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Tm: marvelously clear and definite structure that is characteristic of
most parts of modern mathematics can be misleading when problems of
mathematical instruction are considered. The very clarity of the struc-
ture of mathematics itself can lead to the mistaken view that nothing
beyond this structure need be considered in analyszing and deciding how
mathematics should be taught.

Yet anybody who has taught nrathematics knows how far from the
truth this claim is. It is not a srraightforward or simple matter for the
average student to learn mathematics! And ithere is no doubt thac the
ordinary student finds that he has to think harder in learning mathe-
matics than in learning just aboul any other subject in the curriculun.

The case Jor basic research in mathematics cducation can be stated
quite simply in terms of these well.known difficulties of students. It is the
ultimate objective of basic research in mathematics education o under-
stand how students learn ‘mathematics, and. to use this undersf!m(.ling Lo
outline more effective ways of organizing the curriculum, It is probably
also agreed, on all sides, that we ave still very far [rom realizing this
objective, Without question, we do not yet understand in any reasanabie
degree of scientific detail what goes on when a student Iearns a picce of
mathematics, whether the mathematics in guesiion he first-grade arvith-
metic, undergraduate calculus, or graduate-school algebraic topology.

In this brief article § want o survey some ol the more important fea-
sons for having a vigorous program in basic research in mathematics
education.

Education, Washingion, D.C.:
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Derects orF INTUITION

Many teachers, who would admit that the logical structure of mathe-
matics alene is not sufficient to determine the mathematics curriculum
and how it is to be presented to students, would still maintain that the
remaining gaps can be closed by appropriate use of intuition.

The first puzzling thing about this claim for intuition is that most of
us have only a vague idea of what another person means when he talks
about knowing something by intuition. What is intuition? We all rec-
ognize the role of experience in the training of teachers. As a rule, the
teacher who has taught several years is able to do a better job than the
beginner, Intuition is involved—intuition as the acquisition of knowl-
edge and information in an inexplicit and nonformalized way on the
basis of teaching experience. No one faced with the complex problems
of teaching mathematics or any other part of the curriculum would want
to belittle the importance of experience and practice in the training of
good teachers.

Yet many examples exist in the mathematics curriculum to show that
it is not sufficient to leave the curriculum to the intuition of curriculum
writers and the experience of teachers, The extensive research by
Brownell and others on mecthods of subtraction has made everyone deal-
ing with the curriculum in arithmetic sensitive to the analysis of the
actual steps that must be taught children in learning the subtraction
algorithm. Another example is the evidence that in the learning of a
sequence of mathematical concepts, the important problem is often to
minimize negartive transfer rather than to facilitate positive transfer, The
existence of negative transler in passing from one concept to another is
the sort of thing that is noticed by the very good teacher; it is also the
kind of phenomenon that needs to be pinned down, in terms of research,
and made part of the objective evidence presented to all teachers in
telling them about learning difficulties. Another example that goes
contrary to the formal structure of our standard teaching of geometry is
found in the clear results concerning children’s perceptions of rotations
and stretches of standard geometrical figures in the plane. Although
Euclidean geometry uses the fundamental notion of congruence that is
invariant under rotations ol figures, but not under stretches in their size,
at the perceptual level this notion of congruence is more difficult for
young children than perceiving the relation of similarity between figures
that have the same oricntation and shape but different sizes. Because
teachers have themsclves been taught Euclidean geometry and are
familiar with the concept of congruence, it is all too easy for them to
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infer chat this is the more natural concept for children. Without support-
ing research, it would be difficult to convince many teachers of the true
state of affairs.

DErFrcTs OF SHEER EMPIRICISM

It is also lmportant to emphasize, in discussing the role of basic re-
search in mathematics education, that simple applicd empirical research
wiil not answer all the many questions that confront us. For examjle.
if we hope to determine by experimental research the oprimum sequence
of topics in the first two grades of elementary school (or, with cqual
pertinence. in the first twe vears of university mathematics), it is easy
enough to show {or either of these cases that the mathematical consurainty
that are placed on the possible sequences of topics are not sufficient to
reduce the number of possible sequences of concepts t0 a manageable
number of experiments. The number would be greater than all persons
now working in mathematics education could perform in the next ten
or fifieen years, even if they devoted themselves wholly to this question,
The sort of mathematical constraint I have in mind is that the intro-
duction of multiplication would, {from a mathematical standpoint, have
to be preceded by the introduction of addition, if multiplication is
initially to be talked about in terms of repeated addition. On the cther
hand, therc is no real reason why we could not experiment with the
introduction of subtraction belore addition,

Examples of a more pracucal pature center around questions of the
following sort. Should addition and subtraction be introduced simul-
taneously? If not, should addition be carried to sums not greater than
five, not greater than six, not greater than seven, ctc,, before subfraction
(or at least the notaticn [or subtraction) is introduced? Such purely
empirical questions are endless in number, and I emphasize once again,
there is no purely mathematical answer to them. Because there is no
purely mathematical answer, the importance ol a psychological theory

- of mathematics-learning is crucial, in order nltimately (o provide appro-

priate answers to problems of curriculum organization.

Another way of puting the mauer is that purely empirical research
lacks conceplual power, becanse the absence of any theory prohibits s
from making extensive generalizations to other situations and broader
classes of problems,

Frem this standpoint, I would emphasize that the demands for a
psychological theory of mathematics-learning. and thus for theoretical
basic research as well as empirical basic research, are practical demands,
Without such theory it is impossilile for us o answer in any scientific way
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many substantive questions of corriculum organization. The vast litera-
wre on readiness, dvills, practice, and overlearning in arithmetic and
other subjects has made all of us aware ol the complex and subtle nature
ol the empirical problems. Anyone who thinks that he can answer these
problems either by intuitdon or by any simple experimental program,
without facing the theoretical problems of weaving into one coherent
theoretical pattern the many kinds of results already obtained, is surely
daydreaming.

In this discussion of em!mx(al problems 1 have emphasized the kind
of questions thar have avisen in elemgntary-school mathematics. The
reason for this is simply that a greater body of research already exists in
this area. The problems of ni}_n.hmﬁai.ichcm‘ning at the university level
arc certainly more complex and difficult, and may demand even more
ol ap effort in basic research in order to begin ro understand thent

\‘\AI ‘.sn m I. l.\R‘\Jl'\(‘ Du\nc ULTIES

Given : pmuuLn ()ILIHIMU()[I of Ihc (lnnculum in terms of the
concepts to be taught and the sequence in which these conceps will he
presented, it s still @ major ask of basic research 1o analyze and provide
a theory for the kind of Tewming difliculdes students encounter as they
progress through thiy curricudum. It is again impornm to dmphnsiu’
that the fearning dithionltios students encopnter cannot be predicted by a
nonpsy('lm]ogual mathematical anal vsis ol the mathematical content of
the curricalum iisell—ar Teast o one has proposed such a theory, and
there are good reasons tor thinking that no such theory shall be proposed.

It is mot a part ol arithmetic proper or of geowetry proper to make
psvehologicat predictions aboy the dithe uitics students will have with the
diftevent concepts in these disciplines. It is the task of a psychologicat
theory of mathematics- l(nnnmg to predict and 10 offer an analysis of the
kines of difficudties that are encountered. The success of mathematics
reaching depends upon understanding and providing successful practical
remedics for the difhculties thae students do encounter. In our inereas-
ingly technological age 101y of greater importance than ever belore (hat
we, as educators, recognise the need for clear analysis of students’ learn-
ing ditheuliies and the pressing need to develop theories that adequately
deal with these difficulties. 1 have tried o emphasize in this brief dis-
cussion that neither intuition nov’ sheer empiricism s able to provide
adequate answers to our prablems. 1 have rested the case for basic re-
search on the overwhelming practical importance of the solutions onc
hopes o lind. | wonld like to condude with some remarks in a some-
whut different divectinn,
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Psvoerorosy or LeEarsine
AND THE NATURE OF MATHEMATICS

iv is my own conjectare that as we are able 10 dig deeper into the
developrment of an adequate psychological theory of mathematjcs-learn-
ing, the results will have an impact on our concepiion of the nawure of
mathematics itseif.

It is not possible here 10 defend this conjecture in a detaiied way, bt
there is reason o think that concentration on mathematical thinking and
the difbculties students have in learning Lo think mathcmatically will lead
10 a new conception of {nvarience, a conception that goes beyond that
now encountered in the various parts of mathematics, Historically, the
standard philosophies of mathematics have eaphasized diftering attitudes
roward the nature of mathematical objects, but 1t is pertectly gbvious that
in most domains of mathematics the exact nature of the mathematical
objects studied is not essential. What is of more cenwral concern are the
patterns of thought applied by mathematicians in reaching new results,
or by students in finding for themselves solutions of problems or praofs
of known ieoreins. o ’

As yet, theories of learning have livle to offer in providing insight
into how one learns w think mathematically, The nature of absiraction,
or the processes of 1magery and association that are surely essential to
thinking in anv domain of mathematics, have as yet scarcely been studicd
from a scientific standpoint.

Like mathematics itself, research in mathematics education will neces-
sarily have both basic and applied components. Research thau is con-
cerned with particular pieces of curriculum and pinrticular learning
difficulties of students will continue to occupy a .na|01 “portion of re-
search efforts, but it is also to be loped that the kind of probleims hrup -
just been mentioning, problems that represent fundamental puzzles about
the nature of human thinking, will toiné w occapy o larger place in
vesearch about mathematcs fearning, k



