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STU~ENT USE OF AN INTERACTIVE THEOREM PROVER 

James MoDonald and Patriok Suppes1 

This article focuses on the use of an interaotive 
theorem prover by students in a oourse on axiomatio set 
theory. The framework of use is desoribed and then a 
number of student are presented with oomments and 
explanations. The part of the article ooncentrates 
on feasible ways of improving the theorem prover, 
espeoially in its term-finding capability. 

1. Introduction 

The purpose of this article is to describe student use of an 

interactive theorem prover that has been developed and used over a 

number of years in the teaching of logiC and axiomatic set theory 

at Stanford. A more detailed account is to be found in various 

articles in Suppes (1981a). 

Because the uses of the theorem prover are more elaborate 1n 

the course in axiomatic set theory we shall restrict ourselves 

almost entirely to this course, but there is extensive use of the 

theorem-proving machinery by several hundred students a year in 

the elementary logic course. 

Set-theory curricu1um. The currioulum of the course in set 

theory is classical. It follows closely the content of the seoond 

author's textbook (Suppes, 1960). Chapter of the currioulum 
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surveys the historical background of Zermelo-Fraenkel set theory 

'and justifies the need for developing the subject axiomatically. 

Chapter 2 is concerned with general developments, namely, 

definitions and elementary theorems about fundamental concepts 

such as those of inclusion, union, and intersection of sets, 

Cartesian product, power set, and so on. Chapter 3 develops the 

general theory of relations and functions from a set-theoretical 

stand po in t. Chapter 4 is concerned with equipollence and the 

concept of finite and infinite sets. Chapter 5 develops the 

theory of cardlnal numbers. Students taking the course at a Pass 

level are expected to go no farther than Chapter 5. Chapter 6 

develops the general theory of ordinal numbers, including the 

standard representation theorem for well-ordered sets in terms of 

ordinal numbers. Chapter 7 analyzes the axiom of choice, its 

equivalents and their consequences. 

Student enrollment. To give a sense of the enrollment in the 

course, which has been taught entlrely at computer terminals as a 

computer-assisted instruction course since 1974, Table 1 shows the 

Table 1 

Enrollment in CAl Course in Axiomatic Set Theory 

Academic 
Quarter 

year Autumn Winter Spring Total 

1974-75 8 3 8 19 

1975-76 5 4 5 14 

1976-77 4 7 5 16 

1977-78 4 8 14 26 

1978-79 9 6 12 27 

1979-80 6 12 11 29 

1980-81 7 3 2 12 

1981-82 7 6 4 17 

1982-83 7 5 9 21 

TOTAL 57 54 70 181 
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data through the aoademio year 1982-83. The enrollments in the 

course are not large. It is a speoialized course taken by a small 

number of undergraduates each term but it ia a regular staple of 

the curriculum. The total number of students taking the course 

each year is larger than it would be if it were offered as a 

lecture course given once a year. (For quantitative data on this 

point, see Tables 1 and 2 of Suppes and Sheehan, 1981.) Each 

student in the COurse proves between 25 and 50 theorems depending 

upon the grade he is working for in the course. The main 

requirement of the course is the proving of theorems using the 

interactive theorem prover. 

Struoture of program. An overview of the running EXCHECK 

program can be seen in the following diagram, which shows its 

configuration for a typical user. Lesson authors use the entire 

structure, whereas students use some subset of the graph 

descending from the course driver. Each labeled object is a 

separat e process running in a TENEX fork on a PDP-10. Together 

they comprise over two megabytes of code with another two 

megabytes of data structures. 

Lesson Compiler 

~
ourse: Driv.r~ext Editor 

Interactive Prover 

Audio Resolution Provers Parser 

The discussion here is concerned almost entirely with the 

interactive theorem prover and adjunct routines. Other components 

parse formulas, speak, present lessons I and perform other 

pedagogical chores. See McDonald (1981) for a more detailed view 

of the overall system, and other articles in Suppes (1981a) for 

extensive di~cussions of each of the components in EXCHECK. 
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Structure of proofs. Proofs constructed in the EXCHECK 

theorem prover are done under the guidance of a command facility 

that embodies a number of natural proof strategies. These are 

implemented within two broad sets of commands: those that reduce a 

pending goal to some set of subgoals which jointly imply it, and 

those that introduce new lines based upon earlier ones. In both 

cases, there are facilit1es for citing prior axioms, definitions, 

and theorems. 

The abil1ty to cite preceding theorems by name is an 

:mportant feature of EXCHECK. There are more than 600 theorems in 

the set-theory course, and the students necessarily must use 

preceding theorems in order to prove the theorems assigned to 

:hem. In our judgment, too much work in automatic theorem prov1ng 

nas been concerned with direct proofs from axioms. In any 

established and developed mathematical subject only a small number 

of theorems are ever proved directly from the axioms. It is 

essential that the use of preced1ng theorems be natural and easy 

:n any theorerr.-proving environment in Wh1Ch a substantial 

:evelopment of a given mathematical topic is expected. 

In section 2 and the appendix we give a detailed presentation 

Jf a seSS10n 1n which Cantor's diagonalization theorem is proved. 

:n section 3 we g1ve examples of final reviews for other student 

::::roofs and some quantitat1 ve data on the variable lengths of 

?roofs for theorems, as glven by dlfferent students. In section 4 

~e present the theorem prover as a strategic system, and descrlbe 

some of the more lmportant features we bel1eve could improve 

considerably our in teracti ve theorem prover. We concentrate in 

:his discussion on facilities for term finding. 

2. Sample Interactive Sess10n 

The frames below illustrate the beginning of a rather 

stra1ghtforward session which generates a proof of cantor's 

theorem that every set is strictly less pollent than its power 
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set. Frames for the complete session are included as an appendix. 

The characters in each frame are shown exactly as they would 

appear to the student, except that student input has bee~ 

underlined, and the two non-printing characters ESC and Control-\ 

are shown as $ and !, respecti vely. Trlherever no explicit 

termination character is shown, the ESC key was pressed after th~ 

last underlined character. The notation of an equal sign followed 

by two colons is the symbol used for equipollence, an::: 

correspondingly for the pollent inequalities. 

As the proof proceeds, EXCHECK maintains a goal-structured 

representat~on of it and makes suggestions based on tha: 

structure. Prior to accept~ng a major command, the progra~ 

typically offers two suggestlons, each selectable by a single 

keystroke. The suggestion shown i1 square brackets will perform a 

complete command with the described effect. The suggest~on ir. 

parentheses wlll initiate a command, offering further suggestions 

as the expllcation of the command progresses. As shown here, 

selects the major suggestion, while $ selects the minor. 

The rev~ew mechanism has a number of opt~ons. The normal 

interactive review shown below displays the pendlng goal and just 

those lines which are available ~n the current context. This may 

include l~nes inherited from a superl.or context. Other reviews 

would show the path of goals down to the currently selected one, 

or the tree structure of the proof start~ng at some goal and 

proceeding down through any specif~ed number of levels. 

In the first three frames the student merely accepts the 

program's suggestion (note that PA is the power set of A): 

Goal 01: (V'A)A("PA 

[Reduce the current goal with a universal reduction] 

(reduce) *1-
Doing universal reductl.on 
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Joal G2: A <:: pA 

= Red'uce the curren t goal with an ~ntroduction reduction 

using the definition of less power] 

(reduce) *l. 
Doing introduction reduction 

Goal G3: A :s:: p A and not p A :s:: A 

[Reduce the current goal with a conjunction r'eduction] 

l red uce) * l. 
Iaing conjunction reduction 

In the fourth frame the student begins to exert control by 

us~ng the suff~ciency condition given in theorem 4.2.1 t which 

reads (V' A,B)(A :s:: B ~ff (3 F) F: A inj B), rather than expanding 

:he def~nition of 1eq power. 

::oa1 G4: A:s::pA 

~Reduce the current goal with an introduction reduct~on 

using the definition of leq power] 

(reduce) *1reduce 

~hich proof procedure? (introduction) *theorem <Name> *4.2.1 

The next goal shown will be labeled G6 since G5 was created 

at the same time as G4, when the conjunction G3 was reduced. In 

th~s frame, the student does a short proof using forward-chaining 

commands. Since the set theory course uses a sorted language, it 

:..s necessary to prove in line 2 that the indicated term :l.S 

actually a function before it can be existertially generalized in 

l~ne 3. The command VERIFY ~nvokes a resolution theorem ppover 

used as a black box by the student. TM:1:1 denotes the first term 

on line 1, and ~s used to simplify typing. EXCHECK does part~al 

recognition of input strings, so l!jJllect~.Q.n" indicates that the 

student typed "inj$II, the program extended that to "injecti" 

(wh~ch is ambiguous between injection and injective), and the 
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student then typed "0$" to resolve the ambiguity. Remember that $ 

indicates the ESC key. Typing? instead of "0$" would have 

displayed the ambiguity. In the oommand for line 3, 

"occurrences (1-1)" is a mildly awkward way of indioating all 

occurrences, in this case the first through the first. 

Goal G6: (3 F) F: A inj p A 

[Use establish to infer the current goal] 

(establish) -theorem <Name) *~ 

('VA) {z: (3x)(z = <x,{x}> & x E: A)}: A inj pA 

Do you want to specify? (yes) *jyea 

Substitute for A? (A) *iA 

theorem ~.1.10 

( 1) {z: (3 x)( z = <x, {x} > & x e: A)}: A inj p A 

[Use establish to infer the current goal from l1ne 1] 

(establ~sh) *Jyer1fy (2) *funcCtm:1:1) 

Using *definition <Name> *1niecti~n 

Using *defin~tion <Name> ~ 

Using *ok 

[Use establish to infer the current goal from line 1, line 2] 

(establish) *~ 

Replace term *tm:1:1 Variable *K 
F and {z: (3 x)(z = <x, {x}> & x e: A)} aren~t in the proper sort 

relation. 

Line justify~ng a sort for {z: (3 x)(z 

Occurrences (1-1) *11-1 

1 eg (3 ) (3 F) F: A in j p A 

Goal 6 fulfilled by line 3. 

3 ~mplies using theorem 4.2.1 

(4) As:: pA 

Goal 4 fulfilled by line 4. 

<x, {x}> & x E: A)} *z. 
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An analysis of the entire session in the appendix shows that 

students do relatively little typing to create proofs. We wish to 

emphasize that this was a major design goal of EXCHECK, and in 

fact, students' initial orientation to the theorem prover 

emphasizes a minimization of typing. Everyone recognizes the 

tediousness of technical typing. If the students had to construct 

in informal mathematical language a complete printed proof it is 

doubtful very many students would accept this requirement. On the 

other hand, when the control language can be used in an easy way 

and most of the typing is done by the program, the students can 

feel that they are doing that which is intellectually essential 

and the routine is being left to the program as it should be. 

This matter of the amount of input may seem like a trivial matter 

but operationally it is of great importance in order to make the 

use of the interactive theorem prover attractive to users. The 

degree of terseness feasible for commands is limited by the set 

theoretiC knowledge of the theorem prover and the quality of its 

model of the user's intentions. 

A point worthy of note is that in the study of structural 

proofs little if any attention has been given to such interactive 

proofs. The literature on the structure of proofs is almost 

entirely devoted to the cleaned-up systematic proofs we put under 

the label of review in our program. From a psychological 

standpoint it would in many ways be more fundamental and 

interesting to examine in a deeper way the structure of the 

interaotive versions of proofs. For example, the final reviews 

shown here depiot perhaps overly detailed proofs, but the simple 

concluding steps which give this impression are actually generated 

automatically by the goal machinery for completeness, and in fact 

appear for the user in their alternate guises of pending or 

satisfied goals. 

We try to encourage students to use the goal machinery, at 

least for the top few levels of the proof. Besides reflecting 
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good mathematical practice, it makes it easier for EXCHECK to 

provide the suggestions noted above, lets the reviews be smaller 

by suppressing irrelevant lines, and helps the teaching assistants 

understand a proof in progress should the student need help. The 

last point is important. It is hard for machines or humans to 

offer assistance when presented w~th eighty lines representing a 

mistaken strategy for a proof which the assistant has perhaps 

never before attempted. 

3. Student Proof Data 

A small number of proofs will be shown here for illustrative 

purposes . Extensive data have been kept and analyzed for the 

entire corpus of student proofs, however, so the comments made 

here are based upon evidence that ~oes well beyond these examples, 

Of the rules of proof we will mention, the data show that the 

call on preced~ng theorems is the most frequently used rule of 

inference. Closely associated w~th the use of preced~ng theorems 

is the calIon preceding definitions. When preceding theorems and 

def~nitions are lumped together they are by far the most frequent 

steps in proofs, as might well oe expected. 

The second most used class of rules of inference consists of 

standard elementary log~cal rules of inference of the k~nd 

familiar from natural deduct~on systems for first-order logic. 

Examples are the rules for conditional proof, reductio ad 

absurdum, tautological inference, universal generalizat~on, 

existential generalization , universal specification, existent ial 

specification, forming a conjunction, inferring a member of a 

conjunct, modus ponendo ponens, etc. 

A third class of rules lets the student draw on a resolution 

theorem prover labeled VERIFY. The student is permitted to call 

VERIFY, which will run for a fixeJ number of seconds. If at the 

end of this short period of time the desired inference is not 

found, the student must adopt another strategy. It is repeatedly 
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pointed out to the student that when VERIFY does not complete a 

desired inference it is not necessarily because the inference is 

not valid. It may be that not enough time was available, but it 

also may be the case that the inference was not correct. VERIFY 

is used extensively in the course. The way in which it is used by 

students is shown below in some sample proofs. What is important 

is that students do become familiar with it and do make extensive 

use of it. In order to complete the proofs in set theory in 

reasonable time it is essential that students not try to make all 

the inferences proceed by explicit elementary logical steps. 

Students are continually informed of this fact and become very 

much aware of it as they undertake the more difficult proofs they 

are assigned. 

Closely connected with VERIFY is the command ESTABLISH, which 

also calls the resolution theorem prover but does some additional 

thl.ngs such as analyzing the formula to be derived by expanding 

terms and relations using the definitions and theorems available 

to the student. There are a number of other rules that there is 

not space to review here but that are available to the student. 

For example, the command BOOLE calls a Boolean decision procedure. 

We now present in final review format several theorems proved 

by students during the fall of 1982. EXCHECK can present proofs 

in a number of formats--the final review format is simply a 

linearized version of the proof with all goal structure 

suppressed. We avoid prin ting the goal struoture in the final 

review since the program does a poor job of formatting large and 

deeply nested structures within 80 columns. However, we could 

provide both the linear review and a goal structured summary 

terminating about five levels down from the top. As Lee Blaine 

(i981) shows, such a review can do a good job of revealing the 

~ain outline in a proof. 

Again, we emphasize that the proofs we show are exactly those 

j::roduced by the program. We have not introduced any "manual" 

modifications of any sort. 
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The first proof is of the elementary theorem that a set is 

identical to the empty set if and only if it has no members. The 

theorems often have names. In this case we call the theorem the 

empty theorem. Immediately after the theorem is stated or 

numbered or named, what the student must derive or prove is shown 

as in the following instance: 

Derive: 

( V A)( (V x) x "'I e: A ++ A = 0) 

assume ( 1) (V x) x ... e: A 

(2) Set (A) 

2 eliminate using definition set 

( 3 ) (3 x) x e: A or A = 0 

implies using 3 

(4) A = 0 

1, 4 cp 

(5) If (Vx) x ... e: A then A 

assume (6) A = 0 

theorem 2.3.1 

(7) x ... e: 0 

6, 7 teq 

(8) x~e:A 

8ug (9) {Vx)x"'e:A 

6, 9 cp 

o 

( 10) If A = 0 then (V x) x "'I IS: A 

5, 10 fc 

( 11 ) ( (V x) x .... e: A - A = 0) and (A 0 - (V x) x ... E A) 

11 Ib 

12 ug 

(12) 

(13) 

*** QED *** 

(V x) x ., e: A iff A = 0 

(VA)(Vx) x ..,EA-A 0) 

We believe that this proof is quite understandable without 

any explanation. There are of course the usual abbreviations, for 
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example, cp for conditional proof as used to construct line 5. 

The'command teq used to obtain lioe 8 from lines 6 and 7 permits 

substitutions on the basis of the rules for tautology and 

equality. The rule of inference lb used to obtain line 12 is just 

the law for the biconditional. Notice finally that line 3 is 

obtained by eliminating the notation of line 2 by using the 

def~nition of a set. The point is we believe that the proof is 

readable with very little explanation and without any reliance on 

programming concepts. We emphasize that the students using the 

~nteractive theorem prover are not required to have any knowledge 

whatsoever of programming, and no knowledge of programming of any 

kind is taught in the course. 

The next proof is of theorem 2.10.6 of Chapter 2. This is 

the standard theorem stating that if A is a subset of B then the 

union of the sets in A is a subset of the union of the sets in B. 

Derive: 

('rf A, B ) (A f;. B - UA ~ UB) 

assume (1) A £ B 

assume (2) x e UA 

2 theorem using theorem 2.10.1 

(3) (3C)(x£C&Ce:A) 

3 es (4) x e: C and C E: A 

definition using definition subset 

(5) ('rfx)(xe: A-xE: B) 

5 us (6) If C e: A then C e: B 

4 simp (7) C e: A 

6, 7 boole 

(8) C e: B 

4, 8 tautology 

(9) x e: C and C e: B 

9 eg ( 10) (3 C) (x e: C & C e: B) 

10 theorem using theorem 2.10.1 

(11) xe:UB 
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12 ug 
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(12) If x e UA then x e UB 

( 13) ( 'If x)(x £: UA - x e UB) 

13 introduction using definition subset 

(14) UA £: UB 

1, 14 cp 

(15) If A £: B then UA ~ UB 

15 ug (16) (V B,A)(A ~ B- UA ~ UB) 

*** QED *** 
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The rule as used to obtain line 4 is of course existential 

specification and the rule us used to obtain line 5 is the rule of 

inference for universal specification. The command simp used to 

obtain line 7 from line 4 is the rule of simplification for 

propositional forms. But of course the simplification here is not 

an equivalence but an implication. 

The next theorem, again a standard elementary theorem (2.12.9 

of Chapter 2), is the theorem that the union of the power set of A 

and the power set of B is a subset of the power set of A union B. 

Although this proof contains 25 steps, the flow of steps is quite 

transparent and natural. All that is needed for complete 

amplification is a listing of some of the prior theorems that are 

used, but the content of these prior theorems is already pretty 

obvious from the proof itself. 

Derive: 

(V A,B) pA U pB S; peA U B) 

assume (1) C e: pA UpB 

assume (2 ) x e: C 

eliminate using theorem union 

(3) C e: p A or C e p B 

theorem 2.12.2 

(4) C e: p A iff C £: A 
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theorem 2.12.2 

(5) C e: p B iff C £. B 

3 repiace using 4, 5 
( 6 ) C £ A or C, S;;; B 

assume (7) c'" £ A 

7, 6 tautology 

(8) C £;. B 

8 eliminate us~ng definition subset 

(9) ( V x)(x e C - x £ B) 

2 implies using 9 

(10) x e B 

7, 10 cp 

( 11 ) If C'" S;;;A then x £ B 

assume (12 ) C!;'A 

12 eliminate USl.ng definition subset 

(13) (Vx)(xeC-xe:A) 

2 implies using 13 

(14) x e A 

12 t 14 cp 

(15) If C S;;; A then x £ A 

11, 15 tautology 

( 16) x £ A or x £ B 

16 introduction using theorem union 

(17) x e A U B 

2, 17 cp 

(18 ) If x e C then X t A U B 

18 ug (19 ) (V x) (x e C - x £ A U B) 

19 introduction using definition subset 

(20) C £ A U B 

20 lntroduction using theorem 2.12.2 

1, 21 cp 

22 ug 

(21) C e: p (A U B) 

(22) 

(23) 

If Co £ p A U p B then C £ P (A U B) 

(V C)[ C £ p AU p B - C e: p (A U B)] 
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23 introduction using theorem 2.4.7 

(24) pAUpB£;p(AUB) 

24 ug (25) (V B, A) p A U p B ~ p (A U B) 

*** QED *** 
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In 1978-79 we examined 9 valid proofs of this theorem. They 

had a mean length of 12.1, the median was 11, the minimum was 5, 
and the maximum was 19 t which is shorter than the proof given 

here. The reason is that not all the automatic elementary steps 

shown above were included in the earlier proof. The closely 

related theorem that the power set of the intersection of A and B 

is equal to the intersection of the power set of A and the power 

set of B had much longer proofs. The mean of 13 proofs was 20.3, 

the median was 18, the minimum was 5, and the maximum was 50. 

As the final sample theorem from Chapter 2 on general 

developments we give the proof of Theorem 2.15.3. It is the 

familiar theorem that uses especially the axiom of regulari ty to 

prove that given any two sets it cannot be the case that each is a 

member of the other. One point of notation in the theorem does 

need comment. Because of the need for linear notation in the 

eXHtential specification in line 11, the notation that would 

ordinarily, be subscripted is not, so "xO" is used rather than 

"xO". This notation occurs in subsequent lines. 

Derive: 

(VA,B) not (A € B & B €A) 

assume (1) A E Band B € A 

theorem 2.15.2 

(2) If {A,B} ~ 0 

th en (3 x) [x € {A, B} & ('r/ y)( y e: x - y ., E: {A, B} ) J 
simp (3) A e: B 

simp (4) B e: A 

theorem 2.9.1 

(5) A e: {A,B} iff A = A v A B 
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theorem 2.9.1 

(6) B £ {A,B} iff B = A v B = B 

5 teq (7) A £ {A,B} 

6 teq (8) B £ {A,B} 

7 eg (9 ) (3x) x £ {A,B} 

9 theorem using theorem 2.3.3 
( 10) {A,B} ~ a 

10 implies using 2 

( 11) (3 x)[x £ {A,B} & (V y)(y £ X - Y ., £ {A,B})] 

11 es (12) xO e: {A,B} and (V y) (y £ xO - Y .., £ {A, B} ) 

12 simp 

(13 ) xO £ {A,B} 

12 simp 

(14) (Vy)(y e: xO-y 

13 theorem using theorem 2.9.1 

(15) xO = A or xO = B 

assume (16) xO A 

14 replace using 16 

.., e: {A,B}) 

(17) (Vy)(y £ A-y -.e: {A,B}) 

17 us (18) If B e: A then B ..,£ {A,B} 

4 implies using 18 

(19) B.., I:: {A,B} 

16, 8, 19 ip 

(20) xO:# A 

15, 20 tautology 

(21) xO = B 

14 replace using 21 

(22) ( 'V y)( y £ B - y ., £ {A, B } ) 

22 us (23) If A e: B then A ., e: {A,B} 

3 implies using 23 
(24) A..,e{A,B} 

24, 7 fc 

(25) A., e {A,B} and A I:: {A,B} 
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(26) 

,26 ug (27) 

**. QED *** 
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Not (A ~ Band B e A) 

(V B,A) not (A ~ B & B ~ A) 

The proof of Theorem 2.15.3 depends not directly on the axiom 

of regularity but on the preceding Theorem 2.15.2 which we have 

labeled in fact the regularity theorem. It states that if a set A 

is not empty then there exists a member x of A such that no member 

of x is also a member of A. 

In 1978-79 we examined 25 proofs of this theorem. The mean 

length was 18.7, the median was 19, the minimum was 9, and the 

maximum was 26 lines. 

To show in a striking way how much the length of proofs can 

vary we contrast the straightforward mathematically transparent 

proof given above for Cantor's theorem with a very much shorter 

second proof. This proof of cantor's theorem does no simple goal 

reductions and uses VERIFY much more powerfully. As a result, it 

consists of only nine lines, instead of 34. This proof was done 

many years ago in a version of EXCHECK that did not yet support 

special characters. Thus, "(Ax)" is used in place of !I(V x)", 

"pow(A)" for "pAil, "<=" for "< ... tf 
- •• f etc. 

revIEW 

A < pow(A) 

VERIFY Using: Th. 4.1.10, Th. 4.2.1, Df. map, Dr. injection 

(1) A <= pow(A) 

ASSUME (2) pow(A) <= A 

2 LET using: Th. 4.2.1, Df. map, DF. injection 

(3) Inj(f) and dom(f) = pow(A) and rng(f) sub A 

LET Using: Ax. separation Instance: x not in inv (f) (x) for FM 

(4) (Ax)(x in D <-> x in A & x not in inv (f)(x» 

3,4 VERIFY Using: Th. powerset, Df. subset 

(5) D in dom(f) 
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3,5 VERIFY US1ng: Dr. subset, Th. range, Th. 3.10.9 

(6) feD) 1n A 

3,5 Th. 3.10.58 

(7) Inv(f)(f(D» D 

4,6,7,2 CONTRADICTION 

(8) Not pow(A) <= A 

1,8 Df. lesspower 

(9) A < pow(A) 

This proof 1S harder to follow because its steps are much 

more compact. On the other hand, it 1S quite clear what the line 

of argument 1s. While this proof 15 much shorter than the 34 line 

proof descrlbed earlier, many of the lines in the goal structured 

proof were generated by a single keystroke. In the proof 

immed1ately above, the student needed to type seven formulas with 

a total of 148 characters. In the goal structured proof, the 

student also needed to enter seven formulas, with a total of 108 

characters. We examined 24 student proofs from 1978-79 of 

Cantor's theorem. The mean number of lines was 29.9, the medlan 

was 25, the mln1mum was 25, and the maximum was 70. 

We give just one example of a theorem about cardinal numbers. 

Theorem 5.4.2 states a standard necessary and sufficient condition 

for a cardlnal number to be a transfinite card1nal, namely, that 

lt be identical to itself plus one. Note that there is a slightly 

subtle matter lnvolved 1n the distinction between infin1te 

cardlnals and transfin1te cardinals. An lnfinite cardinal is the 

cardinal of an lnfin1te set. A transf1nite cardinal 1s the 

card~nal of a Dedek~nd infinite set. Recall that a Dedekind 

hnl t:.: ~et is a set that is equipollent to a pr~per subset of 

~tself. In the sense used here, an inf1nite set is one that is 

not equipollent to any natural number, although this is not the 

formal definition which is given 1ndependent of the concept of 

natural number. Standard proofs of the equivalence of Dedekind 

~nf~nity and ordinary infinity require the use of the axiom of 
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choice. Thus the difference between infinite and transfinite 

cardinals is nontrivial. 

Derive: 

(If n )(tcard(n) - n = n+: 1:) 

assume (1) Tcard(n) 

definition using definition tcardinal 

(2) (3 A) (dinfinite{A) & 

2 es (3) Dinfinite (A) and 

3 simp (4) Dinfinite(A) 

3 simp (5) IAI = n 

4 theorem using theorem 4.4.6 

(6) A =:: A U {A} 

6 axiom using axiom cardinal 

(7) IAI = IA U {A}I 

5 theorem using theorem 5.2.38 

(8) IAU{A}I=n+:1: 

7 replace using 5, 8 

(9) n = n+:1: 

1, 9 cp 

IAI 

IAI 

= n 

(10) If tcard(n) then n n+:1: 

assume (11) n = n+:1: 

theorem 5.2.1 

(12 ) (3 A,B)(AnB = 0 &: IAI = n 

12 es ( 13) enB = 0 and leI n &: IBI 

13 simp 

(14) leI = n 

14 theorem using theorem 5.2.38 

(15) Ie U {e} I = n+:1: 

15 replace using 11, 14 

(16) Ie U {e} I = leI 

16 axiom using axiom cardinal 

(17) e U {e} - .. e 

n) 

& IBI = m) 

m 
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17 theorem using theorem 4.1.2 

(18) c =:: e u {e} 
18 theorem using theorem 4.4.6 

(19) Dinflnite(C) 

19, 14 fc 

(20) Dlnfin1te(C) and leI = n 

20 eg (21) (3 A) (dinfinite(A) & IAI 
21 definition using definition tcardinal 

(22) Tcard (n) 

11, 22 cp 

(23) Ifn n+:1: then tcard(n) 

10, 23 fc 

n) 

(24) (tcard(n)-n = n+:1:) and [n 

24 Ib (25) Tcard(n) iff n :: n+:1: 

25 ug (26) (V n)(tcard(n) - n :: n+:1:) 

*** QED *** 

= n+: 1: - tcard (n)] 

Note a blemish in the printing of this proof by the program. 

The "ttl for transfinite cardinal is capitalized when it begins a 

line and otherwise not. 

We examined 7 valid standard proofs of this theorem given by 

students in 1978-79. The mean number of lines was 20.0, the 

median was 21, the minimum was 13, and the maximum was 24. The 

very explicit student proof given here is longer than the maximum 

of this earlier group. 

Two theorems that require the axiom of choice and are often 

assigned to students as the part of their work from Chapter 1 are 

the law of trichotomy and the Teichmuller-Tukey Lemma that any set 

of finite character has a maximal element. 'gxamination of 14 

valid student proofs of the law of trichotomy yielded the 

following data: mean number of lines was 24.6, median was 24, 

minimum was 13, and maximum was 40. Nine proofs of the 

Teichmuller-Tukey Lemma had a mean length of 41.8, a median of 44, 

a minimum of 25, and a maximum of 61. 
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The variability ~n length of proofs of a given theorem would 

have been greater if we had examined a larger sample. In our 

t3xperience the main source of variation is the extent to which 

students use the powerful and complex commands, especially VERIFY 

and ESTABLISH, about which we have something more to say in the 

next section. 

4. Strategic Considerations 

The proofs reviewed above give a reasonable sense of how the 

current program behaves, although of course the full range of its 

capab~lities cannot be described so briefly. Students typically 

spend the first two or three weeks becoming fam~liar with the 

machinery while proving some elementary theorems 1 and may learn 

more advanced commands or features as the need ar~ses later in the 

course. We recelve occasional complaints about the time needed to 

learn to use EXCHECK, and thus have striven to keep the use of lt 

as simple as possible. 

The suggestions made by EXCHECK can be best understood by 

vieWlng them as a collection of strategies. The simplest of these 

strategies, from both the students' viewpo~nt and the complexity 

of our programming effort, is the reduction of goals using 

sententlal operations and the replacement of universally 

quantlf~ed sentences with sentences containing free var~ables. 

Among the related synthetic commands, TAUTOLOGY and BOOLE provide 

useful dec~sion procedures. Almost all proofs use such 

strategies, especially at the top level, but perhaps none of them 

can proceed to complet~on w1thout using other, more complex 

strategies. 

As mentloned earlier I the most useful of these is simply the 

citation of a previous aXiom, definition, or theorem. This can be 

thought of as goal reduction via standard sufficiency conditions. 

In general, there may be alternative sets of sufficiency 

cond1 tions, ~n wh1ch case the program muat somehow decide which 
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reduction to suggest. 

prohibitively complex. 

An analysis from first principles would be 

Instead I EXCHECK makes use of strategies 

encoded by an expert user of the system, namely Lee Blaine. When 

proving A B, for example, the program suggests a reduction to 

('V x) (x £ A x £ B). When proving F = G, however, it instead 

suggests a reduction to dom(F) = dom(G) and ('V x) F(x) = G(x). 

This part of EXCHECK can fairly be described as an expert 

system, roughly in a category with programs such as MYCIN and 

PROSPECTOR, even though it differs from them in some major 

respects, and was not created or envisioned in such terms. 

Articles on EXCHECK, MYCIN, PROSPECTOR and several related systems 

can be found in Barr and Feigenbaum (1982). EXCHECK, like other 

expert systems, emphasizes the need for explicitly encoded expert 

knowledge, as opposed to a priori principles. Blaine made many 

local decisions as to what the best rule would be in a given 

situation, using general notions about the availability of 

theorems, the power of the existing machinery, and pedagogical 

clarity. The theorem list went through many revisions in this 

process, and represents a significant improvement over the 

original list. We cannot emphasize too strongly that good 

pedagogical programs will not be able to do everyth~ng from first 

pr~nciples. A lot of knowledge and experienoe must be encoded. 

There are limits of course to the gu~dance that EXCHECK can 

provide. Somehmes it simply makes an inappropriate suggestion, 

or fails to notice that a pre-exist~ng theorem would be useful. 

Poorer students can be waylaid in such situations, but typically 

students recognize when the program is making poor suggestions and 

19nore them. We try to emphasize to the students that they should 

make their own decisions about the best approach I and only then 

make use of the program's suggestions, assuming they agree. 

Anecdotal evidence indicates that every term a few stUdents have 

one or two sessions where they inappropriately pursue the 

program's mistaken strategy. No students seem to have significant 

problems 1n this regard. 
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On a more fundamental level, there are two major situations 

in which EXCHECK is almost totally unable to offer guidance, 

namely proofs by contradiction and proofs of existentially 

quantified goals. 

Proofs by contradiction. Proofs by contradiction are the 

easier ones for which EXCHECK could be improved to offer guidance. 

Currently there is no integrated notion of a model built into 

EXCHECK. A mechanism exists for having the student construct 

examples or counter-examples for simple assertions, and then carry 

on a graph-directed dialogue, but this machinery is totally 

separate from the proof checker. The TEO command (for Tautology + 

Equality) proceeds by refining a purported model of the 

equivalence classes generated by the assertions and the denial of 

the conclusion. This code can be invoked by the proof checker t 

but functions as a black box written in a separate language and 

running in a separate process. Thus it would be hard to 

integrate. 

A nice extension of EXCHECK would have it proceed, when the 

current goal is to find a contradiction, to internally construct a 

purported model of the given assertions and then proceed to 

discover new relations to be added to that model, under the 

direction of the student. Eventually the purported model would 

break down, or the student would see how the strategy was failing. 

Relations would be added by straightforwardly testing all 

possible relations among all the terms in the purported model. 

Such a strategy seems to skirt exponentially expensive behavior, 

but in practice would probably work reasonable fast, since the 

number of terms would tend to be rather small, and most relations 

could be quickly rejected. The stUdent would also be ab:e to 

curtail extravagant behavior. 

Relations would also be added by abstracting over terms which 

satisfy, or fail to satisfy, relations that cannot be explicitly 

proved or disproved. For example, if the prover could prove 
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neither A f;; f(A) nor A" ~ f(A), then the terms {A: A ~ f(A)} and 

{A: A'" ~ f( A)} would be generated. It would also generate terms 

denoting the union and intersection for each such set, as well as 

the minimal and maximal elements. 

In addition to heuristics for adding such abstracted terms, 

some obvious heuristics would be needed to avoid generating series 

of relations unlikely to be useful, e.g., A e: pA, pAe:ppA. A 

simple bound on the complexity of new constructions would be 

adequate in th~s regard, at least for a first running version. 

Other obvious heur~stics could be table driven. A few suggested 

ones might be: 

If A ~ B, check to see if A = B. 

If A ~ B ~ X e: B, check to see if x e: A. 

If x t A ~ Y e: A, check to see if x y. 

If x and yare not ordinals and are not at adjacent levels ~n 

the constructable hierarchy, do not attempt to relate them. 

A better set could be empirically determined. 

Paper-and-pencil observations indicate that the 

contradiction-seeking strategy described here is sufficient to let 

EXCHECK generate a well motivated proof of cantor's theorem, 1n 

which not much more than a dozen terms are actively considered in 

the purported mod el . 

Term Finding. A strategy for solving existential assert~ons 

appears to be a much more formidable undertaking, since there are 

fewer constraints on terms to be considered. In particular, the 

terms constructed in such proofs are often rather complex. A good 

example from set theory is the Schroeder-Bernste~n theorem, which 

can be stated as follows: 

Goal: (TI A,B)(A :;::: B ~ B :;::: A - A =:: B) 

Before proceeding, it should be noted that this theorem 

precedes the axiom of choice in the curriculum, hence must be 
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completed without it. This precludes the "zig-zag" proof 

sometimes presented for this theorem, which successively picks an 

unseen element x and then follows the sequence of applications 

F ( x), G (F (x) ) I F,e G (F (x) ) ), etc. 

A few straightforward goal reductions using simple logic and 

the def1n1tions of less-pollence and equipollence soon lead to the 

following revised situation: 

Goal: (3 H) H: A bi j B 

1) (3 F) F: A inj B 

2) (3 G) G: B lnj A 

In other words , we have an injection from A into Bt an injection 

from B lnto A, and the goal 15 to find a bijection between A ana 

B. Unfortunately I there are no obvious clues as to what that 

biJectl0n might be. 

A traditional pedagogical presentation of this proof might 

introduce the operator Echo(C) = A - G"( B - File) and then show 

that A* = (e: C Echo(C)} is a fixed point with respect to Echo. 

From there, lt is not too dlfficult to show that 

FIA* U inv(G)ICA-A*) is the desired bijection, where FIA* means F 

restricted to A*, and inv(G) is the inverse of G. 

Presumably the student can understand that such a proof 

works, and may further understand that recognition of a fixed 

point was a useful trick here. Beyond that, however, it is not 

clear how well the proof can be internalized as anything beyond an 

ad hoc solution. The claim we make is that general, intellig~ble 

heuristics can be used to find the proof sketched above, in such a 

way that no major leaps are required beyond those explicitly 

sanctioned by the heuristics. 

The strategy employed will amount to a highly constra~ned 

search through the Herbrand Un~verse, using filters derived from 

the statement of the problem. A number of powerful heuristics 

will be used, but all of them are motivated by general 
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conl31derations. They include ordering principles, fixed point 

properties, Occam's razor, constructions in the geometric sense, 

the strengthening of some goals to eliminate other goals, and the 

generation of simple examples and counterexamples within models 

such as integer arithmetic. The use of a structured database for 

concepts will also be important. 

Given that the goal and lines 1 and 2 are expressed in fairly 

condensed notation, the first step is to expand definitions to a 

more explicit statement of the situation. This is done by 

consulting a database that specifies the interesting properties of 

a term. Some of these properties will be sufficiency conditions, 

while others will express equivalence relations. In essence, the 

database should capture concepts that are lurking beneath the 

surface in the traditional representation. 

Paper does not provide a good medium for expressing database 

relatlons. In the interactive EXCHECK environment, the student 

would be able to view numerous representations. The following 

representation, for example, shows the original goal and assumed 

lines, with the goal explicated as a set of jOintly sufficlent 

conditions, and with the assumed lines explicated by a set of some 

immediate consequences. 

Goal: H: A bij B 

i.e. : func(x) , dom(x) :: A, rng(x) B, 1-1(x) 

1) F: A inj B 

i.e.: dom(F) rng(inv(F) ) = a 

rng(r) dom(inv(F) ) 

rng(F) £;B 

2) G: B inj A 

i.e .: dom(G) rng(inv(G» B 

rng(G) dom(inv(G)) 

rng(G) £;A 

A review of 1-1(x) would show that it is equivalent to 
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('<I y,z)(x(y) = x(z) - y 

reviewed in more detail. 

Z) • Other formulas could likewise be 

Alternatively, the student might view the relations that hold 

for b~jections: 

x: A b~J B => fune (x) 

fune (inv (x)) 

dom(x) rng(inv(x)) A 

rng(x) dom(inv(x)) B 

x: A inj B 

x: A surj B 

inv(x) : B bij A 

inv(x) : B inj A 

inv(x) : B surj A 

Or the student could Vlew suffic~ency eonditlons for 

bijectlons: 

x: A b~j B if func(x) ~ dom(x) = A A rng(x) 

x: A inj B A x: A surj B 

x: inJ B inv(x): B inJ A 

B A 1-1 (x) 

A general heuristic which can be explained to the student at 

this pOlnt is to decompose the goal into a set of conditions whlch 

are jointly sufficient. A sub-heuristic is to not decompose 

statements of equality or type declarations, s~nce there are often 

efficient ways to test for such conditions. 

EXCHECK now has a better representation of the problem, but 

there lS still no clear way to proceed. The central heur~stic to 

be employed now is that any term used in the proof can probably be 

expressed as a (possibly complex) operation on terms already 

present in the expanded statement of the problem. A further 

assumption is that this complex operation can be expressed in 
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terms of operators ranked a priori for expected relevance. For 

example, functional application is highly relevant for functions, 

restriction and images are perhaps less relevant, while 

composition, union, and intersection are of moderate interest. 

Cartesian products of functions and powersets of functions are 

below the threshold for immediate consideration. 

The first check is to see if any term already present 

sat~sfies the goal. A and B quickly fail since there is no reason 

to believe they are funct~ons. In fact, the program can note that 

they are unconstrained in this regard, and potentially could 

construct counter-examples. Type failure is heuristically 

considered to be a major defect, so A and B are rated very poorly. 

F and G are more likely candidates. Still, there is no reason to 

bel~eve rng(F) B, nor is there any reason to believe that A = B, 

wh1.ch is what dom(G) = A would ~mply. Inv(G) appears about 

equally successful as F, and depends on the unattainable condition 

that dom(inv(G)) = A, i.e. rng(G) = A. 

As an adjunct to the following process, rng(F) = B, 

rng (G) = A, and A = B are noted as unattainable conditions which 

would trivialize the proof. If a future (and hence more complex) 

term would succeed subJect to any of these conditions, it can be 

reJected from consideration on grounds similar to Occam's razor-­

simpler terms have already been shown to be about equally 

effective. 

If terms are even partially successful, they are not 

discarded, but rather form the bas~s for the construction of more 

elaborate terms. Those terms with the mildest or fewest number of 

defects are employed first in such constuctions. 

To pursue the Schroeder-Bernstein proof, since F and inv (G) 

seem most successful, new terms are generated which include them, 

according to heuristics for combining functions. In this manner, 

FIA, FrB, inv(G)I!, inv(G)!B, F"A, FIfB, inv(G)"A, inv(G)"B, F@G, 

G@F, FUG, FnG, etc. are generated, where @ is functional 
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compos~tion. All of these have defects, and none seem to depend 

on conditions any weaker than those that would make F 01" inv(G) 

succeed. 

All of the above has proceeded rather quickly (i.e., in a few 

minutes) to a closure on a subset of the available strategies. A 

review would now look like this: 

Goal: H: A bij B 

i.e. : func (x) f dom(x) A, rng(x) B, 1-1 ex) 

1) F: A inj B 

2) G: B inj A 

Best candidates, with missing conditions: 

F 

inv(G) 

B ~ rng(F) 

A ~ rng(G) 

The student would be able to manipulate the entire set of 

examined cand ida tes, for example to review those not shown above 

or to suggest new terms and have them examined. The student would 

also be able to edit the evidence for a term dnd to move terms 

into and out of the set of best candidates. 

The next maJor heuristic involves the introduction of new 

free terms ~nto the set of terms available for construction. Th~s 

is a dU'ect generalizat~on of the heuristic in geometric proofs 

where additional points or lines are constructed to facilJ..tate an 

otherw~se stalled proof. The terms added here, though, are theory 

independent. All of their properties will be solved for in later 

stages. 

The term constructor now has access to new free terms, which 

will be represented as x*, x**, etc. As their properties become 

defined, they may be re-represented as A*, F**, etc. to clarify 

their type. Thus, Fix*, inv(G)ix*, F"x*, etc. are examined to see 

how well they succeed. Since such terms are expected to combine 

in useful ways, they are exempt from the heuristic described above 
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which discards terms requiring conditions as strong as those 

required by previous, simpler terms. 

Flx* fails in almost the same manner that F failed, but the 

requIred conditions for Flx* to succeed are A ~ x*, B ~ F"x*, and 

B ~ rng(F). Likewise inv(G),lx* fails unless A ~ x*, A ~ rng(G), 

and B ~ inv(G)"x*. FUx*, G@x*, F"x*, etc. all fail for numerous 

reasons, primarily failure to be a function. FUH* is eliminated 

SInce for it to be a function F(x) = H*(x) for all x in A, but 

then FUH* = F. Inv(G)UH* is eliminated for a similar reason. 

The outcome at this stage is that FIA*, inv(G)IA*, and at 

most a few other terms appear plausibly useful. 

would look like: 

A review here 

Goal: H: A bij B 

i.e. : func(x), dom(x) A, rng(x) B, 1-1 (x) 

1) F: A inJ B 

2) G: B inj A 

Best candIdates, with missing conditions: 

F B ~ rng(F) 

inv(G) A ~ rng(G) 

FIA* B ~ rng(F), A ~ A*, B ~ F"A* 

inv(G) IA* A £; rng(G), A £; A*, B ~ inv(G)"A* 

The next stage proceeds as before and combines these terms 

";1 th each other and with terms previously deemed useful. This 

results in terms such as (FIA*) U (inv(G)IA**) and 

(F:A*) n (inv(G)IA**). An analysis of these reveals something 

important. The suffIciency conditions imply that 

(F:A*) U (inv(G)IAn) will succeed if A* n AU = 0, A* U AU A, 

F"A* n inv(G)"A** = 0, and (F"A*) U (inv(G)"A**) = B. What is 

Interesting is that none of these conditions are easily refutable. 

Given such a promising candidate, the original existential 

goal can now be reduced by a lemma which claims that 
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(FI A*) U (inv(G) IAU): A bij B if the following subgoals can be 

satisfied: 

F: A inj B 

G: B inj A 

A* n AU 0 

A* U AU A 

(F"A*) n (inv(G)"A**) 0 

( F" A *) U (inv (G) " A ** ) B 

The new situation can be reviewed as: 

Goal: (3 C, D) ( C n D = a A CUD = A 

F"C U inv(G)"D = B ) 

1) F: A inJ B 

2) G: B 1nJ A 

F"C n inv(G)"D = a 

Given two jcint existentials, a standard reduction would be 

to try to solve one in terms of the other. This is simply a 

generalization of solving simultaneous equations. It is closer to 

being a proof procedure than a heuristic. Solving for D in this 

manner, the following side proof results: 

Goals: C n D = 0 

A - C S;; D 

F"C n inv(G)"D = a 
B - F"C S;; inv(G)"D 

Simple boolean operations reveal that the first two subgoals 

will be satisfied if D = A-C. A weaker assumption might be 

possible, but this one eliminates goals, so we heuristically 

proceed with it to the revised situation: 

Goals: F"C n inv(G)"(A-C) = 0 

B - F"C ~ inv(G)"(A-C) 

Since G 1S an injection, we know from the database that 
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(V A)(A ~ rng(G) - G"(inv(G)"A) 

GilA ~ GliB). From these we get: 

A) and that (V A,B) (A f; B 

Goals: G" (F"C) n A-C = a 
GII(B - F"C) ~ A-C 

and then 

Goals: F"C n inv(G)"(A-C) = a 
C £ A - G"(B - F"e) 

Given these two goals, there is no obvious way to derive one 

from the other. However, if the second goal is strengthened to be 

C = A - G"(B - F"C), then assuming it true, the first can be 

proved in easy steps: 

Goal: F"C n inv(G)"(A - (A-GII(B - F"C») a 0 

Goal: F"C n inv(G)"(G"(B - F"e» = 0 

Goal: F"C n (B - F"C) = 0 

Goal: 0 = 0 

Thus it sufflces to show that C = A - G"(B - F"C). Again, a 

weaker goal might suffice, but this one eliminates other goals, so 

we proceed with It. 

Overall, our proof now reviews as: 

Goal: (3 C)(C = A - G"CB - F"e» 

1) F: A inj B 

2) G: B inj A 

In the current EXCHECK course, this goal is in fact presented as a 

lemma in the theorem list to facilitate the Schroeder-Bernstein 

proof. 

Viewing it as a separate proof, we can proceed with the same 

term finding strategy as above, after first reducing the 

universally quantlfied goal to one with free variables: 
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Goal: C = A - G"(B - F"C) 

1) F: A inj B 

2) G: B inj A 

We consider A, B, F"C, B - F"C, G" (B - F"C), and A - G"CB - F"C). 

Since we are solving for C, all but A and B are ruled out on the 

ground s that they are not a closed solution. If C = A, then 

G"(B - FilA) must be the empty set, but a counterexample to this 

can easily be found which is consistent with the current 

assumptions. For example, let A and B equal the set of integers, 

let F(x) a 2x, and let G(x) = x. On the other hand, if C = B, then 

we can assume A = B and obtain the same unattainable goal that 

G"CA - FilA) = O. 

Thus there are no terms even partially successful for the 

second stage, so we proceed to consider the following abstraction 

terms, along with the union and intersection of each such set, and 

the~r m~nimal and maximal elements: 

{c: C = A - G"CB - F"C)} 

(C: C ~ A - G"CB - F"C)} 

(C: A - G"(B - F"C) ~ C} 

Fixed-point considerations make U{C: C ~ A - G"CB - F"C)} and 

nrc: A - G"(B - F"C) ~ C} heuristically interesting. 

first, we generate the following situat~on: 

Abbreviations: Echo(C) = A - G"C B - File 
E = {C: C ~ Echo(C)} 

Goal: UE = Echo( UE) 
Le.: UE S; Echo( UE) and Echo( UE) ~ UE 

Given the 

If we assume UE S; Echo (U E), then table-driven heuristics for 

functions generate the following sequence: 

F" UE S; F"Echo(UE) 

B - F"Echo(UE) ~ B - F"UE 

G"(B - F"Echo(UE» S; G"(B - F"UE) 

Echo ( U E) S; Echo (Echo ( U E) ) 
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But this implies EchoCUE) € E, hence Echo(UE) !;; UE, so we can 

eliminate one sub-goal to obtain the following situation: 

Goal: U E b Echo ( U E) 

Al ternatl vely " we could have defined E 

arrlved analogously at this situation: 

{e: Echo(e) ~ e} and 

Goal: Echo ( n E) !;; n E 

From here on 1 the proof falls well within the framework of 

proofs already done in EXCHECK. The goal U E !;; Echo( UE) can be 

reduced using propertles of subset and family, as follows: 

Goal: D e; Echo (U E) 

assume 1) D e; U E 

Expanding 1 gives us 

2) (3 C) (D e; cAe E E) 

es 3) DEC ACe; E 

By the deflnitlon of E, 

4) C b Echo (C) 

The definition of U 1mplies that 

5) C b UE 

Hence by a short proof 

6) Echo(C) Echo( UE) 

But then from 3,4,6 

7) D E Echo( UE) 

QED 

A similar proof is generated using n{c: Echo(C) C}. 

The entire proof thus proceeded through many stages, and 

employed a number of heuristics, but at no point was an unclearly 

moti vated term produced. The proof 1S possibly too complex for 

even such a revlsed EXCHECK to find 1t unalded I but a student 

should have no problem guid1.ng EXCHECK to success. The only 
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danger is a loss of faith that such a long procedure will 

terminate successfully. Presumably the program would keep hidden 

most of the failed attempts at nrious stages, so that students 

would see roughly the material presented here. 

The extension described does not exist in any running form, 

and would represent a SUbstantial effort--more than a year of 

solid work. In particular, EXCHECK should be rewritten to convert 

it completely to LISP, and to enhance its ability to handle such 

things aa restricted quantifiers. That effort alone would be 

months or perhaps a year of work for any of the original 

programmers for EXCHECK, and might require several years if done 

by other people. Thousands of pages of code are involved. If 

this were done, however, the result would be an elegant 

pedagogical vehicle for introductory set theory and similar 

axiomatic courses. 
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Appendix A 

A Complete Session for a Proof of Cantor's Theorem 

We present here a complete EXCHECK session used to generate a 

proof of Cantor's theorem that every set is strictly less pollent 

than ~ts power set. Double lines are used to indicate points at 

which the screen is cleared and a new frame started. Each frame 

l8 shown exactly as the user saw it, except that $, ! and to here 

lndicate the non-printing characters ESC, Control-\ and Control-G, 

respectively. and all user input is underlined here. 

an ~mmediate suggestion, Control-\ accepts a 

ESC accepts 

high level 

suggestion, and Control-G tells EXCHECK to guess something 

reasonable--usually the immediate goal when a formula is expected. 

See sec~ion 2 of the main text for more explanations. 
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================================================================== 
Goal G1: ('V A) A <:: pA 

[Reduce the current goal with a universal reduction] 

(reduce) *1-
Do~ng universal reduction 

================================================================== 
Goal G2: A <:: p A 

[Reduce the current goal wlth an lntroductlon reductlon 

uSlng the deflnition of less power] 

(reduce) *1-
DOlng introductlon reductlon 

================================================================== 
Goal G3: A "£:: p A and not p A ~:: A 

[Reduce the current goal with a conjunction reduction] 

(reduce) *1-
DOlng conJunctlon reduction 

================================================================== 
Goal G4: A :s:: p A 

[Reduce the current goal with an lntroductlon reduction 

using the definltion of leq power] 

(reduce) *~reduce 

WhlCh proof procedure? (introduction) *theorem <Name> *~ 

================================================================= 
Goal G6: (3F) F: A inJ pA 

[Use establish to lnfer the current goal] 

(establlsh) *theorem <Name> *~ 

('V A) {z: (3x)(z <x,ix}> & x e A)}: A inJ pA 

Do you want to specify? (yes) *tyes 

Substitute for A? (A) *1A 
theorem 4.1.10 

(1) {z: (3 x)( z <x, {x}) & x 0: A)}: A inj P A 
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[Use establish to infer the current goal from line 1] 

(establish) *Jyerify (2) *func(tm:1:1) 

Using *Definition <Name> *1giectiQn 

Using *Definition <Name> ~ 

Using *ok 

[Use establish to infer the current goal from line 1, line 2] 

(establish) *~ 

Replace term *tm:1:1 Variable *K 

F and {z: (3 x)(z = <x, {x}> & x E A)} aren't in the proper sort 

relation. 

Llne justifying a sort for {z: (3 x)(z 

Occurrences (1-1) *11-1 

1 eg (3) (3F) F: Ainj pA 

Joal 6 fulfllled by line 3. 

implies using theorem 4.2.1 

(4) A::;:: p A 

uoal 4 fulfilled by line 4. 

<x, {x} > & x E A)} *.£ 

================================================================= 

Coal G5: Not pA ::;:: A 

Hence (4) A:S:: pA 

[Reduce the current goal with a reductio ad absurdum reduction] 

(reduce) *.1 

Doing reductlo ad absurdum reduction. 

================================================================= 

Goal G7: Contradiction 

Hence (4) A::;:: pA 

assum"l (5) p A :s:: A 

Determine which contradiction to derive and use REVISE to replace 

the current goal formula with that contradiction. 

*~eorem <Name> *schroeder-bernstein 

5, 4 theorem using theorem schroeder-bernstein 

(6) pA =:: A 
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Determine which contradiction to derive and use REVISE to replace 

the current goal formula with that contradiction. 

*6definition <Name> *~ui~ollent 

6 definition using definition equipollent 

(7) (3 F) F: pA bij A 

Determine which contradiction to derive and use REVISE to replace 

the current goal formula with that contradiction. 

*~ 
( 3 F) F: P A bi j A 

Ambiguous name for F? (F) *~F 

7 es (8) F: p A bij A 

Determine which contradiction to derive and use REVISE to replace 

the current goal formula with that contradiction. 

*abbreviatlon 

Flnished, Introduce, Eliminate, or Print? (finished) *~ntroduce 

What do you want to abbreviate? 

*{x: x in A and x not in inv(F)(x)} 

What abbreviation do you want to use? *CS 

Finished, Introduce, Eliminate, or Print? (finished) *~ntroduce 

What do you want to abbreviate? 

*~ 
Is the expression to be abbreviated a Term or a Formula? *~erm 

What abbreviation do you want to use? *CE 

Finished, Introduce, Eliminate, or Print? (finished) *~finished 

Determine which contradlction to derive and use REVISE to replace 

the current goal formula with that contradiction. 

*revise 

Is the contradiction to be a conjunction, an equivalence, or 

an identity? (conjunction) *~quivalence 

Type the formula that is asserted to be equivalent to its negation 

*CE in CS 

================================================================= 
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Abbrevlations: 

CS = {x: x e: A & x .., e: inv(F)(x)} 

CE = F(CS) 

Goal G7: CE e: CS iff CE ., e: CS 

Hence (4) A :s:: pA 

assume (5 ) p A :s : : A 

By 4 (6) pA =:: A 

So (7) (3 F) F: pA bij A 

So that (8) F: p A bij A 

[Reduce the current goal with a bicondltional 

(reduce) *theorem <Name) *~ 
Schema: 

x e: {~: x e: A & FM(x)} iff x e: A & FM(x) 

Replace for FM *x not in lnv(F)(x) 

reduction] 

WhlCh varlable indicates the parameter places? *~ 

(V A,x)[x e: CS +-+ x e: A & x .,e: inv(F) (x)] 

Do you want to specify? (yes) *i 

Varlables (A,x) *A 

Substltute for A? (A) *iA 

theorem 2.5.10 

( 9 ) (V x) [x e: CS ...... x e: A & x ., e: ln v (F) (x) ] 

[Reduce the current goal with a bicondltional reduction] 

(reduce) *9definition <Name) *subset 

(10) cs ~ A 

[Reduce the current goal with a blconditional reduction] 

(reduce) *10theorem <Name) *~erset 

(11) CS e: pA 

[Reduce the current goal with a biconditional reduction] 

(reduce) *.l 

DOing biconditional reduction 

================================================================= 



Interactive Theorem Prover 

AbbrevIations: 

CS {x: x €; A & :x .., £: in v (F) (x ) } 

CE F( CS) 

Goal G8: (CF ('; CS CE .., £: CS) and (CE .., £: CS - CE €: CS) 

Hence (4 ) A ~:: p A 

assume (5 ) pA ~: : A 

By (6 ) pA .. A 

So (7 ) (:3 F) F: p A blJ A 

So that (8) F: pA blJ A 

By theorem 2 5.10 

(9) (V x)[x £: cs - x e: A & x ..,€ inv(F)(x)] 

Also (10) CS ~ A 

And ( 11 ) CS € P A 

[Reduce the current goal wIth 

(reduce) *1 

DOIng ~onJunctlon reduction 

conjUnctIon reductIon] 

355 

=~====~:===~===~==~=~===========:===============================~ 

AbbrevIatIons: 

CS f x: x €; A 0: x .., e: in v ( F) (:x) } 

CE F(eS) 

Goal G9: If CE € CS then CE .., €; CS 

Hence (4 ) A s:: p A 

assume (5 ) pA :::: : A 

By (6) pA - .. A 

So (n (3 F) F: pA biJ A 

that (8) F: pA blJ A 

By theorem 2.5 10 

(9 ) (V x) [x e: CS ....... x £: A & x .... e; (x) ] 

Also (10) CS S:;A 

And ( 11 ) CS €: P A 
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[Reduce the current goal with a conditional reduction] 

(reduce) *J.. 
Doing conditional reduction 

==========~================================================~===== 

Abbreviations: 

CS {x: x £ A & x ... £ inv(F){x)} 

CE F(CS) 

Goal G 11 : CE ., £ CS 

Hence (4) A :s:: p A 

assume (5) pA :s:: A 

By 4 (6) pA - .. A 

So (7) (3 F) F: pA bij A 

So that (8) F: pA biJ A 

3y theorem 2.5.10 

(9) ( V x) [x e: cs ..... x e: A & x ... e: mv (F) (x)] 

Also (10) CS.£; A 

And ( 11 ) CS e: p A 

assume (12) CE e: CS 

[Reduce the current goal with a reductio ad absurdum reduction} 

(reduce) *~lies 

12 implies using 9 

( 13 ) CE e: A and CE ... £ inv (F){ CE ) 

CReduce the current goal with a reductio ad absurdum reduction] 

(reduce) *8.11theorem <Name) *3.17.10 

(1~) Inv(F)(CE) = CS 

[Reduce the current goal with a reductio ad absurdum reduction} 

(reduce) * 13, 14teq (15) *iGCE .., e: CS 

Using 'ok 

Goal 11 fulfilled by line 15. 

11,15cp (16) if CE £ CS then CE ... £ CS 

Goal 9 fulfilled by line 16. 

================================================================= 
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Abbreviations: 

CS {x: x e: A & x .., e: inv(F)(x)} 

CE F(CS) 

Goal Gl0: if CE .., e: CS then CE e: CS 

Hence (4) A $:: pA 

assume (5) pA ~:: A 

By 4 (6 ) pA - .. A 

So (7) ( 3 F) F: pA bij A 

So that (8) F: pA bij A 

By theorem 2.5. 10 

(9 ) (Vx)[x e: CS - x e: A & x ., e: inv(F)(x)] 

Also (10) CS ~ A 

And ( 11) CS e: pA 

cp (16) if CE e: CS then CE ., e: CS 

[Red uce the current goal with a conditional reduction] 

(reduce) *1-
Doing conditlonal reduction 

================================================================= 

Abbreviations: 

es {x: x e; A & x.,e; inv(F)(x)} 

CE F(eS) 

Goal G12: if CE .., e; es then CE e: CS 

Hence (4 ) A $:: pA 

assume (5 ) pA ~: : A 

By 4 (6 ) pA - .. A 

So (7) (3 F) F: pA bij A 

So that (8) F: pA bij A 

By theorem 2.5. 10 

(9) (V x)[ x e: CS - X e: A & x ., e: inv (F) (x)] 

Also ( 10) es s;; A 

And ( 11 ) es e: p A 
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CD (16) if CE e: CS then CE ..., e: CS 

assume ( 17) CE ... e: CS 

Try to prove the appropriate theorem of the form: 

for every x, x in fx: Fm(x)} iff Fm(x) 

ana then use it to get the goal. 

*17 ,(hmolies 

(18) ~lot [CE e: A and CE .., e: inv(F)(CE)] 

Try to prove the appropriate theorem of the form: 

for every x, x w {x: Fm(x)} iff Fm(x) 

and then use It to get the goal. 

*8eliminate 

8 ellminate uSlng def~nition biJectlon 

(19) Func(F) and lnJ(F) & dom(F) DA & rng(F) A 

Try to prove the appropriate theorem of the form: 

for every x, x 1n {x: Fm(x)} iff F~(x) 

and then use it to get the goal. 

*11,19tea (20) *CS in dom(F) 

Using "ok 

!ry to prove the appropriate theorem of the form: 

for every x, x in {x: Fm(x)} iff Fm(x) 

and then use It to get the goal. 

*20theorem <Name> *.L.lL..!±. 
( 2 1 ) < CS , CE> e: F 

Try to prove the appropriate theorem of the form: 

for every x, x in {x: Fm(x)} iff Fm(x) 

and then use It to get the goal. 

*21theorem <Name> *range 

(22) CE e: rng(F) 

Try to prove the appropriate theorem of the form: 

for every x, x in {x: Fm(x)} ~ff Fm(x) 

and then use it to get the goal. 

*22.'9teg (23) *CE in A 

USing *ok 
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Try to prove the appropriate theorem of the form: 

for every x, x in {x: Fm(x)} iff Fm(x) 

and then use it to get the goal. 

*23,18tautology (24) *CE in inv(F)(CE) 

Try to prove the appropriate theorem of the form: 

for every x, x in {x: Fm(x)} iff Fm(x) 

anQ then use it to get the goal. 

*19,22theorem <Name> *3.15.15 

19, 22 theorem using theorem 3.15.15 

(25) ('V x) (inv(F) (CE) = x +-+ <x,CE> e F 

Try to prove the appropriate theorem of the form: 

for every x, x in {x: Fm(x)} iff Fm(x) 

and then use it to get the goal. 

*21 ,25implles 

21 implles using 25 

(26) Inv(F)(CE) = CS 

Try to prove the appropriate theorem of the form: 

for every x, x in {x: Fm(x)} iff Fm(x) 

and then use It to get the goal. 

*24,26teq (27) * 1Q.cs e: CS 

Using *ok 

Goal 12 fulfilled by line 27. 

17, 27 cp 

(28) If CE ., e: CS then CE e: CS 

Goal 10 fulfilled by line 28. 

16, 28 fc 

( 29 ) ( CE e: CS -- CE ., e: CS) and (CE ..., e: CS - CE e: CS) 

Goal 8 fulfilled by line 29. 

(30) CE e: CS iff CE ..., e: CS 

Goal 7 fulfilled by hne 30. 

5, 30 raa 

(31) Not P A :5: : A 

Goal 5 fulfllled by line 31. 
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4, 31 fo 

(32) A < •• p A and not pAS:: A 

Goal 3 fulfilled by line 32. 

32 introduction using definition less power 

(33) A < •• pA 

Goal 2 fulfilled by line 33. 

So that (34) (V A) A <:: p A 

Goal 1 fulfilled by line 34. 

================================================================= 

Abbreviations: 

CS {x: x E: A & x .... e: inv(F)(x)} 

CE F (CS) 

Done G1: 

Hence (33) 

So that (34) 

I~ ok 

('VA) A < •• pA 

A <:: p A 

('VA) A <:: pA 

ABCDEFGHIJ -AMS-8987654 


