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THE AXIOMATIC METHOD IN HIGH SCHOOL
MATHEMATICS

Introduction. The importance of the axiomatic method in modern mathe-
matics scarcely needs a general defense. Its widespread use in many parts of
mathematics and its long historv of importance in the mathematics of earlier
centuries provide clear evidence that it will continue to be of importance in
the foreseeable future of mathematics. On the other hand, the role of the
axiomatic method in high school mathematics is not as universally accepted,
even though it has had a place in the teaching of school geometry throughout
the history of western culture since the time of Eudoxus. In the last decade
the relevance of the axiomatic method even to the teaching of high school
geometry has been challenged in some quarters.

The point of view that I want to present here is to make a vigorcus a de-
fense as I can of the importance of teaching the axiomatic method in high
school mathematics. 1 realize full well that it is not sufficient as an argument
to peint to the importance of the axiomatic method already in the teachmg of
university mathematics and in mathematical research.

There are three general arguments I would like to advance for emphasizing
the axiomatic approach to mathematics in the high school curriculum. In the
first place the axiomatic approach provides an important method of making
the mathematics taught more elementary and the subject more restricted from
the standpoint of what the student has to learn and encompass. An excellent .
example is provided by the real numbers. We now expect students to know a
good deal about the real number system by the time they have finished high
school mathematics, at least the students who are college bound and who take
a full high school mathematics curriculum. If the properties of the real num-
ber system are taught from an axiomatic standpoint, the student is given a
restricted list of properties that are fundamental and from which all others can
be derived. Moreover, most of the axioms that are used express elementary
properties that generalize in a natural way what the student has learned in
earlier years, The axiomatic approach also assures the student that the prop-
erties he must know are restricted to those expressed by the axioms and the
theorems that follow from the axioms. Itis my own belief that it is all too easy
for us confidently to assume that students are clear about the properties of the
real numbers and have a good intuitive feeling for what the real numbers are.
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This assumption, which I feel is unwarranted, is relatively crucial to those ap-
proaches to secondary school geometry that lean heavily on the properties of
the real numbers.

Perhaps the best perspective in which to consider the axiomatic approach
to the real number system is to ask what are the alternatives, It is doubtful
that many people feel it would be wiser to go through the full mathematical
construction of the real numbers via Dedekind cuts or Cauchy sequences of
the rational numbers, and moreover it is doubtful that they would want to
construct the rational numbers themselves as certain equivalence classes of
ordered pairs of integers, An historically important alternative approach has
been through the geometrical theory of real magnitudes, but it is doubtful that
anyone will want the real numbers to be constructed out of geometrical en-
tities. In any case, either of these prospective approaches is certainly less ele-
mentary than the axiomatic algebraic approach. 1 suppose that a fourth
alternative is simply to leave the whole matter up in the air and to develop in a
higgledy-piggledy fashion the properties needed, but I am skeptical that stu-
dents will have the right sort of confidence and clarity about the properties of
the real numbers when this approach is taken seriously. ’

My second argument centers around the importance of developing intui-
tions for finding and giving mathematical proofs. It is a common complaint
about beginning graduate students in mathematics in the United States that
one of their worst defects is their inability to write a coherent mathematical
proof. A fortiori, this is even truer of undergraduate students of mathematics.
And the reasons for this deficiency are not hard to find. Both at the school and
university level explicit training in the writing of mathematical proofs and the
explicit consideration of heuristic methods for finding proofs are woefully
lacking in the curriculum. Systematic pursuit of the axiomatic method in
high school mathematics provides perhaps the best opportunity for training
students at an early stage in the finding and writing of mathematical proofs.
It is all too easy to assume that as students develop an intuition for geometrical
facts, for example, they will almost automatically be able to produce coherent
proofs. Put another way, what I am saying is that I consider it just as neces-
sary to train the intuition for finding and writing mathematical proofs as to
teach intuitive knowledge of geometry or the real number system. 1 am con-
tending that training in the finding and writing of proofs must be given as
much explicit attention and should begin as early as other parts of the mathe-
matical training of students; it is in the context of the elementary mathematics
taught in high school that the student can first learn to work in a natural and
easy way with axioms and the proofs of theorems that follow rigorously from
the axioms.

My third argument for the use of the axiomatic method in high school



mathematics centers arcund the increasing importance of learning how to
think in a mathematical fashion as the total body of mathematics itself in-
creases so rapidly. It is becoming clear that it is reasonably hopeless to expect
students at any stage to master any substantial portion of extant mathematics.
We can, of course, agree on the greater importance of certain parts of mathe-
matics, but stili a good case can be made that perhaps the best thing we can do
for our students is to begin to teach them to think mathematically as effectively
as possible. It has been my own experience that mathematicians discussing
curriculum are uneasy in any attemnpt to characterize what they consider to be
the essential nature of mathematical thinking. As mathematicians they are
much more accustomed to thinking about mathematical objects and proving
facts about these objects. In the same way, it is much easier to get a clear and
sophisticated statement from s mathematician about why a given proof is cor-
rect or another proof contains an error than it is to get a subtle or relatively
elaborate evaluation of the worth of one kind of heuristic reasoning versus
another. Using an axiomatic approach in the teaching of mathematics pro-
vides a superb opportunity for more explicit emphasis on how proofs are found
and what heuristic ideas are central to their discovery.

I would also like to urge the viewpoint that there is no fundamental conflict
between the axiomatic method as pursued in pure mathematics and the de-
velopment of skills for solving problems in applied mathematics. It has
become all too fashionable at the present time to emphasize a conflict between
pure and applied mathematics, and to be for the one and against the other in
terms of what is to be emphasized in the mathematical training of students.
From a psychological standpoint there is a very close affinity between the
correct and complete statement of the mathematical conditions that charac-
terize a problem in applied mathematics and the statement of axioms in pure
mathematics. In both cases the aim is from a mathematical standpoint to
make the problem at hand a tub on its own bottom, so to speak, without de-
pendence in implicit and ill-understood ways on other parts of mathematics or
on other physical side conditions. An expefience that I would claim is psycho-
logically identical to isolating the mathematical features of an applied problem
is that of finding axioms for some part of pure mathematics. A weakness of our
teaching of the axiomatic method is that we too seldom confront our students
with the problem of formulating axioms, as cpposed to deriving consequences
from a clearly stated, teacher-provided set of axioms. In my own judgment,
the present teaching of axiomatic mathematics at the school or university level
is more deficient on this point than any other.

To give these general remarks a greater sense of definiteness, I now turn to
some more constructive and particular ideas about the axiomatic method under
the headings of logic, algebra, geometry and calculus.

71



Logic. As part of training in the axiomatic method in school mather
I would not advoea’*c an excessive emphasis cn logic as a self-contained &
cipline. For example, 1 do vot reslly agres w1m those mathematicians who
feel that logic should bp studied in the form of Boclean algebra as an autono-
mous discipline sarly in the mathematical training of students. What I do feel
is important is that students be tanght fn an explicit fashion classics! rules of
logical inference, learn how {0 use these rules in deriving theorems from given
axioms, and come o feel as much at homs with simple orinciples of inference
like modus ponende poneas us they do wilh elementary algorithms of arith-
metic.  hasten to add tha? these classics! and ubiguitous rules of inference
need not be taught in symbelic form, nor do studenis need to be trained to
write for val proofs in the sense of mathematical logic. What [ have in mind
is that the student should be shie to recognize without second thought the

corractness of the inference:

1f this figure is 8 sqquare, then this figure is 2 quadsiiateral,
This figure is a square.
Therefore, this figure is 4 guadrilateral.

B e

And also to recognize the fallacious character of the inference:
If this figare is a square, then this figure is & quadrilateral.
This figure is a quadrilateral.
Therefore, this figure is 2 square. {Fallacious)

The classical forms of sentential inferences present no problem and are al-
ready covered in many of the modemn iexs.b oks on high school geometry
The real pedagogical problem: centers arcund the making of valid mfenwwes
involving quantifi ers. In this respect it seeins o me that the best approach is
the classical one of divide and conquer., Whai I mean by this is that students
should first be introduced to substitution for individusl vanables where the
only guantifiers implicitly understod are universal guantifiers standing at
the beginming of a sentence and whose scopes are the remainder of the san-
tence. No other universal guantifiers and no existental quantifiers of any
sort should be considered at this stage. For this restricted use of quantifiers,
essentially only a sizople rule of substitution of terms for varables and a cor-
respondingly simple rule of generalization is requived. In the paragraphs
below I try to indicate how far this sort of logic can carry us in the slementary
treatment of the zlgebra of veal numbers and of veclor geometry, without
requiring the introduction of existential quantifiers and the subtie problems
of inference that accompmy these quantifiers. Only at a late stage in higl
school mathematics would T recommend that inferencss involving existen
quantifiers be explicitly introduced, and then only sparingly.
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The role I see for logic in teaching of the axiomatic methods in high school
mathematics should be clear. Without training in the proving of theorems,
the development of the axiomatic method is a sterile enterprise. It is im-
portant and essential that students learn how to make inferences from axioms
in order to comprehend the power of the axiomatic method. To be able to
make such inferences, they should be given training in the standard forms of
inference that they may use in learning to think out and write down an
acceptable mathematical preof, From years of grading mathematical proofs
given on examinations at the university level, I am firmly convinced, as I have
already indicated, that the ability to write a coherent mathematical proof
does not develop naturally even at the most elementary levels and must be a
subject of explicit training.

Algebra. The initia} frarnework of logic described above, it is suggested,
should be deliberately restricted to quantifier-free sentences in order to
avoid the troublesome and subtle matter of handling existential quantifiers
or universal quantifiers with restricted scope. The student is already familiar
with this restricted logic, for it corresponds rather closely to the elementary
arithmetic and algebra he has had prior to entering high school. The bulk
of the algebra he has learned can now be codified in an elementary axiomatic
fashion by deriving the consequences of the axioms for a Euclidean field,
that is, an crdered field in which every nonnegative element is a square, We
may avoid all existential quantifiers by replacing the three existential axioms:

Vo) 3y (x+y=0)
(Vx) (Vy) szy7=0 then (3z) (x = y-2)]
(Vx) (if 0 < x, then (3y) (x =y )

by the following three axioms which introduce the operations of subtraction,
division and taking the square root of a positive number.

x—~y=zifandonlyifx =y 4z
Ify0,thenx + y = zifandonly ifx = y - 2.
If0 < x,then \/x = yifandonlyifx = y yand 0 < y.

In these terms then the elementary algebra taught in high school should mainly
center around the consequences of the axioms that define a Euclidean field.
In view of the three axioms just stated, which are introduced to eliminate
existential quantifiers, the axioms as stated here for a Euclidean field use
the operation symbgcls for addition, multiplication, subtraction, division, and
taking the square root, the relation symbol “<” and the individual constants
“0” and “1”. The beauty of these axioms is that their intuitive content
should be familiar to the students. Perhaps the only idiom that needs some
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eiplicit new discussion is L e use of “if and only if” in the three axioms just
menticoed. The full set of axioms is the following

1) Ty =Y bx

(3 rygi+r=x+{y+ 2

i4) (xeg)ezm=x-{y 2z

5) 2y 49 = (aoy) + (55)

{6 x <4 0

(7) e x

{8) % - § = zifandonly ify =y + 2

(9) Ifys~0,thens « y = -'gf(l,pdm;ui ; Yz

{10) ffx< y, then it is not the case thut y < =.
Y Ifx < yandy <z thenx <z
12) Ifx s y,ﬁzen~x<yorw<”
)y <z tken»*‘*(x-#-
14) Fo<xandy < »,rh ny-y <z z
) IO < x then \/x = 1fand mgz] =y yard 0 <y,
{16) O£ L

At a later stage aud toward the end of high school mathematics for those
who are taking a fuli program, it will be appropriate to go oo to the cumea;h:

a real closed field, that is, a field that is Euclidean and is such that everv
polynomial of an odd degree with coefficients in the f

v-m, &

wy

ield has 2 zezo in }n
fieid. (The choice of real closed fields as a terminal algebraic concept rests
on the fact that every real closed fleld is elementarily eguivalent with the
feld of real numbers; by this I mean that every frst-order senience which
holds in one of these two fields holds in the other, and by “fArst-order” is meant
sentences whose variables range only over elements of the field and net over
sets of elements.)

Geometry, The appropriate axiomatic approach to elem suta..rg geomastry
is, s evervone knows, 3 much more controversial subject. ¥ 2 vecior-spa

approach is used, then it is possible to use the guantifier-free methods ;
described for algebra, and this has the important advantage of contiouing t
keep the structure of proofs simple. It alse means that proefs can be & nature
extension of the technigues already learned in algebra. Mcereover, in line
with the earlier vemarks on algebra, 1 would propme VECIOr Spaces over
Euclidean fields as the proper elementary objects of the theory, The axio-
matic approach can take proper advantage of the fact that the vectors form a
Abelian group under addition just as the real numbers or elements of 2
Euctidean feld do, and therefore all elementary properties are shared. Ele-
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mentary theorems about addition of vectors will have already been proved
as elementary thecrems about addition of pumbers. To this vector-space
structure ray be added the concept of the inner product of two vectors to
permit the intreduction of concepts of distance and perpendicularity. The
quantifier-free axioms on the inmer product are just the following three, where
o and 8 are real numbers, and x, y and z are vectors.

Ifx5£0, thenx x>0,
xoy = y-x and
(ax + By) 2 = ax+2) + Bl 2)

Unfortunately for the treatment of many geometrical figures and their
properties, which we expect our students to know, the purely vector-space
approach does not provide & natural framework. For these developments, it
is my own conviction that an intrinsic axiomatization that emphasizes the
role of geometrical constructions is the most appealing. [ realize however,
that there is wide disagreement on this viewpoint. There are also pedagogical
difficulties in providing a strictly axiomatic approach in terms of geometrical
constructions. I will not pursue the point further here. It should be men-
tioned that still a third approach to elementary geometry is in terms of intro-
ducing geometrical transformations as well as vectors. [t is thoroughly
clear from recent discussions that it will be some tire before the pedagogically
most suitable set of axioms will be hit upon in terms of any of the approaches
I have mentioned, but I would like to emphasize the importance of quantifier-
free methods if we expect our students to become adept at finding and writing
correct proofs. The logical complexities of most axiomatic approaches to
geometry at the high school level make it difficult for students to acquire a
clear and surefooted understanding of what mathematical arguments are all
about.

Celculus. Space does not permit many comments on how the axiomatic
approach may be applied to the teaching of calculus in high school, but the
main thrust of what I want to say can be easily conjectured from what I have
already said about algebra and geometry. An axiomatic approach in terms of
“epsilon-delta” concepts and proofs does not seem appropriate.  What does
seem practical is an axiomatic algebraic approach to the calculus of elementary
functions combined with considerable stress on the intuitive geometric and
physical meaning of the derivative and integral of an elementary function.
Moreover, the student can explicitly check the axicms by computing the areas
of rectangles and iriangles or the properties of rectilinear motion.

Again, I emphasize that a quantifier-free approach permits an easy but
rigorous development of the elementary parts of the calculus, and the student
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can quickly be led to have 2 feel for the power of the calculus in sclving
empirically meaningfui problems.®

* For those interested in cuantifior-free arithretic, an excsllent survey is to be found in J. C. Shep-
herdson, “Non-standard models for fragments of number theory,” The Theory of Models, edited
by J. W. Addison, L. Henkin and A. Tarsid, Horth-Holland Publishing Co., Amsterdam, 1865, Cne
besutiful result is due to §. R Shosnfisld, “Open sentences snd the induction axiom,” Journal of
Symbolic Logic, vol. 23 (1858), pp. 7~12. He proves that 2 system of nine axioms baged on the
suiccessor |, predecessor P, and addition 4 operations, and the constant O, is net avgmented In
deductive power by the addition of the induction agiom for sentences withowt quantifizys, The
nine axioms are just these.

(1) x #0

@) PO =0

@) B o=

(4 T Q=

&) %oy = (64 )

) Iy 0 thenz = (2

(7 fhy=y4x

(8 f+yl+a=x+y+2)

9) rtyp=a+artheny=z
oy

(A3



