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The Structure of Theories and 
the Analysis of Data 

PATRICK SUPPES 

On at least two previous occasions (Suppes [1962], [1967]), I have 
bied to set forth my views on the complicated nature of the relation 
between theories and relevant experimental data. What I have espe­
cially objected to is the unrealistic simplicity of the standard sketch 
that goes like this. A theory consists of two parts, one of which is an 
abstract or logical calculus and the other of which is a set of rules that 
assign an empirical content to the logical calculus by giving empirical 
interpretations of at least some of the primitive or defined symbols of 
the calculus. The purpose of the present paper is to give a ta.xonomy of 
theories ,vith respect to the way they handle data, and especially errors 
of measurement. The standard sketch's lack of a theory of error is one 
of its most glaring omissions, but I do not want to suggest that what I 
have to say is complete or definitive. The subject is much too undevel­
oped and as yet much too unstructured to aim at any final results. 

I begin by discussing deterministic theories with incorrigible data. 
By incorrigible data I mean data to which no theory of error is applied 
in measuring, recording, or analyzing them.! Later on I shall say some­
thing about the relations of incorrigible data to earlier concepts of in­
corrigible data to earlier concepts of incorrigible elementary sensations 
or perceptions. 

1. DETER~lINISTIC THEORIES WITH INcoRRIcmLE DATA 

I shaH not attempt a formal definition of theories of the kind described 
by the heading. Roughly speaking, by deterministic theories I mean 

1 VVhat I want to mean by !ncorrigible data is clari6ed further in my response 
to Fred Suppe in the discussion foHowing the paper (see pp. 303-304). 
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theories that do not embody in their own theoretical concepts any use 
of probabilistic notions, and I \vould like to discuss three examples of 
such theories; the first one is deterministic but seem<) to need no theory 
of error, just because of its qualitative character and its conceptual 
simplicity. The second example already raises problems of a more sub­
tle kind, and the third is a historical example drawn from ancient as­
tronomy that illustrates more a failure of ancient science than anything 
else. 

Before formulating the first example, I should state that I shall move 
back and forth between two ways of talking about theories. For the 
simple examples I shall adopt a relatively formal, set-theoretical 
idiom, but with the more complicated examples I shall leave matters 
in a rather sketchy state and try to concentrate on the conceptual point 
without using any very precise apparatus to do so. 

The first example is meant to be a simple minor one familiar to 
everyone and blest with an almost complete lack of subtlety., This is 
the theory of biological parenthood in the human species. To avoid <lif­
ficulties about an infinite regress or the claim that every human has 
had only human ancestors, we can restrict the theory in terms of par­
enthood to parenthood of humans now living. \Ve thus base the theory 
on the set A of humans, the subset L of humans now living. the subset 
M of males, and the relation P of parenthood, that is, xPy when x is 
the parent of y. 

A formal statement of the theory is embodied in the following set­
theoretical definition. 

DEFI~J.TIO)l 1. A structure U = (A, L, ~f, P) is a human-parent 
structure if and only if the follou;ing axioms ore satisfied for every x. 
y, and z in A: 

Axiom 1. If xPy then not yPx. 
Axiom 2. If x is in L then there is a unique y sllch that y is in ~1 

and yPx. 
Axiom 3. If x is in L then there is a unique z snch tlwt z is not in 

~f and zPx. 

It is detemlinistic and incorrigible from the standpoint of ordinary 
or normal d.lt.l. about any collection of IUllnan beings to determine 
whether or not a possible realization of the theory is actually a human­
parent structure. This does not mean that no aberrant lnedical C.lses 
exist. It does mean that for normal data no theory of error would be 
introduced in checking whether the i.l'l:ioms of Definition 1 were satis­
fied. In the case of a collection of hum,'m beings that did not satisfy tht" 
axioms, it is easy enough to state how to enlarge tIle basic set A so as 
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to obtain a model of the theory. 'Ve simply add the parents of all 
humans in the set L. The point is that the theory is sufficiently qualita­
tive in its checks and sufficiently unelaborate so that no theory of data 
analysis \\ith special attention to problems of error is needed. 

It is perhaps wise to elaborate somewhat more at this point on the no­
tion of incorrigible data used in this paper. One of the theses back of the 
analysis given here is that the classical demand for certainty in percep­
tion is replaced methodologically in science by the concept of incor­
rigible data. The notion of incorrigible data in scientific methodology 
does not have the same epistemological status as the notion of incor­
rigible sense data in philosophical theories of perception. For me, the 
important insight is that the absolute demands of classical theories of 
perception are replaced by relativistic demands of scientific meth­
odology. 'Vith respect to a given theory and given collections of data 
or experiments, incorrigibility is accepted as normal, but no deeper 
status, in particular, no ontological status, is assigned to the incorrigible 
data. I shall expand upon this point later in the paper. 

I turn now to a second example of a deterministic theory with incor­
rigible data. This example is a good deal more subtle and is meant to 
be taken more seriously as a theory than the first example. The theory 
I consider is one of the simplest examples of fundamental measure­
ment in which we pass from qualitative observations to quantitative 
claims. 

We may develop the axioms of extensive measurement with at least 
three specific interpretations in mind. One is for the measurement of 
mass by means of an equal-arm balance, one is for the measurement of 
length of rigid rods, and one is for the measurement of subjective prob­
ability. Other interpretations are certainly possible, but I shall restrict 
detailed remarks to these three. 

From a formal standpOint the basic structures are triples (X, ff, ~ ) 
where X is a non empty set, ~ is a family of subsets of X and the re­
lation ~ is a binary relation on ij. By using subsets of X as objects, 
we avoid the need for a separate primitive concept of concatenation. 
As a general structural condition, it shaH be required that ij be an 
algebra of sets on X, which is just to require that ij be nonempty and 
closed under union and complementation of sets; that is, if A and B 
are in (1 then A u Band -.t A are also in ij. 

The intended interpretation of the primitive concepts for the three 
cases mentioned is fairly obvious. In the case of mass, X is a set of 
physical objects, and for two subsets A and B, A ~ B if and only if the 
set A of objects is judged at least as heavy as the set B. 
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In the case of the rigid rods, the set X i~ just the collection of rods, 
and A ~ B if and only if the set A of rods, when laid end to end in a 
straight line, is judged longer than the set B of rod~ also so laid out. 
Variations on exactly how this qualitative comparison of length is to be 
made can easily be supplied by the reader. 

In the case of subjective probability, the set X is the set of possible 
outcomes of the experiment or empirical situation being considered. 
The subsets of X in (Y are just events in the ordinary sense of prob­
ability concepts, and A ~ B if and only if A is judged at least as prob­
able as B. 

Axioms for extensive measurement, subject to the two restrictions of 
finitude and equal spacing, are given in the fonowing definition. In 
Axiom 5, ~ is the equivalence relation defined in the standard fashion 
in terms of ~; namely, A ~ B if and only if A ~ Band B ~ A. 

DEFINITlON 2. A structure X = (X, ~,~) is a finite, equally spaced 
extensive structure if and only if X is a finite set, tj is an algebra of sets 
on X, and the following axioms are satisfied for every A, B, and 
C in iY: 

1. The relation ~ is a weak ordering of tj; 
2. If A r. C = 0 and B r. C = 0, then A ~ B if and only if Au C 

> B uC; 
3. A ~ 0; 
4. Not ° ~ X; 
5. If A ~ B then there is a C in tj such that A ~ B u C. 

From the standpoint of the standard ideas about the measurement of 
mass or length, it would be natural to strengthen Axiom 3 to assert that 
if A =F 0, then A > 0, but because this is not required for the represen­
tation theorem and is unduly restrictive in the case of subjective prob­
ability, the weaker a.xiom seems more appropriate. 

In stating the representation and uniqueness theorem, we use the. 
notion of an additive measure JL from ~ to the real numbers, that is, a 
function f.L such that for any A and B in ty 

(iJ /L(0)=O 
(ii) p.(A) ~ 0 

(iii) if A (\ B = ° then JL(A u B) = JL(A) + JL(B), 

where 0 is the empty set; it is also required for the applications in­
tended here that JL (X) > O. A surprisingly strong representation the­
orem can be proved to the effect that there are only two nonequivalent 
sorts of atoms. 
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THEORO!. Let X = (X, 5', 2) be a finite, equally spaced extensive 
structure. Then there exi$ts an additive measure jL such that for every 
A and Bin iY 

JL(A) 2 jL(B) if and only if A 2 B, 

and the meO$ure jL is unique up to a positive similarity transformation. 
"'Jloreover, there are at most two equivalence classes of atomic events 
in ty; and if there are two rather than one, one of these contains the 
empty event. 

For proof of this theorem, see Suppes [1969a], Pt. I. 
The "nice" question about this theory of extensive measurement, 

which is surely one of the simplest theories of fundamental measure­
ment in its formal statement, is this. Without introducing a theory of 
error, can we realistically apply this theory to the construction of fun­
damental scales as, for example, in the construction of fundamental 
standards of weight or length? If we cannot, how are we to introduce 
the d.iffi.cult and troublesome problem of error just at the point when 
we are making the transformation from qualitative to quantitative con­
cepts? It is my belief that at the first stage of crude analysis we can 
forego any such explicit theory of error. More refined laboratory anal­
ysis is performed in terms of a recursive procedure of one system or set 
of standards being used to serve as the basis for the next stage. I am 
interested here only in the first stage of the institution of such proce­
dures of quantitative measurement. At this stage, objects are construc­
ted-for example, a fundamental set of weights-that seem to satisfy 
the axioms exactly. The next step of estimating the error of measure­
ment to indicate the accuracy of the set of stand~rds is a step beyond 
the first institution of fundamental measurement procedures. This ad~ 
ditional step is needed for any sophisticated laboratory or field work. 
N evertheless1 a good case can be made for the claim that it is even 
necessary not to require it initially in order to get the transformation 
from the qualitative to the quantitative underway. In summary, I am 
claiming that many basic theories of fundamental measurement can be 
regarded as examples of deterministic theories with incorrigible data. 

My third example, which is one of the most beautiful and important 
examples in the entire history of science, I shall only sketch, because 
of its complexity. The absence of an explicit theory of error is one of 
the great surprises about it. The example I have in mind is the devel­
opment of ancient mathematical and observational astronomy leading 
up to the theory embodied in Ptolemy's Almagest. In spite of the close­
ness of fit achieved between theory and data in Ptolemaic astronomy, 
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and the level of analysis that was thoroughly quantitative and math­
ematical in character, no explicit theory of error for the adjustment of 
discrepant observations is used anywhere in the corpus of ancient as­
tronomy. It seems to be assumed, without being made explicit, that an 
normal observations must fit the theory exactly. At the very least, no 
systematic concept of error in the measurement of observations is in­
troduced. This is especially surprising in certain respects because of 
the relatively crude observation methods available. 

As I review the situation, the theory of human parenthood is an ap­
propriate although overly simple case of deterministic formulation with 
incorrigible data. The second example of fundamental measurement is 
on the borderline of difficulties, and difficulties are indeed encountered 
once a more renned analysis is required. Ptolemaic theory is in 
explicit terms a deterministic theory with incorrigible data, but the 
absence of a systematic theory of error is perhaps the greatest meth­
odological failing of Ptolemaic astronomy. 

2. DETERMINISTIC THEORIES WITH CORRIGIBLE DATA 

The great classical example of a theory of the type described by the 
heading of this section is classical mechanics. It needs to be mentioned 
at once that the corrigibility of the data does not follow from the struc­
ture of the theory as such, and in this respect all deterministic theories 
basically have the same structure. It does follow from the methodology 
of testing the theory. What has been fundamental about classical me­
chanics is that a very elaborate theory of error has been developed and 
applied extensively in the important applications of the theory. In 
other words, I am considering under this heading deterministic the­
ories that incorporate within their o,Vll ~tructure no theory of error, but 
that are applied to data recognized to contain errors, and therefore 
require some theory to handle the corrigibility of the data. In many 
respects, the impetus given to the theory of probability by Laplace's 
deep analysis of errors, especially in astronomical observations, has 
been one of the most important methodological feahu"es of modem 
science. It is above all a characteristic that distinguishes modem from 
ancient science. 

H we distinguish modem quantitative science from premodern sci­
ence by the presence or absence of a systematic theory of error, then 
Newton must be counted as prenlodern. The quantitath-e and sys­
tematic consideration of data in the Principia is almost entirely COll-
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fined to Book III, and it is worth noting that in the Rules of Reasoning 
in Philosophy, with \vhich Newton begins Book III, there is no mention 
of the problem of error or the rectification of unreasonable observa­
tions. It is true that in discussing both important phenomena and also 
the related propositions that follow in Book III, Newton does mention 
occasionally the neglect of errors and makes various qualitative reti 

marks about errors of observation. For example, consider Phenomenon 
VI which is that the motion of the moon in relation to the earth's center 
describes an area proportional to the time of description. Following 
this description, Newton asserts «'this we gather from the apparent 
motion of the moon, compared with its apparent diameter. It is true 
that the motion of the moon is a little disturbed by the action of the 
sun: But in laying down these Phenomena, I neglect those small and 
inconsiderable errors." Newton is also noted for his contributions to the 
theory of interpolation of data which, in itself, is an effort at reducing 
the magnitude of errors. 

However, it was not until the eighteenth century that there appeared 
any systematic treatments of the theory of error. The earliest memoir 
on the application of probability theory to the analysis of error men~ 
tioned by Todhunter [1949] is a work published by William Simpson 
in 1757 under the title of Miscellaneous Tracts on Some Curious, and 
Very Interesting Subjects in ltrIechanics, Physical-Astronomy, and Spec­
ulative !fathematics. Again following Todhunter, the next systematic 
treatise on the topic was published by Lagrange in the fifth volume of 
the AI iscellanea Taurinensia, which was issued for the years 1770 to 
1773. 

Granted the analytical difBculties that are quickly encountered in 
any general treatment of the theory of errors, it is not surprising that 
the first problem treated by Lagrange is described by Todhunter in the 
following words: "The first problem is as follows: It is supposed that at 
every observation there are A cases in which no error is made, B cases 
in which an error equal to 1 is made, and D cases in which an error 
equal to -1 is made; it is required to find the probability that in 
taking the mean of n observations, the results should be exact" (pp. 
301-302). In subsequent problems treated in the memoir, Lagrange 
passes from the discrete to the continuous case. He finds thereby an 
expression for the probability that the error in the mean result will lie 
between assigned results on reasonably general hypotheses about the 
occurrence of single errors. 

The entire subject of the analysis of errors of observation was 
brought to maturity by subsequent memoirs of Laplace, and it is really 
in Laplace·s application of the apparatus of probability theory to errors 
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in astronomical observation that the probabilistic analysis of incor­
rigible data reached a mature and sophisticated state. 

As a result of the efforts of Simpson, Lagrange, Laplace, Gauss, and 
others, classical physics in the nineteenth century included a system­
atic theory of error analysis, and at least the elementary results were 
used in subjects as diverse as astronomy and electromagnetic theory. 

On the other hand, it would be a mistake to exaggerate the extent to 
which the systematic theory of errors was actually used in nineteenth­
century physics. A treatise as fundamental and as important as ~fax­
weIrs on electricity and magnetism scarcely includes anywhere in its 
entire two volumes quantitative analysis of errors of measurement. In 
fact, one of the disappointments of ~iaxwell's treatise, and an indica­
tion of the relative newness of his subject, is the absence of the often 
tedious and highly renned error-analyses of data in astronomy., where 
very small discrepancies between observation and theory are given 
great attention. It is a disappointment also that there is no real sum­
mary anywhere in the treatise of the discrepancy between theory and 
observation, and no attempt to assign these discrepancies to theory on 
the one hand and errors of measurement on the other. In the long his­
tory of astronomy such analysis has been of fundamental importance, 
and for that reason, in the twentieth century perhaps the best example 
of a deterministic theory with corrigible data is the theory of relativity. 
In this instance great attention has been given to the accuracy of the 
measuring apparatus. In assessing the success of the general theory of 
relativity it has been important to ask whether discrepancies that re­
main between theory and observation lie \vithin the limits of error of 
observational measurement. 

3. PROBABILISTIC THEORIES WITH INCORRIGIBLE DATA 

As an example of the theory of the type discussed in this section, I 
have selected linear.learning theory from mathematical psychology. I 
choose this example not because of its conceptual depth or empirical 
adequacy, but because it can be formulated in a fairly simple way and 
will be understandable to someone not familiar with the general. field 
of mathematical psychology. :More adequate theories would require 
considerably more space and time to state explicity. For a gener.:!l for­
mulation of stimulus-response theory in axiomatic tenus see Suppes 
[1969] .. 

To simplify the presentation of tile theory in an inessential way, let 
us assume that on every trial the organism in the e:\:perimental situa-
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tion can 111ake exactly one of two responses, Al or A2) and after each 
response receives a reinforcement, EI or E2, of one of the two possible 
responses. A possible experimental outcome in the sense of the theory 
is an infinite sequence of ordered pairs (i, j ), where i, j == 1, 2 and i 
represents the observed response and j the reinforcement on a given 
trial of the ex-periment. 

A possible realization of the theory is an ordered triple 
X == < X, P, (J) of the fonowing sort. The set X is the set of all sequenees 
of ordered pairs (i, j ) \vith i, j == 1, 2. The function P is a probability 
measure on the smallest <T-algebra containing the algebra of cylinder 
sets of X; and (J, a real number in the interval 0 < e :s; 1, is the learn­
ing parameter. 

To state the axioms of the theory, we need a certain amount of no­
tation. Let AJ..n be the event of response Al on trial n, EJ.n the event of 
reinforcement EJ on trial n, where i, j == 1, 2, and for x in X, let Xn be 
the equivalence class of all sequences in X which are identical with x 
through trial n. 

DEFTh"ITION 3. A structure X == ( X, e) is a linear-learning struc-
ture if and only if the following two axioms are satisfied for every n 
and for i, i', j = 1, 2. 

Axiom 1. If P ( E1.nAr .nXn - 1) > 0, then 
P(AJ..n + lIEi.n.Al'.nxn-l) == (1- 8) P(ALnIXn -1) 8. 

Axiom 2. ~f P ( EJ.n.At·.nxn - 1) > 0 and i # j, then 
P(Al.n. + lIEJ•nA1'.nXn-l) = (1- 8) P(A1.nIXn-l). 

The first axiom asserts that when a response is reinforced, the prob­
ability of making that response on the next trial is increased by a 
simple linear transformation. The second axiom asserts that when a dif­
ferent response is reinforced, the probability of making the response is 
decreased by a second linear transformation. From a psychological 
standpoint, it is evident that this is what might be called a pure rein­
forcement theory of learning. The theory has been used extensively in 
analyzing experimental data. I shall not enter here into its strengths 
and weaknesses in the analysis of experiments, but concentrate on the 
general point of how such a probabilistic theory stands with respect to 
the data of any e:ll:periments to which it is applied. 

To indicate how linear-learning structures are used in the analysis of 
experimental data, we may consider one of the simplest sorts of experi­
ments, a probability-learning experiment with noncontingent reinforce­
ment. \Ve shaH denote the probability of an El reinforcement by 1r and 
the probability of an E2 reinforcement by 1- 'IT. The reinforcement 
schedule is such that exactly one reinforcement occurs on each trial. 
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The term noncontingent means that the probability of a particular rein­
forcement occurring is independent of the response of the subject and 
indeed of any previous pattern of responses and reinforcements. In a 
typical experiment with human subjects, the subjects are asked to re­
spond for several hundred trials. The data for these trials are then 
analyzed in terms of their comparison between observed relative fre­
quencies in the data and the predicted probabilities of the theory. The 
first problem to be faced, and a typical problem in all theories of any 
sophistication, is the estimation of parameters whose values cannot be 
determined independently. In the present situation the learning pa­
rameter 8 has this status. It must be estimated itself from the data, and 
the predictions can only be made after this estimation has been ob­
tained. In fact, for complete analysis of the data, an additional param­
eter must be estimated, namely, the initial probability of an At 
response, but we shall ignore that problem here, looking only at 
asymptotic predictions. 

The experimental data that we consider, to give this discussion con­
creteness, are drawn freJm Suppes and Atkinson [1960], Ch. 10. In this 
experiment, subjects sat at a table on which two keys were placed with 
two lights on a vertical board, one light directly above each key. The 
problem for the subject was to predict which light would Hash on each 
trial. The Hashing of the lights, of course, were the reinforcements El 
and E2 for the predictive key responses At and &. Details of the ex­
perimental procedure and description of the apparatus are given in the 
book just referred to, and will not be repeated here. In the particular 
experiment we shall consider, each subject was run for 200 trials, and 
there were thirty subjects in the experiment. The subjects were all 
undergraduate students at Stanford. The probability of reinforcing El 
was set at 'IT = 0.6. 

Let us first consider the problem of estimating the parameter 8 at 
asymptote. 'Ve use a pseudomaximum-likelihood procedure based on 
the conditional probabilities 

lim P(Ai.n + lIEj.nAk •n) = P(AI.n+ lIEj.nAt.n). 

The derivation of these conditional probabilities as a function of 0 and 
'IT is given in Estes and Suppes [1959]. For the case at hand the results 
are as follows: 

P«)(Al.n+1IE1.nAl,n) = (1- 8)a+ 0, 
p «) ( Al.n + 1 E2.nA1•n) = (1 - 8) a, 
p CXl (&.n+l E1.n&.n) = (1 - 8)b, 
P CXl (&.n+l E2•nA2•n) = (1 - O)b + e. 
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where 
a= [21T(I- e) + 8]/(2 - e) 

and 
b = [2(1 - 7T)(1 - 0) + 0]/(2 - e). 

The function to be maximized is defined in terms of these conditional 
probabilities and the observed asymptotic transition frequencies. Spe­
cifically, 

LO(e) =748 log [(1- 8) a + 8J 
+298 log [1- (1- 8)a - 8] 

+ 394 log [(1 - 8)a] 
+ 342 log [1 - (1 - e)a] 

+ 462 log [1 - (1- 8)b] + 306 log [(1- 8)b] 
+ 186 log [1- (1- 8)b - e] 

+ 264 log [(1- e)b + b]. 

It is straightforward to solve this equation numerically and show that 
the maximum to two decimals is obtained with eo = .19. It should be 
remarked immediately that this pseudomaximum-likelihood estimate is 
set up formally to look like a maximum-likelihood estimate, but it does 
not have the desirable statistical properties of a maximum-likelihood 
estimate. The pseudomaximum-likelihood rather than the maximum­
likelihood estimate is used because of the difficulty of' obtaining an 
analytical expression for the maximum-likelihood estimate itself. It is 
not appropriate here to enter into statistical details of the problem, but 
it is perhaps worth remarking that even for a theory of the simplicity . 
of linear-learning structures, it is impossible to apply a good many of 
the standard statistical methods and criteria of excellence in estimators, 
and we must resort to less satisfactory methods. In the present case, as 
the pseudomaximum-likelihood estimator is changed by increasing the 
conditionalization through the inclusion of further pieces of the past, 
the full maximum-likelihood estimate is approached closer and closer. 
(Even this guarantee of approaching the maximum-likelihood estima­
tor is itself dependent upon the process being ergodic.) 

TABLE 1. Comparison of ~ymptotic Sequential 
Predictions of Linear :Model with Observed Data 

Observed Predicted 

P(A1!E1At) .715 .710 
P(AljEzAt) .535 .526 
P(A1!E1A2) .602 .625 
P(AIIE~2) 0413 .435 
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For the estimated value of 0, comparison of the predicted frequen~ 
des and the observed relative frequencies is given in Table 1. The X2 
test for goodness of fit between the predicted and observed values 
yields a X2 of 3.49. There are four degrees of freedom, but onc param­
eter has been estimated from the data, and so the X2 is to be inter­
preted with the degrees of freedom equal to 3 and, as would be 
expected from inspection of Table 1, there is not a statistically signif­
icant difference between the predicted and the observed data. There 
are other theoretical relationships in the data that are predicted by the 
theory, and for which the £it is not as good. \Ve shall not pursue these 
matters here; they are discussed in detail in the reference already cited. 

Even in Table 1 there is some evidence of discrepancy, and it is 
interesting to see how one may think about these discrepancies within 
the framework of a probabilistic theory. 

From an a priori standpoint we might 'wish to say that some of the 
data were wrongly recorded, and in unusual situations, where peculiar 
and difficult-to-understand aspects of the data turned up, we might 
indeed challenge the veracity of the data. However, in all normal· 
cases, when we claim the data are incorrigible, ,ve mean that the data 
are accepted without challenge, and there is no systematic attempt to 
estimate error in the measurements or in the recording of the data. 
It is evident why this is so in the present case. All that is recorded on 
each trial is the occurrence of a left or right response and the occur­
rence of a left or right reinforcement immediately following. Under 
ordinary circumstances no errors will be made, and in particular, the 
theory of observational errors as developed in physics is not required 
for the assessment of errors in this type of observation. Consequently , 
we would be unlikely to attribute discrepancies between data aI).d 
theory to errors of observation. We would treat the data as incorrigible 
in all normal cases, and this is exactly the situation in the present 
instance. In other words, in testing probabilistic theories, data that 
involve classification are treated as incorrigible. There is a deeper 
reason also why the data are treated as incorrigible; the throry itself 
provides slack, so to speak, to take up the small discrepancies between 
theory and e~:periment, and there is a natural tendency always to use 
this slack, rather than presumed errors in recording, in analyzing any 
discrepancies that do exist. In the present case, the natural explanation 
of small discrepancies between the observed and predicted values is 
to be found in the statistical theory of sampling. It is exactly why we 
have applied a X2 test. "That the X2 test says is that for the number of 
observations being considered here, sampling fluctuations of the ord!:"r 
obtained do not indicate a significant discrepancy between theoretical 
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predictions and experimental data. It is to be emphasized that the 
way in \"hich this comparison is built into probabilistic theories is 
much more natural and direct than in the case of deterministic 
theories. In C1.se of deterministic theories, the comparison cannot 
be made within the theory itself but nlust be pushed outside to the 
theory of errors of measurement and errors of observation, and then 
the best estimates obtained by applying the theory of errors of 
measurement are used to test the deterministic predictions of the 
theory. Even then, we must append an additional discussion to ask 
whether or not the small discrepancies still existing between theory 
and ex-periment are to be regarded as significant, and once again the 
discussion is not wholly natural as it is in the case of probabilistic 
theories. 

4. PROBABILISTIC THEORIES WITH CORRIGIBLE DATA 

Undoubtedly the most significant scientific example of a theory of this 
type is quantum mechanics. The theory itself is thoroughly proba­
bilistic in character, and at the same time, the data are corrigible in 
the sense being used in this paper. The standard theory of errors is 
used in many cases to analyze observations and is reported in a high 
percentage of experimental papers. However, even in the case of 
quantum mechanics, in spite of the fact that many of the variables are 
continuous in character and therefore naturally subject to a systematic 
theory of error of observation, many analyses of the fit between data 
and theory are inadequate from a statistical standpOint. This is all the 
more surprising in the case of quantum mechanics, in contradistinction 
to a typical sort of theory I shall describe in a moment, because in 
quantum mechanics there has been a tendency for physicists to sweep 
the probabilistic aspects of theory under the rug. I mean by this that 
they will look at expectations, for example, in terms of such large 
samples that the slack introduced by probabilistic theories, as dis= 
cussed above, is totally eliminated. 

In the case of theories that are tested in terms of full distributions 
of random variables and not simply in terms of expectations, a stan­
dard theory of error is often not applied, even though it is evident that 
errors in measurement are definitely present. Reasons for this have 
already been given. It is because the slack introduced by the proba­
bilistic formulation of the theory and the sampling assumptions in­
volved in considering the fit of a finite body of data to a predicted 
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distribution do in themselves account for any minor discrepancies be­
tween theory and experiment. 

It may he useful to examine one such theory of a simple character 
in some detail. The natural generalization of linear-learning structures 
to a continuum of responses provides an easy casc to consider. The 
discussion here follows Suppes [1959a]. 

For either the :Bnite or the continuous case an experiment may be 
represented by a sequence (Ab Eb A.2, E.2, ... , An) En, ... ) of random 
variables, where the choice of letters follows conventions established 
in the literature: the value of the random variable An is the number 
representing the actual response on trial n, and the value of En is 
the number representing the reinforcing event which occurred on 
trial n. Any sequence of values of these random variables represents 
a possible experimental outcome. Hereafter, ,ve write down only :Bnite 
sequences of these random variables, and it is convenient to write 
them in reverse order: (En. An. En-I. An-I ... " Eb At). 

For both the finite and continuous models, the theory is formulated 
for the probability of a response on trial n + 1 given the entire pre· 
ceding sequence of responses and reinforcements. For this preceding 
sequence we use the notation Sn. Thus, more formally, Sn is a finite - -
sequence of length 2n of possible values of the sequence of random 
variables (En. An. En-I. An-I •.. " E I • At). The (cumulative) joint 
distribution of the mst n responses and n reinforcements is denoted 
by In; that is, if 

Sn= (Yn, Xn,···, Yb Xl), 

then 
In (5n) = In (Yn. Xn.· .. ~ YI. Xl) 

=P(En ~ Yn, An ~ Xm ···, El ~ Yb Al ~ Xl), 

where P is the measure on the underlying sample space. For notational 
clarity we use variables Xh X2i •• " Xm ••• for values of the response· 
random variables and ya, yz, .. " Yn ... for the reinforcement random 
variables. 

In the continuous case we have a learning parameter 9, which 
serves much tl1C same function as the corresponding parameter of the 
finite model. However, it docs not seem reasonable for the full effect 
of reinforcement to be concentrated at a point as it is for the finite 
case. Consequently we add a smearing distribution K(x;y) which 
spreads the effect of reinforcement around the point of reinforce­
ment. For each reinforcement y, K (x;y) is a distribution on responses; 
that is, K(a;y) = 0 and K(b;y) = I, and if x ~ x', then K(x;y) 
~ K( x';y) for every yin [a,b]. 
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The first two axioms below arc simply directed at making explicit 
assumptions of smoothing properties which seem highly justified em­
pirically. The third axiom asserts the analogue of the two axioms for 
the Bnite case. 

Axiom Cl. The distribution In is continuous and piecewise twice 
differentiable in both variables. 

Axiom C2. The distribution K( x;y) is continuous and piecewise 
twice differentiable in both variables. 

Axiom C3. In + l(X/Yn. Xn. sn-d == (1 - 8) In(xlsn-d 
+ 8K(x; Yn). 

Axiom C3 says that given the sequence (Ym Xm sn-d, the conditional 
distribution of the response random variable on trial n + 1 is (1- 8) 
times the conditional distribution of the response random variable on 
trial n given the sequence Sn-l. plus 8 times the smearing distribution 
K(x';Yn). The parameter of the smearing distribution is the point of 
reinforcement Yn in the sequence (Yn. xn• Sn-l). 

In experiments used to test this theory extensively over several 
years, we used an apparatus consisting of a large circular disc which, 
for measuring purposes, was divided uniformly into 400 arcs of equal 
length. 'Vhen a subject made a response, or when a reinforcement 
was given, data were recorded in terms of one of these 400 numbers. 
The circular disc itself had a diameter of approximately six feet, and 
so it was easy to determine more accurately the exact point of rein­
forcement or response, but from the standpoint of testing the theory 
there was no need for a more accurate observation. The fit between . 
data and theory could be satisfactorily tested by histograms that in 
fact did not even use the 400-.scale, but aggregated observations into 
divisions of a still coarser scale in order to have a sufficient number 
of observations in each cell to meet the theoretical requirements of 
standard statistical tests like that of '1'. 

Continuous linear-learning structures exemplify an early stage in 
the development -of probabilistic theories with corrigible data. There 
is no question about the corrigibility of the data. The observations 
are not accurate and a systematic theory of error is appropriate, but 
it is simply not needed. This is because the theory has not yet been 
very thoroughly developed, and the phenomena under investigation 
are being studied at a relatively crude quantitative level compared 
to the kind of quantitative results that dominate ancient and 
thoroughly developed disciplines like classical astronomy. 

On the other hand, as I have already emphasized, one of the most 
important characteristics of probabilistic theories is to prOvide 
apparatus to derive very exact quantitative conclusions from what 
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appear to be rather weak probabilistic assumptions. One of the im­
portant areas of investigation in terms of the structure of probabilistic 
theories has been the pursuit of asymptotic results, or more generally, 
results that hold with probability 1. Once results that depend upon 
very large samples and invoke thereby some one of the 1aws of 
large numbers are applied, the slack between theory and experiment 
is eliminated, and errors of measurement must once again come into 
play and be given their proper place. 

I have provided a natural fourfold classification of theories, and it 
might be thought that I intend for this classification to be exhaustive 
and definitive. However, it is apparent that it is a fairly crude classifi­
cation, and as I suggested at the beginning, it should only be regarded 
as a preliminary taxonomy. Quantum mechanics provides one of the 
best examples of how the classification given here needs further 
elaboration and refinement. From a philosophical standpoint, one of 
the most important topics in quantum mechanics is the discussion at 
the end of von Neumann's treatise of the quantum mechanical treat­
ment of the interaction between experimental phenomena and the 
measuring apparatus used. to observe the phenomena. In this case of 
interaction, which is important in microscopic phenomena, additional­
and subtle things are to be said about the relations between theory and 
data, and I have not begun to touch upon these topics here. 

5. SOME PHILOSOPHICAL CONCLUSIO~S 

The order in which the four types of theories have been discussed here 
represents in a fairly accurate way the chronological order of develop­
ment. Ancient astronomy is the' paradigm case of a deterministic 
theory with incorrigible data, and as I have indicated, even Newton~s 
work can fairly be put under this heading. Th~ sophisticated dev~loJl­
ment of a theory of errors in combination \vith celestial mechanics by 
Laplace is the paradigm example of a deterministic theory with 
corrigible data. The many investigations in the behayioral sciences, in 
biology and in nledicine of qualitative phenomena, represent paradigm 
cases of probabilistic theories with incorrigible data. Finally, stochastic 
processes with continuous random variables, the sorts of theories that 
have only recently come into their own in various parts of science, are 
the natural examples of probabilistic theories \\lith corrigible data. 

It seems to me that the first and oldest type of theory reprcscnts a 
naive way of thinking about the world that is still vcry nutCh present 
in large parts of pllilosophy. It is a way of thinking about the world 
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tl1at demands two general characteristics of its ilieorics and its evi­
dence. First, the theories should be absolute; the causal analysis given 
in the tl1Cories should be final and ultimate. Second, the data of the ex­
periments should rest ultimately on something that is perceptually 
certain and without any component of error. In actual scientific work, 
even in ancient times, it of course had to be recognized that these 
objectives could not be fully met and some account had to be given of 
error, altllough ilie central tendency was to accept ilie ilieories as 
ultimate. Aristotle's physics and his account of ilie motion of the 
heavens very much fit into this framework, but tllis belief in ultimate 
concepts and incorrigible data has existed far into modem times. 
Descartes' Principia is one of the best examples in the first half of the 
seventeentll century. Descartes reduces all causes of motion to simple 
impact, and he seems finnly to believe that this is an ultimate account 
of the cause of motion, or more exactly, change in motion. His efforts 
to find a rockbed of perceptual certainty are too familiar to recount 
here. Descartes had enough good sense to realize that a program of 
absolutism and certainty could not be carried through in detail to 
explain all physical phenomena, and consequently, he was willing to 
introduce hypotheses that were clearly admitted to be hypotheses in 
the latter part of the Principia. It is here that he used his theory 
of vortices to account for major physical phenomena. (The incorrect­
ness of most of the account he gives is not an issue here.) 

This same search for absolutism of concepts and certainty of knowl- . 
edge finds perhaps its most sophisticated expression in Kant. Not 
only The Critique of Pure Reason, but also in greater detail, The 
Metaphysical Foundations of Natural Science attempts to argue that 
a genuinely ultimate account of causes in nature can be given. This 
is kept at a fairly general level in the discussion of causation in 
the Critique, but it becomes much more particular and definite in the 
Metaphysical Foundations where Kant attempts to give an account in 
terms only of forces of attraction and repulsion. \Vhat is important 
from a philosophical standpoint is that the general propositions alleged 
to be true of these causes of motion are known a priori and are not 
based in any fashion upon experiment. It is often remarked that Kant 
attempted to convert dassical mechanics into a systematic meta­
physics, but it seems to me at least as important to remark that in 
his search for an ultimate basis of knowledge he was working in an 
absolutistic tradition as old as Plato and one that has been extremely 
difficult to escape from. 

Even so empirical and cautious a philosopher as John Stuart Mill 
believed that by the processes of careful scientific investigation we 
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should reach ultimate laws, and ultimate laws for him were laws 
that are deterministic and not probabilistic in character. Here is a 
useful summarizing statement of his view (Mill (1936], p. 318): 

The preceding considerations have led us to recognise a distinction 
between two kinds of laws or observed uniformities in nature-ultimate 
laws and what may be termed derivative laws. Derivative laws are such 
as are deducible from, and may, in any of the modes which we have 
pointed out, be resolved into other and more general ones. Ultimate 
laws are those which cannot. We are not sure that any of the unifor­
mities with which we are yet acquainted are ultimate laws; but we know 
that there must be ultimate laws, and that every resolution of a deriva­
tive law into more general laws brings us nearer to them. 

The general philosophical thrust of this paper should now be evi­
dent. The doctrine that I want to preach is this. Consider the 
classical philosophical theses that an absolute causal account can be 
given of phenomena, that ultimate laws of a deterministic sort can be 
gleaned from natural phenomena, and that some rockbed of per­
ceptual certainty is necessary to gain a :firm knowledge of the world. 
All three of these theses are false and hopelessly out of date in terms 
of the kinds of theories now coming to dominate science. In- ordinary' -
talk and ordinary affairs, such certainty and absolutism are not neces­
sary and are in fact deleterious to the exercise of good sense. It is 
from ancient antecedents in religion and philosophy, not from or­
dinary experience, that these fallacious doctrines have been drawn and 
have received sanction for so long a time. 

There is somewhere a beautiful quotation from deFinetti in \vhich 
as part of defending the Bayesian use of far-from-certain prior infor­
mation in maling decisions, he says that it is better to build on sand 
than on a void. I believe we can rephrase this remark and say soine­
thing that is important for philosophy. When it comes to matters of 
knowledge, real houses are always built on sand and never on rock._ 




