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THE marvelously clear and definite structure that is characteristic of 
most parts of modern mathematics can be misleading when problems of 
mathematical instruction are considered. The' very clarity of the struc­
ture of mathemat.ics itself can lead to the mistaken view that nothing 
beyond this structure need be considered in analYling and deciding how 
mathematics should be taught. 

Yet anybody who has taught mathematks knows how far from the 
truth this claim is. It is not a straightforward or simple matter for the 
average student to learn mathematics! And there is no doubt that the 
ordinary student finds that he has to think harder in Jearnillg mathe­
matics than in learning just about any other subject in the curriculum. 

The case for basic research in mathematics education fall be ;;,tated 
quite simply in terms of these well-kllown difficulties of student:;. It is the 
uhimate objective of basic research in matilclilatics education ,to under­
stand how students IcarnmathclllaLi(s, and to me this umterslhnding 10 

outline more cffecth'e ways ()f organi/illg' the curricululll. It is probably 
also agreed, on all sides, that we alc still \cry Jar from rcallzing this 
objective, \Vithout qucstion, we do not yet understand in any reasonable 
degree of scientific detail ,vllat goes on when a studclH learns a piece of 
mathematics. Whelh(;r the mathematics in question be first-grade arith­
metic, undergraduate calculus, or gradll<lLC-sdlOOl algebraic topology. 

In this brief article 1 want to survey some of the more important tea· 
sons for having a \igorous program in basic research in mathematics 
education. 
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DEFECTS OF INTUITION 

Many teachers, who would admit that the logical structure of mathe­
matics alone is not sufficient to determine the mathematics curriculum 
and how it is to be presented to students, would still maintain that the 
remaining gaps can be dosed by appropriate use of intuition. 

The first puzzling thing about this claim for intuition is that most of 
us have only a vague idea of what another person means when he talks 
about knowing something by intuition. 'What is intuition? W'e all rec­
ognize the role of experience iII the 'training of teachers. As a rule, the 
teacher who has taught several years is able to do a better job than the 
beginner. Intuition is involved-oo--intllition as the acquisition of knowl­
edge and information in an inexplicit and nonformalizecl way on the 
basis of teaching experienLe. No one faced with the complex problems 
of teaching mathematics or any other part of the curriculum would want 
to belittle the importance of experience and practice in the training of 
good teachers. 

Yet many examples exist in the mathematics curriculum to show that 
it is not sufficient to leave the curriculum to the intuition of curriculum 
writers and the experience of teachers. The extensive research by 
Brownell and others on methods of subtraction has made everyone deal­
ing with the curriculum in arithmetic sensitive to the analysis of the 
actual steps that must be taught children in learning the subtraction 
algorithm. Another example is the evidence that in the learning of a 
sequence of mathematical concepts, the importal1l problem is often to 

minimize negative transfer rather t.han to facilitate positive transfer. The 
existence of negati \e transfer in passing from one concept to another is 
the sort of thing that is noticed by the very good teacher; it is also the 
kind of phenomenon that needs to be pinned down, in terms of research, 
and made part of the objective evidence presented to all teachers in 
telling them about learning difficulties. Another example that goes 
contrary to the formal structure of our standard teaching of geometry is 
found in the clear results concerning children's perceptions of rotations 
and stretches' of standard geometrical figures in the plane. Although 
Euclidean geometry uses the fundamental notion of congruence that is 
invariant under rotations of fignres, but not under stretches in their size, 
at the perceptual level this notion of congruence is more difficult for 
young children than perceiving t he relation of similarity between figures 
that have the same orientation and shape but diHel'ent sizes. Because 
teachers have themselves been taught Euclidean geometry and are 
familiar M'ith the concept of congruence, it is all too easy for them to 
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is the more natural concept for children. \Nithout support­
h would be difficult to convince many teachers of the true 

state of affairs. 

DEF'ECTS OF SHEER EMPIRICIS:.'.! 

It is also important to emphasize, in discussing the role of basic re­
search in mathematics education, that simple applied empirical research 
will not aim¥cl' aU the many questions that confront us. For 
if we hope to determine by expetimental research the optimum scejiw:;, 
of topics in the first two grades of elel)lenlary school (or, with 
pertinence, in the fint two years of university mathematks), it is 
enough to sho'w for either of these cases that the mathematical constraints 
that are placed on the possible sequences Gf topics are not sufficient to 
reduce the number of tJossible sequences of concepts to a rnanageable 
number of experiments. The number would be than all .... "'rc,,,nc 

noW' working in mathematics education could perform in the next ten 
or Hfteen years, even if they deVGled themselves wholly to this questiOli. 
The sort of mathematical constraint 1 have ill mind is that the intro­
duction of multiplication would, from a mathematical standpoint, have 
to be preceded by the introduction of addition, if multiplication is 
initially to be talked about in terms of repeated addition. On i.he other 
hand, there is no real leason why we could not experiment with the 
introduction of SIIbtraction before addition. 

Examples of a more practical nature center around questions of the 
following sort. Should addition and subtraction be introduced simul­
taneously? If not, should iltldition he carried to sums not than 
five, not ,!,rreater than six, not greater than sen:l1, etc., 
(or at least the notation for subtraction) is introduced? Such purely 
empirical questions <Ire endless in number, and 1 emphasize once again. 
there is no purely mathematical amwcr to t IWIll. Because there is no 
purely mathematical answer, the i III porum n: of a psychological theory 
of mathematics-learning is Cl'ucial, in order ultimately to provide appro­
IJriate answers to problems of (lIlTicU!UIll ol'ganil<ltion. 

Another way of Pliltillg the matter is that purely empirh al research 
lacks conceptual pO'w!r. because the absenn; of any theory prohibits lis 

from making exlemiH; generalizations to other situations and bl'Oader 
classes of problems. 

From this standpoint, I would cllIpliasiJ(; thaI the demands for a 
psychological theory of mathematics-learning, and thus for theoretical 
basic research as well as empirical ba.';ic n~se:1l'( h, are practkal demands. 
Without such theory it is impossmle for us to answer in any scientific ,way 
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many substantive qm:Sliom of curriculuill organization. The vast Uterol" 
Itlre on readiness, drills, practice, and overlearning in arithmetic and 
other subjects has tlla(lc all of liS aware of the complex and subtle nat'}fC 
of the empirical problerns. Anyone who I.hinks thal he can answer these 
problems either by inluition 0)' by any simple experimental progT<ll1I, 

without facing the theoretit al problems uf weaving in to one cohcren t 
theoretical pattern lilt many kilHb of remits already obtained, is surely 
daydreaming. 

In this discussion of empirical problems 1 have emphasized the kind 
of questions lhat bave arisen in elemc.;ntary·school mathematics. Thl' 
reason for t.his is simply that a greater body of research alrcady exists in 
this area, The problemsof niilthernaLics.lc'lrning at the university le\'e! 
arc certainly more complex and difficult. and may demand evcn more 
or arl elTon ill basic researd.l in orti,er to br.;gin to understa,nd them. 

AiI<AIY,IS'Ol 1,1':,o\RNIJ\G D1H"JCut:rn:;s 

Gi\'en a paninllar org-;mi/ation of the curriculum in terms of the 
com:epts to be t'iu?;lll and the .sefJuclH e in which theseconcepls will be 
presented, it i~ ~till a majo!' task or basit research to analylc and provide 
a theory for the J;.ind of k;irning diffIculties slud~nts encOU!lIer as they 
progr('~s lhrollg-h thi, (IIrrinilum. It h a~aill imponam to elllpha~i/(, 

that th\: learning diHi( III sllldcnhCnC().U1)tel' C«I1I,JOt he predictC'd by <I 

llonpsycholo,giull lll;nllClll;t t teal atla 1) ,is 01 t.he mathemal iral nmtent of 
the curriculum il~e1f---at kaslpo Ol~(' h;! .. proposed such a theory. and. 
there are goml 1l';lS(lm 1,)] tl1illking thaI no S1lch theory "hall he proposed, 

Il is not a p;trt.oi ;lIitilll11'lil proper or ot g~'0111etryplOper to make 
psycho[ogi(al pre.!i( tinllS ai)()ltl [he di1l1( lIlrks ~tlldent~ will have wilh the 
dillerenl ((JJl(,e,Pb in tlie,c (Ii'lipjillt's, It i~th~' ta,sk of a psychological' 
theory of I11fl!i1cll1ati{~"l('arning' to j}l'editt "itt! 10 (iiler an analysis of the 
kind~ of diffiuillie, tl1al ale encount('red, The success or mathematics 
t~a(hiilg dqw!1tb upon Illtd('1stallliing alld providing successful practic:al 
remedies for the diHH IIltie, that ,Imlen!, do enCollnter, ]n our increas" 
ingly Lcd1tlojQgi(,il ;lgc il i~ or gn:alvr importance than ever be[OI'e that 
we, as ('till( atm~. rt(ll~,l1i/C the lH:cci lor dear analysis of students' learn­
ing- cliHicLlltie, alit! the pressing need to develop theories that ad(~qualcly 
deal with these difficultics. I have tried to emphasize in this brief dis· 
{'w,sioll that neither intuition nor sheer cmpiricism is ahle to provide 
adequate answers to our prnblems, I haH' rested the case for basic n~· 
~eanh on the O\'l'\'whelmi ng pial tical importance of the solutions one 

to lind. I would likt· 10 nmdlHle with some remnrks in a some­
what dillerent dir.e( tion, 
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It is not here to defend this conjecture in a detailed way, but 
there is reason to think that concentration on mathematical thinking and 
the diHiculties students have in learning to think mathematically will lead 
to a new conception of imJ(lrianre, a conception that goes beyond that 
now encountered in the various parts of mathematics, Historically, the 
M.andard philosophies of mathematics have emphasized dificring attitudes 
toward the nature of math~'II1,llkal objects, but it is obvious that 
in most domains of mathematics the exact nature of the mathematical 
objects studied is not essential. What is of more n·ntral con(:ern are Ihe 
patterns of mathematicians in reaching new 
or by students in for thcmseln:s solutions of or proofs 
of known tlH~orellls. 

As yet, theories of learning have lillIe to offer in providing insight 
into how one learns to think mathematically. The nature of 
or the processes of imagery and association that arc surely essential to 

lhinking in any domain of malhc11latics,ha\e as yet sc:m:ely been studied 
from a scientific standpoint. 

Like mathematics itself, research in tnathematics edm:atioll will neces­
sarily have both basic amI applied components. Res.earch that is mn· 
ccrned with particular· of curricuhml and particular learning 
difficulties of swtlents will continue to occupy a .najor portion of re-
search efforts, but it is also to be hoped that the kind' of I have 
jml been mentioning, problems that represent fundamental about 
the naiure human thinking, will lOlIH' to IHCUpV a 
1"esearrh about mathematics learnin.l.!;' 


