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1. INTRODUCTION 

There is a long history of detailed work in educational psychology relevant to 
the learning of various skills and subject matters taught in schools, colleges, and 
universities throughout the world. Much of this tradition of psychological inves­
tigation that is related to education has concentrated on a microscopic analysis 
of the individual learning process. Some of the earliest examples were Thorn­
dike's studies of reading and elementary arithmetic. Thorndike devoted the sec­
ond volume of his monumental treatise Educational Psychology (1913-1914) 
to the psychology of learning. His sCientific objective was to show how the learn­
ing of elementary courses such as arithmetic could be accounted for in tenns of 
three fundamental laws, which he named readiness, exercise, and effect. Al­
though the language of Thorndike's formulation sounds somewhat strange to­
day, the central point of the Law of Readiness is the importance of the connection 
between stimulus and response being satisfying to the organism. The Law of 
Exercise actually has two parts. One is the Law of Use, which asserts that when 
a connection is made between a stimulus and a response, the strength of the con­
nection is increased, other things being equal. The Law of Disuse states that 
when such a connection between a stimulus and a response is not employed for 
a period of time, then that strength of connection is decreased. We might today 
formulate the Law of Exercise in terms of the strength of a response being in­
creased by repeated trials and to formulate the Law of Disuse as a law of ex-
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tinction, but the central idea is well stated by Thorndike. The most famous of 
the three laws, the Law of Effect, states that if a connection is made between a 
stimulus and a response, and it is accompanied by a satisfying state of affairs 
Of, as we might put it now, a positive reinforcement, then the connection is 
strengthened; similarly, if the connection is accompanied by a negative reinforce­
ment it is weakened. 

In a later work, The Psychology of Arithmetic (1922), Thorndike attempted 
to apply in a detailed way his principles of learning to the psychology of drill 
and practice in arithmetic. He conceived the psychological purpose of drill as 
being to strengthen the bonds between stimuli and responses. There is a strong 
tendency to think of Thorndike as emphasizing mindless rate exercise as the 
heart of arithmetic, but in fact he emphasized throughout his writing the impor­
tance of the student's having an understanding of the deductive theories of 
arithmetic, even though he did not provide a sharp intellectual basis for the con­
cept of understanding such a deductive theory. 

In any case, the point of the historical excursus here is not to enter into the 
details of Thorndike's treatment but to emphasize that he began a historical pat­
tern that has been followed for most of this century in research on the psy= 
chology of basic skills, ranging across arithmetic, language, and reading. A fairly 
extensive summary of the many good empirical studies done of arithmetic in the 
first third of this century is to be found in Suppes, Jerman, and Brian (1968), 
but the great volume of literature about any of these skills, especially reading, is 
far too extensive to review here. A good recent reference on reading is Carroll 
and Chan (1975). 

The central point of this chapter is to argue strongly by example for the value 
of away from the kind of detailed analysis of the learning of particular 
items characteristic of Thorndike and his successors to more global models of 
student progress and curriculum organization. It is desirable that the global 
models be based upon psychological principles, but the essential change is that 
the details of each response are now ignored and the focus is on two aspects of 
learning and performance uncharacteristic of this earlier literature. The first 
focus is on mean or average performance, without attention to the structure of 
individual items, and the second is on progress over substantial periods of time 
rather than over the short period required for a few exercises or a limited test. 

This emphasis on global models is illustrated with two applications in the con­
text of instructional technology. It is no accident that the use of global models is 

with instructional technology because it is especially in technological 
settings that we can exercise the control necessary for analyses 
". ... "",.,."''"", making the use of such models meaningful and interesting from both a 
COrlCelJtual and an empirical standpoint. It is not our to argue that the 

cannot be applied in ordinary classroom settings. We are not interested in 
to develop such a thesis rather, in establishing positively 

what can be done when instruction is taking place in an environment that uses 
one of the three major technologies of radio, television, or computers. 
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Before we enter into the details of some examples, there are one or two more 
general remarks we want to make about global models. In the tradition of educa­
tional psychology mentioned earlier and in the tradition of experimental psy­
chology, it is hard for many researchers to deal with global models that ignore 
the many interesting details of each response. We want to emphasize our own 
continuing interest in these details. In fact, the analyses of individual learning 
and performance studied in the context of computer-assisted instruction and 
published in Suppes, Jerman, and Brian (1968) and Suppes and Morningstar 
(I972) are substantial. But the development of a global theory based on these 
extensive analyses is quite difficult. In this chapter, we have formulated global 
models in terms of general psychological principles. 

To readers who have not investigated these matters in some detail, it may be 
surprising to find how little discussion there is in the educational or psychological 
literature of what global principles are considered appropriate in organizing cur­
riculum. Let us just mention two examples. The first is what principles are back 
of decisions regarding the proportion of time in a school day that should be de­
voted to a given subject and the proportion of time that should be devoted to 
particular concepts or skills within that subject - for example, how much time 
should be devoted in the teaching of arithmetic at, let us say, the fifth-grade 
level, to problem solving, and how much to the manipulation of fractions. These 
matters concerning relative allocations of time have had little if any rational dis­
cussion. Second, and perhaps even of more importance. is the absence of discus­
sion of ho~ we should think about students moving through a curriculum - for 
example, what is the right way to think about the progress of the student in 
reading in the second grade, in language arts in the fourth grade, or in elementary 
mathematics in the seventh grade. It is not that the topic is controversial - it is 
really that detailed technical discussions of such matters are almost nonexistent. 
We are not claiming that there is no literature on these topics but that, relative 
to their importance in the organization of curriculum and teaching, they are 
noticeably absent as major topics of discussion. 

The examples we have just introduced are large and complex. They expand 
into even larger and more complex issues, and we do not pretend to have answers 
of a general sort as to how to deal with them. Our aim in the present chapter is 
considerably more modest. We would like to give in some detail two examples 
of the application of global models and to sketch how these models can be of 
use in more systematic thinking about curriculum and teaching. 

The first example is drawn from some of our work in computer-assisted in­
struction (CAl) and develops further the work begun in Suppes, Fletcher, and 
Zanotti (1976) on student trajectories. The second example is drawn from re­
cent work on the use of radio as an instructional technology in developing coun­
tries. Here we draw on our experience in the Nicaragua Radio Mathematics 
Project, described in Searle, Friend, and Suppes (l976), and in this case, we are 
concerned with optimizing the organization of instruction for group learning 
rather than for individual learning. The second example emphasizes questions of 
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optimization more directly than the first, but we also make some remarks follow· 
ing the first example to show how a theory of student trajectories can itself be 
used to consider questions of optimization. 

Both of the examples considered deal with basic skills in the elementary 
school, but it is important to note that this restriction to elementaryQschool cur­
riculum and teaching is in no way essential. In fact, the trajectory model developed 
in the first example has been applied to a CAl course at the university level -
namely, the teaching of introduction to logic, and this application is reported in 
Larsen, Markosian, and Suppes (1978), It is also obvious that the kind of optimi­
zation that is the main focus of the second example could be applied to other 
subjects than those characteristic of the elementary-school curriculum. 

II. STUDENT TRAJECTORIES IN THREE CAl CURRICULUMS 

A. Model and Theory 

In this section, we extend a new approach to evaluating curriculum begun in 
Suppes et aL (1976). The essential idea of our new approach is' to develop a 
theory of prediction for individual student progress through a curriculum, to use 
this theory as a means of control by regulating the amount of time spent on the 
curriculum by a given student, and thereby to achieve agreed-upon objectives for 
the grade-placement gains of each student. We thus avoid the wait-and-see atti­
tude required when classical evaluation of a new curriculum in terms of pretests 
and posttests is used. 

This predictive evaluation calls for individualization, for it is unrealistic to ex-
an students to make the same gains even when variation in time is permitted. 

The intuitive idea is to study the trajectory of a student through a curriculum -
a method similar to the study of the paths or trajectories of objects in physics. 
An important feature of the prediction of student progress is to separate the 
global features of the curriculum from the global individual parameters charac­
teristic of a particular student. The details of this separation become clear in the 
sequel. 

We tested directly the robustness of the theory of the earlier work (Suppes et 
ai., 1976) regarding a power-function model using CAl grade placement as the 
dependent variable and time on the system as the independent variable. As al­
ready remarked, the theory is aimed at the student's global progress and does 
not consider his performance on individual exercises. By using such a global ap­
proach, it is possible to state general axioms about information processing from 
which we may derive a basic stochastic differential equation that seems to be 
characteristic of several different curriculumso The equation we obtain is 

+ c~ 
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where the parameters b, c, and k can be estimated separately for each individual 
student, although it is often convenient and interesting to estimate the parameter 
k for the entire population. For purposes of subsequent reference here, for each 
student and each curriculum we write the basic equation as: 

where 

GPij = bt~ + c, 

GPij = grade placement of student i at the jth observation, 
t ij = time on system of student i at the jth observation, and 

b, c, k = parameters to be estimated for each student. 

In the axioms, which we review here briefly, we speak of new pieces of in­
formation. This nontechnical use of piece is to avoid a technical commitment to 
the concept of bit of information. Actually, the axioms were formulated in such 
a way that little about information is assumed. This is more or less characteristic 
of global theories and is not meant to be exhibited as a virtue. A more detailed 
theory would aim to say more about the structure of the information transmitted 
to students in a given curriculum. 

The first axiom deals with a student's rate of processing or sampling informa­
tion in a course. The second axiom postulates what happens to the student's 
mean rate of processing information when a new piece of information is intro- , 
duced. The third axiom deals with the basic assumption about the rate of intro­
ducing new information. The fourth axiom postulates that the student's current 
position in a course is closely related to the sum of information introduced up to 
this point, and the fifth axiom states a similar assumption about his rate of 
progress in the course. Readers not interested in the technical statement of the 
axioms and the derivation of the basic stochastic differential equation should 
skip to the next section. 

For statement of the axioms and later use, we define the following quantities: 
yet) = position of student in the course, and at t = 0 we set y = 0 for the present 
purposes, but later consider a translation; dy(t)/dt = rate of progress through the 
course; A(t) = cumulative amount of information introduced in the course up to 
time t; dA(t)/dt = rate of introduction of information in the course; and set) = 
student's rate of processing or sampling information. 

Axiom 1. A student's mean rate, set), of processing or sampling informa­
tion is directly proportional to the rate of introduction of information in a course 
and inversely proportional to the total amount of information introduced up to 
time t; that is, set) is proportional to [dA(t)/dt] IA(t). 

Axiom 2. Upon introduction of a new piece of information, a student's 
new mean rate of processing information is decreased by an amount equal to the 
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product of his current rate and the difference of his current rate and his asymp­
totic rate; that is, for a small interval of time h, 

set + h):: sCt) - [set) - s(co)]s(t). 

Axiom 3. The probability of a new piece of information being intro­
duced for a given student at time t is independent of t and the previous intro­
duction of information. 

Axiom 4. The position of a student in a course is directly proportional to 
the total information introduced thus far in the course; that is, yet) is propor-
tional to A (t). . 

Axiom 5. The rate of progress of a student in a course is directly propor­
tional to the rate of introduction of information in the course; that is dy(t)/dt 
is proportional to dA(t)/dt. 

We tum now to the derivation of the basic stochastic differential equation. 
By Axiom 3, the introduction of new information is a Poisson process~ let us say 
with parameter A. Thus, by Axiom 2, with probability M in a small time interval 
h~ 

+ :::::: - s(co)]s(t); 

with probability o(h), more than one piece of information is introduced~ and 
with probability 1 -).h -

-+ =: 

whence from Eqs. 
sound, 

s(t +h) -9(t) =: 

h 

and and setting 

o (h) 
+-­

h 

::::: which seems in tuitllveJlv 

Hence~ as h we obtain the differential eQtlanOfl. 

ds(t)/dt :: _);.s2(t), 

whose solution is 

1 =---

Axiom 1, 

=----
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but by Axiom 4, 

dy{t) = k dA{t) 
dt 2 dt ' 

and by Axiom 5, 

dy(t) = k dA{t) 
dt 3 dt ' 

whence, combining results, 

dy(t)/dt = k4 

yet) At + c l ' 

Integrating this last equation, we obtain 

k 
Iny(t) = i In(~t + c I ) + In Ibll, 

and so 

yet) = bl ~t + cI)k4/~. 

Here, if t = O,y(t) = 0, and so c1 = O. Assuming the student has some knowledge, 
c, of the course at t = 0, we obtain as our final equation, 

yet) = btk + c. 

B. Student Data and Curriculum Descriptions 

To test the model, we used learning data for deaf and hearing-impaired students 
in several schools for the deaf throughout the United States and for Indian chil­
dren at the Bureau of Indian Affairs public school at the Isleta Pueblo in New 
Mexico. Six geographical regions are represented in the data from the deaf 
schools: Florida, Dallas (which includes 105 students from Fort Worth), Okla­
homa, Houston, San Antonio, and Austin. The research project from which the 
data were drawn was aimed at providing support services, especially in the form 
of data evaluation and teacher and proctor training, for CAl in the schools. It 
was conceived as a follow-on project to a large three-year project, running from 
July 1, 1970 to June 30, 1973, in which CAl was introduced into the schools by 
the Institute for Mathematical Studies in the Social Sciences (IMSSS) at Stan­
ford University, under the sponsorship of the Bureau of the Handicapped (U. S. 
Office of Education) and the National Science Foundation. As the delivery of 
CAl from the central computer at the Institute reached a natural completion 
point with the end of the three-year project, the Isleta school and 10 of the 13 
schools for the deaf active in the project contracted with Computer Curriculum 
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Corporation (CCe) in Palo Alto, California for hardware and curriculum. The 
new hardware consisted of minicomputers installed in each school; the students 
used teletype terminals to interact with the computer. 

The main body of data collected consists of pre~ and posttest achievement 
scores and grade-placement scores in three curriculum areas - language arts~ 
mathematics, and reading - with observations on grade placement in each cur­
riculum being made essentially every 2 weeks. Exactly how the courses are struc­
tured to provide this grade placement is described in the following section on 
curriculum. Because there was considerable variability in the extent to which 
students used CAl instruction in the various schools, we show in Table 4.1, 
Column P, the number of students participating in each location and, in Column 
I, the number of students who had, in a given curriculum, a change (up or down) 
in grade placement of at least three-tenths of a year, that is, had moved at least 
three tenths of a year during the course of a year. For a variety of reasons, in al­
most every location there were a number of students who were on the system 
for short periods only, and we have excluded them from the analysis. The total 
number of students remaining is still substantial and provides more than an 
adequate basis for the statistical analysis of our model. 

One of the complicated aspects of data analysis in the present-project arose 
from the wide variety of achievement tests used by the various schools. Table 
402 gives the code number and the associated name of the test that was admino 

istered, These code numbers are used later and refer to the specific tests listed 
in this table. 

The students in our sample used one or more of the following courses from 
ecc: Mathematics Strands, Grades 1-6; Reading, Grades 3-6; and Language 

Grades 3-6. We shall describe each curriculum briefly, beginning with an 
explanation of the strands instructional strategy. Further details can be found in 
the Teacher's Handbook for each course (Adkins & Hamilton, 1975; Fletcher~ 
Adkins~ & Hamilton, 1972; Suppes, Searle, Kanz, & Clinton, 1975). 

TABLE 4.1 
Number of Students Who Participated (P) and Number of Students 

Included (I) in Analysis by Region and Curriculums 

CUrriculum Flonda Dallas Isleta Oklahoma Texas Houston Total 

p p p p 

Math 251 175 388 163 184 128 191 146 650 341 198 90 '1,8681,043 

388 97 184 70 197 49 650 55 198 17 1,617 288 

language 388 204 184 78 191 102 650 297 198 45 1,617 726 
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TABLE 4.2 
Code Numbers for Achievement Tests 

Code Meaning 

Stanford Achievement Test, Primary Level 1, Form Aa 

2 Stanford Achievement Test, Level 2, Form Aa 

3 Stanford Achievement Test, Advanced Battery. Form AI, 

4 Stanford Achievement Test, Primary 1 Battery, Form W, 1964b 

5 Stanford Achievement Test. Pnmary 2 Battery, Form W, 1964b 

6 Stanford Achievement Test, Intermediate 2 Battery, Form V, 1965b 

7 Stanford Achievement Test, Advanced Battery, Form W, 1964b 

8 Stanford Achievement Test, Intermediate 1 Battery, Form W, 1964b 

9 Stanford Achievement Test, Intermediate 2 Battery. Form W. 1964b 

10 Science Research Associates, Achievement Series, Primary 2, Form E, 19721: 

11 Science Research Associates, Achievement Series, Primary 2, Form F, 19721: 

12 Science Research Associates, Achievement Series, Multi-Level Form E & F, 19721: 

aFor use only with heatlng·impaired students as part of the special aChievement testing 
procedures devised by the Annual Survey of Hearing Impaired Children and Vouth, Office 
of Demographic Studies, Gallaudet College, Washington, D.C., 1972; Richard Madden, Eric 
F. Gardner. Herbert C. Rudman, Bjorn Karlsen, Jack C. Merwin; Harcourt Brace Jovanovich, 
Inc., New York. 

& 

bTruman L. Kelley. Richard Madden, Ene F. Gardner, and Herbert C. Rudman; Harcourt 
Brace Jovanovich, Inc., New York. 

C Robert A. Naslund, Louis P. Thorpe, D. Welty Lefer; Science Research ASSOCiates. Inc. Chicago. 

1. Strands Strategy. A strand represents one content area within a curricu· 
lum. For example~ a division strand, a decimal strand, and an equation strand are 
included in the Mathematics Strands curriculum. Each strand is a string of related 
items whose difficulty progresses from easy to hard. A computer program keeps 
records of the student"s position and perfonnance separately for every strand. 
By comparing a student's record of perfonnance on the material in one strand 
with a preset perfonnance criterion, the program detennines if the student needs 
more practice at the same level of difficulty within the strand, should move back 
to an easier level for remedial work, or has mastered the current concept and can 
move ahead to a more difficult level. Then the program automatically adjusts the 
student's position to the correct level within the strand. The process of evaluation 
and adjustment applies to all strands and is continuous throughout each student's 
interaction with a curriculum. 

Evenly spaced gradations in the difficulty level of the material allow posi­
tions within a strand to be matched to school grade placements by tenths of a 
year. Grade placement in a specific subject area can then be detennined by ex-
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amining a student's position in the strand representing that area. Since perform­
ance in each strand is recorded and evaluated separately, the student may have a 
different grade placement in every strand of a curriculum. Teachers' reports, 
available as part of each curriculum, record progress by showing the student's 
grade placement in each strand at the time of the report. 

In a curriculum based on the strands instructional strategy, a normal1esson 
consists of a mixture of exercises from different strands. Each time an item from 
a particular curriculum is to be presented, a computer program randomly selects 
the strand from which it will draw the exercise. Random selection of strands 
ensures that the student will receive a mixture of different types of items instead 
of a series of similar items. 

Each curriculum also provides for rapid gross adjustment of position in all the 
strands as the student is first beginning work in the course. Students who peru 
form very well at their grade levels are moved up in nru.I-vear 

reach a more challenging level. Students who perfonn poorly are moved 
down in This of overall level ensures that stu-
dents are COITec:tly 

dent's first 10 sessions. 
in the curriculum and is in effect a stu-

2. Mathematics. The Grades curriculum contains 
" ......... y ... or content areas. Table 43 lists the strands the mathematics curricue 
lumo The curriculum the level and extends thrlOUf:ln 

TABLE 4.3 
Mathematics Strands, Grades 

Strand Content Abbreviation 

Number Concepts NC 

2 Horizonta! Addition HA 

:3 HOrizontal Subtraction HS 

4 Vertical Addition VA 

5 Vertical Subtractlon VS 

6 Equations EO 

Measurement MS 

8 Horizontal Multiplication HM 

9 laws of Anthmetn:: LIN 

10 Vertical Multiplication VM 

11 Oll/lSIOn DV 

12 Fractions FR 

13 DeCimals DC 

14 Negative Numbers NG 
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level 7.9. The seventh-grade material does not constitute a complete curricu­
lum for that grade year but is intended as enrichment for students who complete 
the sixth-grade material. 

Each strand is organized into equivalence classes, or sets of exercises of similar 
number properties and structure. During each CAl session in mathematics, stu­
dents receive exercises from all the strands that contain equivalence classes 
appropriate to their grade levels. For example, a student at grade level 2.0 will 
receive exercises from the first seven strands listed in Table 4.3. Students do not 
receive an equal number of exercises from all strands. The program adjusts the 
proportion of exercises from each strand to'match the proportion of exercises 
covering that concept in an average textbook. 

The curriculum material in Mathematics Strands, Grades 1-6, is not stored in 
the computer's memory but takes the form of algorithms that use random-num­
ber techniques to generate exercises. When a particular equivalence class is 
selected, a program generates the numerical values used in the exercise, produces 
the required format information for the presentation of the exercise, and cal­
culates the correct response for comparison with student input. As a result, the 
arrangement of the lesson and the actual exercises presented differ between 
students at the same level and between lessons for a student who remains at a 
constant grade placement for several lessons. 

3. Reading. The Reading, Grades 3-6, curriculum consists of reading prac­
tice items designed to improve the student's skills in five areas: word analysis, 
vocabulary _extension, comprehension of sentence structure, interpretation of 
written material, and development of study skills (see Table 4.4). It contains 
material for 4 years of work at grade levels 3,4,5, and 6 as well as supplementary 
remedial material that extends downward to grade level 2.5. 

The program is divided into two parts: Basic Sentences and Strands. The 
Basic Sentences section begins at grade level 2.5 and ends at grade level 3.5. The 
items in this section are short and easy. They represent the simplest type of 
reading-practice exercise that can be presented in a contemporary computer­
assisted instructional system. 

TABLE 4.4 
Strands in Reading, Grades 3-6 

Strand Content 

A Word Attack-analyzing words as units 

B Vocabulary-bUilding a reading vocabulary 

C Literal Comprehension-understandmg the literal meantng 
of sentences and short paragraphs 

o Interpretive Comprehenslon-readmg sentences for interpretation 

E Work-Study Skills-learnmg to use resources effectively 
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The Strands section starts at grade level 3.5 and continues through grade level 
6.9. When working in the Strands section, the student receives items from aU five 
strands during every session. 

4. Language Ans. The Language Arts, Grades 3-6, curriculum covers 
Grades 3 through 6 with enough material for a year's work at each grade level. 
It also offers a supplement of lessons for students with special language problems. 
These include hearing-impaired students and students for whom is a 
second language. 

The Language Arts curriculum stresses usage instead of grammar and presents 
very few grammatical terms. It is divided into two courses, Language Arts Strands 
and Language Arts Both courses cover the same general subject areas~ 
but their structures are very different. Language Arts Strands uses a strands struc~ 
ture to provide highly individualized mixed drills. In Arts Topics, the 
entire class receives lessons on a topic assigned by the The schools in-
cluded in this survey used the Language Arts Strands course. See Table 4.5 
for the content of the Arts Strands. 

C. Results 

As we stated earlier " ..... ,"''''''''"'u the model we tested 

GPij ::::: C, 

where 

parameters to be estimated for each student. 

The b and c were estimated for each student for 50 values of k 
ranging from .001 to 4.00. exact values are shown in the first column of 
Table The c~ which minimized the standard errOl, and the 

itself were recorded for each student. 

TABLE 4.5 
language Arts Strands. Grades 

Strand Content 

A PrinCipal Parts of Verbs 

B Verb Usage 

C SublE!ct-Verb Agreement 

Pronoun Usage 

ContractIons, PosseSSives, and Negatives 

Modifiers 

Sentence Structure 

MechaniCS 



TABLE 4.6 
Number of Students for Whom the k Values 

Gave the Minimum Average Squared Deviation 

k DL DM DR FM HL HM HR Ol OM OR TL TM TR IL 1M IR 

001 0 3 13 4 0 1 0 0 1 
.002 56 8 16 8 6 7 0 22 1 3 3 20 1 20 3 1 
.003 2 13 8 9 0 8 1 0 5 0 1 21 2 a 13 1 
004 1 8 2 16 0 7 0 0 7 0 0 23 1 0 8 1 
005 0 0 1 11 0 4 a 0 7 2 0 16 4 0 9 1 
.006 0 1 0 12 0 2 0 0 6 a 0 12 1 0 4 1 
007 1 0 0 10 0 0 0 0 7 2 0 1 1 0 9 1 

.010 0 2 0 2 0 0 a 0 8 a a 10 a 1 4 2 

.020 1 4 0 1 0 0 1 0 2 1 a 3 1 0 2 2 

.030 2 3 0 2 a 0 0 0 0 0 0 0 1 0 0 0 

.040 1 0 0 0 0 1 0 0 1 a 0 0 1 0 0 1 

.050 0 1 0 a 0 a a 1 2 0 0 0 0 0 0 0 

.060 0 0 0 0 0 0 0 0 1 2 0 1 1 a 0 1 

.070 0 a 0 1 0 2 0 0 0 0 0 1 a 0 a a 

.080 1 0 0 0 0 1 0 0 0 0 a 1 a 1 0 0 

.090 0 2 1 1 0 0 0 0 1 0 1 0 0 0 2 

.100 6 5 3 1 0 1 0 0 2 2 0 4 0 2 2 a 

.150 2 1 2 2 0 0 0 0 2 2 0 1 0 2 0 3 
200 3 9 0 3 1 1 1 0 1 1 1 5 1 1 1 0 

.250 12 6 3 3 2 0 0 1 1 1 0 8 0 1 4 1 

.300 9 1 0 3 0 3 0 1 2 1 0 3 0 1 3 2 

.350 10 7 1 1 2 3 0 , 3 1 0 6 1 3 2 0 

.400 7 8 1 2 1 2 0 2 1 1 0 5 2 3 3 1 

.450 .7 8 0 2 2 1 0 1 1 0 1 3 0 2 0 0 

.500 7 6 2 3 0 1 0 0 2 1 1 3 3 a 2 0 
550 5 8 1 7 3 3 0 2 4 0 1 9 1 2 1 0 

.600 6 5 0 2 1 2 2 3 2 1 0 2 1 4 2 2 

.650 4 4 1 1 1 0 0 0 1 0 0 10 a 4 1 0 

.700 5 5 1 1 0 1 1 2 1 1 1 5 0 2 1 1 

.750 2 4 1 1 1 1 0 6 0 3 0 10 0 0 1 1 
800 3 4 , 4 0 1 0 3 3 2 0 10 0 4 1 0 
.850 2 3 1 , 0 0 2 2 1 0 0 8 0 2 3 0 
900 4 4 2 1 2 2 1 4 0 0 0 4 0 5 3 1 
.950 4 2 3 3 0 1 1 3 1 0 1 5 4 1 1 0 

100 1 0 3 3 0 2 1 0 1 0 1 5 0 2 0 0 
1.05 5 1 3 0 0 5 0 3 2 1 1 3 0 2 3 0 
1.10 1 1 a 4 2 1 1 4 3 1 0 8 1 0 1 1 
1 15 , 5 1 0 0 3 , 2 1 0 0 9 0 3 1 1 
1.20 , 2 0 0 0 2 0 1 3 0 0 2 2 1 3 1 
125 0 3 1 5 2 2 0 1 3 0 1 3 0 1 4 2 
130 4 1 3 4 0 2 0 3 5 0 9 12 0 1 0 2 
1.40 1 0 1 2 2 0 2 5 4 3 8 6 2 0 4 2 
1.50 6 3 3 2 2 3 1 0 3 1 6 2 0 0 2 3 
1.60 1 0 2 5 0 0 0 1 2 1 4 9 0 0 1 0 
1.70 1 0 3 3 1 1 0 2 3 0 9 6 0 1 2 2 
180 2 0 1 2 1 1 0 0 3 1 9 2 0 1 4 0 
1.90 0 a 1 3 2 1 0 3 3 1 5 3 1 1 1 1 
2.00 5 2 3 12 1 7 0 5 7 2 114 14 3 0 3 3 
3.00 8 2 3 6 5 2 0 8 11 0 102 16 1 1 3 5 
4.00 4 2 5 6 5 2 1 10 15 7 16 12 12 3 12 9 

Sum 204 163 97 115 45 90 17 102 146 49 297 341 55 78 128 70 

241 
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students in the mathematics curriculum'! An students steadny~ but 
Student 3 at a much slower rate than Students 1 or 2. All three curves 
fit the observed data points very The data for Student 1 are fit by the 
curve y .295t·sO + 509 with a standard error2 of this student 2 

Iln these figures and subsequent figures and tables, the notation is used: The 
fITst initial indicates the region as follows: D stands for Dallas, F for Florida, H for Houstont 

I for Iseleta Pueblo, 0 for Oklahoma. and T for Texas. which includes data from Austin and 
San Antonio. The second initial is the letter M, R, or L to indicate the mathematics, reading~ 
or language arB curriculum. 

"'StandlarCl error is defmed by the eOUlall()D 

Yl 

where is the theoretical prediction. and 
is the of predictions for j. Then. the mean standard error for the 
population of students iSJust the mean of their standard errors. 
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years in eighty 10·minute sessions. For Student 2 the equation of the theoretical 
curve is given by y = 3.142t·2o - 2.313 with a standard error of .252 and for 
Student 3 by y = .118t·55 + 1.419 with a standard error of .030. 

Figure 4.2 shows data for two students in the reading curriculum. Notice that 
the unit of time on the abscissa is minutes: Student 1 gained about one-third of a 
year in fifty 10-minute sessions and Student 2 gained about half a year in one 
hundred IO-minute sessions. Approximately 150 days are available for working 
in a school year, and students are scheduled for one CAl reading session per day. 
On that basis, Student 1 t a deaf student, gained one-third of a year in one-third 
of a year's time and Student 2, an American Indian, gained about one·half a year in 
two-thirds of a year's time. The curve for Student I is given by y = .00017t1.25 + 
2.935, and the curve for Student 2 is given by y =-.• 009t·6 + 5.748; the standard 
errors are .025 and .026, respectively. 
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FIG. 4.2. Scatterplot and theoretical trajectory for gain in grade place­
ment over time for two students in the reading curriculum. 
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Figure 43 shows data for two students in the language arts curriculum. Both 
students gained over a year in 20 Student 2. who worked 30 hours? gained 
1.4 years. The curve for Student 1 is given by y := .035t1.25 + 3.938 J and the 
curve for Student 2 is given y ::::: + 2.774; the standard errors are 

and .062, respectively. the curves give quite good fits to the data. 
It is useful to see the distribution of best values of k as evidence of wide stu~ 

dent variability in rate of progress. Table 4.6 shows for each k value the number 
of times it gave the minimum standard error in each group; the region and cur­
riculum are denoted by initials as explained earlier. 

Figure 4.4 is a histogram showing the distribution of the best individually 
estimated k for all students in the study. Each value of k gave the minimum 
standard error for at least five students, and most values gave the minimum for 
at least 25 studentso 

In the previous work et at the distribution of the mean 
standard error over fixed values of k for the entire was !Jato 
The data for the deaf schools and Isleta this; we found that if a fixed 
k is used for the entire to have a highly exact 
estimate of it. For most and mathematics curricuo 

any 
c. At 

any value in the range from .07 to .90 an estimate as 
with of the two indi'/idual band 

for the mean standard errors in the mathematics curricuo 
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lum for these values of k range from about .05 to .06. For the language arts 
curriculum, the lower bound for values of k is smaller. In fact, for three of the 
four regions that used the language arts curriculum, the minimum mean standard 
error was given by k = .002. However, the standard errors for values of k within 
the r?nge from .07 to .90 are not large; for Oklahoma, for example, the mean 
standard errors for these values of k range from about .2 to .3. 

D. Joint Distribution of the Parameters 

When several parameters are estimated for each student, it is natural to ask what 
can be said about the joint distribution of the parameters. The results fall into 
two cases depending on whether k is fixed for a population or whether k is 
selected for each individual. Consider first a population k that is detennined for 
each region and curriculum by averaging the best individual k's and the correla­
tion of the pairs (b l' C 1) obtained for each student by fitting the equation 
y = bitk + Ct , We found these correlations for 16 groups; for all but three of the 
groups, the correlation between band C is close to zero. The three exceptions are 
(Dallas, Language Arts) wherer(b, clk ::: .628)::: -.6, (Oklahoma, Reading) where 
r(b, clk = 1.081) = -.9, and (Isleta, Language Arts) where reb, clk::: 9.06):::: -.8. 

On the other hand, if we find for each student the triple (ki , hi' ci) that best 
fits the curve y ::::: b;tki + ci tQ his data, then the correlation between any tWQ of 
tlle three values given the third is high. TQ be explicit, Ir(bi , ci)1 ~ 1, Ir(kb ci)1 ~ I;> 
and IrCkb hi)1 ~ 1. This means that tQ fit the individual curves, only two Qf the 
three variables are necessary. In terms of k, the results indicate that if k is fixed~ 
hand c are independent; we need both variables tQ fit the data. But if k is allQwed 
tQ vary by individual, then band c are dependent. 

There are several different remarks to be made abou these results. First, under 
weak assumptions, the results IOn conditional independence and correlations of 
absolute value one between any two parameters satisfy the hypotheses Qf a proba­
bilistic lemma proved in Suppes and Zanotti (1976). Namely, if r(b i , cilk) :::: 0 
and Ir(bi , ci)! ::::: 1, then Ir(bi , ki)1 == Ir(ci , ki)1 ::: 1. Second, a power series represen­
tatilOn Qf the power function equation shows the source Qf some Qf the con­
straints. For t> 0, we can represent by: 

Thus the model can be written in the following equivalent fQrm fQr t > 0: 

It follQWS that 

:: b + C 
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In particular, b = a1/k, which is approximately linear for a small range of k. A 
deeper analysis of the model is not pursued here. 

1. Predicting Postfest Scores. We examined the possibility of using the 
parameters b, c, and k that had been estimated for each individual along with 
final grade placement (FGP) and pretest score (PRE) to predict posttest (POST) 
score. The model is defined by the following equation: 

POST; = ao + a1 (bi) + a2 (ci) + a3(ki ) + a4 (FGPi) + 05 (PREi)' 

We were able to test the model with 20 groups; we needed groups with N> 6 
and with pre- and posttest data available. There were eight groups with 6 <N::e;;;; 10 
and 12 groups with N > 10; of these 12, five had N> 30. In the discussion that 
follows, groups are labeled by the ordered quadruple (region, curriculum, pre­
test, posttest); pre- and posUest codes were given in Table 4.2. 

Among the eight groups with between six and 10 students, the multiple corre­
lations are, with two exceptions, all greater than .8. (We attach little significance 
to the large multiple correlations for the groups with small N's.) The two excep­
tions to the.8 generalization are (Oklahoma, Reading, 4,8) and (Texas, Language 
Arts, 6, 1), which gave the worst fit of all 20 groups. For (Texas, Language Arts, 
6, 1), there' were only 4 degrees of freedom left in the residual after the regres­
sion took in all independent variables, yet the multiple correlation was .562. For 
five of the eight groups, the variable b entered the regression on the first or sec­
ond iteration; no other trends were apparent with respect to the entering of the 
independent variables in this grouping. 

Among the 12 groups with more than 10 students, there are seven regressions 
with multiple correlations greater than .85: (Oklahoma, Mathematics, 4,9) had 
a multiple correlation of .967 with 5 degrees of freedom; (Oklahoma, Mathe­
matics 4, 5) had a mUltiple correlation of .941 with 8 degrees of freedom; 
(Oklahoma, Mathematics,S, 9) had a mUltiple correlation of .914 with 13 de­
grees of freedom; (Texas, Mathematics, 4, 4) had a multiple correlation of .862 
with 20 degrees of freedom; and (Isleta, Mathematics, 10, 11), the largest group, 
had a multiple correlation of .864 with 64 degrees of freedom. In these 12 larger 
groups, b entered last or next to last eight times out of 12, in marked contrast 
to the results for the groups with 10 or fewer observations. FGP and PRE were 
the important independent variables for these groups. FGP was the first variable 
to enter the regression seven times out of 12; PRE entered first or second eight 
times out of 12. A less important independent variable in these regressions 
tended to be k; it never entered on the first iteration and entered on the second 
iteration only once. 

Although the pretest was often an important independent variable, there were 
many students for whom pretest data were not available and who therefore 
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could not be used in the preceding model. In addition, a model without the pre­
test as an independent variable would allow those students with the same geo­
graphical region, lesson, and posttest to be grouped. Thus, the following model 
was considered in order to increase the degrees of freedom. 

(3) 

We were able to test this model with 29 groups of data with N > 5. In the fol­
lowing discussion, groups are labeled with the ordered triple (group, lesson, post­
test). 

There were several instances in this set of regressions where it was clear that a 
linear function of the independent variables could not adequately explain the 
observations. An extreme example is (Texas, Mathematics, 1), for which a mul­
tiple correlation of .190 with 48 degrees of freedom was computed. However, of 
the 24 groups of 11 or more students, eight regressions had multiple correlations 
above .8, and of the 16 groups of 25 or more students, eight regressions had 
multiple correlations above .7. FGP entered first in the stepwise regression calcu­
lations 17 times out of 29. 

To increase group size further, we tested the model given by Eq. (3) with 
students across regions grouped according to curriculum and posttest. There are 
nine regressions that are new to this group (Le., regressions where grouping in~ 
creased the sample size). Of these, seven have more than 10 students, and six 
have more than 30. For this set of regressions, groups are labeled by the ordered 
pair (lesson, posttest). 

Several groups in this set had high multiple correlation coefficients. (Language 
Arts, 5) had a multiple correlation of .816 with 21 degrees of freedom. FGP 
entered first, followed by c and k; b did not enter because of the high negative 
correlation between band c, r(b, c) ::: -.999. (Language Arts, 8) had a multiple 
correlation of .812 with 29 degrees of freedom. Again, the order in which varie 
abIes entered was FGP, Cj and k, with b not used because r(b j c) ::: -.995. 
(Mathematics, 5) had a multiple correlation of .853 with 36 degrees of freedom; 
(Mathematics, 4) had a multiple correlation of .897 with 35 degrees of freedom~ 
and (Reading, 5) had a multiple correlation of .753 with 3 degrees of freedom. 
FGP entered the regression first for all except one of the 11 groups. 

E. Some Conclusions and Applications to 
Questions of Optimization 

Use of the power function model as a global trajectory model fit individual data 
of student progress extremely well in a large number of cases. The close fit to 
the data supports the extensive analysis of the fit of this model already reported 
(Suppes, Fletcher, & Zanotti, 1975, 1976). Achievement in the CAl curriculums 
of language arts, mathematics, and reading was found to be closely related to 
scores on achievement tests given at the end of the school year. The highest cor­
relations were obtained in the mathematics curriculum, which is to be anticipated 
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in view of the greater difficulty for hearing-impaired students in mastering either 
reading or language arts skills. 

The success of the trajectory models in fitting extremely well the individual 
data suggests some possible applications that optimize the use of technology in 
instruction. We shall sketch here some of the questions that we are presently ana­
lyzing in considerable detail and will publish subsequen tly. The first thing to note 
is that a trajectory model makes possible a global prediction of student grade 
placement based upon the amount of time spent on systematic drill, practice, and 
review. Given that a cost must be assigned to the use of computers in the schools, 
the question naturally arises then of how time should be allocated to various 
studen ts. Such a question of allocation leads in turn to a question of what func­
tion are we trying to optimize. We mention here a few of the alternatives. 

A first possibility would be to maximize the expected grade-placement in­
crease as measured by curriculum grade placement or by external pre- and post­
tests. If we take this expectation as the unrestricted goal for the given population 
for which computer-assisted instruction will be available, then the conclusion is 
that any unused or marginal unit of time should be assigned to the student with 
the fastest rate of increase in grade placement per unit of time. (ytVe use marginal 
here in the sense of economics.) In general, this will mean assignment of time to 
the brighter and better students, contrary to what is ordinarily intended in pro­
grams for the disadvantaged. Second, we may take the opposite tack - namely, 
that the goal we want to maximize is not increase in expected grade placement 
for the population under consideration but rather decrease in the variance in 
grade placement across the population. In this case, our optimization function 
would be that of minimizing the variance in final grade placement or in grade­
placement gain. In either case, the qualitative outcome would be to assign most 
of the time to the poorest performers and to assign essentially no time to the 
ablest students in the population. (We describe all these various optimal solutions 
in qualitative and somewhat vague terms. It is easy to see how they can be con­
verted into precise quantitative formulas.) We believe that neither of these ex­
tremes is really suitable for actual allocation of technological resources. 

A third form of allocation of time would be to optimize the expected gain 
but with the constraint that the variance in the grade-level achievement of the 
popUlation not be increased. A fourth possibility would be to maximize the num­
ber of students who make at least a one-year gain in grade placement. In many 
ways, this last goal corresponds to much of the intuitive thinking of many school 
people. 

It is important to recognize that each of the goals we have stated would lead 
to a particular algorithm of allocation that runs contrary to a general philosophy 
of equality of opportunity. We may want to adopt an egalitarian attitude toward 
opportunity and insist that time should be allocated equally to all students in 
the given population. We suspect that there are aspects of the equality-of-oppor­
tunity philosophy that have to be brought to bear in allocating time under any 
global model. This leads to a formulation of optimization that is probably close 
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in working spirit to the intuitive thinking of many people. This model is to apply 
first equality of opportunity and to give a routine time on a daily basis, for ex­
ample, to each student on the assumption that there will be unused technological 
resources after this allocation is made; the remainder of the resources are then 
allocated to optimize one of the functions we have mentioned above. Many 
people might choose to allocate by decreasing the variance. It is important to 
recognize that the use of a global model to decrease variance after an allocation 
according to a principle of equality of opportunity is a very different matter 
from using the goal of decreasing variance as the sole goal with respect to which 
allocation is made. 

The range of possibilities permitted by the kind of global model we have 
developed in this section is by no means exhausted by the alternatives just 
sketched. There is a different and in many ways still more attractive way of 
thinking about optimization. Rather than imposing some external function to be 
optimized, the predictive aspects of the trajectory model can be used to work 
with the individual student toward achieving a goal that is set in consultation 
with his teacher. For example, a student might work with his teacher to make a 
gradeG placement gain of 1.1 years. The trajectory model could be used to give a 
continual updated prediction to the teacher and to the student of how well he is 
progressing toward his goal~ and time could be allocated to individ,uals as neces­
sary according to the prediction. It is easy for us to underestimate the ability of 
even relatively young children to absorb infonnation about their own progress 
and to act accordingly_ In some preliminary work we have recently done, we 
hav.e found that students can be very motivated to achieve a curriculumcrelated 
goal and will find, in terms of their own schedules, ways and means of taking ad­
vantage of the extra technological resources available in the schooL It may well 
be that time allocation based on individual goals and individual initiatives and 
using a global model effectively to provide prediction and guidance will provide 
a better way to move in the future. We may turn away from an allocation of 
resources that does not take into account the student's own ability to be self­
motivated. 

III. OPTiMIZiNG REVIEW EXERCISES IN 
THE RADIO MATHEMATiCS PROJECT 

The use of radio for instructional purposes has a long history, yet the number of 
studies directed toward the development and improvement of instructional 
techniques appropriate for radio is relatively small. Among the various tech~ 
nologies of instruction now being used around the world, ranging from pro­
grammed instruction booklets to color television and computers, a good case 
can be made that radio is the most economical for mass distribution of instruc­
tiono 
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Responding to the growing use of instructional radio in developing countries 
and the need for research, the Technical Assistance Bureau, within the division 
of Education and Human Resources of the United States Agency for Interna­
tional Development (AID), has provided funds for research on improving the 
effectiveness of teaching by radio in the primary grades. Under the aegis of AID, 
the Institute for Mathematical Studies in the Social Sciences has initiated a project 
to teach mathematics by radio in the lower primary grades and is presently 
working in Nicaragua. 

The Radio Mathematics Project assumes responsibility for all of the mathe­
matics instruction children receive. A daily lesson consists of a 25-minute radio 
presentation followed by approximately 20 minutes of teacher-directed activities; 
instructions for the teacher are provided in a project-developed teachers' guide. 
No textbooks are used, but teachers are asked to supply simple materials, such 
as bottle caps and sticks. The focus of our research is how best to use these 
limited resources to teach mathematics effectively. 

In discussing the current project, we have found some skepticism that mathe­
matics can be effectively taught by means of radio, and it is a primary purpose 
of the project to test this hypothesis. The success of this experiment would be 
of some importance because of the low cost of radio technology. If good achieve­
ment results can be obtained, then at least in the case of teaching primary school 
mathematics, the cost-benefit ratios for radio may be the best of any of the 
feasible technologies, including even traditional instruction with adequately 
trained teachers. 

A. location of the Project 

The project is located in the Department of Masaya, an area close to Managua, 
the capital city of Nicaragua. The Department has one large and several small 
municipalities. The total primary-school popUlation is close to 18,000 with ap­
proximately two-thirds of the children in urban schools and the remainder in 
rural schools. Class size ranges from 15 to 60; rural schools frequently have more 
than than one grade in the same classroom. Roughly 30% of the urban and 50% 
of the rural school population is in first grade. 

Children attend school for 3 to 4 hours a day during a school year that ex­
tends from mid-February to mid-November. Student performance is evaluated at 
the end of each school year by final tests constructed by the teacher or school. 
Students who fail one or two subjects may be reexamined before the start of the 
next school year; those who fail more than two subjects are held back. Most 
teachers in the Department are school graduates (with 5 years of post-primary 
education), and they are, on the average, better qualified than teachers in areas 
more remote from the capital. As of the time of writing this chapter, several 
thousand students have received the radio lessons, and the number is continuing 
to expand. 
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B. Overview of a Mathematics Lesson 

Each mathematics lesson consists of two parts, the broadcast portion and the 
teacher-directed portion, with the broadcast designed to be presented first. 
During a typical lesson, two main characters join one or two subordinate charac­
ters to sing, play, and talk mathematics, and they often invite the listening chil­
dren to participate. The children are asked to respond in a variety of ways to 
about 50 exercises during each 2S-minute lesson. Sometimes children are asked 
to handle concrete materials; for example, they may count or group bottle caps. 
Sometimes children are asked to respond orally to new mathematical material, 
and sometimes they respond individually by writing exercises and answers in 
their notebooks. After the radio transmission, the teacher continues the lesson, 
following directions given in the teachers't guide. 

C. Structure of the Curriculum 

_.~' __ ',I speaking, the mathematics curriculum is that specified by the Nicaraguan 
Ministry of although some in emphasis and some reorganiza-
tion have been necessary in the radio lessons. The process of con· 
structing lessons from the rather curriculum of the Ministry 
Education involved several the mathematical content was divided 

or strands, similar the CAl curriculum described in the first section 
of this chapter. For first namely, basic CO[lceJ:>ts. 
number subtraction, and measurement. 

each a set of goals or was defined the 
behavior of a student who had successfuny one year of 
instructional program. The were then broken down into subgoalsll 

that are units for for ex~unl)le. 
that states: The student will count the number in 
where N is less than or to 25. The first might restrict the number 
of objects to five or a second use from six to 10 and so OD. 

The classes may be sampled at any time to provide test items to measure student 
progress in curriculum 

The first consideration in th~ instructional sequence was that aU 
classes that are to a class come before it in the sequence; this 
must be true within and across strands. each class must appear several 

3In Tables 4.7 and 4.8, these classes or subgoals are referred to in abbreviated form. These 
abbreviations, listed here in order, have the following interpretations: HA 
horizontal addition, H:'.l = horizontal multiplication. HS horizontal subtraction, NC 
number concepts. OA "" oral addition. OC "" oral combinations of addition and subtraction, 

:: oral multiplication, OS oral subtraction, SN numerals, SF :::: subtraction 
word problems (oral), VA vertical addition, VS vertical subtraction, and WN writing 
numerals. The numbers following the abbreviations in the tables are the class numbers. 
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times throughout the year - the first appearance for introducing and explaining 
the material and the remaining appearances for providing practice and review. 

D. Optimal Allocation of Time to 
the Various Curriculum Objectives 

It is accepted by a great many people that curriculum designers and writers 
should make explicit the curriculum goals that are being served by the ma­
terials. In broad terms, we have tried to do this in the Radio Mathematics Pro­
ject. More importantly, the curriculum structure outlined above lends itself 
naturally to a quantitative approach. The model that is presented provides 
specific quantitative results that should serve as a sophisticated guide to those 
constructing the curriculum. 

As mentioned already t there are approximately 50 exercises per 25-minute 
radio lesson. On the basis of approximately 150 lessons per school year, this 
means that there are about 7500 exercises to allocate to the various goals. The 
optimization problem then is to group the total number of exercises into blocks 
of N exercises and then to divide the number of exercises in each block among 
the goals in such a way as to optimize performance at the end of the block. 

It is desirable that a problem of this complexity have additional constraints 
placed upon it insofar as this is possible. OUI optimization problem has the fol­
lowing components. First, there is the number s of objectives. Second, there is 
the weight '1 assigned to each goal i with the obvious constraints that" > 0 and 
:E " = 1. Third, there is the initial probability of a correct response to an exercise 
in a given block of exercises. This initial probability of a correct response we de­
note by P, or occasionally, when an indication of sequence position i is needed, 
PI.I" Correspondingly, we use the standard notation for the probability of an 
error, q, and q,./, with q, = 1 - Pt, Fourth, there is the mean learning rate a" 
Note that we could simplify matters by not introducing a different learning rate 
for items associated with different goals, but we do not make that simplifying 
assumption here. Fifth, there is the mean forgetting rate b" Sixth, there is the 
number N of exercises in a given block or segment, with mi to be allocated to 
the ith goal. For example, at the beginning of the year, N could be 7500 exer­
cises. Our fonnal problem is to allocate the ml exercises to each goal in such a 
way that performance at the end of the block is optimized. The measure of opti­
mization is the expected mean error rate, and thus, we want to minimize the ex­
pectation of the mean probability of an error. 

There are, of course, a very large number of ways of ordering presentation of 
exercises related to different goals, but we shall restrict ourselves to a periodic 
patt~m as a first approximation. Thus, an exercise relevant to goal i is offered on 
a given trial followed by ki trials dealing with other goals. This pattern of k, + 1 
trials is repeated periodically throughout the block. Note that, as we show later, 
a relation exists between kit mi , and N, so that the value of k, is fixed by the 



254 SUPPES, MACKEN, ZANOTTI 

value of mj and N. Thus, in finding the optimum allocation of the mj exercises 
to each goal, we are also determining k i , the optimum number of trials before 
the next presentation of an exercise related to goal i. Obviously, in actually writ­
ing curriculum materials, one would sometimes deviate from the exact k j + 1 
periodicity, but the effects of minor deviations will not be significant, and by 
making this periodic assumption, we are able to make explicit computations that 
otherwise are considerably more difficult. 

We assume mean learning and forgetting rates across students. Within these 
mean or averaging assumptions, a variety of individual models can be fitted, as is 
well known from the literature of mathematical learning theory. In particu­
lar, the models of individual learning that can be accommodated to the mean 
learning assumptions may range from the 'all-or-none model, on the one hand, 
to the linear incremental model, on the other. The two mean equations are 
the following: 

(4) 

(5) 

We can write the recursion for forgetting in terms of the probability of an error: 

:::: b,.qi,n + (l -

After one learning trial and 
+ 1 we can easily show 

- bk ' q. 's,+", - . § 
B'~I &. g 

forgetting trials, which constitutes a cycle of 
following: 

The derivation of this result and others that closely follow are to be found in 
Suppes (1964). 

After mi cycles of ki + 1 trials, we can show that we have the following: 

1 - b':i 
E( ) - bmikiamiq + (1 _ bYJlikiaYf'li) R 

qi,miki+mi+1 - i i i.I 4« k 
1 -aibi i 

(8) 

As noted previously, N is the total number of trials in a block. Because, under 
the assumptions made here, forgetting occurs on an trials that are not learning 
trials. the following simple relation holds between N. mi. and ki : 

N= + (9) 

It should be noted that this equation holds for every goal i with, of course. the 
following constraint: 

N:: ~mi 
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Finally, to obtain the weighted expectation of q, the probability of an error, at 
the end of a block, we obtain the following equation from Eqs. (8), (9), and 
(10): 

(11) 

The expected probability of error for objective i, E(q"mik i+mi+ 1), is a con­
vex combination (weighted average) of qi.1 and {(ki) = (1 bfi)f{l a,bfi). 
The following inequality must be statisfied if learning is to occur: 

1 - b'f' 
___ I - < qi,l' (12) 

1 -alb:' 

When this is the case,j(ki ) being an increasing function of k" we have: 

(l3) 

Furthermore, a lower bound for E(q) is obtained: 

1 -bi 
,'i:t" b <; E(q). 

1 -at I 
(14) 

As it stands, Eq. (11) is rather difficult to work with in terms of finding an op­
timal solution - that is, the allocation of the learning trials mi so as to minimize 
the expected error. Detailed analytical results will be published elsewhere. 

On the other hand, by making the overly strong simplifying assumption that 
there is no forgetting, that is, that b i = 1, we can get an explicit solution of the 
allocation problem, which will give us a first approximation that in many cases 
will also be a useful one. Thus, we want to minimize 

E(q) = ~ ".q'.la'{'i, (15) 

subject to the constraint that ~ mi = N. We use Lagrange multipliers to find a 
solution (where z replaces the standard lambda). Our basic function is 

j(m l , ... , ma) = ~ 'Ili,la'{'i + z(~ mi -N). 

Thus taking derivatives, we have for i = 1, ... , s, 

with 

~mi - N = 0, 

mi > O. 

(16) 
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Summing the s equations in z, we then obtain 

m'l 1 ..... mOl rll,.lal I n ai = -; £J r,.qi,lai ' n ai' (17) 

but the right-hand side of Eq. (17) is independent of i, and so we conclude that 
the condition for optimal allocation is the simple qualitative condition of equality 
that for every i andj 

(18) 

The results represented in Eq. (18) can be used to make allocations for the entire 
remaining year. The algorithm is simply that of finding those exercises for which 
practice will increase their expected score at the end of the year by the greatest 
amount. Extensive work on this algorithm and actual implementation have been 
made. The results are too complicated to enter into here in complete detail, and 
there are still certain central conceptual problems that need to be solved before a 
completely successful implementation can be made. 

To give a sense of one of the more pressing conceptual problems, we shall 
focus on a single but highly important aspect. As Eq. (18) indicates~ to determine 
where to make the next optimal allocation of exercise time, we need to know 
the current probability q i of an error on an exercise of a given type - that is, as 
represented in terms of a given goal or subgoal. Because our analysis is in terms 
of the finer breakdown represented subgoa1s~ we shall confine ourselves to 
these and ignore the goals in terms of which subgoals are clustered. 

The problem is how to estimate the q/s. Ifunlimited test data were possible~ 
a direct solution would be feasible. Unfortunately, the number of subgoals in 
each year of the curriculum is approximately 200, so that it is not practical on 
a weekly basis to get current estimates of the q/s. OUf approach to this problem 
was the following quasi~Bayesian method. First, we assigned a prior probability 
distribution with a mean based upon extensive past experience in primary-school 
mathematics. Second, we asked the curriculum designer and coordinator in 
Nicaragua to give her estimates of the preteaching and postteaching performance 
levels to be expected of the students. These estimates took the form of simple 
probability estimates of the proportion of correct responses. We asked her to 
make an estimate for each of the subgoals. We then tested a restricted number of 
the subgoals on which we had test data. 

The results for 10 second-grade subgoals tested prior to teaching are shown in 
Table 4.7. As is clear from the table, the estimates were strikingly and systemati­
cally low for all subgoals. In Table 4.8, we show the comparison of the estimates 
with test data on 16 second-grade sub goals for which test data were collected 
after teaching had taken place. In this case, there is no systematic trend in the 
data when the test data and the estimates are compared, as shown in the final 
column of the table, but the discrepancies are large in a number of cases, in fact, 
more than 010 for over half of the subgoals. 
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TABLE 4.1 
Comparison of Estimates with Test Data 

on 10 Subgoals Prior to Teaching 

Teaching Testing Test P Difference 
Subgoala Week Week Estimated P Range Mean Estimate - Test 

VS4 6 .30 ,46 - .80 66 36 

OMl 7 6 .10 .24 76 .53 43 

SP2 7 6 .20 .83 -1.00 94 74 

SN3 8 7 .30 .73 - 83 .76 46 

OS3 9 8 .20 .69 - .71 .70 50 

HS4 9 8 .15 .45 - 78 59 44 

HM 9 7 .10 .35 .95 .70 60 

HS3 10 7 .25 .53 - .63 59 34 

OAS 10 9 .35 .53 - .75 .63 .28 

VA9 10·11 9 .10 .24 - .46 35 25 

Mean .205 64~ .440 
S.D. 093 .154 148 

aThe symbols are explained In footnote 3, p. 252. 

These discrepancies present formidable conceptual and statistical problems of 
inference to determine the values of the q,'s that should be used in making an 
optimal allocation. It is worth noting that the literature on Bayesian inference 
does not provide much in the way of help when the problem is that of absorbing 
nonfrequency estimates of the kind given by the curriculum designer and as 
shown in Tables 4.7 and 4.8. The move from a Bayesian prior to a posterior is 
ordinarily made on the basis of frequency data. It is almost a paradox of the 
Bayesian emphasis on subjective probability that such poor tools are available 
for absorbing probability estimates that are not based on frequency into the 
formation of a new posterior. 

In the case of Table 4.7, it is at least apparent that a systematic correction 
can be estimated and used for modifying the estimated q i 's required to apply 
Eq. (18). This has been done by straightforward regression methods, but the de­
tails are not given here. The situation is much less hopeful with respect to the 
data shown in Table 4.8. There is a slight tendency for the estimated p/s to be 
higher than the observed p/s, but the trend is not a strong one, and there seems 
no reasonably useful systematic generalization possible of the relation between 
the test data and the estimated p/s. 

It must be emphasized that the efficacy of the global allocation model de­
veloped in this section depends on having reasonably accurate estimates of the 
q/s (or p/s, with always qi = 1 Pi) and also on similar sorts of estimates for 
the rates of learning. The design of an innovative curriculum effort and the pro-
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TABLE 4.8 
Comparison of Estimates with Test Data 

on 16 Subgoals After Teaching 

Teaching Testing Test P Difference 

Subgoal a Week Week Estimated P Range Mean Estimate-Test 

NC7 3 5 .70 .81 -1.00 .90 .20 

OA2 3 5 .80 .64 - .95 .SO .00 

VA2 3·4 5 .90 .89 -1.00 .96 .06 

WN3 3-4 6 .70 .07 - .69 .48 -.22 

NC8 4 5 .70 .90 -1.00 .95 .25 

NC10 4 5 .80 .56 - .75 .64 -.16 

HA3 4 5 .65 .88 -1.00 .91 .26 

VA4 5 6 .85 .80 - .80 .84 -.01 

OC1 5 6 75 .t4 ~ .69 .36 -.39 

HS2 5 7 .15 .48 - .55 .51 -.24 

WN4 6 7 .70 .55 - .70 .63- -JJ1 

VA3 6 1 .90 .88 - .95 .93 .03 

VS3 6 1 .85 .70 - .75 .73 -.12 

VS4 a .85 .71 - .78 .76 -.09 

OMi 1 8 .75 .46 - .81 .12 -.03 

SP2 7 S .SO .42 - .66 .51 -.23 

Mean .778 .730 -.048 

SO. .on .185 .183 

aThe symbols are explained In footnote 3. p. 252 

vision of resources adequate to this task of data collection and analysis is not im~ 
possible, but it is difficult to in place. 

Thus, the example we have dealt with in this section is in one sense incom­
plete. On the one hand, the conceptual framework is clear and the intended apG 
plication is well defined. On the other hand, successful application is as yet 
impeded by difficult problems of data collection and analysis. In our view, sys~ 
tematic thinking about curriculum, especially the global organization of curricu­
lum, has usually proceeded without concern for any serious systematic appraisal 
of empirical data. Part of our reason for considering the example of the Radio 
Mathematics Project is to illustrate that this nonempirical attitude need not pre­
vail and that, with sufficient perseverance and determination, the application of 
global psychological models to the detailed design and organization of curriculum 
is possible. We hope to be able to report in the future our own results in carrying 
this kind of analysis through to a conclusion. We believe that the problems of 
statistical inference we have outlined can be solved in a constructive way. 
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