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1. Introduction

The aim of the present investigation is to extend stimulus-sampling theory
to situations involving a continuum of possible responses. The theory for a
finite number of responses stems from the basic paper by Estes [2]; the
present formulation will resemble most closely that given for the finite case
in [4]. In a previous study [3] I was concerned with a corresponding exten-
sion of linear learning models, and several results of that study are, as we
shall see, closely related to the present one.

The experimental situation consists of a sequence of trials. On each trial
the subject (of the experiment) makes a response from a continuum of pos-
sible responses; his response is followed by a reinforcing event indicating
the correct response for that trial. In situations of simple learning, which
are characterized by a constant stimulating situation, responses and rein-
forcements constitute the only observable data, but stimulus-sampling theory
postulates a considerably more complicated process which involves the con-
ditioning and sampling of stimuli. In the finite case the usual assumption
is that on any trial each stimulus is conditioned to exactly one response.
Such a highly discontinuous assumption seems inappropriate for a continuum
of responses, and I have replaced it with the postulate that the condition-
ing of each stimulus is smeared over a certain interval of responses, possibly
the whole continuum. In these terms, the conditioning of any stimulus may
be represented uniquely by a smearing distribution. These distributions, one
for each stimulus, will play the same role as did the single smearing distri-
bution introduced in my earlier paper on linear models [3].

The theoretically assumed sequence of events on any trial may then be
described as follows:

trial begins with  certain response reinforcement possible

each stimulus in — stimuli —» occurs — occurs — change in
a certain state of are conditioning
conditioning sampled occurs.
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The sequence of events just described is, in broad terms, postulated to be
the same for finite and infinite sets of possible responses. Differences of
detail will become clear. The main point of the axioms in Section 2 is to
state specific hypotheses about this sequence of events. As has already
been more or less indicated, three kinds of axioms are needed: conditioning
axioms, sampling axioms, and response axioms.

Section 3 contains some general theorems of the theory. Section 4 con-
siders in some detail the classical case of non-contingent reinforcement. Sec-
tion 5 treats of other cases more superficially.

Although no experimental data will be described in this paper, it will
perhaps help to describe schematically cne piece of apparatus which has
been used to test the theory extensively. The subject is seated facing a
large circular vertical disc. He is told that his task on each trial is to
predict by means of a pointer where a spot of light will appear on the rim
of the disc. The subject's pointer predictions are his responses in the sense
of the theory. At the end of each trial the ‘“correct” position of the spot
is shown to the subject, which is the reinforcing event for that trial. The
most important variable controlled by the experimenter is the choice of a
particular probability distribution of reinforcement.

2. Axioms

The axioms are formulated verbally but with some effort to convey a
sense of formal precision. It is not difficult, although not wholly routine,
to convert them into a mathematically exact form. As already indicated,
they fall naturally into three groups, In the statement of the axioms we
use x for the response variable and z for the parameter of the smearing
distribution Ki(x;2) of any stimulus s. Moreover, z is the mode of the
distribution; for the circular disc apparatus it is also assumed to be the
mean, but not all apparatus to which the theory applies is so completely
symmetric.

CONDITIONING AXIOMS

Cl. For each stimulus s there is on every trial a unique smeaving distvibuy-
tHon Kilx; 2) on the interval [a, b] of possible responses such that (@) the distri-
bution Ksx;2) is determined by its mode z and its variance; (b) the variance
is constant over trials for a fixed stimulating situation; (c) the distribution
Ki(x; 2) is continuous and piecewise differentiable in both variables.

C2. If a stimulus is sampled on a trial, the mode of its smearing distribu-
tion becomes, with probability 8, the point of the response (f any) which is
reinforced on that trial, with probability 1 — 6 the mode vemains unchanged.

C3. If no reinforcement occurs on a trial, there is no change in the smear-
ing distributions of sawmpled stimuli.

C4. Stimuli which are not sampled on a given trial do not change their
smearing distributions on that trial.

C5. The probability 6 that the mode of the smearing distribution of a
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sampled stimulus will become the point of the reinforced response is independ-
ent of the trial number and the preceding pattern of occurrence of events.

SAMPLING AXIOMS

S1. Exactly one stimulus is sampled on each trial,

S2. Given the set of stimuli available for sampling on a given trial, the
probability of sampling a given element is independent of the trial number
and the preceding pattern of occurrence of events.

RESPONSE AXIOMS

RY. If the sampled stimulus s and the mode z of its smearing distribu-
tion are given, then the probability of a response in the interval [ai, as) 15
Kilay; 2) — Kdas; 2).

R2. This probability of response is independent of the trial nwmber and
the preceding pattern of occurrence of events,

Because of the similarity of these axioms to those in Suppes and Atkinson
[4], I shall here mainly comment on-those aspects peculiar to the continuum
case. In the finite case the complicated form of Axiom Cl reduces simply
to the assertion that on any trial each stimulus is conditioned to exactly
one response., As already remarked, the assumption [Cl(a}] that the smear-
ing distribution of any stimulus is determined by its mode and variance,
rather than its mean and variance, is used in order to permit application
of the theory to unsymmetrical apparatus. For instance, suppose the ex-
perimental set-up consists of a bar a meter or so in length on which the
subject is to set a pointer to predict the occurrence of a spot of light. It
seems unreasonable to suppose that the conditioning effect of a reinforce-
ment near the end points of the bar will be smeared symmetrically to the
left and to the right. For such a situation the mean of the smearing dis-
tribution {(of a sampled stimulus) may not he at the point of reinforcement
even though conditioning is effective, On the other hand, it seems psycho-
logically sound to assume that the mode of the smearing distribution will
be at the point of reinforcement—granted the effectiveness of conditioning.
In the present formulation of the theory it is essential to have the one free
parameter of the smearing distribution closely tied to the points of rein-
forcement, for when conditioning is effective, which occurs with probability
4, this parameter assumes the value of the point of reinforcement (Axiom
C2). This corresponds to the assumption in the finite response case that
with probability # sampled stimuli become conditioned or connected to the
reinforced response.

The remaining conditioning axioms (C3, C4, C5) have almost exactly the
form which is also appropriate for the finite case. The same is true of the
two sampling axioms. In contrast, the first response axiom, R1, has a much
simpler form in the finite case: with probahility 1 the response is made to
which the sampled stimulus is conditioned. Axiom Rl generalizes this as-
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sumption in the obvious manner in terms of the smearing distribution of
the sampled stimulus.

The three axioms C5, S2, and R2 are what have been termed in the liter-
ature independence-of-path assumptions. Only R2 is new here; the other two
are also needed in the finite case. These three axioms are crucial in prov-
ing that for simple reinforcement schedules the sequence of random variables
which take as values the modes of the smearing distributions of the stimuli
constitutes a continuous-state Markov process.

We next introduce some notation. In particular, we need notation for
five random variables, their values, and their distributions, as well as a
notation for their joint distribution. Three of these random variables take
values in the interval [, b], the continuum of possible responses and rein-
forcements fixed throughout the paper. Thus we have for trial #:

(i} the response random variable X, with values x. or simply x, distri-
bution R., and density r»;

{ii) the reinforcement random variable Y., with values y, or y, distribu-
tion Fu, and density fa;

(ili) the smearing-pavameter random variable Z;. of stimulus s, with
values z;,» Or 2., distribution Gs», and density g... As indicated already,
z; is the mode of the smearing distribution of stimulus s. The random
variable Z,, without the subscript s, shall take as values finite vectors z =
{zs,, *++, 25,,) relative to the ordering (si, -+, s of the set S of stimuli.

We also need for occasional use:

(iv) the sgmpling random variable S, with values s, or s for the sampled
stimulus, and discrete density ¢, (it is always assumed that the set § of
stimuli is finite);

(v) the effectiveness-of-conditioning random variable Dy, with value 1 for
effective and 0 for non-effective, and probability # of value 1, following
Axiom C2. I use 8, for values of D,. Thus &:» is always either 1 or 0.

I use [ for the joint distribution of any finite sequence of these random
variables the last of which occurs on trial 7, and j. for the corresponding
density. For occasional reference to points in the underlying sample space,
£ is used. Finally, the notation K x»;z:) for the smearing distribution of
stimulus s was introduced earlier.

In terms of the five random variables introduced, the postulated sequence
of events on any trial, which was described informally before, may be
symbolized as follows:

Zn - Sn —F 4¥7} —* y’n - Dn'“" ZH-I -

Note that the value of the random variable Z, represents the conditioning
of each stimulus at the beginning of trial », for in the present continuous
theory conditioning is in terms of a one-parameter family of smearing dis-
tributions.

It will also be useful to give a more precise formulation of the response
axioms, R1 and R2, in terms of the notation just introduced. It is intended
that R1 should simply make the following assertion:
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a
P<al fXo=a [ S, = S, Zs,n = Z) = S 2jn-(x\s, Zj dx = Ka(di; Z) — Ks‘(dl; 2) .
%
Axiom R2 states an independence-of-path assumption. Let ws.; be any
sequence of outcomes of the random variables defined up to trial » — 1.
Then R2 asserts:

a, g,
S 21X | Sny Z,ny Wans) dX = S "ja(x ) 5, 20.n) dx = Kias; 2) — Kilas; 2) .
& a

The following obvious relations for the response density 7. will also be
helpful later. First, we have that

ralX) = JalX),

i.e., 7= 1s just the marginal density obtained from the joint distribution j..
Second, we have ‘“‘expansions’’ like

b
rn{x) = S Jalx, Zs,n) dZu,n y
o

bib{h
Tn<x> = S S ! ]n(x, Zy,ny yn-lxn—1> dZs,n dyn-‘». Axn-1
a

11 &

3. General Theorems

This section contains five general theorems, most of which correspond to
theorems that have proved useful in experimental work with the finite case.
It is assumed that the reinforcement distribution F., which is selected by
the experimenter, is always continuous and piecewise differentiable in all
variables. Under these assumptions and those of Axiom C1l on the smeart-
ing distributions, nco questions of integrability arise. Proofs of the first
theorems are rather explicit in order to indicate the role of the axioms.

Tueorem 1. (General Response Theorem.)

b
1) rax) = 3 an<s>3 ki, 20080 n(2e) d2s .
SES a

Proor. Mainly by virtue of Axiom S1, which asserts that exactly one
stimulus is sampled on each trial,
]

Jnl%, s, 20) dzs
23

@) =3
2

b=y E ey

R

In view of Axioms C1 and R],

)
Jw(x | s, 2s)7niS | Zs}]n(:’.'s) dzs .
a

(3) Jnlx 18, 25) = kalx; 20) 5

from Axiom 52, the independence-of-path assumption on sampling,

(4) Julsize) = 0al8) 5
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and on the basis of the notation intreduced in the last section,
(5) jn(zs) = gs.n(za) f

The theorem follows immediately from (2)-(5). Q.E.D.

The next theorem asserts the Markov property, which is essential for
further deductive developments of the theory. It is a straightforward matter
to generalize this theorem to more complicated reinforcement distributions
which depend on the actual responses or reinforcements on several preced-
ing trials; the generality of the present theorem is sufficient for our pur-
poses here.

TueoreM 2. (Markov Theorem.) If the reinforcement distribution F(y) on
trial n 1s independent of n and depends only on the immediately preceding re-
sponse on trial n, then the sequence of random variables {Zy, Zy, «++, Zn, <>
is a continuous-state Markov process,

Proor. By direct probability considerations for #, -+, tm > 1,
6 Jnlanlzneg, Znosyy 00y Znmry) =

X
Z S S E]n(zn |5L,n—1, Yn-1, Xn-1, Sn-1) Zn-1, Zn-t;, " *, Zn—Lm)
a

1 aseS .
« Jre1(8t m-1 | Ynm1, Xno1, $n-1, Zr-1, Zn—tyy 0y Znmty,)
o jn-x(yn—l | Xn-1, Sn-1, Zn-1, Zn—ty "ty Zn—zm)
iK1 ] Snm, Znety Znmtyy 00y Znmty,)

. jn—l(Sn—l | 2p-1, Zn—ty * Zn-—tm) dyn—ldxn—l .
Now by Axiom C2, if 8:..1 = 1, then
jn(zn | 8¢ -1, ¥n~1, Xn-1, Su—1, Zn—1, 2n—tyy * 00y Zn—:m) =1,

provided the vector z. =¥.—: in its coordinate for stimulus s; otherwise
Jalznl ) =0. And if 61 =0, then jalzn|--:) =1 if zn = zn-1; otherwise
Jjalza!--+) = 0. For any of these cases, the value of ja(z.!---) is not affected
by zaty, ++, 2aar,,. Second, by virtue of Axiom C5,

jrb—l(gi‘n—l \}'n—:, X1y Sn=1y Zr—1p Bn—-tyy ** " Zn—t.m> = fn—1(31.n—1) .
Third, on the basis of the hypothesis of the theorem,
J.71<1{/yn-1 lxn-l. Su—1y Zn-1y En-tyy ** Zn—tm) = f(}’n—l \xﬂ—l) .
Fourth, in view of Axioms R1 and RZ,
jn_1(xn_1 | Sn_1, Zn—1y Zn-tgy * ** .k Zn—:m) = ].n—l(xn—l | Sp1, Zn71) N
Finally, in view of Axiom S2,
Jnei(Sne1 | 2naty Zntyy * 00y Bnmty) = On_i{Sn1)

When all these results of applying the independence-of-path assumptions
are substituted in (6), and the summations and integrations are performed
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on the result, we have
Jnlzn | znoy, Zn-tgy 0, Zn—zm) = jn(Zn | 2p-1) ,

the desired result. Q.E.D. , ,

Some readers may feel that the above theorem could have been assumed
as an axiom, but this is to misunderstand the character of the theorem in
the context of the general stimulus-sampling theory formulated by the
axioms.. The axioms on which this theorem is based are of a general nature
and are concerned with fundamental aspects of the postulated psychological
process of learning. In contrast, the theorem is relatively restricted, deal-
ing as it does with only a small class of the possible schedules of reinforce-
ment. ‘

We turn now to some recursion theorems for various quantities; of parti-
cular interest is the one for response probabilities. It is possible to state
and prove these theorems under the general assumption of N stimuli in the
set 5. However, both computations and notation bececme rather cumbersome,
so that at this stage of development of the theory it is a reasonable simpli-
fication to impose the following

Restricrive HypoTHESIS: Therve is exactly one stimulus element in S.

Probabilities enter the theory for a continuum of responses in so many
different ways that it is difficult to distinguish empirically between models
with different numbers of stimuli when the stimulation is constant. And
in the case of discrimination experiments, each stimulating situation may
be treated as a single stimulus, with the result that on any trial there is
exactly one stimulus available for sampling, although the set S may contain
more than one element. As a matter of fact, this restrictive hypothesis of
a single stimulus is already a practical necessity for complicated reinforce-
ment situations in the finite case (see, for instance, [1]).

We begin with a recursion for the distribution g» of the smearing parame-
ter z of the single stimulus. (On the assumption of a single stimulus we
drop the subscript s.) ' :

THEOREM 3.

(7) gn+1(2) = (1 - ﬁ)gnkzj -+ 0,7:71,(2) .

Proor. By Axiom C2, if conditioning is effective, then zz4: = y», and thus
the distribution of z..; is that of ¥, which is f,. On the other hand, if.
conditioning is not effective, then z.,» = z», and thus the distribution of za41
is simply g». By Axiom C2 the probability of the first alternative is 4, and
that of the second 1 — #, which yields the theorem. Q.E.D.

In the familiar notation of the finite case, where A;. is response i on
trial # and E; . is reinforcing event j on trial #, (7) corresponds to:

(8) P(Az,nﬂ) = (1 - 0)P(Al,n) -+ 5P(Et,n) «

For the response density 7. we have “
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THEOREM 4.

b
9) Fasrx) = (1 — O)ra(x) + 05 k(x; ) fa(3) dy
Proor. We have at once from Theorem 1

Fonn(x) = Ebk(x; g2 dz .

a

Applying Theorem 3 to the right-hand side, we have

Frsr(X) = Sbk(x; 2D — O)gnlz) + ()] dz
=(1— 6)Sbk(x; 2)g:(2) + 6Sbk(x; 2)fn(2) dz

— (1 — Byral2) + aS"k<x; Ny,

where the variable of integration is changed in the second integral on the
right. Q.E.D.

Robert R. Bush suggested that it is of interest to see what happens when
the interval [a, 4] is cut into a finite number of parts and the resulting finite
response case is studied. For simplicity, we may divide the interval into
exactly two parts. Let ¢ < ¢ < b, and call X1, aresponse on trial # in the
interval [a, ¢], and X. . a response on trial » in [c¢, b]. Clearly

P(Xl,n) = Rn(C> — Rn(ﬂ) = Rn(C) ,
P<X2,n> = Rn(b) - Rn(C) = 1 — Rn(c>~.

And by integrating (9) of Theorem 4, we have at once

THEOREM 5.

b
PCfin) = (1= PG + 0 | b 9 ) dedy
(10) . :
P(Xanen) = (1= O)P(Xan) + 05 j ko ol ) dxdy
cJa
The recursions for Xi» and X, . may be regarded as a generalization of
(8) for the finite case when a continuous smearing of the effects of reinforce-
ment is postulated. By further specialization, it is possible to get an exact
analog of (8). Let us suppose that there are only two points of reinforce-
ment, one the midpoint y; of the interval [g, ¢], and the other the midpoint
vy, of the interval [c,b]. Suppose, moreover, that the smearing densities
around these two points of reinforcement are strictly positive only in the
subinterval [a, c] or [c, b] as the case may be. Define then

Yin= Sck(x; yu) dx, Yon= Sbk(x; ya)dx

and under these suppositions (10) becomes
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PXine) =1 — 0P Xin)+ 6P(Y: 0y,

an exact analog of (8). (Naturally, weaker suppositions will also yield such
an analog, but the present example is illustrative of one method for obtain-
ing the finite case from the continuous one.)

The suppositions just made to yield (8) may also be used to yield the
standard theory of the finite case at a deeper level, for (8) is only a recur-
sion in the mean probabilities of responses and in itself does not justify
derivation of any sequential statistics like the probability of two successive
A; responses. However, these matters will not be pursued further here.

In connection with this comparison of models, it may also be remarked
that the response density recursion {9) of Theorem 4 is exactly the same as
that obtained in [3] for the continuous-response linear model. Conseguently,
the results in [3] for various kinds of contingent reinforcement (and a fortiori
non-contingent reinforcement) follow at once in the present theory.

4, Non-contingent Reinforcement

For non-contingent reinforcement schedules—that is, those for which the
distribution F{y) is independent of » and the past—we first use the response
density recursion (9) to prove some simple, useful results which do not ex-
plicitly involve the smearing distribution of the single stimulus element and
which also hold in the linear model but were not stated in [3]. There is,
however, one necessary preliminary concerning derivation of the asymptotic
response distribution in the stimulus-sampling theory.

THroreM 6. In the non-contingent case
b
an ) =timr(o = b sy

Proor. Because in the non-contingent case f»(y) = f(»), we have at once
from Theorem 3

(12) £(z) =llm gu(z) = f(2) .
e

The theorem immediately follows from (12) and Theorem 1. Q.E.D.

We now use (11) to establish the following recursions. In the statement
of the theorem # (X,) is the expectation of the response random variable
Xy 1-(Xn) is its rth raw moment; ¢2(X,) is its variance; and X is the random
variable with density ».

THEOREM 7.
(13) Frar(x) = (1 — Dralx) + 0r(x)
(14) E (Xp) =1 = 0E X))+ 605 (X),
(15) el Xna1) = A — Ol Xn) + 60X,

16)  o*(Xne1) = (1 — D)e*(Xn) + 003 X) + 01 — D[F (Xn) — & (X)]*.
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Proor. Because f»(¥) = f(») in the non-contingent case, (13) follows at
once from (9) and (11), i.e., from Theorems 4 ard 6. Multiplying both sides
of (13) by x* and integrating over the interval [, b], we obtain (15), of which
(14) is a special case. As for (16), we infer it from the following:
0¥ Xns1) = #2(Xns1) — & (Xnar)?

= (1 — O)pa(Xo) + 6p(X) — (1 — 022 (Xa)
—20(1 = )& (Xn) & (X) — 02& (X )?
= (1 — Nwa(Xn) ~ & (Xn)?] + Olun(X) — & (X1
+ (0 — 69 (Xn) — 200 — 6% (Xn) (X) + (6 — 9 F (X)?
= (1 = 0)o¥Xy) + 604 X) + 81 — D[ (X) — & (Xn)]®. Q.E.D.
Because (13)-(15) are first-order difference equations with constant coefficients
we have as an immediate consequence of the theorem:

CoroLLARY 7.1.

17 ra(x) = r(x) — [r(%) — nxI1 — )1,
(18) £ Xn) = X) - [Z(X) - £ X)) — ﬂy)”‘l )
(19) w1 Xy) = pr(X) — [ X) — (XN — B2 .

Although the linear and (one-element) stimulus-sampling models both yield
(13)-(19), predictions in the two models are already different for one of the
simplest sequential statistics, namely, the probability of two successive re-
sponses in the same or different subintervals.

For two subintervals [a, ¢] and [c, ], we have the following theorem for
the stimulus-sampling model. The result generalizes directly to any finite
number of subintervals.

TueoreM 8. For non-contingent reinforcement

(20) lim P(d = Xn+1 é ¢, a = Xn = C)

n—se0

— R} + (1 — ﬂ)Scchbk(x; k(e 2)F @) dx di'dz

ajJaJa

21 limPleLXpr12¢, cEXn £b)

= 6ROl — R(©)] + (1 — a)S:SZSZk@; k(¥ 2)f(2) dxdx dz |
where
R{c) = lnl_rilo Ru(c) .
Proor. We first establish (20). To begin with,
PaSXm<c asXo<c)= Hjl(xl %2) dar dn

Applying the axioms in the usual way to the right-hand side, we obtain
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afe
S S ]n+l(xn+1. 171) dxn+ld.\‘n

aJa

Lyl uffe 'y
= g S Z S g S In+il&na1, Znat, 61,7», Yny Xn, Zn) © AXns1 AZne1 dyn dxn dzn

2l aJo)a

It

el b(ey
S 3- > S E E Fxns1 | Zne)i (@1 | Oeony Yy Xy 207 (8im)
gJa 1 nlaja

. f{_%a)j(a‘ﬁl ‘ Zn)j(Zn> an+1 dZm-l d]n dxndzn
cfdvfefn
{ g g 5 (%ns1; ¥n)O T (¥ )Re(n; 2n)gn(2n)
Jelatala

-+ k(Xn+1; Zn}(l - 0:’k(xn; zu)gn(zn)] an+1 dyn dxn dzn .

Now
llim gx2) = f(a),
e

whence at asymptote, by rearranging the right-hand side and relettering
variables, we obtain

limPas Xen=c,asXu=0)

n—1oe

- 0(§:§:k<x; NI dxdy)(S:§:k<x'; 0f (@) dx’dz)

+a- a)S'E'S"ku; k' (D) dxdwds |
ajajn

But the first term on the right is just #R(¢)*, which when substituted in
yields (20).

The argument establishing (21) proceeds along exactly the same lines,
with functions of x, now integrated over the interval [c, }]. Q.E.D.

For comparative purpose the corresponding results for the linear model
are derived in the Appendix.

The theorem just proved may be used to develop a reasonably good method
of estimating the learning parameter §. The sequence of response random
variables <4i, Az, -+, Ap, -++>, where

1 if response on trial » is in interval [e, ] ,
Aﬂ = { .

2 otherwise ,
is a chain of infinite order. If it were a first-order Markov chain, (20) and
(21) could be used to obtain a maximum likelihood estimate of #. The
estimate #* proposed here is formally identical with the latter, but of course
it is not the maximum likelihood estimate. I shall call it the pseudo-maxi-
mum likelihood estimate,

Let @i, 4., -+, a» represent a finite sequence of values of the response

random variables A4;, 4., -+, 4» from trial 1 to trial #. Let 5 be the number
of subjects. Then, granted statistical independence of the subjects, ‘the

maximum likelihood estimate of # is the number £ (if it exists) such that
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for all &’

2 I 3
(22) I:[f(v)<a11 sy "0y Uny ﬁ) g ]_—_[f(u-)(ﬂl, @ay ", dn; ﬁ’) )

Om] a=l

where f({a., ar, +++, an; 6) is the probability of the sequence of responses
ay, as, + -, ax for subject s when the learning parameter is 8.

As should be clear from preceding remarks, the pseudo-maximum likeli-
hood estimate of # is the number * such that for all #”

Ll n
@) I TLFan ! ans; 057 as; 6%)

=] el

2
= I1 T1/an ansi ) @ay 07) |
q'=-1 M=
To simplify notation, let p:;(f) be the probability of going from state i to
state j {{, 7 =1, 2) with parameter ; let #n;; be the number of actual transi-
tions from state 7 to state j, summed over trials and subjects (the #:; are
tabulated from experimental data); let p,(f} be the probability of being in
state ¢ on trial 1; and let »: be the number of subjects in state { on trial
1. We then want to find the # that maximizes

II 5,1 0)p}0) .
i
It is usually easier to work with the log of this expression, so we seek to
maximize
(24) =3 (m log pif) + 3 ne; log pr)) .
{ b

In most case L*{#) has a local maximum, so we can find #* as an appropriate
solution of

dL*() (n:pi(ﬁ) m.ubb(f?))
2 - + ey =0 ’
() = 2\ i) T )

where p’ is the derivative of p with respect to 6.
Now on the basis of (20) and (21), at asymptote we have

i1 — ey efely
(26) pual0) = OR(E + ‘~1R 0"5 S S k(x; Dk(x'; 2)f (2) dx dx'dz

{ zlala

\C)
and

o . , (1 —& (e{°f® Pe N LA A et
(27) pu(f)=6R(c) + t—R('C—)LLLk(x; Dk(x" 2 f(zydxdx'dz

and pi{f) is independent of #. Also, of course, pu(f) =1— pu(f), and

Due(f) =1 — pu(d). Moreover,

28) pu®) = R(&) — 7;‘7) :
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where

@  e=|Keofde={

Ja

S°S°k<x; D 2) f(2) dxdy’ dz
and
efufd
30) 8= g S S R, 2 k(x'; 2) f(2) dx dx" dz
- SbK(c; (1 — Kic; 2)) flz) dz = R(©) — ..

Applying (26)-(30) to (25) and using the fact that #:(6) is independent of &,
we obtain;

Vo &
@y GO (R0~ )

+
L d-0a ~ 1-0a
fR(¢) 4 “Ro 1—6R(c) RO
BN (B
nol(R(C) - R@ )) n_.(l R R(c)) ~
TR 0208 gy =08
1 — R{c) 1 - R

Solving (31), we have
THEOREM 9. If ri(x) = r(x) for all x in [a, b, then the estimate 0* is a
solution of the gquadratic equation
(32) N+ [N—-—nA+ (n+ 1) B4+ (N—na)Cl0
+ #3 AB + (12 + 1) AC+ 0y BC =10,
where
A=af[Rc)}—al, B=—[Rc)—al[R(c}—a],
C=1[1+4+ a— 2RO)/[R(c)> — a], N= g Hus -

Movreover, if R(c) =}, then

Al + 150) + B(n., + 1)

e —
d N

Note that the hypothesis of the theorem simply requires that we start
counting trials at asymptote. The statistical properties of the estimator 6*
need investigation; it can be shown to be consistent.

I conclude the treatment of non-contingent reinforcement with two ex-
pressions dealing with important sequential properties of stimulus-sampling
models. The first gives the probability of a response in the interval [a1, aJ]
given that on the previous trial the reinforcing event occurred in the interval
[bll bﬂ]‘
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TreorEM 10.

(33) P(al SEXrm=alb =Y, = be)

_ _ _ [/ ag["by .
= (1= 0)[Relaa) ~ Ralad] + s Sgk(x ) Ay dxdy .

Proor. By the usual expansion

P<01§Xn+1éaa\bléngbz>=m
2) 1

ajJat Jota

asf*b bof'b
. g 25 ZS ZS jn+1(xn+1, 2n+1y 6z,n, Yu, Zn) A%nr1 d2Zrv1 dyn dzn .
And the right-hand side is '

m&l - “’>51§:1§bk<x 2)g(2) f(y) dxdy dz

+ orTTk@; ) F3) gal2) dxdy dz:| .

lll bla

Now in the first and second terms, respectively, we have

{"Zﬂy) dy = F(b)— F(b) and S”gn@ de=1.

by

v

Using these two results, we obtain the theorem at once. Q.E.D.

The expression to which we now turn gives the probability of a response
in the interval [a:, a.] given that on the previous trial the reinforcing event
occurred in the interval [bi, b:] and the response in the interval [as, a4l.

TueorEM 11.
(34> P(th = Xn+1 < a ‘ b1 = Y, = bz, as = X, = 04)
_ (1 — 0) Sa25a45b . 7. ’
= R — Ruaw e ak(x, 2)k(x'; 2) gn(2) dxdx’ dz
b ks 3) £ ded
—_— : xdy .
T F®) - Fby H A

Proor. It is first useful to observe that for non-contingent reinforcement

PO = Ye<b, as = Xn S ay)
=P(b1§ Y. =
=P £ Yn S b)Plas £ X = ay)

= [F(b2) — F(b)] [Rnlas) — Rulas)] .
Applying the usual expansion to the left-hand quantity in (34), we obtain
1
[F(b:) — F(by)][Rulay) — Rnlas)]

asfb baffaafd |
' S 5 ZS g S Jnr1(Xnaty Znel, Otiny Yry Xny 20) AXnar dzne1 AYndxn dzn ,
aJa t b1J ey

a

bzlﬂs =X, = d4)P(da =X, §d4)
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from which, using particularly Axioms C2 and C5, we have
1
[F(by) — F(b)] [Rnlas) — Ralas)]

. [(1 - a>g fg :j “45:k<x; D RE'; 2)9u(2) F(3) dxdy dx’ dz

a3

ag[tbefayld
+aS S g Sk(x; 9) f(y)k(x’;z)gn(z)dxdydx’dz].
ajJbdagla
Now in the first term of this last expression we may integrate out the func-
tion f(y) to obtain F(b;) — F(b,), which cancels the corresponding quantity
in the denominator. Similarly, in the second term we may integrate out
k(x"; z)gn(z) to obtain Rn(as) — Ralas), which for this term cancels the corre-
" sponding quantity in the denominator. Putting these results together, we
have exactly the theorem. Q.E.D.
It may be noticed that by applying Corollary 7.1 more explicit results
are easily obtained from both Theorems 10 and 11.

5. Simple Discrimination

It is of some interest to sketch how the present theory may be applied to
simple discrimination situations in which on each trial exactly one stimulus
s: 1s presented, and associated with each s; is a reinforcement distribution sf*.
(Readers who do not like the idea of exactly one stimulus being presented
may think of each s; as being a particular pattern of stimuli.) Let the
probability of presentation of s; on any trial be w, with

Zwi'—'—'l, o+ 0

for i=1,---, N, and w, independent of trial number and any behavior on

preceding trials.
The tree of the Markov process in the states (2%, 22 for N=2 and o, = }

is given in Figure 1.
Corresponding to Theorem 1, we have by the same sort of proof for
arbitrary N

(35) ) = S0 | heds ) gt
Corresponding to Theorem 3, we have

(36) gne1(2D) = (1 — 0) gn(24 | S = si) +0f 4zt ;
and by virtue of Axiom C4 for { # j and S. = s,

37 gne1(2h) = gnlze)

whence it easily follows that

(38) lim gn(2") = f4(2) .
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5 (y,22)

f'(y)
I-ON\(z!,22)

e (zigy)
2
f(y)
- 1-e 1.2
(z',29)
Figure 1
We then have also that
(39) lim Pla; £ Xo £ @ | 8 = 50) = rngks,(x; NI y) dxdy .
: N0 [

The results (35)-{39) and some other related ones that are easily obtained,
although simple in character, permit application of the theory developed in
this paper to simple discrimination experiments with a continuum of responses.
On the other hand, it is obvious that the present theory must be modified
and extended in fundamental ways to deal with discrimination experiments
that have a continuum of stimuli as well as responses.

APPENDIX!

Our purpose is to derive for the linear model of [3] the analogs of (20) and
(21). A brief description of the linear model will make the present discussion
nearly self-contained. An experiment may be represented by a sequence
(X1, Y1, Xo, Y3, <+, Xy, Y, +»+) of response and reinforcement random vari-
ables. The theory is formulated for the probabjlity of a response on trial
n + 1 given the entire preceding sequence of responses and reinforcements.
For this sequence we use the notation s, (not to be confused with the
notation for the value of the sampling random variable in the main body of
the paper). Aside from continuity and piecewise-differentiability assump-
tions, the single axiom of the linear model is

(40) Joeil 1 ¥ny Xny Snt) = (1 — 0) ol $021) + OK(x; n)

where J, is the joint distribution and X is the smearing distribution.

1T am indebted to Raymond W. Frankmann for useful comments on the subject of
this Appendix.
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We first need to define the cross-moments

agf @ . . R
4 Wasaananm={"1"]  elon) e 50 ) drdd s,
21J @34 8n -1

where the subscript s.—: on the third integration sign indicates integration
over the 2(n — 1)-Cartesian product of the interval [a, F] for the sequence
sn-1. The cross-moments defined by (41) generalize the moments Wi, ¢,
of [3].

Assuming henceforth non-contingent reinforcement, it follows by simple
extension of some results in [3] that

(42) lim P(a1 2Xon=Z2a, as £ X0 £ ay)
N—yon
=1 — 6) lim Wlas, as, aa, as, #) + 0[R{a2) — R(a)][R{as) — R(a)] .

To obtain an explicit answer we must compute the limit on the right, which
we now proceed to do.

By virtue of the definition of sy—;, the right-hand side of (41) may be
rewritten, and we have

(43) W’(aly Qa, a3, A4, n)
ao(fag (o0 . . ,
= 5 S S S S Jn(x iyn—ll Xn1, Sn—z)]n(x ‘y‘n—l, Xn-1, Sn_z)
ajJazdalal sy

' j(yn—ly Xn-1, Sn—?) dxdx’ dyn_l dxn_1 dsn_s .

Applying the axiom (40) to the right-hand side of (43) and simplifying, we
obtain

(44) W(tll, g, da, A4, n)

= (1 —_ 5)" Saigadj jn—:(x | Sn»—':) ]‘n—l(x, | Sn—z) j(sn—z) dxdx’ dsn-i
gl 3y -2

a1
dag ll,i‘b . .
+ 26(1 — 5)5 S j S Jj!—l(x l Sn-z),"(sn-z)
. apJagJalon—z
< Rx; Y1) f(¥nor) dadx’ dyn—1 dsn—s
]
+ 2 SH k¥, $nr) (¥, Ynr) Fi ynr) dxdX dines
aJazla
Now the first term on the right of (44) is simply (1 — *W(a, as, a3, a4, n — 1),
the second term is
2001 — 0)[Ru-aas) — Rna(@)] [R(as) — R(as)],
and the integral of the third term is a direct generalization of § as defined
by (30). Moreover, it is independent of #; and we may thus define, for ease
of notation,
ag"a, (b
(45) s, s, as, 00 = | S ‘S kx, 9 B'; ) f3) dxd dy .
JayJagla

In these terms, (44) becomes:
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(46) Wiay, as, as, as, n)
= (1 — 8 Wla, as, Gs, as, n—1)
+ 26(1 — 0)[Rn-1(@s) — Ru-i(a}] [R(as) — R(as)] + 6 r(as, Gz, a3, as) .
It then easily follows from (46) that

47 im W{a:, as, as, as, 1)

R—ron
= W(Ch, aa, as, a4)
2(1 — ﬂ)[R(dn) — R(ﬂ]:‘] [R(a.:) — R(asﬂ —+ 57‘((2*., da, U3, a4)
2—0 :
Combining (42) and (47), we then have the following theorem.

THEOREM. In the linear model

(48) lim P((h SXoniEd, =2 Xn £ as)

= O[R(ax) — Rla:}] [R{as) — Rias)]
+1— ﬁ)[ 2(1 — #)[Ria») — R(a1)] [R{as) — Rias)] + bBriay, as, as, m)]

2—¢
To obtain the direct analog of (20), (48) specializes to:

=0

lim P(a < Xoss S ¢, 0 < Xp £ ¢) = OR(cY + (1 — 0)[2(1 = ”%R(C;’ + ”‘“] ,

where a is defined by (29). The analog of (21) may be obtained in like
fashion.
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