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Abstract 'This article focuses on the role of statistical concepts in both experiment
and theory in various scientific disciplines, especially physics, including astronomy,
and psychology. In Sect. 1 the concept of uncertainty in astronomy is analyzed from
Ptolemy to Laplace and Gauss. In Sect. 2 theoretical uses of probability and statistics
in science are surveyed. Attention is focused on the historically important example of
radioactive decay. In Sect. 3 the use of statistics in biology and the social sciences is
examined, with detailed consideration of various Chi-square statistical tests. Such tests
are essential for proper evaluation of many different kinds of scientific hypotheses.
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What I have to say here focuses on the important current role of statistical concepts
in both experiment and theory in many scientific disciplines. If one examines the most
important scientific treatises from much earlier times, little evidence of quantitative
statistical methods can be found, This is true over almost the entire span of 2000 years
from Ptolemy’s Almagest (150 CE} to Newton's Principia (1687). There is careful
attention, in this long tradition of astronomy, to the problem of errors of observation
and lack of precision in observations. But there is no systematic use of any quantita-
tive statistical methods in assessing errors, even though Newton initiated some of the
important early developments in the theory of errors.

But this absence is not just in the early modern period. The greatest work in
astronomy, certainly, in the late eighteenth century and the early nineteenth cen-
tury was Laplace’s multivolume Celestial Mechanics (1799/1966). But, even though
Laplace had systematically developed and thought about the theory of errors and their
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statistical evaluation, he had almost nothing to say about these developments in his
great treatise on astronomy. This is not just a matter, however, of Laplace. It is also
true much later in the nineteenth century in the absence of such'systematic proba-
bilistic or statistical concerns in James Clark Maxwell's famous treatise on electricity
and magnetism, first published in 1873, What is, in a certain sense, most surprising
about this absence is the great attention he devotes to the measurement of electrical
quantities, not just to their formal definition, but to the procedures used.

‘The actual consideration of errors, systematically and, in a sense, as a professional
norm, began sometime in the middle of the nineteenth century with the publication in
various professional journals of standard-error terms for astronomical observations.
Given the enormously long history of quantitative observations in astronomy, the
large number that existed and, in fact, were used, over many hundreds of years—
even Ptolemy used Babylonian observations already nearly a thousand years old, it
" - is not surprising that the systematic attention to numerical variability in observations

occurred first in a detailed and systematic way in astronomy, and in geodetic work
using similar methods.

Given, however, this rather slight attention to statlstlcal matters in science, right up
to the end of the nineteenth century, it might be asked, “Why is the nature of statistical
concepts, and their use and importance for phllosophy of science, a matter to be stud-
ied and taken seriously?’ The way I've asked the question suggests the answer. Science
has changed. The use of detailed statistical methods, and statistical and probabilistic

- congcepts, both in experimental and in non-experimental studies, is widespread and the
use of such concepts theoretically has also been of great importance in physics, above
all, but also in other disciplines since late in the nineteenth century. The ubiguitous
character of statistical and probabilistic concepts is a mark of the rapid development
of science during the twentieth century. It will also be, without any uestion, of similar
importance in the present century.

I turn now to a number of examples, some of them gomg back to the beginning

. of the nineteenth century, but most of them taken from later times, to show how sta-
tistical concepts have been and are used in science. I divide the discussion into three
parts, the first one dealing with empirical results especially in astronomy, the second
with theoretical use of such concepts in physics, and the third with the use of statistical
concepts in biology and the social sciences. '

In what follows, I do not distinguish sharply between that which is probabilistic
and that which is statistical. Most philosophers do not make such a distinction. But,
for those who would like a distinction, one way of thinking about the matter is that
statistical concepts deal with the analysis of samples of the phenomena, and proba-
bilistic concepts deal with entire populations, rather than samples or, in even more
important cases, in the purely theoretical use of probabilistic concepts, as in, for exam-
ple, statistical mechanics. Notice why I am not going to take very seriously making a
sharp distinction between statistical and probabilistic matters. It is certainly not done
in physics. There has not been a clear distinction in the philosophy of science, and
only professional statisticians are careful about it.

1 Uncertainty in astronomy from Ptolemy to Laplace and Gauss

I cannot think of a better way to introduce the general idea of needing to con-
sider uncertainty or variability in observations or, as often would be said, errors in
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observation, than to cite the opening paragraphs of Carl Friedrich Gauss’s famous
work on The Theory of Least Squares, whose Part 1 was taken from a presentation to
the Royal Society of Gottingen, 15 February, 1821.

However much care is taken with observations of the magnitide of physical
qualitites, they are necessarily subject to more or less considerable errors. These
errors, in the majority of cases, are not simple, but arise simultaneously from
several distinct sources which it is convenient to distinguish into two classes.

Certain causes of errors depend, for each observation, on circumstances which
are variable and independent of the result which one obtains: the errors arising
from such sources are called irregular or random, and like the circumstances
which produce them, their value is not susceptible of calculation. Such are the
errors which arise from the imperfection of our senses and all those which are
due to irregular exterior causes, such as, for example, the vibrations of the air
which make vision less clear; some of the errors due to the inevitable imperfec-
tion of the best instruments belong to the same category. We may mention, for
example, the roughness of the inside of a level, the lack of absolute rigidity, etc.

On the other hand, there exist causes which in all observations of the same
nature produce an identical error, or depend on circumstances essentially con-
nected with the result of the observation. We shall calk the errors of this category
constant or regular.

It is evident that this distinction is relative up to a certain point and depends
on how broad a sense one wishes to attach to the idea of observations of the
same nature. For instance, if one repeats indefinitely the measurement of a
single angle, the errors arising froin an imperfect division of the circular scale
will belong to the class of constant errors. If, on the other hand, one measures
suceessively several different angles, the errors due to the imperfection of the
division will be regarded as random as long as one has not formed the table of
erTors pertaining to each division.

We exclude consideration of regular érrors from our discussion. It is up to the
observer to seek out carefully the causes which may produce a constant error,
in order to avoid them if possible, or at least to estimate their effect, so as to
make a correction for them on each observation, which will then give the same
result as if the constant cause had not existed. The situation is quite different
with irregular errors: the latter, by their nature, cannot be calculated, and it is
certainly necessary to tolerate them in observations. One can, however, by a
suitabJe combination of the results, reduce their influence as much as possible.
It is to this itnportant question that the following discussion is devoted.

The errors which, in observations of the same type, arise from a single deter-
mined cause are bounded between certain limits which one could no doubt
assign if the nature of this cause itself were perfectly known. In the majority of
cases, all the errors included between these extreme limits ought to be regarded
as possible. A deeper knowledge of each cause would tell us whether all these
errors have equal or unequal probability, and, in the second case, what the rel-
ative probability of each error is. The same remark applies to the total error
which arises from the combination of several simple errors. This error also will
be bounded between two limits, one of which will be the sum of the upper limits
corresponding to the simple errors, and the other the sum of the lower limits.
All the errors included between these limits will be possible, and each one can
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result in an infinity of ways from suitable values attributed to the partial errors.
One can see, nevertheless, setting aside the purely analytic difficulties, that it is
possible to estimate the probability of each result, if one supposes known the
probabilities associated with each of the simple causes. _

‘ (Gauss, 1821/1957, pp. 1-3)

Now, what I have quoted from Gauss is wholly qualitative and explanatory in spirit.
But | emphasize that he goes on to develop, in thorough fashion, one of the first really
good mathematical treatments of the theory of least squares. The method of least
squares is almost certainly the method of evaluating the nature of results or fitting
curves to observations, etc., that is most widely used in physics, still, today.

It is worth emphasizing that the qualitative discussion of errors, and the places
where they do occur in Ptolemy’s Almagest, have the same kind of serious, qualita-
tive analysis as is found in Gauss’s discussion, but in the case of Ptolemy, directed at
more particular cases. For example, in his discussion of the anomaly of the motion of
the moon, where he is looking back at Hipparchus's calculations, and where, by the
way, Hipparchus is using data going all the way back to the Babylonian astronomers of
the seventh century BCE, mentioned earlier. Ptolemy says this about the discrepancy
he finds in two different computations with two different sets of data (p. 211):

The discrepancy can occur [through errors] in the actual observations or the
computations of the universe,

He goes on to show that the error was in the computation of the time intervals, not
in the observations as such. But, as already noted, he does not at any point, carry
out a quantitative analysis of errors, with even a hint of a probabilistic flavor. This is
Ptolemy’s summary of the situation (p. 213):

Thus, it is apparent that he {Hipparchus) committed errors in his computations
of the intervals of % and % of an equinoctial hour in time in about % of a degree
[in longitude] in each interval. Errors of this amount can produce a considerable
discrepancy in the size of the ratio [derived). '

The square brackets in the cited passages have been added by D.J. Toomer, the trans-
lator of the Almagest, to make the text more explicit. The actual complexities of
the computations used and the calculations made by Ptolemy and Hipparchus are
" examined in some detail in an important footnote by Toomer on p. 215, but it is
not appropriate to enter into the details here, except to say that in Toomer’s view,
Hipparchus’s errors are not as extreme as Ptolemy makes them out to be. Aa exten-
sive and careful discussion of instrumental errors and errors of observation in the
Almagest is given in (Pederson, 1974).

Here are some typical modern examples calling for a way of finding the value of a
parameter. It is a familiar fact from elementary geometry that given any three points,
we can draw a circle that passes through these three points, as long as the points are
not collinear. So, let us consider any such three points and now we add a fourth point
that does not make any of the three of the four, taken together, collinear. Then we
can wish to determine the circle with center ¢ and radius r that fits these four points
the best. I have formulated the problem rather abstractly, but it is easy to see this is
the kind of problem that is very common in fitting smooth orbits for a planet or a
moon to observed data. Through most of the history of astronomy, this was done by
qualitative estimate of what circle or other curve seemed to fit the best, sometimes by
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sketching something and looking at the fit. But it is an important aspect of science that
this was not satisfactory. So, as a central topic in quantitative science, that is, in all of
empirical science that depends upon quantitative observation, there arose the need to
get more sophisticated methods of finding good estimates of parameters. I speak here
of the location of the center of the circle and its radius as making this a two-parameter
problem. Well, the great triumph of the nincteenth century, was the method of least
squares, first initiated and studied carefully in the end of the eighteenth century and
the beginning of the nineteenth century, by Legendre, Gauss, and Laplace (already
mentioned). I will not try to describe this classical method mathematically, although
it is quite straightforward. It represents a first stopping point in giving methods that
are important in assessing errors in quantitative observations. A theory is naturally
needed to give a good method of estimating parameters to provide the best fit of
a curve or of a point to the data given. The method of least squares occupies a
place of prominence in this endeavor. (A superb detailed historical account of this
nineteenth-century development is given by Stigler, 1986.)

However, of course, many of the readers of this article, written at the beginning of -
the twenty-first century, will have been exposed to the method of maximum likelihood,
which is another important method of estimating parameters. The two are very close
and, in some cases, identical. It is not to the point here to spell out this method, either,
but just to indicate again an important method for discussimg, in a deeper way, how
to think about computing parameters when the data are either variable, intrinsically,
or the theory is not meant to be exact and, therefore, will have only an approximate
fit to the data, or there are observations in error themselves. Notice that it is easy
enough to give examples in which all three of these features are present in the data,
It is certainly typical in astronomy that the last two are especially present, namely,
errors in the fit of the model of a given theory to the data, no matter how well the
parameters are estimated, and errors in making the observations themselves, Also,
in some astronomical problems, the “constants” themselves are not constant but, a
function of time, and so another problem of variability exists. It is important to stress
these multiple souces of variability, for it is essential not to have some simple view
that in talking about error we are only talking about errors of observation. It is also
appropriate in many cases to note that ‘error’ is the wrong term. There is intrinsic
variability in the data; for examnple, temperatures taken over the period of a day. Any
theory that was static would be in error, and only a theory that took account of the
variability would have any chance of coming close to being correct. So, considering
the fit of theory to data, we confront at once the problems just mentioned, They
are essential to any realistic diseussion of the relation between theory and data in
science.

2 Theoretical uses of probability aud statistics

A perusal of my casual remarks carlier about the great treatises in astronomy and
Maxwell’s treatise in electromagnetic theory (1873) would suggest that there is no
place for probability or statistical concepts in physical theory itself And, indeed, this
is a common view that has permeated much thinking in the philosophy of science,
which is‘concentrated on purely deterministic theories or models of empirical phe-
nomena. As the saying goes, “The theory is deterministic, we leave it to the empirical
part of measurement and experimentation to introduce the necessary statistical
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approximations to the pure deterministic predictions’. Perhaps the single, most peneral
new concept in the statément of scientific theories in the twentieth century was the
widespread use of probability concepts in statements of the theories themselves. Pride
* of place among these theories is, of course, occupied by quantum mechanics. Even
here, the well-known twentieth century physicist David Bohm and his followers la-
bored mightily to introduce a purely deterministic theory of quantum phenomena,
but, it is fair to say, it is scarcely the one that dominates standard thinking and practice.

Some of the theoretically simplest and most natural physical examples are ones that
are close to quantum mechanics, without demanding all of the theoretical apparatus
to describe them. One that T have in mind is the decay of radioactive substances. Itisa
physical process for which hardly anyone pretends to have a deeper underlying deter-
ministic theory. I consider for simplicity a discrete-time version of the theory, which
leads to a geometric distribution of the probability of decay. Extension to continuous
time is straightforward. In the present context the important point is conceptual, and
so I minimize technical details.

We need assume only two qualitative properties for the density distribution, as
opposed to the full probability measure. First, the atom is more likely to decay earlier
. than later and, second, the memoryless property, i.e., the property of decay on the nth
moment of time, given no decay up to this point is equal to the probability of decay
in the first moment. Let a; be the elementary event of the single atom a decaying on
trial i, Then the two properties mentioned are easily formulated:

Order property: g; = ¢; if and onlyif i < j,
Memoryless property: a;|4;_ ~ a;.

The notation a;|A;_1 means the conditional event of the atom 2 decaying on the ith
trial, given the event A;_; that it has not decayed on the first i — 1 trials, and the
qualitative probabiiity of this conditional event a;|4;_; is equivalent to the qualita-
tive probability a; of decay on the first trial. (A more extensive discussion of such
qualitative axioms is given in Suppes, 2002, Chapter 5.)

Those with some background in probability will recognize at once that it is espe-
cially this memoryless property that characterizes exponential distributions or, in the
discrete case, geometric ones. We need only a few technical remarks to then show that
the probability of decay p(a,) on the ith trial is

plan) =c(l —o"!

with 0 < ¢ < 1. This is a standard form of the geometric density with parameter c.
One thing you might ask immediately is, ‘How do we know what ¢ is?’ The qualitative
assumptions made thus far do not provide any clue to the value of ¢, The theory only
requires that ¢ be a number between 0 and 1, that is, a probability, and we do not
want it to be 0. Here, a nice distinction needs to be made. Even the best fundamen-
tal physics at a theoretical level cannot derive the numerical value of ¢ for different
radioactive substances. It is still a dream of physicists to be able do this theoretically.
- It requires experimental data to estimate c. The next question is then, “How the single.
parameter of the geometric or exponential distribution is to be estimated?” This is
a quintessential problem of statistics and the elementary methods of doing so, some
of which were mentioned earlier, should be familiar to students of the philosophy of
science. ‘
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3 Statistics in biology and the social sciences

I have seemed to have overly concentrated on physics so far. I emphasize, however,
that many of the best examples of the use of statistical methods in science are to be
found in the biological and social sciences. Some of these examples are well known to
almost everybody. For instance, the basic laws of genetics, either at the level of genes,
or at the level of population genetics, are clearly probabilistic, rather than determinis-
tic, in character. Statistical methods are needed throughout for the careful evaluation
of which kind of probabilistic laws best describe the empirical phenomena.

Much of the social sciences are full of the following kind of scientific examples.
Some elementary theoretical ideas are stated in mainly qualitative form. But, then,
it is realized that the data must be analyzed in a quantitative, statistical form. The
end result is that the carefulness of experimentation reflects the necessity of having
formulated statistical hypotheses to test, with the assurance that these tests are not
disturbed by bad experimental designs. The consequence is that, for many scientific
experiments, in biology or psychology, the basic experimental design is the most tech-
nical and detailed aspect of the experiments. And, the statistical theory for testing
the hypotheses that led to the formulation of the experiments is put on a much more
quantitative and technical basis than the merely qualitative formulation of a hypothe-
sis would provide. In fact, it is probably a mistaken illusion of some philosophers that
quantitative methods are not needed in this part of what appears to be qualitative
science.

A still further step of great importance in experimental design is the introduc-
tion of control groups. It is unimaginable that physicists would run experiments with
‘experimental’ electrons and ‘control’ electrons, but when it comes to any kind of
policy question that needs to be backed up by some kind of expetimentation, to show
success of a certain kind of intervention or to justify the necessity of intervention, the
results will almost always be mainly statistical in nature. This means that careful sta-
tistical design and careful use of statistical tests are required. Much ordinary scientific
work, in all of the scientific disciplines, depends on the use of such statistical methods.

Markov chains: Some statistical tests for Markov chains. 1 turn now to statistical
tests for important features of data, especially temporal data of one sort or another.
As in physics, so in psychology, and other social sciences, the causal properties of
the concepts being developed theoretically provide the basis for a variety of statis-
tical tests of their presence or absence. A typical analysis, familiar in physics and
psychology, focuses on the Markovian properties of the data. The dynamic equations
governing most physical phenomena are Markovian. Future states depend only on
the present state and current forces. The path of past states, by which the current
state was reached, is irrelevant in predicting the future, (This flies in the face of many
folklore maxims about past behavior governing future behavior. Yet often, these
maxims make sense, because we do not have complete knowledge of the present
state.) _

In analyzing experimental data for Markov characteristics we frequently use four
standard tests. The first tests the hypothesis that the Markov process is Stationary,
i.e., that the transition probabilitics are independent of the trial number n. (For sim-
plicity I consider only discrete trials.) The second concerns the order of the Markov
chain, for example, first order versus second order. The third tests goodness-of-fit.
The fourth tests the hypothesis that response protocols for diffcrent subjects can
be viewed as a collection of samples from the same rth-order Markov chain.
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The derivation of these tests and an analysis of their statistical properties are piven
in Anderson & Goodman, (1957); also relevant are Bartlett (1951) and Hoel (1954).
For our purposes it will be sufficient to present a brief description of the tests.

Stationarity. Let p;j(f) be the probability of transition from state i on trial £ — 1
to state j on trial #. The null hypothesis is that p;(t) = py;, le that the transition
probabﬂntles of the Markov process are independent of £. The x? test of homogeneity
is appropriate, and for each row / of the transition matrix we calculate

sl
n;(t—1) ny

= t—1 . 1

X ni( e gt ey

where n;;(t) denotes the observed number of cases in state i at f — 1 and state j at ¢,
and
mt =1 = "ng®, ny=y_ ng®, ni=) ny
) 7 T 7

If the null hypothesis is true, x; 2 has the usual limiting distribution with (m — 1T —1)
degrees of freedom, where m is the number of states and T is the number of trials.
Often, our procedure is to sum over blocks of trials, in which case ¢ now represents a
particular block of trials,

Finally, it may be shown that the several x/ are asymptotically independent, whence
the sum x? = =3 2 has the usual limiting distribution with m(m — 1T — 1) degrees
of freedom.

Order. The Markov character of the sequence of response random vanables or
of other sequences of random variables, may be tested directly. Again a x2 test of
homogeneity is appropriate. To begin with, we can test the null hypothesis that the
outcomes of trials are statistically independent (zero-order process) against the alter-
native hypothesis that the process is a first-order Markov chain by computing the sum

wheren; =3 ;n;, N=3; i and n;; and n; are as defined above. Again, %2 has the
usual limiting distribution with (m — 1) degrees of freedom.

A second null hypothesis is that the process is a first-order Markov chain against
the hypothesis that it is a second-order chain. Rejection of the null hypothesis in this
case would mean that the state probabilities can be predicted better by observing the
two immediately preceding states rather than the single immediately preceding one. -
The results of this test are of particular psychological interest because they suggest
the two main ways of developing models that are more adequate. One possibility is
the development of models that are first-order Markov chains in an enlarged set of
unobservable states. The other possibility is to develop higher-order Markov chains
that still have observable states; ‘

The first-order versus second-order hypothesis can be tested by computing the sum

(- %)
X = Z hj——————— n]k/fl] (3)

ik
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where ny, is defined similarly to n;. If the null hypothesis is true, x2 has a limiting
distribution with m(m — 1)? degrees of freedom. It is straightforward to generalize
(3) to a test of r — 1 order versus r order (see Anderson & Goodman, 1957). It may
be noted that the various ratios which occur in these tests are actually the maximum-
likelihood estimates of the transition probabilities. Thus, py; = ny/ni, Pk = nyk/n,-j,
and so on. Also, these order tests are predicated on the assumption of stationarity,
although this is not necessary.

Goodness-of-fit. For most Markov chains the transition matrix depends on at least
one parameter. However, after the parameters have been estimated by statistical
methods, which are not discussed in detail here, it is possible to make a x? test of the
goodness-of-fit of the predicted transition matrix to the observed transition matrix.

For simplicity, let 4 be the only estimated parameter, and p,—,-(é) be the theoretical
transition probabilities based on 4. As before, let Py represent the observed transi-
tion probabilities as estimated from the transition numbers r;;. Then under the null
hypothesis

A2
[y =Py ®)] |
=St @
i pij@)
has the usual limiting distribution with m(n — 1) - 1 degrees of freedom. (If g param- .
eters are estimated, then there are m(m — 1} — g degrees of freedom.) When it is
convenient, p,—;(@) in the denominator may be replaced by p; without seriously affect-
ing the test. For example, if p;; # 0, and p,-,-(@) = 0, such a substitution is convenient.
Identical Processes. Often a question of major interest in analyzing learning studies
is whether or not the subjects in a particular experimental group can be considered
homogeneous—more specifically, whether or not the response protocols for different
subjects can be viewed simply as a collection of samples from the same rth-order
Markov chain. We will consider the test only for first-order chains, but the generaliza-
tion to rth-order chains is obvious.
Let _ﬁg‘) = f;') /ngh) denote the maximum-likelihood estimatg of the first-order

transition probability pf-}.k) for the process from which sample k(h =1, 2, ..., 5) was

obtamed. We wish to test the null hypothesis that pg‘) =pyforh=1,2,...,s5 that
is, that the s processes are identical.

Again, the x? text of honiogeneity is appropriate; that is, to test this hypothesis, we
calculate

2
(k) [Ach) o ()
R\ Py — Py ]
=yt ] ®
hJ Pij
where nfﬁ =3, nf.}f*) and ﬁg) = ng}:’ /% ng’. Here x? has the usual limiting distribu-
tion with (s — 1}(mm — 1) degrees of freedom. Finally,

=2 xf ©

has a limiting x2 distribution with m(m — 1)(s — 1) degrees of freedom.
The x2 probability distribution, which must be used to compute the significance
of any of the x? statistics developed in the preceding discussion is complicated, like
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most classical statistica! distributions. A continuous random variable X is said to have
a y2-distribution with v degrees of freedom if the density f(x) of the distribution is: |

e éxxm—I

fx=

where 2m is the number of degrees of freedom. The derivation of f(x} is complicated,
but can be found in most standard treatises on mathematical statistics.

A few more remarks about the standard statistical language used may be desirable.
The null hypothesis is the hypothesis being tested. For example, equation (1) defines
the x2-statistic for testing stationarity. The yZ-statistical test is used to compute the
probability of the observed sample, i.e., the probability that- the observed value of
x? computed using (7) is likely to occur under the null hypothesis, in this case, the
hypothesis of stationarity. The significance level p of this observed xg is:

1 g
= 2y =1 = — —dx_m-1
p=PX>xp)=1 T _1)!/;5eix dx.

P (m — 1)1 Y

The probability p is also called the p-value, in reference to the probability under the
null hypothesis that the observed sample could, in fact, have been drawn as a random
sample from the distribution of the sample \s\tatistic x2. The null hypothesis is rejected
when the level of sipnifieance, i.e., the proba{)ility p, is small. What is considered
“small” varizsmfr)on%f scientific subdiscipliné-to another, But p < 10~2 is widely
used, ayl 5t everyone would accept p = 1 '\s\as small. It is well recognized
that for many different sctentific experiments, a x2-statistic is appropriate, as in the
Q@I:f the four properties of stationarity, order, goodness of fit, and homogeneity

_/considered here.

' Those more familiar with physics than psychology will tend to remark that they
seldom if ever see levels of significance for statistical results of physics experiments.
Something different but,closely related is often used instead. This is to report the num-
ber of standard deviations of the observed statistic from the expected value under the
null hypothesis. In the case of x2, if a random variable X has a x2 distribution with

2m degrees of freedom, then, in the limit as the sample goes to infinity the expectation
or mean of X is:

E(X) =2m,
and the variance o? is:
o’ = 4am,
s0 the standard deviation is:
o = 2/m,

and the asymptotic distribution of x? is the normal distribution with mean and
standard deviation as shown,

Physicists usually want to show that the observed statistic deviates significantly
from the expected value of prior theory or experience. They are often satisfied if
the observed value is at least four standard deviations from the expected value or

T Whenm—1isnot an integer, the gamma funclion, I' (1), 45 a generalization of the Faclorial notation,
is used. For m an imeger, I'(m) = (m — 1),
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mean. But my formulation is slightly misleading. Physicists do not ordinarily explicitly
consider a sample statistic, x> or something else, but rather just report the number
of standard deviations from the mean, all computed ordinarily from the data of the
experiment, so that an implicit sample statistic is used.

1 have not included here any Bayesian comments or development. A nice elemen-
tary presentation of Bayesian priors and posteriors for x2 statistics is given by Lindley
(1965, Part 2, pp. 26-36). A more recent presentation of a Bayesian viewpoint on the
use of x? statistics, with some detailed examples from biology and psychology, is to
be found in Rouanet et al. (1998). Also relevant is Rouanet (1996).

Prior to the application of the various x2 tests discussed, certain explicit reserva-
tions and restrictions must be noted. The central difficulty may be illustrated with
respect to the goodness-of-fit test. The validity of this test depends upon the assump-
tion that the observations are statistically independent. Here the observations are the
transitions from one state to another. If the sequence. of observed states is not a first-
order Markov chain, then the observations in general are not statistically independent
and only an approximatc validity can be claimed for the test.

On different occasions we may apply the goodness-of-fit test to sequences of ran-
dom variables which, even in theory, are not first- or second-order Markov chains,
but chains of infinite order. To mitigate this fault, we can emphasize that all these
chains of infinite order are ergodic in character and that the conditional probabili-
ties, given one or two preceding outcomes, are approximately independent. In ncarly
every case, comparisons of predictcd and observed quantities are tabulated; readers
who are made uneasy by the approximations may inspect the tables and ignore the
1 tests. However, these x2 computations are often useful for indicating qualitatively
the directions in which new theoretical developments are most needed.

Finally, another gap in statistical methodology concerns the reduction of the num-
ber of degrees of freedom in the x? goodness-of-fit test when the estimated parameter
or parameters have not been estimated in an optimal fashion. This can be done by
finding the values that minimize the xZ value. The preceding discussion is taken fromn
Suppes and Atkinson (1960, Ch. 2). A number of experiments described in later
chapters of the book use the x2-tests considered.

There is, fortunately, an important way of putting why there is such dependence on
statistical methods, This is based upon the fact that most science rests upon a base that
has historically been anathema to many philosophers. The base on which the science
rests is itself uncertain. There is not, in nearly all cases, the kind of certainty which
philosophers have often sought under many different guises: sense data, intuitions,
demonstrations, proofs, and the like. Moreover, that part of science which we can
say we think is almost certainly correct is not the interesting part, for it is the part
that has been worked over for a very long time in a very thorough fashion. The new
work, the new concepts, the new cfforts, always lead initially, and, often for a long
time, to uncertain results. It is, I claim, only by an understanding of probability and
statistics that a philosopher of science can come to appreciate, in any sort of sophis-
ticated way, the nature of uncertainty that is at the heart of contemporary science.
The elementary and straightforward statistical tests considered above stand in sharp
contrast to the many philosophical discussions of probability which fail to point the
way to how important and useful statistical methods are in many scientific settings.
This is especially the case for revealing features of ewnpirical data that are far from
obvious to a purely qualitativc survey.
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Perhaps the best final remark to make is to emphasize the central place of statistical
methods in being able to distinguish scientific hypotheses from mistaken folklore or
dogmas that are false but have popular support. Without statistical methods, it is
often impossible to convert the natural, seemingly confused, uncertainty of many
results in science into highly probable ones. In many disputes of importance, it is
definitive statistical arguments that have separated a systematic sense of empiti-

cal truth from age-old predjudices about much behavior in our natural or social
environment.
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