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Abstract The thesis of this article is that the nature of probability is centered on

its formal properties, not on any of its standard interpretations. Section 2 is a survey

of Bayesian applications. Section 3 focuses on two examples from physics that

seem as completely objective as other physical concepts. Section 4 compares the

conflict between subjective Bayesians and objectivists about probability to the

earlier strident conflict in physics about the nature of force. Section 5 outlines a

pragmatic approach to the various interpretations of probability. Finally, Sect. 6

argues that the essential formal nature of probability is expressed in the standard

axioms, but more explicit attention should be given to the concept of randomness.
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1 Introduction

In this article, I argue that the true nature of probability is to be found in its formal

properties, not in one of its interpretations. But my spirit is ecumenical. In Sect. 2, I

survey some good Bayesian applications, and in Sect. 3, I move to physics and

consider two examples that seem to me better understood, in terms of their

probabilistic features, as cases of physical propensity, not subjective belief. One

example is from quantum mechanics and the other from deterministic classical
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particle mechanics. They reinforce the importance of separating the probabilistic

character of observable data from the issues of natural processes being deterministic

or indeterministic. My ecumenical spirit is most evident in Sect. 4, where I compare

modern conflicts between subjective Bayesians and objectivists to the great

controversy about the nature of physical forces being mechanical (Cartesian) or

dynamic (Newtonian). The shrill tone of the rhetoric disappeared some time ago.

The controversy is, as we say of such passionate past episodes, now only of

historical interest. This is the longest section, I suppose because I favor analogies

rather than direct arguments for reconciling quarrelling friends. In Sect. 5, I sketch a

pragmatic approach to the various interpretations of probability, and claim that this

fits well with the actual practice of statisticians and scientists. Finally, in Sect. 6, I

argue directly for my conclusion that the essential nature of probability is formal, as

expressed in the standard axioms, but the important topic of randomness has, in

recent years, been somewhat neglected in the literature on foundations of statistics.

2 Good Bayesian applications

Because I will make some criticisms of Bayesian approaches to probability later, I

want to emphasize how sympathetic I am to lots of Bayesian applications and have

made some myself. I begin with some examples of such applications.

2.1 The expectation of friends

So, one friend says to another, ‘‘the Smarts are usually late’’, meaning to a dinner

party, and back comes the question, ‘‘How many minutes do you expect they will

be?’’ The friend answers, ‘‘fifteen or twenty minutes.’’ Such expectations are a

familiar and important part of ordinary discourse, and they are Bayesian to the core.

In fact it was one of the wise ideas of the Reverend Thomas Bayes (1763), at the

very beginning, to emphasize the primacy of expectations over probabilities.

2.2 The final smoothing of forecasts

The great examples I think of immediately are the weather and markets. Wherever

we have anything complex, mathematical models, no matter how good they may

seem, do not have, almost without exception, a good algorithm for forecasts.

Forecasts are made in the end by someone having good human judgment about how

the data and the model look, what past experience shows, and so forth; making, in

other words, a good Bayesian analysis of what the forecast should finally be.

Skyrms (1990) has many insightful and useful things to say about such predictions

as rational deliberations. On some points we do disagree, which I will mention later.

Moreover, there is now a tremendous statistical experience pointing out the

importance of having some kind of prior. The conclusion almost seems to be that is

it better to have a prior of any kind, rather than none at all, for a great host of

applications. This is a point worth going into in some detail, but not here.
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2.3 Objective Bayesians

Such Bayesians are represented above all by Jaynes (1978), with applications to

statistical mechanics. Objective Bayesians also have important applications in other

areas of physics, as Jaynes very much liked to point out, and as many other people

have as well. There are lots of ways to be an objective Bayesian, and I will not try to

say more here, except to say that I prefer the objective maximum-entropy priors of

Jaynes and company to the objective logical priors of Jeffreys (1948), Carnap

(1950) and the like.

2.4 An objective view of priors

An objective view of priors is to look upon them as a natural, even biological,

phenomena, as the result of learning from experience, a process normally not under

the conscious control of the person or whatever sort of entity the learner might be. In

the world to come, this could be, for example, a smart robot. So, to study where

Bayesian priors come from is to study how they are learned or acquired, in other

words, how experience is accumulated. Of course the fully concrete experience of

experts or beginners in any subject would be much too complicated to analyze in

complete detail. But this does not mean that we cannot have reasonable theoretical

ideas of objective ways of verifying what both experts and beginners are learning

and, in fact, how they are learning. Such study is, I would take it, a natural empirical

and theoretical problem of psychology as a scientific discipline, rather than a

problem of philosophical or statistical analysis. This is what I call the objective view

of subjective Bayesian priors. Not much work has been done yet in this area. It

should be; I mention a recent paper of my own entitled ‘‘Where do Bayesian Priors

come from?’’ (2007).

2.5 Not all priors are equal in the dead of the night

Contrary to the view of some extreme Bayesians, we can often objectively judge as

better or worse the priors of different persons. This is in fact what we mean, to a

very large extent, by an expert. Such a person is a one who, in a given area, can

make better forecasts than an amateur stepping in from nowhere. So this will be

found to be true of the weather, of markets, and of the behavior of friends. Favorite

examples of mine are drawn from novels in which the author makes clear the great

difference between a naı̈ve and a sophisticated predictor of the behavior of other

characters. We see this in our own friends and certainly we have expressions of this

in such claims as, ‘‘He or she is an excellent judge of character,’’ meaning in many

cases a good judge of what someone’s future behavior will be like; and in other

cases saying, ‘‘he is certainly naı̈ve in understanding the behavior of his friends,’’

meaning that his expectations are way off the mark. In the case of seeking expert

help, because before we perform an experiment, we want someone to give us an

opinion on its design, we ordinarily want to ask someone familiar with the relevant

science and particularly with the relevant experimental or observational traditions,

whether it is in solid-state matter, tomorrow’s weather, or yesterday’s earthquake.
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There are a few nice studies of such forecasts; I mention two here (Makridakis et al.

1984; Dawid 1986).

3 Arguments from physics for objective probability

I now want to give several examples that make me skeptical of the strongest and

most radical Bayesian forms of belief in probability being purely subjective. As I

have tried to explain, in what I have just said, I think Bayesian applications and

ideas are useful in many contexts. On the other hand, I think Bayesians are mistaken

if they claim that the theoretical probabilities supported by frequency data I can

observe in many physics experiments are somehow a matter of personal belief.

As a first example: many quantum-optics experiments with linearly polarized

photons, depend very much upon the fact that the polarization, plus or minus, has

exactly a probability of one half in an extraordinary range of experimental

situations. In fact I know of no data from a serious experiment conflicting with this

idea. Furthermore, if the equation

PðþÞ ¼ 1

2
¼ Pð�Þ ð1Þ

were not true, the use of polarized photons in entanglement experiments would

violate the fundamental theorem that no signaling by entanglement is possible.

More generally, the strongest aspect of my view of the matter here is that the

randomness characteristic of probabilistic data is not necessarily something

subjective. It is certainly true that in some cases the method by which data have

been generated will really matter. But in lots of cases all we have are the data

themselves, as in the case of polarized photons, and as we observe the data we say to

ourselves, ‘‘Ah, this is just like coin flipping,’’ and of course we mean these data are

a realization of a Bernoulli process of independent trials. This is no more subjective,

in the ordinary view, than it would be to say that what constitutes a force in physics

is subjective. I develop this example later.

My main argument is that we can take the epistemological stance that all

knowledge is subjective, but then probability has no privileged position. The main

point is this: I am arguing against saying that many things are objective, such as

most concepts of physics, particular observations, mathematical theorems, and so

forth, but that probability is somehow peculiarly subjective. This is privileging

certain kinds of data in relation to others in a way that I think does not

epistemologically ring true, that is not, in the long run, fully defensible. There is

more to be said about this than I am saying in this brief paragraph.

The second example, also from physics, is a case of the three-body problem from

classical physics, not quantum mechanics. As can be seen in the Fig. 1, particles m1

and m2, of some considerable mass, are moving in Newtonian elliptical orbits

according to Newton’s solution to the two-body problem, in the plane as shown. The

third particle, m3, of negligible mass and therefore not able to disturb the motion of the

two heavier particles, is moving perpendicular to the plane, through the center of mass

of the two-body system consisting of m1 and m2. Because of the symmetry of the
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situation, with the two bodies being the same in mass (m1 = m2) there are no forces to

move the particle off the vertical z-axis passing through the center of mass of the two-

body system consisting of m1 and m2. This reduces the problem to one dimension.

To obtain a differential equation in simple form, we normalize the unit of time so

that the temporal period of rotation of the two masses in the x,y plane is 2p, we take

the unit of length to be such that the gravitational constant is one, and finally

m1 ¼ m2 ¼ 1
2
; so that m1 þ m2 ¼ 1: The force on particle m3, the particle of interest,

from the mass of particle 1 is

F1 ¼
m1

z2 þ r2
� ðz; rÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 þ r2
p ð2Þ

where r is the distance in the x,y plane of particle 1 from the center of mass of the

two particle system m1 and m2, and this center is, of course, just the point z = 0 in

the x,y plane. Note that
ðz;rÞ
ffiffiffiffiffiffiffiffiffi

z2þr2
p is the unit vector in the direction of the force F1.

Similarly,

F2 ¼
m2

z2 þ r2
� ðz;�rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 þ r2
p : ð3Þ

So, simplifying, we obtain as the ordinary differential equation of the third

particle

d2z

dt2
¼ � z

ðz2 þ r2Þ
3
2

: ð4Þ

Let t1, t2, t3,… be the times at which the particle m3 intersects the x,y plane of

motion of the two larger particles. Then, for the purposes of symbolic dynamics,

define sn as the largest integer equal to or less than ðtnþ1 � tnÞ times a constant k,

where k is the reciprocal of the period of motion of the two particles m1 and m2. The

following theorem has then been proved, due to the brilliant work of the Russian

Fig. 1 Restricted three-body
problem
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mathematicians Sitnikov (1960), Alekseev (1968/1969a, b), and as formulated and

summarized with great clarity by Moser (1973).

Theorem Given that the eccentricity of the elliptic orbits is positive but not too
large, there exists an integer, say, a, such that any infinite sequence of integers sn,
such that sn� a corresponds to a solution of the deterministic differential equation
governing the motion of the third particle m3.

The symbolic-dynamic notion of correspondence between the solution and the

sequence of integers is that of Birkhoff (1927/1966, 1935).

A corollary about random sequences immediately follows. Let R be any random

(finite or infinite) sequence of heads and tails, i.e. any sample path, or finite segment

of such a path, of the Bernoulli process with two outcomes that are equally likely—

for this purpose we can use any of the several well-developed variants—Church,

Kolmogorov, Martin-Löf etc. We pick two integers greater than a to represent the

random sequence—the lesser of the two representing heads, say, and the other tails.

We then have:

Corollary Any random sequence of heads and tails corresponds to a solution of
the deterministic differential equation governing the motion of the third particle.

I can make my earlier remarks about objective probabilities in physics by specific

reference to the corollary. Such a random sequence generated by the idealized motion

of the three-body system is as of just an objective character as the forces F1 and F2

defined by Eqs. 2 and 3. It seems, at least to me, strange to say that the solution to the

differential Eq. 4 corresponding to a random sequence of the kind described is

subjective and a matter of personal belief. The methods, as far as I can see, for proving

the Corollary in detail are entirely objective in the ordinary intuitive sense.

Perhaps a subjectivist might respond by saying I am missing the point, it is the

very definition of randomness that is subjective. But this response also seems hard to

understand. The formal definition of Bernoulli processes appeals to no concept of

subjectivity, nor do the tests for randomness of a given sequence. And, in any case,

since all sequences of a broad sort are covered by the theorem, it is not even

essential to agree on some single test for randomness. We need only accept that,

from a formal standpoint, among the class of infinite sequences covered by the

theorem, there are random sequences belonging to some Bernoulli process.

To make my point about objectivity as clear as I can, what I have said does not

exclude the use of Bayesian statistical methods to infer (in a statistical sense)

whether a given finite sequence comes from a random process. My claim is centered

on the nature of the theoretical probability implicit in the theorem and how we think

about it physically.

4 Historical comparison: seventeenth century controversies
about the nature of force

The great controversy of the seventeenth-century is the conceptual battle between

mechanical and dynamic concepts of force: the mechanical being contact forces, as
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the only one permitted by Descartes, and the dynamical concept of Newton

exemplified above all by the action-at-a-distance force of gravitation. Conceptually

the dynamic view also included action-at-a-distance forces of repulsion.

The intensity of the rhetoric from both sides is comparable to that found in the

controversies over the nature of probability in the second half of the twentieth

century between subjective Bayesians and objectivists, particularly of the Neyman–

Pearson behaviorist sort.

First I provide some quotations from the seventeenth century and commentaries

on them. Descartes’ (1644/1983) most systematic statement on physics is his

Principia Philosophiae, first published in 1644. Although the main outlines of this

work are too familiar to require re-statement here, it is appropriate briefly to

examine Descartes’ attempt to reduce the whole of physics to kinematics. He

thought that this reduction was effected by his reduction of the concept of body to

that of geometrical solid and by his purely relational definition of motion. The clear

and distinct notions of size, figure and motion are adequate for explaining

everything concerning physical bodies, provided that the principles of mathematics

and geometry are accepted (Principia, IV, p. 203). The quantity of motion is then

defined as the product of the size (magnitudo) of a body and its velocity (as a scalar

only; Ibid., II, pp. 36, 40, 43, 47–52, IV, pp. 199, 203). Within this framework, a

kinematical concept of force is defined. Force is simply the quantity of motion. This

definition is not given explicitly and formally, but is easily deduced from repeated

uses of the term in certain contexts (Ibid., II, pp. 47–52).

Descartes emphasizes that the force of a body consists only in its inertial

property; it has no active attractive or repulsive powers of any kind. Thus we see

that to his a priori kinematics, Descartes added but one kind of force, that of impact.

Every change in the state of motion of a body is to be accounted for by the impact of

other bodies upon it, or, what amounts to the same thing, by its impact on them. The

contact action of impact is the only mode of action between material things which is

clear and distinct. Descartes’ a priori mechanics is nearly faithful to his program, for

this single mechanical cause of motion is conceived in terms of the figure, size and

motion of the bodies. Descartes emphasizes this by asserting that the quantity of

inertial force of a body is a function of the size of the body, the surface which

separates it from other bodies, and the speed of its motion.

It should be noted that Descartes was traditionally severely criticized for his

inadequate account of how a body possessing only the property of extension could

have resistance to impact. In the Principia this absence of a concept of

impenetrability of matter is an untouched mystery. In correspondence with Henry

More, Descartes (1897) states the following view: ‘‘It cannot be understood that one

part of an extended thing penetrate another equal to it without the middle part of that

extension being, by that fact, destroyed, or annihilated; but what is destroyed does

not penetrate the other; and, so, in my judgment, it is demonstrated that

impenetrability belongs to the essence of extension, and not of any other thing’’

(Oeuvres, V, p. 378).

For Descartes, the explanation of every phenomenon must, without exception, be

given in terms of a mechanism of contact action. As Whittaker (1910, p. 3) has

remarked, this places a heavy burden upon Descartes’ system. The explanation of

The nature of probability 95

123



gravitation, light, heat, fire, and magnetism and the motion of the planets must in

each case involve a mechanism of impact or pressure. Every hypothesis which is

made to account for any of these phenomena must use contact action, and the often

disastrous results of adopting such a priori principles of natural knowledge are

nowhere better illustrated than in Descartes’ detailed explanations in Parts III and

IV of a wide variety of physical phenomena.

Although in a general sense the hypothetical methods of Parts III and IV of the

Principia are acceptable, the actual analyses of particular physical phenomena are

almost completely unsatisfactory. What is the main reason why the developments in

these parts of the treatise now seem so ridiculous, particularly when compared to the

physical treatises of Galileo and Newton? The central weakness, it seems to me, is

the wholesale introduction of unobservable particles, which are assigned compli-

cated, yet purely qualitative, imprecisely defined structures. The various micro-

scopic entities introduced by Descartes are all slavishly modeled after the

macroscopic bodies observed and encountered in ordinary experience. This obvious

inadequate method of analogy is the main technique employed in passing from

Descartes’ general vortex theory to particular phenomena.

A second, closely related weakness of Parts III and IV is that the logical

consequences of many subsidiary hypotheses are not pursued in any detail. This failing

led to the early downfall of Descartes’ system in the most important and precise branch

of seventeenth century science, namely, the mechanics of the solar system. The

vortical explanation of the motion of the planets was demolished by Newton.

This general mechanical ideal of reducing the particular causes of all changes in

nature to simple cases of contiguous forces of impact has exercised an enormous hold

on the development of physics even until recent years. (For influence of the Cartesian

system, see particularly Mouy 1934; also Boullier 1868, and Whewell 1857.) Yet

from a systematic philosophical standpoint, Cartesian physical theory is an example

of reductionism at its worst. This is probably the source of the paradoxical historical

position of Descartes’ physics: his simplifying general ideas had great influence,

although his positive technical contributions were slight, in sharp contrast to the

significance of his contributions to mathematics, especially geometry. A physics

based on a very few clear ideas is very appealing, but it can be empirically sound and

technically interesting only if provided with a powerful mathematical framework,

which is precisely what Descartes did not do. Indeed, from the standpoint of physics,

we may agree with Leibniz’s remark that Descartes’ Principia was a roman de
physique. (My discussion of Descartes is drawn from Suppes (1954).)

Newton, ever fearful of controversy after his early rough encounter with Robert

Hooke in the 1670s over the nature of light, was careful in his Principia, published

in 1687, not to claim that gravitational attraction was understood physically. Here is

what he says in the early section on definitions:

I likewise call attractions and impulses, in the same sense, accelerative, and

motive; and use the words attraction, impulse, or propensity of any sort

towards a centre, promiscuously, and indifferently, one for another; consid-

ering those forces not physically but mathematically: wherefore the reader is

not to imagine that by those words I anywhere take upon me to define the kind,
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or the manner of any action, the causes or the physical reason thereof, or that I

attribute forces, in a true and physical sense, to certain centres (which are only

mathematical points); when at any time I happen to be speaking of centres as

attracting, or as endued with attractive powers. (Newton’s Principia, p. 5–6)

By the time the second edition of Newton’s Principia was published in 1713,

Newton permitted Roger Cotes in his Preface to this edition to attack the Cartesians

vigorously:

They [the Cartesians] assume that all matter is homogenous, and that the variety

of forms which is seen in bodies arises from some very plain and simple

relations of component particles. And by going on from simple things to those

which are more compounded they certainly proceed right, if they attribute to

those primary relations no other relations than those which Nature has given.

But when they take a liberty of imagining at pleasure unknown figures and

magnitudes, and uncertain situations and motions of the parts, and moreover of

supposing occult fluids, freely pervading the pores of bodies, endued with an all-

performing subtilty, and agitated with occult motions, they run out into dreams

and chimeras, and neglect the true constitution of things, which certainly is not

to be derived from fallacious conjectures, when we can scarce reach it by the

most certain observations. Those who assume hypotheses as first principles of

their speculations, although they afterwards proceed with the greatest accuracy

from those principles, may indeed form an ingenious romance, but a romance it

will still be. (Cotes’ preface to Newton’s Principia, p. xx)

Cotes’ attack on the Cartesians does not stop here, but continues over several

more pages of sharp and scornful criticism.

By the last 25 years of the eighteenth century, the climate of opinion had swung

farther than Newton wanted to go, even in philosophical circles. The articulate and

powerful philosophical advocate was Kant, who strongly supported the dynamical

over the mechanical view of force in his important work on the foundations of

physics Metaphysical Foundation of Natural Science (1786/1970).

Kant’s analysis of the foundations of physics assigns a central role to fundamental

action-at-a-distance forces of repulsion and attraction. He does not make the mistake

of attempting to derive a priori specific mathematical laws that will characterize the

nature of these forces, but he does derive, or at least argue for, a number of

fundamental theorems, including Newton’s third law of action and reaction. Without

a detailed discussion of the derivation of these forces, we can still consider the central

question of what is the epistemological or metaphysical relation of the fundamental

forces of attraction and repulsion to the concept of matter itself. Kant emphasizes that

the fundamental forces of repulsion and attraction cannot themselves be constructed;

their possibility cannot be demonstrated. These fundamental forces are not derived

from experience, nor can they be mathematically constructed from other concepts,

which would be necessary to demonstrate their possibility. They are jointly the

ultimate ground for the possibility of matter. If one asks why matter fills its space by

these original forces, the only answer is that they are necessary conditions for the

construction of the concept of matter. Reason can do no more than reduce the diverse

The nature of probability 97

123



forces appearing in nature to these two fundamental ones, ‘‘beyond which our reason

cannot go.’’ Kant completely reversed the physical story from a foundational

standpoint. For him, the Cartesian mechanical conception can be mathematically

convenient, but is conceptually physically unsound (Suppes 1967).

One of the great scientific successes of this last part of the eighteenth century was

the impressive collection of computational results from applying Newtonian

gravitational theory to many astronomical phenomena. The majestic summary of

these many results is to be found in Laplace’s multi-volumed Celestial Mechanics
(1799/1966). Laplace records no controversy about the nature of force, but in good

laconic scientific style says only this:

‘‘It is my intention to give in this book the general principles of the

equilibrium and motion of bodies, and to solve those problems of mechanics

which are indispensible in the theory of the system of the world.’’ A body

appears to us to be in motion, when it changes its relative situation with

respect to a system of bodies supposed to be at rest; but as all bodies, even

those which appear to be in the most perfect repose, may be in motion; a space

is conceived of, without bounds, immoveable, and penetrable by the particles

of matter; and we refer in our minds the position of the bodies to the parts of

this real, or ideal space, supposing the bodies to be in motion, when they

correspond, in successive moments, to different parts of this space. ‘‘The

nature of that singular modification, by means of which a body is transported

from one place to another, is now, and always will be, unknown; it is denoted

by the name of Force. We can only ascertain its effects, and the laws of its

action (Celestial Mechanics 1)

The analogy I am focusing on is that between the seventeenth and eighteenth

century scientific views on the nature of physical forces and the twentieth century

views on the nature of probability.

The seventeenth century Cartesians correspond most closely to the twentieth

century subjective Bayesians. There is just one fundamental analysis of the concept

of force/probability, and we know what it is.

There are two varieties of Newtonians. Newton himself and Laplace are the most

prominent members of the group which holds that the nature of gravitational force is

unknown, rather than ultimate and fundamental, but mathematically we can

compute and compare fits to data with great success. This attitude corresponds to the

attitude toward probability of the early foundational work on quantum mechanics by

prominent physicists and mathematicians.

Kant is the most prominent representative of the other sort of Newtonians, the

ones standing in direct opposition to the Cartesians by their affirmation of the

fundamental forces of action-at-a-distance attraction and repulsion being the final

explanation of how matter can exist. Nothing deeper can be found to explain these

forces themselves.

A predecessor of Kant, better known in the eighteenth century than now, was the

Jesuit physicist Roger Joseph Boscovich, whose major work Theoria Philosophiae
Naturalis was first published in Vienna in 1758. Put very briefly, his theory is that

the matter of the universe is composed of a finite number of nonextended points.
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Attractive and repulsive forces, which are a function of distance only, act between

these points according to a single law of force. All the observed phenomena of

nature are to be explained solely in terms of the distribution and motion of these

points and the forces acting between them.

In their different ways, both Boscovich and Kant aimed to supply a proper

foundation for Newtonian mechanics. In this attitude, and especially in their

certainty of the correctness of their views, they occupy a position on forces

analogous to that of Neyman and Pearson on probability.

The more important thing I want to emphasize, in the irenic spirit of my analysis of

the nature of probability, is that this bitter battle over the nature of forces has faded

from memory, and the historical details reviewed here are surely known only by a

small number of living physicists. The point of my analogy is to predict the same will

be true of the twentieth century controversies about the interpretation of probability.

In fact, the fading from memory is already happening in statistics with the new tidal

wave of complex computational methods for analyzing ever larger sets of data.

5 Pragmatism about probability

1. Here is an insightful quotation: ‘‘Some may feel that we should make more definite

pronouncements about the comparative value of different methods of inference—

especially Bayesian versus classical. Obviously we are favorably disposed toward

the Bayesian approach, but in the field of data analysis at least, the techniques are in

their infancy. As these techniques evolve, their merits and demerits may be easier to

judge. Even though individual statisticians may claim generally to follow the

Bayesian school or the classical school, no one has an adequate rule for deciding

what school is being represented at a given moment. When we have thought we were

at our most Bayesian, classicists have told us that we were utterly classical; and when

we have thought ourselves to be giving classical treatment, Bayesians have told us

that the ideas are not in the classical lexicon. So, we cannot pretend to speak for

anyone but ourselves.’’ (Mosteller and Wallace 1964/1984, p. ix) In this work

Mosteller and Wallace were focused on giving a thorough statistical analysis of the

disputed authorship of one of the Federalist Papers, which were among the most

famous political documents concerned with what should be the nature of the

government of the new American Republic in the 18th century.

2. Reluctance to give a definite interpretation of probability is widespread in

physics. The slogan is ‘‘Only compute,’’ and this applies to much more than

probability. The pioneers of early statistical mechanics, Maxwell, Boltzman, and

Gibbs, had this attitude. So did the authors of many early papers on quantum

mechanics, such as Fock, Weyl, and von Neumann. (For specific quotations to

support this general remark, see Suppes (2002, pp. 257–261).) But there was

widespread agreement on testing quantum mechanics by repeated experiments

yielding relative frequencies of observed phenomena.

3. An instrumental or measurement view of probability goes well with pragmatism.

The broad tent of pragmatic thought can easily include Bayesian views by interpreting

them as treating humans as rather crude but conceptually sophisticated measuring
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instruments, with experts objectively being better calibrated than novices in any given

area of experience, such as experimentation in physics.

4. But pragmatic practice has no problem preserving the formal properties of

probability, perhaps especially because of their usefulness in providing a settled

computational regime for explaining or predicting the fluctuations found in many

natural phenomena. (For more detailed analysis of this pragmatic attitude, see

Suppes 2002, Chap. 5.)

6 Conclusion: the true nature of probability is formal

Any phenomena, real or imagined, are probabilistic in nature if they satisfy the

standard axioms of probability. Naturally, some of the models of the axioms are trivial

and uninteresting. Here is an example. The set X of possible outcomes consists of all

256 sequences for h and t (for heads and tails) of length 8. The Boolean algebra of

events is just the power set of X, i.e. the set of all subsets of X, and the probability

measure P is such that its discrete probability density p assigns probability 1 to the

possible outcome h t h t h t h t and 0 to all other possible outcomes. The conceptual

point of this example is that any finite sequence of coin flips or any other process can be

represented as a possible outcome of a probability space which formally assigns

probability 1 to this sequence.

1. The widespread intuitive acceptance of the formal properties of probability is

why we are so comfortable with treatise after treatise on the mathematical theory of

stochastic processes, and a host of other theoretical developments in modern

probability theory. We do not ask the authors to state their interpretations of

probability before opening the pages. The same is true of most of the articles published

in the Annals of Statistics, the most important journal of theoretical statistics.

2. The controversies between Bayesian and Neyman–Pearson statisticians are best

seen as pragmatic arguments over best procedures of measurement, not as arguments

about the nature of probability. One way of putting this point is that ‘‘objectivists’’ about

probability do not accept human judgments of numerical measures of probability. The

pragmatic response is that they are thereby ignoring useful information.

3. Of course, as applications of probability are made to ever more kinds of

phenomena, the pragmatic need for considering changes in some of the formal

properties of probability can and does arise. Witness the recent interest in upper and

lower probabilities. And there can be differences of other sorts, for example, finite-

additivity versus r-additivity, or various weak and strong concepts of randomness.

4. But the broad formal conception of probability as represented by the intuitive

properties of qualitative probability, additivity of the probability of mutually

exclusive events, finite in number, ordering of events, and conditioning of

probability remain untouched. The one formal concept that remains controversial is

that of randomness, my final topic.

5. Characterizing when a sequence of outcomes, finite or infinite, is to be judged

random has turned out to be a subtle and complex problem. This is not the place to

enter into an analysis of the many technical issues that have arisen since the

pathbreaking work of von Mises early in the 20th century. The curious point is that
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many of the difficulties uncovered in each successive proposal have hinged on

deterministic matters of logic that seem far removed from probability, but are not.

Equally important, unless my knowledge of the literature is worse than I think it

is, none of the major difficulties of defining randomness for infinite sequences have

arisen out of differences between subjectivists and objectivists on the nature of

probability. A point has sometimes been made about why Bayesians even need a

concept of randomness, or why Bayesians even think about random sampling as a

part of good statistical practice. (I tried to answer this question in Suppes 1983.) But

this question about sampling does not bear directly on the definition of randomness.

Moreover, I know of no purely subjectivist view about the proper definition of

randomness for infinite sequences. But I can say the same for the Neyman–Pearson

approach to statistics. In fact, detailed formal development of the concept of

randomness is missing from just about all of the prominent literature on the

foundations of statistics defending a logical, frequentist, physical-propensity or a

subjectivist view of probability. Nor is an emphasis on randomness as a concept

strongly identified with any one of these views in any definitely unique way.

Such a lack of identification is also a characteristic feature of the literature on

finite sequences and especially algorithms for generating pseudorandom finite

sequences for use in experimental design, quality control, and like purposes. The

dominant attitude is pragmatic, and in the study of finite sequences, measures of

complexity often replace randomness as such.

But from a foundational standpoint, this neglect of a more thorough analysis of

randomness is not completely satisfactory, even if pragmatically understandable.

Because randomness, including all the cases with constraints, such as Markov

properties of temporal sequences, is an observable property of the sequences of

outcomes, it belongs like additivity, in an essential way, to the formal nature of

probability, not to the various interpretations. In spite of the very technical nature

of the recent literature on tests for randomness (e.g., Miller and Nies 2006; Downey

et al. 2006) the foundational discussion, in the spirit of the rest of this article, can

use the standard theoretical concept of a Bernoulli process (discrete time) or

Bernoulli flow (continuous time) as a factor for expressing the random character of a

more general stochastic process or flow, as is done in ergodic theory (Ornstein and

Weiss 1991).

The overriding reason for insisting on randomness as a central feature of the formal

structure of probability is that from time immemorial, or at least since Epicurus (1940,

341–270 BCE), the most salient feature of the causes and occurrences of many natural

phenomena has been their unpredictability and uncertainty. This probabilistic

qualitative insight preceded by centuries the development of the quantitative formal

properties that support the modern set-theoretical axiomatizations of probability.

References

Alekseev, V. M. (1968–1969a). Quasirandom dynamical systems I, II, III. Mathematicheskii USSR
Sbornik 5–7, 505–560 (and 1–43).

The nature of probability 101

123



Alekseev, V. M. (1969b). Quasirandom dynamical systems (Russian). Mathematicheskii Zametki
6(4):489–498. (English translation in Mathematical Notes 6 (1969), 749–753.)

Bayes, T. (1763). An essay towards solving a problem in the doctrine of chances. Philosophical
Transactions of the Royal Society 53:370–418. (Reprinted in Facsimiles of two papers by Bayes with

a commentary by W. Edwards Deming, Ed., 1940, New York: Hafner Pub. Co.)

Birkhoff, G. D. (1927/1966). Dynamical systems, Vol. 9. New York: AMS College Publications.

Birkhoff, G. D. (1935). Nouvelles Recherches sur les systèmes dynamiques. Memoriae Pontificiae
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