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ABSTRACT

This paper deals with the question of how to best allocate a finite instructional re-
source among different students — specifically how to divide time on a computer-assisted
instruction (CAI) system among a number of eligible students.

First several possible objectives for a time allocation strategy are considered. Ex-
amples include maximizing the students’ mean grade placement without increasing the
variance and maximizing the number of students who make a particular gain. Then using
operations research techniques, time-allocation strategies are described to optimize the
chance of reaching each objective. Finally the outcomes of various allocation strategies
are predicted by computer simulations that use learning curves estimated from observed
data.

The simulation models indicated that for the students and curriculum used, different
time allocation strategies make very little difference in overall results when reasonable
assumptions are made concerning the ways time can be allocated during a normal school
day. A much more important variable is the total amount of CAI time used by students.
For example, the school grade-placement average can be increased as much by increasing
total CAI time by ten percent as by any allocation strategy tested.

Introduction

In this paper we investigate the question of how to best allocate a finite
instructional resource among different students. The example we use in-
volves dividing time on a computer-assisted instruction (CAI) system among a
number of eligible students. The concepts and techniques we describe, how-
ever, are applicable to any instructional setting where quantitative predic-
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tions of student progress can be made from student characteristics and al-
locations of some scarce resource such as teacher time, educational supplies,
or money (Atkinson, 1972; Calfee and Elman, 1975; Jamison et al., 1974).

We first consider several objectives that might be reached through
appropriate allocation of CAI time. Examples include maximizing the stu-
dents’ mean grade placement without increasing the variance and maximizing
the number of students who make a particular gain. Using an operations re-
search approach, we suggest time-allocation strategies to optimize the chance
of reaching each objective. Finally we use learning curves estimated from ob-
served data and a computer simulation of each strategy to predict the out-
comes of various allocation strategies.

Our simulation models indicated somewhat surprisingly, that given
reasonable assumptions concerning the ways time can be allocated during a
normal school day different time-allocation strategies make very little dif-
ference in overall results. What does make a difference, however, is the total
amount of CAI time used by students. For example, the school grade-place-
ment average can be increased as much by increasing total CAI time by ten
percent as by any allocation strategy we tested.

Progress Objectives and Time Allocation Strategies

In a school with CAI terminals there must be some way of allocating
the available terminal time among students. Usually there are some con-
straints imposed on this allocation by features of the CAI system and by
features of the school itself. For example, in our simulations we have assumed
that every student is scheduled for one 10-minute lesson per day and that no
one receives more than one extra lesson per day. In this way we give every
student at least some minimum opportunity to benefit from the CAI pro-
gram, but we do not schedule anyone for an excessive amount of time in
any one day. We have also assumed that five hours of a school day are avail-
able for regularly scheduled CAI lessons and one hour is available for extra
or make-up lessons.

In addition to constraints, however, any allocation of time among stu-
dents must use some objective — either implicitly or explicitly. We will try
to give a sense of the variety of plausible achievement objectives and the
range of time-allocation strategies they imply by discussing six different ob-
jectives and the corresponding allocation strategies. We will see that some of
the objectives that seem quite reasonable require allocation strategies that
are not particularly appealing. Table I summarizes the objectives and strate-
gies. We assume that when students spend time in CAl, they make progress,
but some at faster rates than others. In the appendix, we present a more ex-
plicit formulation of these assumptions and show how the optimal strate-
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TABLE1

Alternative Objectives and Strategies for Allocating CAI Lesson Time Among Students

Objective ’ Strategy

1. Maximize mean grade placement. Give most time to fastest learners.

2. Minimize variance. Give almost all time to slowest learners.

3. Maximize mean grade placement Give more time to slower learners but not as
subject to not increasing variance. much as 2.

4, Maximize number of students at or Give most time to students who can barely
above grade level. reach grade level; give no time to students

who are already above grade level or who
would take a very long time to reach
grade level.

5. Maximize num\ber of students who Give most time to students who can just
gain at least one year or some barely reach goal; give no time to
other goal expressed in amount students who have already reached the goal
of gain. or who would take a very long time to
reach it.
6. Equal time to all students. Uniform assignment of time.

gies described below can be derived.

Objective 1: Maximize mean grade placement Maximizing the mean
grade placement appears to be an obvious and reasonable objective. This
objective implies that we allocate the available time among students in such a
way that the average grade placement of participating students is as high as
possible at the end of the school year. Since fast learners by definition make
more progress per unit of time than slow learners, the time allocation strate-
gy that optimizes this goal is simply giving the most time to the fastest
learners. This strategy has the obvious fault that it does not allow the slow
learners any benefit from CAL

Objective 2: Minimize variance in grade placement. If our objective is to
minimize the variance in grade placement within a grade or class, the appro-
priate time allocation strategy is to give most of the time to the slowest
learners and almost none at all to the fast leamners. Specifically, the fast
learners receive only enough time to keep up with the slowest learners. Un-
der this strategy we hold back the very leamers who seem to benefit most
from CAI, and of course, we have a smaller mean grade placement than we
would achieve under the first strategy.

Objective 3: Maximize mean grade placement subject to the constraint
of not increasing variance. A third objective which is a compromise between
Objectives 1 and 2 is to maximize mean grade placement while not allowing
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the variance to become greater than it would have been without CAI. To op-
timize this objective slow learners must be given more time than fast learners,
but the differences in amount of time for the two groups would not be as
great as in Objective 2.

Atkinson (1972) considered all three of these objectives and recommend-
ed Objective 3 as the most desirable and equitable goal for allocating in-
structional time. Because this objective might not meet the needs of every
school environment and for purposes of comparison, we consider several
other possible objectives.

Objective 4: Maximize the mumber of students at or above grade
level. Maximizing the number of students at or above grade level holds the
same kind of intuitive appeal as maximizing mean grade placement. When we
maximize the number of students at or above grade level, we have specified
an acceptable achievement level for each student and are not interested in
any group averages. We are saying in effect that one student reaching grade
level is better than any number of students who almost, but do not quite,
reach grade level, and that a student who far surpasses grade level is of no
more benefit to optimizing the objective than a student who just barely
reaches grade level. To optimize this objective most of the time should be
given to students who can just barely reach grade level. No time at ali should
be given to students who are ailready above grade level or who would take a
very long time to reach grade level. We would rank order the students ac-
cording to the amount of time they need to reach grade level, and then al-
locate that amount of time to students beginning with the student who
needs the least amount of time and continuing until all of the time has been
allocated.

Objective 5: Maximize the number of studenis who gain one year. For
many students, particularly the educationally disadvantaged students, who
are presently the primary users of CAI programs, an objective such as Ob-
jective 4 is unreasonably high. Often these students are so far below their
chronological grade level that to reach that grade level in one year is un-
realistic. A more appropriate objective then might be to maximize the num-
ber of students who achieve a specified gain such as one year. Objective 5
could also be thought of as an intermediate objective to be used for a year
or two before adopting Objective 4. The strategy for optimizing Objective 5
is similar to the strategy for optimizing Objective 4, the oniy difference
being in the acceptable performance level for each student.

Objective 6: Equal time to all students. An egalitarian principle might
imply that equal amounts of CAI time should be given to all students with-
out regard to individual learning characteristics. This objective would of
course be optimized by a uniform distribution of time across all students.
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Computer Simulation of Different Allocation Strategies

In this section we use a computer model of student progress and sim-
ulate the effects on progress of some of the allocation strategies we have
discussed. There are a number of mathematical techniques that can often be
used to find optimal solutions (e.g., Cooper and Steinberg, 1970), but
these techniques are sometimes difficulf or impossible to apply in practice.
Therefore, our first steps were to simulate the strategies that would result
in approximately the highest and lowest possible values for final mean grade
placement. As we will see, the differences between these strategies are not

very great.

PREDICTION EQUATION

In order to simulate the effects of different time-allocation strategies
we need a model of student progress that predicts grade placement as a func-
tion of time spent in CAL Malone et al. (1979) have discussed and statisti-
cally compared several such models. For our purposes here we select the mo-
del

GP(t)=bt945 +¢ - (D

where GP(¢) is the predicted grade placement for a student after # minutes
of computer lessons and b and ¢ are learning parameters that are estimated
individually for that student. This model had a standard error of fit of 0.098
grade years for the mathematics curriculum that we use in our simulations
here, and a standard error of 0.072 for the reading curriculum. The model

GP(t)=btk +¢ )

where b, ¢, and k are all estimated individually, gave slightly lower standard
errors of 0.073 for mathematics and 0.064 for reading, but we chose not to
use this second model for our simulation because of its greater computational
complexity.

Using the same data as Malone et al. (1979), we estimated the param-
eters of equation (1) for 2,443 educationally disadvantaged elementary
school students in the Fort Worth Independent School District who were
taking a CAI mathematics curriculum developed by Computer Curriculum
Corporation. We made these estimates by fitting curves to 15 to 25 data
points for each student. The points were approximately evenly spaced
throughout the year and consisted of the students’ CAI grade placement and
corresponding accumulated CAI time. A more detailed description of the
students, equipment, curriculum, and data points is given by Malone et al.
(1979).
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SIMULATION

Using the individual prediction equations we simulated each student’s
progress under different time allocation strategies. We allocated time accord-
ing to a particular strategy, predicted the grade placements that would re-
sult after the allocated time was spent, and then allocated more time based
on the new grade placements. We repeated this process for 4-week intervals
until a whole year had been simulated.

Table II gives monthly summaries of the results of such a simulation.
Time was allocated according to a uniform distribution with each student
receiving six lessons per week. We can think of this as each student receiving
one regular lesson per day with extra time being divided evenly so that each
student also receives one extra lesson per week. By the end of the year the
mean grade placement for all CAI students had risen from 3.1 to 4.9. The
standard deviation of the final grade placement was 1.3 years. Eighty-seven
percent (2,134) of the students had reached an arbitrarily designated goal of
1.2 grade years gain.

TABLE II

Simulation of Model 6, Equal Time to All Students, for 2443 Fti. Worth
Students in Grades 3—6: All Students Receive 5 Regular and 1 Extra
Mathematics Sessions per week. Progress is Predicted by the Equation
GP(?):bIOAS +c

Week Mean grade Standard Number and percent of
placement deviation Students who gain at least
1.2 years
4 3.12 0.83 25 (1%)
8 3.47 0.91 447 . {18%)
12 3.76 0.98 1050 (43%)
16 4,00 1.05 1442 (59%)
20 4.22 1.11 1730 (71%)
24 4.41 1.17 1888 (77%)
28 4.59 1.22 2002 (82%)
32 4.76 1.27 2072 (85%)
36 491 1.31 2134 (87%)

To examine the magnitude of the effects different allocation strategies
have on end-of-year grade placement, we compared the results of the uni-
form strategy to the results given by the two strategies that would cause
the highest and lowest mean final grade placements. We again assume that 5
hours of a school day are devoted to regular CAI sessions during which time
each student receives one ten-minute session. Each lesson includes about 30
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to 40 mathematics exercises so an entire year would include over 5000 exer-
cises. We allow 1 hour per day for extra sessions, and the strategies apply
only to this extra hour. Extra lessons are re-allocated each month. The low-
est possible mean final grade placement would be obtained if all of the ex-
tra sessions were given to the slowest learncrs, and the highest mean would
be reached if all extra sessions were given to the fastest students.

Since we are interested in absolute upper and lower bounds for these
strategies we use the derivatives of the actual prediction equations to deter-
mine which students are the fastest and slowest learners in each month. In
practice we could only estimate the underlying learning curves for each stu-
dent, so the extreme allocation strategies, when applied to actual students,
would be expected to make even less systematic difference than they make
in the simulation.

The mean final grade placement, the standard deviation and the percent
and number cf ‘students who gain at least 1.2 years as a result of each of the
three sirategies are shown in Table IIL. The surprising result is that the mean
final grade placements differ by at most 0.1 grade year and the standard
deviations by at most 0.3 grade years. As indicated below, these differences
are probably not even statistically significant, much less practically impor-
tant.

TABLE III

Simulation of Student Progress in Mathematics Resulting From Three Different Time-
Allocation Models; N = 2443

Allocation model Mean grade Standard Number and percent of
placement deviation students who gain at
least 1.2 years

1. Higher bound: maximize mean
grade placement by giving all
extra lessons to fastest learners 4.947 1.526 2033 (83%)
6. Equal time to all students 4911 1.308 2134 (87%)
Lower bound: minimize mean
grade placement by giving all
extra lessons to slowest learners 4.766 1.190 2253 (92%)

A complete error analysis for this simulation would include not only
sampling error, measurement error, and prediction error, but also the error
propagated by the simulation as a result of these other errors (Norlen, 1972).
Standard statistical techniques do not deal with the non-independent propa-
gated errors, but these errors can be estimated by introducing random mea-
surement and prediction errors of the appropriate magnitude and distribution
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into the simulation, thus transforming the deterministic simulation into z
stochastic simulation. Then, if the simulation is run a number of times for
each strategy, the combined effect of the measurement, prediction, and prop-
agated errors can be estimated from the variance in the results of the dif-
ferent simulation runs. Rather than performing this detailed error analysis,
we simply note that a t-test for independent groups is not significant (p > 0.05)
between the equal time strategy and the strategy to maximize the mean.
Thus when considered as independent groups, the sampling error alone is
enough to render statistically insignificant the improvement from time allo-
cation.

Furthermore, any practical application of optimization strategies like
those we have considered, would require estimating individual students’
parameters from their observed progress early in the vear. Malone et al.
(1979) found that this is very difficult to do accurately and that in fact supe-
rior predictions of end-of-year achievement are obtained by assuming a
common progress rate for all students. This result casts further doubt on the
possibility of significantly increasing mean grade placement for our courses
and students by practical time allocation strategies with the constraints we
used.

The simplest allocation strategy — dividing lessons evenly among all
students — gives resuits that are almost as good as the strategy that gives all
the extra time to the fastest learners. The mean final grade placements are
about the same and the standard deviations differ by only 0.1 grade year.
What our results seem to indicate is that at least in situations where only 1/6
of the total time is available for extra lessons and where the eligible students
are already pre-selected from one end of the achievement spectrum, it is not
worth the cost to select particular groups of students to use the extra time.
It is evidently more important to simply make sure the terminals are being

TABLE IV

Simulation of Student Progress in Mathematics Resulting from
Increasing Time Available for Extra Sessions and Allocating Extra
Time by Model 6, Equal Time for All Students; N = 2443

Percent of Mean grade Standard Number and percent of

increase in placement deviation students who gain at
extra time least 1.2 years
0 4.7 1.2 2033 (83%)
10 4.8 1.3 2089 (86%)
20 4.9 1.3 2134 (87%)
50 5.2 14 2195 (90%)

100 5.6 1.5 2254 (92%)
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used during the extra time regardless of which students are using them.

Furthermore, if we distribute extra time uniformly and increase the
amount of extra time available by 10 percent, we find that each addition of
10 percent more time for extra sessions adds approximately 0.1 grade year to
the final-grade-placement average. These results are shown in Table IV.
Again the evidence seems to indicate the importance to student progress of
providing as much time for extra sessions as possible and of insuring that the
extra time is always used.

In a sense, we have used the computer simulation model as a numerical
optimization technique with the added feature of being able to conveniently
predict the effect of various non-optimal as well as optimal strategies.

. Conclusion

In the first part of this paper we showed how ideas of optimizing specif-
ic objectives could be applied to the problem of allocating CAIl time among
students. Then using computer simulation methodology we found that, for
our courses and students, simply increasing the total amount of CAI time
used could probably improve overall student progress more than any practical
allocation strategy. In other words, administrative time in a CAI program
may be better spent trying toincrease the total amount of time a CAI system
is used rather than trying to allocate a small number of extra lessons to a
few students.

In response to this finding, we have begun pilot-testing some team-
oriented games to motivate students to make the best use of the available
CAI time — even to the extent of voluntarily making up missed sessions or
taking extra lessons. Our preliminary results with these games have been en-
couraging.

We feel that the two main topics discussed here — the explicit consi-
deration of overall objectives and the use of computer simulation methodol-
ogy in time allocation — are all potentially applicable in a wide range of CAI
and other instructional settings. As we have seen, the problems of making
quantitative predictions of educational outcomes from student characteris-
tics and educational resources are by no means trivial. And the application of
optimization principles does not always yield startling overall improvements.
But even when this kind of broad approach to instructional design does not
lead immediately to dramatic improvements, it does help show where the
most important problems still lie.
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Appendix

In this appendix, we will formulate mathematically the optimization
problems discussed above and indicate how to solve them. Following Malone
et al. (1979), we assume that each student’s progress in the curriculum is
described by an equation of the form.

Y;=GP,(t)=b; tf +

where GP; (t;) is student i’s grade placement after #; minutes of computer-
assisted instruction, &; and ¢; are individual parameters for each student and k
is a group parameter. If £ = 1, progress is assumed to be linear. Malone et al.
(1979) found a good fit to observed data was obtained with & = 0.5.

Letting Y=Y, ¥,,...Y,)and t=(#}, t5,...1,), the optimization
problems are of the form

Maximize z=h(¥)=f(5)
subjectto g@)=Z ;=T
£;>0,alli

The optimal solutions for the first three objectives from Table I can in
principle be determined by using a variation of the Lagrange multiplier
method (see, for example, Cooper and Steinberg, 1970, pp. 128—129). This
method requires us to solve the following system of equations:

2/()_ 38 () _
3¢ 2t

g®)—-T=0

0, j/=1,2,...n

To account for the boundary conditions that all #’s are non-negative, the
above system of equations can be solved once for every possible combination
of t;’s set to 0. The largest value of z resulting from all these solutions is then
the final solution to the optimization problem.

For any sizeable number of students the number of calculations required
by this method quickly becomes unmanageable, and in practice one of the
many numerical optimization techniques would be used (see Cooper and
Steinberg, 1970). In fact, the computer simulations described above can be
thought of as special-purpose numerical optimization techniques using a
forward induction method. For our purposes here, however, we can learn
something of the character of the solutions by looking at the systems of
equations called for by the classical approach to the problem.
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Objective 1: Maximize mean grade placement
Maximize z =f (£) =(1/n) £ Y; = (1/n) = (b; t¥ +¢)
Since n and T ¢; are constant, the final optimization problem is:

Maximize z=f()=Zb; t,’F
subjectto g@)=Z =T
ti_>_0, i=1,2,...n

The system of equations to be solved is
k—1 ~ .
kb,t] —)\—-O, i=1L,2,...n

Z-T=0

If k=1, the system of equations has no solution and the optimal so-
lution will be found on a boundary. In this case, the optimal solution is to
give all the time to the single fastest learner, the student with the largest b]-.
(To show this, note that =b; (;/T) < max b; since the former quantity is
a convex combination of the b;’s. If b,,, = max b;, then the convex combina-
tion attains its maximum, b,,, when ¢,, = T and thus, multiplying by T,
max = b.!tl = bm T.)

If 0 < k< 1, then the system of equations requires that

kb tf "=\, j=1,2,...n

This condition occurs when
(tft) * =byb;,  alli,j

The optimal solution is to divide the available time among all students so
that they all reach a point on their progress curves where all the slopes are
equal. Students with larger b,-’s will receive more time than others, but even
students with small b;’s will receive some time because at the beginning of
their sublinear progress curves, the slope is steeper than it would be farther
out on the curves of students with larger b]-’s,

Objective 2: Minimize variance in grade placement

Minimize  f(f) = (1/n) = D?
subjectto g()=Zt;=T =
tiZO,i= 1,2?. P (4
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where D;= Y; — ¥ and ¥ = (1/n) £ ¥;. Now

3 f(1) - _
gf}' = (2/n) (D by tf ™ — (1n)F Dk by tf 1)
= (2kfn) bj tf 1 (Y; = ) since Z D; = 0

The system of equations to be solved is, therefore:

k-1 Fy _ A .
b]t] (Y]—'Y)—-é—k' ]—lyz,a.,n

Zti=T

The solution to this system requires that

t:\1-k p (V.- Y
( ‘} B/ASS ),alli,]’.

t b (Y; - T)

Any solution of this system which allocates time so that all students
reach the same point is an optimal solution since this makes the variance 0.
Clearly for this to occur, the students who are slower learners and who
started out further behind will need more time than the others.

If not enough time is available to bring everyone to the same point, the
time will be used to help the students who are below the mean catch up.
The fastest learners who are farthest below the mean will receive the most
time.

Objective 3: Maximize mean grade placement subject to the constraint of
not increasing variance

Maximize z=f(@)=(/n)Z Y;
subject to gy (¢) =var (¥;) < var (¢;)
g ()=2t;=T
tlZO, i=1,2,...n
where var (X;) = (1/n) = (X; — X)2

The introduction of the inequality constraint g (¢) < var (c¢;) requires a slight-
ly different application of the Lagrangian method (see Cooper and Steinberg,
1970, pp. 129--130). The system of equations to be solved becomes
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kb tf 71 (1 —@m)n (Y= 7)1 —2y=0.  j=1,2,...n

var (Y;) = var (¢;)

z tl = T

The optimal solution for this system will be between the two limiting
cases of the previous objectives. To avoid increasing the variance, the slower

students will, in general, have to make as much progress as the faster ones
but since they are slower learners, they will require more time to do this.

Objective 4: Maximize the number of students at or above grade level
Letting r; be the desired grade level for student i, we have

Maximize z=f(@)=Zs;
subjectto T ;=T
t; >0, i=1,2,...n
where s;=1if Y; > r;, otherwise 5; =0
Since this f (f) is not differentiable throughout the region of interest, we can-
not use the Lagrangian method described above to find an optimal solution.

Instead we will propose a solution and then show that it is optimal. First
note that the amount of time student / needs to reach grade level is

. —pcs \ VK.
tl* — rl c! ) / lfri> Cl',
b;
* .
t; =0 otherwise

Without loss of generality, we can assun;e that the students have been re-
ordered so that ] < t; <...< t,.If £f] > T, then no students can reach
grade level. Otherwise, there exists some m (1 < 1 < n), such that

m x
ZfisT

and eitherm = n or

+1
':_1.351 11>T
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The proposed optimal solution is then the following:
ti=1t; j=1,2,...m
m
t]-=0, j=m+l, m+3 .. .n

Proof outline: Assume that we take some amount of time ¢ away from
student i, i < m, and assign it to some other studentj, j > m. If £ = L=t
then we prevent student / from reaching grade level and allow student j to do
so, leaving the total number of students reaching grade level unchanged.
Otherwise ¢ < ¢; and neither student will reach grade level with the new
allocation. Similarly any possible redistribution of time from any group
of students to any other group of students will leave unchanged or will
decrease the objective function. Therefore, the proposed solution must be
optimal.

Objective 5: Maximize the number of students who gain one year

The optimal solution for this objective is found in exactly the same way
as for objective 4, with r; =¢; + 1.
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