02(912 X)

1 —>00

Thus we conclude that
(25) 6, is a continuous function.

Thus 6x(g(f)) is a continuous function of ¢ Since ¢1(f) and 6,(g(t")) +
i(06:(g(&)) are both continuous, we therefore conclude that 8,(g(f)) is a con-
tinuous function of ¢, so that

lim 6,(X)) = 6,(X) = 6,(lim Xi),

and hence
(26) 6, is a continuous function.
Now for U, V, and W any members of E,, let
so,vow(l,0) = U+ Vi+ W
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and
fo.vow(,t,1) =2U
fo,vow(l,t,9) = O, for 7 > 1.
Letting P = {1}, T = (—», 4+ ), and m(1) = 1, the system
<P: T, m, sy, v, w, fu, v, W>

is a system of particle mechanics, and hence its ¥—transform is a system of particle
mechanics. Thus

d2

wlm(D]- 2

Wlso, v, w(L YT 0), 0 = S0l 0, 9] = 20,

and hence

d2

i ¢3[SU. v, W(I’ Kl’;-l(t))y t] = 2U’

so that, for some members A; and A; of E,
(27) Yilsu, v, w(l, Y1), ] = U + Ait + Ao

Substituting ¢1(¢) for ¢ in (27), and making use of (21) and the definition of
Su, v, w, We obtain

28) 6(UE 4 Vi+ W) + (06U + Vi + W) = U@’ + Ailga()] + Ao
Substituting 0 and 1 for ¢ in (28), and making use of (19) we obtain
0:(W) = As,
6(U+V+W)+6U+V+W)=U--+ AL+ A4,
and hence
Ai=060(U+V+W)+6,U+V +W)—U — 6(W).
Substituting these values of 4; and 4. in (28) we obtain
(UL + Vi + W) + 06U + Vi + W) = U- O
+{0U+V W)+ 6(U+V+W) —U-— 60Nk + 6(W).

Equation (29) holds for every real number ¢, and for all members U, V, W of E,.
Substituting O, for V in (29) and transposing, we have

U-lp@))
(B0) + {6(U + W) + (U + W) — U — 6:(W) — 6(UE + W)}(?)
+ 6(W) — 01(Ulf2 + W) = O0..



281 J. C. C. MCKINSEY & PATRICK SUPPES

For the time being, we adopt the notation C;(X) to denote the 7t component
of the vector X. From (30) we see that, for7 =1, .-+ | n,

CiO)- ()
(1) + CA6(U + W) + 6,(U + W) — U — 6,(W) — 6(UE + W)} -¢u(t)
+ Ci6(W) — 6,(UE + W)) = 0.
Substituting —¢ for ¢ in (31), we now obtain
CiU)- (=0
+ Ci{6(U + W) + 0(U + W) — U — 6(W) — 6(Ut* + W) }u(—1)
+ Cy(6,(W) — 6,(U + W)) = 0.

Thus ¥;(¢) and ¢,(—t) are the roots (distinct, if ¢ &= 0, from the fact that ¢, is
a one-to-one mapping) of the quadratic equation

2 CiU)-2" + Co(0sy(U + W) + 6(U + W) — U — 6,(W) — 6,(US + W)z
+ Co6u(W) — (U + W)) = 0
If t &= 0 and Cy(U) == 0, we therefore conclude that

(-~ = SO0 = rz((}t;t + W)

Setting ¢ = 1 and W = 0,, we now have, making use of (19) and (22),
Ci(6:(0.) —6:(0)) _ Ci0, — 6:(0))

1[’1(—1) = \//1(1)"//1(—1) =

c:(U) Ci(U)
_ Ci(=0(U)) _ —Ci())
Cy(U) ci(U) -
Thus, on the supposition that C,(U) = 0, we have
(33) Ci6:(U)] = —a(—1)-C(U).

Since 6, is continuous by (26), however, (33) holds also when C,(U) = 0. Since
(383) holds for all 7 = n, we conclude that, for all U in E,,

(34) 6,(U) = —(—1)U.
From (34) and (29) we conclude that
U ())*
(35) + {(—(—1DU + V) = U+ 6(U+V + W) — 6,(U + Vi + W)}a()
+ %(=1)(UE + V1) = O
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Substituting —1 for ¢, X for U, 1X for V, and O, for W in (35), and remember-

ing that ¥1(—1) == 0 (since ¥1(0) = 0 by (19), and ¢, is a one-to-one mapping)
we obtain

(36) 6:(X) = 0,(0,) -+ <1-i‘”2—‘(‘1)>x

Substituting — Ut for V, and O, for W, in (35), we now obtain, making use
of (36)

U-OF
37 + {—wl(—l)(U — U —U+ (l—t‘g‘(—_”)(u - Ut)}wl(t) = 0,.
Since (37) is true for U any member of E,, we conclude that
A +{—¢1(—1)(1 — ) —14 <1—J%‘(_-1—)) (- t)}wl(t) =0,
and hence, for ¢;(¢) = 0, that

W) = w(-1D0 — ) + 1 = (%‘—”) (-1

_ (1 - rl;(—-l)>t " (1 + w21(—1)).

Since, by (19), ¥1(0) = 0, and since ¢, is a one-to-one mapping, we see that
$1(t) = 0 if ¢ == 0. Hence (38) holds for all ¢ &= 0. Since ¥, is continuous, by
(23), we therefore conclude that (38) also holds for ¢ = 0. Setting ¢ = 0 in (38)
we obtain, by means of (19), 0 = {1 4 ¢4(—1)], and hence

(38)

(39) Wi(—1) = —1.
From (39), (38), (34), and (36) we conclude that
(40) ) =t

(41) 6(U) = U

(42) 6,(X) = 64(0n);
and hence, from (21),

(43) ¥s(Z, &) = Z + 265(0,).

From (40) and (15) we obtain x = (¢:1(x) — ¢1(0))/(¢:1(1) — ¢1(0)), and hence
é1(x) = $1(0) + [¢:1(1) — ¢1(0)]x. Thus if we set

(44) a = ¢:(0)
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and

(45) B = ¢u(1) — ¢:(0),
we obtain

(46) "$i(2) = o + Bz

From (44), (45), and (17) we have

W(Z,2) = 5 #lZ, 0 + p2]-& — B—2¢a(0n, )&
and hence, making use of (43)
(47) Z + 205(0,) = %2 &lZ, o + prle™ — g2 ¢3(Ony @) - 87
Replacing z by (z — «)/8 in (47), and solving for ¢3(Z, ),

2
48) (2, 2) = g_ Z.8 + gxoz(on) g% ez(o,.) & + ¢3(Ony ).

Setting
(49) Q@ = ! &,
Y
(50) ® = goz(én) -8,
(51) = — 20008 + (0w a),
equation (48) becomes
(52) &(Z,x) = BZ-q+ z® + e,
From (5) and (49) we obtain
(53) $u(Z) = vZ-Q.

Our theorem now follows from equations (46), (9), (52), and (53).

We now establish a more special theorem, which is the converse of
Theorem 2.

Theorem 4. Let & = (¢1, ¢, b3, ¢s) be an eligible transformation which satisfies
the hypothesis of Theorem 3, and suppose, moreover, that the T—iransform of every
ultra-classical system is ultra-classical. Then the matrix @ of Theorem 3 is a stmi-
larity matrix.

Proof. By Theorem 3 there are real numbers o, 8, v, with 8 &= 0 and v > 0,
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n—dimensional vectors @ and €, and a non-singular square matrix @, of order
n, such that, for x and Z any members of R and E,, respectively

$1(zx) = a + Bz
$2(2) = vz

¢s(Z,7) = B’ Z-Q + 28 + €
6u(Z) = vZ-Q.

Now suppose, if possible that the &—transform of every ultra-classical system is
ultra-classical, and that @ is not a similarity matrix.

Since @ is non-singular, it follows from a known result of matrix theory that
there exists a diagonal matrix D, and two orthogonal matrices ® and @ such that

(1) Q= @¢-DQ

Since @ is not a similarity matrix, not all the elements of the main diagonal
of ® = (di;) have the same absolute value; without loss of generality we can
suppose that [dy | = | dx | . We conclude from (1) that

Q=0DQ= D (_i}.. du-Q = @ (3). 1) c(du-Q = ¢-8-@,
1 d

11
where @ is an orthogonal matrix, § is a diagonal matrix such that ¢; = 1, and
R is a similarity matrix. We set e = dw/du = &, and we notice that on the
above supposition

@) || =+ 1.
We now define a system I' = (P, T, m, s, f) of particle mechanics by setting
P = {1,2, 3},
T=(—o0,+w),

m(l) = m(2) = m3) = 1,
and for all ¢in T
s(1, ) = Oy,
8(2,8) = (k(1 — ),¢,0, -+, 00",
8(3,t) = —s(2, 0),
and
11,4 1) = O,
11, t,2) = (2, YIK*A — &) + £,
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J(1, 4, 3) = —s(2, DIK*(L = ) + 1),
4,45 =0,  for j>3,
f2,8,1) = —s(2, OF’A — 0)* + ¢,
12, 4,2) = O,

12, 8,3) = 82, K’ — )" + 17,
f@,t45) =0, for j>3,
7B, 4, 1) = (2, I’ — 8)* + 1,
73, 4,2) = —s(2, HIK*(L — O + £,
f3,t,5) = 0, forj > 2.

It is now readily verified that I' is an ultra-classical system (‘“Foundations”,
Definition 5). Let IV = (P, T', m’, ¢, f’) be the &—transform of I'. Then we readily
verify that for all ¢ in 7"

SLY) =0, +®+eCc=0®+¢C

o~

§'(2,0) = <k(1 -z "‘),t — %o, ---,0>o>“-0>-8-m62 +®+e

B B

@+B—tt—0a0 --,0®8 + &t + €,

F(1, 4,2 = <k (1 1

|
Q
N—
|
R
L
(=)
~
%I

=I_C<a+6—tt-—a0 0)‘)'(3[162<1—t—a>2+<t-—-a>2:|.
B ? y Uy ) B 6

Let ¢ = a. Then

®) §(2,0) —5'(1,a) = ’g ®,0, - ,0)R

) 1,02 = '; (8,0, -+, Oy®R-Kk>

Now let ¢ = a + B. Then

o

®) S@a+8) — 1 a+p) =§<0,ﬁ,o, L 0V
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(6) fa+82) = g 0,80, -, 0v&.
Since R is a similarity matrix, it follows from (3) and (5) that
) [§2, @) = (L&) | =[s2 a+8) -1, a+4)|
and consequently, since by hypothesis I' is ultra-classical, we must have
8 /(L e, 2) | = [fQ,a+82)].

In order for (8) to hold, we see from (4) and (6) that we must have
9) =1,

which is impossible in view of (2).

Since we have thus arrived at a contradiction, the proof of our theorem is
complete.

Remark 3. From the above theorem we notice that in ultra-classical systems
of particle mechanics, different stretches along different axes are not permitted.
This is of interest in connection with the question: what is the largest sub-group
of the group of eligible transformations which a physicist may always feel free
to use when dealing with systems of particle mechanics? Theorem 3 implies that
this sub-group should not be larger than the one described in Theorem 1. More-
over, Theorem 4 implies that if the physicist wants to deal with ultra-classical
systems, the sub-group should not be larger than the one described in Theorem 2.
Thus, for example, in meteorology it is convenient to use the sub-group of
Theorem 1, (measuring horizontal distances in miles and vertical distances in
feet); whereas, in celestial mechanics, one is restricted to the sub-group of
Theorem 2. The latter sub-group may be regarded as a generalization of the
group of Galilean transformations ordinarily used to characterize the classical
principle of relativity.

Questions of this sort have often been considered in the literature of physics.
Because of our axiomatic development of mechanics, however, these questions
assume here at once a sharper, and a more general, form.*

Remark 4. Our theorems are also relevant to the question of the adequacy
of the axiomatization of classical particle mechanics presented in ‘Foundations’’:
these theorems do not constitute a definite proof of the adequacy of the axioms,
of course; but they at least show that the axioms are free from certain defects.
Thus suppose, for example, that we were able to prove Theorem 1 only under
the additional assumption that the matrix @ was a diagonal matrix; this would
mean that the axioms gave special properties to some particular directions in
space, and hence were too strong. On the other hand, if we could prove
in Theorem 3 merely that ¢; was monotone (but not necessarily linear), then
the axioms would be too weak.

3 Cf., for example, P. BERGMANN, An Introduction to the Theory of Relativity, (N. Y.:
1947) Chp. II, L. S1LBERSTEIN, The Theory of Relativity (London:1914), Chp. I, H. WEYL,
Space-Time-Matter, Trans. by H. L. BrRosg, Chp. III, §19.



