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Introduction

In this paper T would like to review
some of onr recent research at Stanford jn
mathematics learning, 1 shall also try to re-
late this rescarch to broader issues of cur-
ricuhim reform and problems of mathe-
matics teaching.

There are three ¢lasses of madels treated
in this paper. [ begin with process models
for arithemtic skills. The next section is con-
with muodels,
which seem to have heen neglected both in
general learming  theory, and in  classical
studies of mathematics learning as well. In
the final section, I consider perceptual

cernedl constant-crror-rate

models with particular emphasis on geome-
try.

Among subject matters occupying a
main position in ordinary school eorriculum,
mathematics i3 in a unique position be-
cause of the clarity and definiteness of its
logical structure. The existence of this
structure pmvides numcrons  constraints
on any adequate psychological theory of
maithematics  learning, In  examining  the
literature of mathematics learning, however,
it is disappointing to find how few papers
have aimed at constructing a theory that
takes account of this definite logical struc-
ture. Some of the reasons for this are clear
enough once one enters into the problems
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in any detail. 1t is a complicated and subtle
matter to combine the logical structure of
the subject and the actual performance of a
stndent,  This  sceming  contradiction can
mly be resolved adequately by the cre-
ation of a psychological theory that is rich
enongh 1o encompass the logical strueture
of the mathematics, and at the same- time
use this strnchure to analyze and predict
the sources of shwdent error and student
difficulties in learning. U am under no
illusion that the present paper solves in any
satisfactory way these major problems, even
for one smali part of the mathematics cur-
rienlim. T do hape that the various models
prr’wnted here  constitute  a  constrictive
step toward {inding solutions to some of
the many problems we face in building an
adeqnate theory of mathematics learning,

The work reported here is at least a
direct response to the challenge to deal in
a more meaningful way, from a psyc hn!ng
ical standpoint. with the kind of problems
that actually occur in the mathematics cnr-
riculum, It is fair to say that all of the
models disenssed in this paper grew out of
mv  dissatisfaction with the conceptual
analvsis of mathematies learning offered by
standard psychological theories of learning.
This point is cxpanded upon in the next
section and subsequently,

Process Models for Arithmetic

Reading and arithmetic are the most
challenging elementary subjects in the cur-
riculum to give a Imrmng -theoretic account
of. Yct we are far from having a thorough
understanding of how children learn to read
or acquire arithmetic. An examination of
the kind of modcls that have dominated
learning theory over the past decade will
provide some indication of the reasons we
have not yet acquired a thorough under-
standing of how children learn arithmetic.
In the paradigm of experimental psycholo-

gy, the individual is placed in an environ-
ment in which a stimulus situation is re-
peated successively on a number of trials,
and a learning curve for the subject’s ac-
quisition of the response the experimenter
reinforces as correet is the main object of
study. The extent to which simple vesponses
conditioned to simple stimuli transfer to re-
fated sitnations, or the extent to which a
response once learned is retained, as well
as the factors that lead to case or diffic wlty
in learning a simple response, have been
studied extensively: and, certainly we know
a great deal more about these matters now
than we did fifty years ago. On the other
hand, there is an inherent conflict between
the kind of situation stadied in classical
learning theorv and the kind of learning
that takes place in the classroom in learning
to do arithmetic or any other standard cur-
rictlum subject.  This conflict arises from
the fact that in subject-matter learning we
continually present heterogeneous items,
often items that are ranged on a scale of
increasing difficulty, but most importantly,
items that are heterogeneous in character.
It is a familiar classroom observation that
when children are presented arithmetic
problems in the same format, for example
in column form, or in a fixed equation form
herizontally, and no variation is given, then
their responses become stereotyped, and
their ability to handle new material in dif-
ferent formats is reduced. On the other
hand, consideration of a variety of formats,
or as it would be put in learmng theory, a
variety of stimulus patterns, is the excep-
tion rather than the ruie in expenmental
learning studies.

A natural analytic tool for reducing a
large collection of heterogeneous items that
still hang together in some systematic
fashion is to analyze them in terms of a
relatively small number of structural vari-
ables using techniques of multi-linear re-
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rression, In advocating the use of linear re-
~yression models for the study of arithmetic
learning and performance, it mnst bhe em-
phasized that the mere use of such models
doces not provide specific theoretical ideas
for the analysis of arithmelic learning.
What it does provide is a suitable frame-
work within which to postulate particular
models  with specific psychological and
mathematical content.

For farther discussion it will be usciul to
outline briefly the linear regression models
we shall use. To begin with, the structural
variables  fi; are meant to conceptualize
the objective, observable factors that con-
tribute to the observed difficulty, and the
estimated coefficients of the regression indi-
cate the relative importance of these factors.
Secondly, in the present article 1 shall restrict
myself almodt « ntirely to group data, and not
consider the important and interesting topic
of individual differences and analysis of data
from individual students, With this restric-
tion in mind, let p, bhe the observed pro-
portion of correct responses on problem item
i for a given group of students. The central
task of the linear regression model is to pre-
dict the observed proportions p,. The nat-
ural model, in terms of the objective factors
fiy and the weights e, is simply

™ :)?agf” —}- [+ P
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However, there is a difficuity with this
model. It is that probability will not neces-
sariI}" be preserved as the estimated weight-
ings and identifiable factors are combined
to predict new observed proportions of cor-
rect responses. In order to guarantee pre-
servation of probability, that is, to insure
that predicted p)’s will always lie between
0 and 1, it is natural to make the following
transformation and to define a new variable
Zy:

I—p
2y == log S-—27, 1
Z og P { )
We then use as the regression model
7, = T ayfyy + e -(2)
)

It should be noted that the reason for pnt-
ling - " rather than I in the mun-
erator of equation (1) is that it is desirable
to make the variables z; monotonicaliy in-
creasing in difficulty.

In the case of response latencies, that is,
the time it takes a student to make a re-
sponse, a transformation like (1) is not re-
quired, and we may use directly the addi-
tive regression model. Let ¢, be the mean
latency on problem-item i for a given
group of students, We then apply a direct
analysis in terms of the following equation:

t =D Bfyy - B .(3)
I

I have shown different weights g8, for the
latencies, because the empirical interpreta-
tion of the weights for the 7, must, of
course. be different from those for the la-
tency variables t, but, as would be ex-
pected in all cases we have studied, there is a
relatively high positive correlation hetween
the weights «; and ;. For a more ex-
tended discussion of these matters, the read-
or is referred to Suppes, Hyman, and Jerman
(1966).

It is not to the point of the present
paper to present a massive array of empiri-
cal data, but 1 would like to give one ex-
ample of the kind of analysis and prediction
once can obtain from the sort of lincar re-
gression model I have been describing, The
example 1 have chosen is from a set of
data reported in Suppes, Hyman, and Jer-
man (1966). It consists of 38 items that
were a part of drill-and-practice exercises
in fourth-grade addition. The complexity of
the items is great enough that I, at least,
find it difficult to make an intuitive pre-



diction of diffienlty, On the other hand,
restricting oursclves to  three structural
variables, we were able to do quite a good
job of analysis. The three variables we used
were the magnitnde of the sum (MAG-
SUATY, magnitude of the smallest addend
{MAGSMALL). and a varieble {NSTEPS)
for the number of steps in & very explicit
analysis of the algorithm s student would
probably wuse in solving the problem. 1
should mention that the exercises were of
the form  ab 4 od = ef 4 gh with either
of or gh as missing two-digit numbers {for
. a listing of the items see Table 1). From
the standpoint of a process analysis of
arithmetic performance, the NSTEPS vari
able for the algorithm being used by the
student is the most important and psycho-
logically significant variable.

Because of its theoretical importance, &
detailed  characterization of the NSTEPS
varinble seems appropriate. The steps pos-
tulated have been broken up into three
classes:  those required to transform the
problem into cononical form, those corre-
sponding te the number of operations per-
formed, and those corresponding to the
number of digits that must be held in mem-
ory. We refer to these three classes as the
transformation, operaiion, and memory
classes. There is a high correlation in most
problems between the number of operation
steps and the number of memory steps, and
an essential ‘point for later work is to make
these two processes more orthogonal in op-
crational characterization. Another assump-
tion that is surely too simple is reflected in
the assignment of the same weight to ad-
dition and subtraction in the analysis of
operation steps. Other unrealistic simplifi-
cations have been made, but the general
definitions required to characterize the
number of steps are still relatively complex,
and we think they constitute a ressonsble
beginning.

For simplicity, we first consider. just the
transformation steps that convert any prob-
iem into canonical form. By canonical form,
we mean the equational form in which the
blank or unknown stands by itself as the
only term to the right of the equal sign,

‘Thus for numbers m, n and p, regardiess of

whether the numbers are one digit or two
digit, we have

{i) m = n = __ is already in canonical
form, ‘

(it m 4 __

p is transformed to

—. == p — m, which is transformed to
p — m = __, requiring two steps,
(it} __ + n = p is identical to {ii),
{iv) m — __ = p is transformed to
m — p == __, requiring one step, and finally
(v} —. — n = p is transformed to
n 4+ p == __, also requiring one step. The
fact that m 4+ __ = p requires one more

transformation than m — _. = p agrees
with the intuition that (ii) is really more
difficult than (iv). We make explicit the
number T on transformations needed for the
data of Table 1 in the following definitions:

Tim +n=p+ ) =1

T{m 4+ n=__+4p)=1
Because all problems in Table 1 have T =
I, this type of step does not directly con-
tribute to the differential analysis of diffi-
culty, but I have included it for completes
ness and because of its use in other problem
analysis,

Turning now to the operation and mem-
ory steps, we need to make explicit the
number of digits involved, so we always use
initial letters of the alphabet for single
digits, Also, because we postulate that the
operation and memory steps enter only after
the transformation to canonmical form has
taken place, we may simplify the notation,
writing, for example, O({ab + od) or M({ab




-+ cd) for the number of operation or mem-
ory steps respectively. For example,

OB+ 0)=20
but

OB -+ 4) =1
beeanse we postulate no operation is requir-
ed for handling zero.

015 + 12) = 2
hecause one operation is 5 4+ 2 and the
secondl s 1 4+ 1. On the other hand, in the
form ah 4 cod, when b -|- d > 9, there are
three operations. For example,

025 4 47) = 3,
becanse one operation is 5 + 7; the second
- is the partial sum 1 -} 2 using the 1 that is
carriec; and the third is 3 4- 4, the partial
sim plus 4, the other tens’ digit,

In the case of memory,

M(15 + 12) = 1,
becanse only 7, the sum of 5 and 2, must be
held in memory while the tens are added
and the correct tens’ digit response is made
(the problem format roqmred input of the
tens” digit before the ones’ digit). On the
other hand,

M(25 4 47) = 3
hecause (i) the 2 of 12, the sum of 7 and 5,
must be held in memory for the ones’ res-
ponse, (ii) the 1 which is carried to the
tens' place must be held, and (iii) the
partial sum 1 4 2 nust be held while it is
added to 4. The definition for the more
complicated format ab + cd — ef is given
recursively in terms of ab 4 od, and thus
does not need a separate treatment. For-
mally, the definitions for the number of
operation and memory steps are as follows:*®

Qifa=0orh=20

OB +b) = 11 if a0 & b0

{OmEdilbrd<9

OMab 4-d) =
 Ob+d) Ob+d) -1 b4d>0.
Olab obh4d41iEb4+d<9
w O +d) 42 if bHd>9
o b ifh=—=0
R PR ) :
Ob-—cif h>e¢
{ab — ¢} =
0fab ~¢) = 30(b—c)+l ifb<ec
Lifd=0
Ofab—cd) = (2 ifh>d>
rilfh<d
Mi{a =b)=
1iFb4e<9
M(ab
b+ = ;21Fh+c>9
if 1
M(ab + ed) = ifb4+d<9
'51Fl>+d>9
(ab c)_ lifb>c
Hab — 2if beeo
1iFb>d
M(ab—"d)zgalif;;d

If ab 4- cd = gh then
O(ab+4-cd —ef) =(3(ab 4 cd) 4-O(gh — ef)
and
M(ab-4-cd—ef) =M(ah-4-cd)+M(gh—ef)
41,
The additional step in the case of M{ab +
od — ef) comes in from having to remem-
ber a 4 ¢, or a 4+ c 4 1, as the case may
be, which is not part of M{(ab + cd) or
M(gh — ef).
glmtlarly, ifab + ¢ = fg then
O(ab 4 ¢ —de) =0(ab +c¢) 4-0(fg — de)

*To answer a query raised by Ralph Heimer about the number of axioms or assumptons im-
plicit in these regression models, an explicit axiomatization is given in the Appendix.




and

M(nh-{-c»-de):_M(_ah+c)+M(fg-—de}

A corresponding definition holds for
ab-ted—e.

In evaluating problem structure, we de-
termine the total numb . of transformation,
operation, andd memoty steps, Thes, for ex-
ample, ‘

25 4+ 26 = 18 4 __

has the maximum number of 14 steps, be-

cause
T254-26—=184 _ ) =1
0(25 4 26 — 18) =8
M(25 + 26 -- 18 =1,
and on the other hand the problem
54+ 0= __

has the minimum of 0 stcps.

Some results of applying the analysis,
just described in terms of the three struc-
tural variables NSTEPS, MAGSUM and
MAGSMALL, are shown in Table 1. The
data are taken from our curriculum work in
computer-assisted instruction, in this case
with a group of 24 fourth-grade students
who were working at the level of difficulty
of these problems. (A detailed description
of the computer-assisted instruction pro-
gram is to be found in Suppes. Hyman and
Jerman (1966).) Although the x* good-
ness of fit of the predicted response probabil-
ilies s not perfect, and is in fact significant
bevond the 001 l('vel the “eyeball” fit of
the predictions is not bad at ail ‘and is re-
flected in a correlation coefficient of 0.86.
(The reader should note that the items in
Table 1 are arranged in order of increasing
difficulty, as measured by the observed er-
ror rate, and not in terms of the temporal
sequence in which they were given to stu-
dents.) One or two predictions are glar-
ingly bad. for example, the prediction for
problem 9. It is clear a more refined model
will be required to account for all the es-
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sential features of the observed data. The
same remarks apply to the latency predie-
tions. {1t shonld be noted the ht(‘ncv data
were lost in transmission from %ok‘tvpe to
computer to bulk storagé for four of the 38
items.) By mmc‘udmm‘ the correlation co-
efficient for the prm!id(‘d and ohserved la-
tencics was also 0.8G. The measure 52 of
goodness of fit of *iw latencies, shown at
the hottom of Table 1, is (‘dmod as follows:

N

%

S!-i:)

{ abtained lateney-predicied latency }?

N K

where N is the number of problems for
which the latency was predicted and K is
the number of estimated parameters, Al-
thongh §* may be used to find a signifi-
cance level for the goodness of fit of the
model, it seems more useful at this stage
of investigation to use it to give a quantita-
tive estimate of the closeness of the pre-
dictions. Since the structural variables fi,
are not random variables, §? is a good es-
timate of the variance ! of the ervors in
the prediction of the model. The expectation

of these errors is approximately zero, when
algcbraic sign is taken account of, and the
assumption that they are normally distri-
buted is also satisfied in first approxima-
tion. So we may conclude that the bulk of
the errors in predicted latency falls within
one standard deviation of the observed
values. For Table 1, this value is S = .85,
which may be interpreted as meaning that
errors in latency prediction greater than 1
second do not occur very often,

Still another useful measure is the aver-
age percentage error of the latency pre-
dictions. 1f there are N items in a table, if
0, is the mean observed success-latency for
item i, and p, is the predicted latency,
then the average percentage error (A.E.) is
defined by
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N
A,E, = 100 E a9 -

N i=l ™

This measurs for Table 1 is 12.3%,

It is also worth noting that the concep-
ually most significant of the three structoral
variables, namely, NSTEPS, has the largest
estimated coefficient in both the response

and Tatency regression analysis. In the
response case, the coefficient is 0.24, while

that of MAGSUM is —001 and that of
MAGSMALL 0.05; and in the latency case,

it is 057, with that of MAGSUM being

002 and that of MAGSMALL being 0.07.

" Obviously MAGSUM conld be eliminated

TABLE 1

Predicted and observed proportions of errors and success-latency
of 38 fourth-grade addition problems

Rank Equations

1 0420 =04
2 1438 = . 4.

3 1 4+ 27T =04 .-
4 2 +36 =0+
5 0 4+ 34 =0 +
8 34+ 26 =04 _
7 1425=__+80
8 42T =2 4+
0 I3 4+ 3 = - 20
10 124 10= .+ 0
11 10 4 18 =68 4+ .
12 27 4+ 2 = 10 +
13 T4+ 18 =04+
14 34+ 288=74+
15 10 + 20 = 8 4 .
18 11 4+ 12=__ 41
17 24 L3=84
18 17 4+ 5=_.4+ 11
19 94 14d=__ +2
20 94 18=_43
21 34 + 5 = 11 4 v
#22 22 + 7 = + 14
23 T 492 =864
24 11+ 28 =8 +
25 27 17 = __ + 90

28 17T 4 22 =58 0
27 35 4+ 3 = . + 12
28 30 4+2=—+5

29 23 4+2=__+8
30 25 + 4 = 11 4
31 19 +8=__+6
32 2 4+5=__+0
a3 294+7=._ +15
34 29 4 12 = I8 +
35 12 +22=__.+4+86
36 B4+ 1 =74+
37 14 4 10 =90 +
38 294+ 3= -+ 17

X = 8784 (38 items)

Chserved Predicted Obscrved  Predicted

]

{1 — p1} {1 — P} Lateney  Lalency X
0.01 0.03 2.40 2.23 0.40
6.U5 2.13 3.20 3.72 {.69
0.06 .16 2.60 3.97 2.84
0.09 .13 3.50 3.74 0.18
0.09 0.03 340 212 1.45
0.14 0.18 3.7¢ 3.85 0.08
.17 0.18 2.90 4.00 0.00
0.27 0.68. 7.30 8.33 830
0.27 0.79 5.70 6.86 7.5
.28 0.18 4.50 411 253
0.39 0.41 3.490 5.00 0.04
0.39 0.64 20 5.78 875
0.39 0.38 450 8.19 0.01
0.46 0.77 8.50 6.53 54§
(.45 .53 5.00 541 D28
.53 0.56 5.80 5.57 0,16
3,55 0.48 5.00 535 2,37
0.58 0.40 6,20 5.02 5.04
0.58 .72 7.50 8.51 3.11
.81 0.7¢6 T.40 8.83 468
G.64 0.59 5.50 5.78 0.11
072 .68 T.8¢ 8.15 ¢.19
0.72 2.53 6.00 &5.50 5.37
0.73 0.87 8.00 5.08 G.19
0.73 0.88 6.40 8.03 .19
0.3 0.59 700 3.78 D.96G
0.73 .54 —— —— ez
973 0.54 4.8 5.74 1.54
0.75 0.83 7.00 6.88 1.48
0.75 0.81 B.76 5.94 250
.75 0.78 B.40 8.70 0.25
0,91 0.72 e —— 168
.61 485 §.10 7.13 .28
.81 .95 8.10 8.09 £.39
0,01 5.858 — — 0.34
2,91 0.54 7.60 8.18 3.49
8.82 0.84 8.30 a.97 1.43
0.58 £.83 e v 4.13

8% = @73

i
]
i
|




with little or no effect on the predictions of
response probability or latency.

One natural ruestion about the regres-
sion model we have just analyzed concerns
the additive character of the model. A
-priori, we might think that a multiplicative
model would do a hetter job of predicting,
especially a multiplicative model that let
MAGSUM and MAGSMALL have a multi-
plicative rather than additive effect on the
dominant NSTEPS variable, This model we
can define as follows for response proba-
hilities:

3, = a, + a, (NSTEPS) (MAGSUM)
4+ a, (NSTEPS) (MAGSMALL)

A similar equation holds for the latency t.
The intuitive idea behind the model is that
each of the magnitude variables should sim-
ply increase in multiplicative fashion the
hasic NSTEPS process. ‘

The standard regression computer pro-
gram can be applied to this multiplicative
model; hecause it is linear in the parameters
a,, a;, and a,  The numerical results of
this analysis were not as good as those for
the additive model. In the case of response
probabilities, r — 0.78 compared to the
earlier 0.86, and in the case of response
latencies, r = 0.75 compared to the earlier
0.86. The x* goodness of fit for response
probabilities was 143.02 with only one more
degree of freedom than in the additive
model. The §? measure for the fit of pre-
dicted latencies was 1.17, compared to the
carier 0.85. All in all. the analysis favors
the additive over the multiplicative model
in a rather clear fashion, but the fit of the
multiplicative model is not totally unsatis-
factory.

More extensive data on the kind of
models considered in this section are to be
found in Suppes, Hyman and Jerman
(1966). We also have under way large-
scale analysis of data from our 1966-67
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computer-based program in drill, practice
and review of elementary mathematics.

Constant-error-rate models

Most if not all of the standard mathe-
matical learning models are concerncd with
the learning of items that are essentially
homogencous in difficulty. There have been
some experimental studies and some theo-
retical efforts to analyze the cffects of trans-
fer from easy to hard discriminations. as in
the case of color, but all of the cases known

to me deal with relatively simple problems

of discrimination, and more importantly, do
not deal with a continuous scale of diffi-
culty. Such a scale; of difficulty seems
naturai in a wide range of school subjects.
Here the interest shall center on elemen-
tary mathematics; but most, if not all, of
the theoretical considerations generalize to
any subject matter for which it is possible to
establish a unidimensional scale of difficulty
for the problems or items to which students
must respond. '

To make clear the difference in funda-
mental approach to learning envisaged here,
it will be useful to recall the treatment em-
bodied in the standard linear model. The
subject is repeatedly presented homogene-
ous items, and his probability of responding
incorrectly on trial n is q,. Itis postulated
that

(Imi = ﬁf}n,
and so clearly
imqg, =0.

0<a<l,

Whether this linear incremental mode! cor-
rectly describes elementary learning pro-
cesses has been debated extensively in the
past decade; and, the evidence seems to
favor an all-or-none model, or at least a
simple two-or-three-stage Markov model,
but this aspect of the matter is not of direct
concern here, In either case, the same mean
learning curve is obtained, and the charac-
teristic feature of the relevant experiments




aned models is the decrease in errors over
trials,

/\qlw‘(‘iq of thizs decrease in errors over
trials are fundamental and must be vetained
in any learning theory of broad generality.
But, there are other, fundamental aspects
of how the teaching of school subjects is
organizetd and these are dpnored in the
classical approach to learning. They will be
reduced here to the single important one of
increasing the difficulty of problems.

For purposes of a clear and simple con-
frontation of two approaches, we may, as
in the classical analysis, abstract a simple,
pure example of what, for lack of a better
term, 1 shall call the mode! of idealized
school learning. In this model there is a-
oross Hime. no (fh.'mge in error rate. In fact,
the whole purpose of organizing curricnlum
materials is, according to this model, to
keep the error rate constant as the ;mdont
learns to deal with more and more diffienlt
items. Some Skinnerian experiments  are
oriented in this dircction, but they are not
accompanied by any systematic theoretical
formulation or well worked-out mathema-
tical models; and they tend. as well, to
emphasize the desirability of no errors at
all. Perhaps the briefest way of indicating
the almost complete conceptual inadeqguacy
of the Skinnerian operant-conditioning ap-
proach is to point out that the ohvious
problems of optimization in organizing the
sequence of eurriculum materials presented
to students -pot even formulated, lot alone
partially solved. Talk about operant con-
ditioning and shaping behavior by rein.
forcement schedules is of essentially no help
at all in deciding, for example, when to in-
troduce subtraction in relation to addition,
or in arranging problems of addition in an
appropriate sequence of difficulty.

To make these problems of individuali-
zation of problem-items more concrete, and
also to give a specific sense of current pro-

srams, ¥ shall hriefl

p-n

fy deseribe our diill-and-
practice program in f‘,i{'mcenmry arithmetie,
It was run with some 900 students during
the past academic year and will be ron with
abont 2000 students during 1967-68, The
pirpose of this program s, first, to provide
a supplement to the teacher’s regolar in-
strelion in clementary avithuaetic, We binve
long known that provision of practice in
aritimetic skills, especially on a daily basis,
will contribute significantly to permanent
mastery of these skills by students in the
Ncmmﬁmy schools. The problem for the
ordinary teacher in the elementary school
is to find the time and energy to offer such
a E;mm’%m on a da aily basis. 1t js particular-

y difficult for the ordinary teacher to offer
su(‘? a program on an individualized basis.
In the program we have been running. the
computer consoies  are  ordinary  icletype
riachines placed in schools and connected
by phone sinm to our cnmpv?er at Stanford.
i n(ic-r compuier contral, the teletype types
out an cxercise. The student ro«sp'mds The
student’s answer is immediately evaluated,
If it is wrong, he is given a second chance.
If his answer is correct, he is immediately
given a new problem. The exercises are
organized in the following fashion: at each
grade level the CI..!’!CHE%:?H in arithmetic, or
more generally in elementary mathematics,
is broken up into approximately 20 concept
blocks. Work in each concept block covers
seven days. On the first day the student is
given a pre-test, and on the hasis of his
pre-test score, he is placed on one of five
levels for five days of training. During the
training, he moves up and down in the five
fovels, depending upon his score on each
day. In particular, if he makes a score be-
tween 70 and 89 per cent he remains at
the same level. If he makes 90 per cent or
ahove he is moved up a level, If he makes be-
low 70 per cent he is branched downward,
At the end of the five days of training, the




student is given a pmt -test which is entered
into his record for that concept block. The
program just described constitutes about 70
per cent of his wark at the teletype console,
At the same time that he is working on a giv-
_eneoncept block, he is also being individu-
ally reviewed on previous concepts on which
his work - was least satisfactory, For ex-
amplv, a fifth-grade student who in Febru-
ary is on the tenth concept block is review-
o at the same time on that one of the pre-
ceding nine concept blocks on, which he
bhad his Iowest performfmee For one stu-
dent, this review block might be addition
of fractions; for another, problems of long
division; and for another, solution of word
problems. At the end of the block, the

stndent is also given a review test on the
review block and his score on the review.

test is used to update his record of achieve-
ment on this past block, Thus, in this pro-
gram, individualization is occurring in three
ways. One way is to bhe immediately re-
sponsive fo the answers given by the indi-
vidual stadent. A second aspect of the in-
dividualization is to adjust the difficulty level
of exercises in the current comcept block
according o student performance. The
range of difficulty hetween the lowest level
ancd the highest is considerable. Our ob-
jective has heen to make the lowest level
easy enough to constitute a floor under the
p('rformﬂnw of all but the very poorest
students, and to make the fifth and highest
level difficult enough to challenge all but
the most exceptional students. The third
aspect of individualization is the individual
review program selected for each student
according to his last performance.

The program I have just described goes
heyond what can ordinarily be provided by
the teacher. Moreover, because of the com-
puter's rapid mode of operation compared
to human response time, a single computer
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can be highly responsive to a large number

of stndents, On the other hand, we view

this current program as simply a first step
in - individualization. We are’ now actively
discussing the next steps to take. To give
a concrete sense of some of the problems

_in conceptunlizing  individualization of in-

struction, T would like to describe our cur-
rent cffort in this direction. Tn the next
round, we hope to organize the entire cle-
mentary-school mathematics currienlum in-
fo a number of strands extending from
grades 1 to 6. Such an organization of the
cnrrictlum  into strands is already fairly
widespread and we can take advantage of
work already done in this respect. Typical
strands would be those for addition and
subtraction, elementary geometry, fractions,
measurement and  applications, multiplica~
tion and division. The first point to be
noticed is that the total number of excrcises
or problems to be grouped into these
strands is very large indeed. Superficial
computations will show at once that the
mumber of different exercises in elemeitary

mathematics is in excess of several trillion,

The first stop in organization is to bhe con-
ceptually clear about how to place each
exercise in one of the strands, The second
step is to organize each strand. We are
arranging the exercises within & strand ac-
cording to level of difficulty. The basic
idea is that each student enters a strand
at the bottom, where the problems are the
easiest, and works his way to the top over
the several vears of his attendance in ele-
mentary school. Under most analyses, there
are somewhere bhetween 10 and 15 strands,
in terms of which the elementary-mathe-
matics curricalum is organized. We must
then determine how the work of the stu-
dent shall be distributed among these
strands; and, secondly, how he should
move up and down in a given strand ac
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cording to his performance. We do know

_that it is anwise to let a student concen..

trate for several days on a single strand.
In general, most students will do better if
their work is distributed over soveral
strands, because their retention of skills re-
quircd for solving problems in a given
strand  will be facilitated by distributed
practice. Concentration on a single strand
leads to stereotyping of responses, and for-
getting of knowledge and skills learned in
connection with the other strands,

Here is our current plan for handling
both these aspects. As I have indicated, the
exercises in cach strand are organized on
a scale of difficulty. This scale of difficulty
is constructed from data we have already
obtained from the performance of students
and by application of the linear regression
models. [ will not attempt to go into the
details of scale consiruction here, but we
have developed fairly good technigues for
assigning an expected fevel of difficulty as
it is reflected in the expected probability
of an error for each exercise in a given
strand. As already stated, a student begins
at the bottom of a strand. If he continues to
make correct responses he can move up-
ward in the strand very rapidly. Whenever
he makes an error we move him down by
a small step, and if he continues to make
errors we move him downward until he
encounters probiems he is sure to be able
to handle, We may think of each student
as haying. a current position in each strand,
If we assume that thie motion of the student
upward or downward in each strand is
well-defined in terms of the scale of diffi-
culty and the size of step uwpward and
downward in each strand is well-defined in
terms of the scale of difficulty and the size
of step upward and downward that has
been assigned to him, we must decide how
many exercises on a given day he should
be given in each strand. One simple

scheme for distributing time acrvoss  the
strands is the following: at the heginning of
each day we give the student one problem
from each strand;” the reinaining time, per-
haps enough for another 10 or 12 exercises,
is devoted to exercises from the two or
three strands on which the student’s onr-
renl  position is  relatively the lowest in
terms of grade placement and scale of dif-
ficulty. Under this scheme, at any given
time we would have available for the stu-
dent, teachers, administrators or parents, a
current and significant record of his level of
achievement in arithmetic. Moreover, under
this scheme, the floor is low enough to hold
the poorest student, no matter how poor,
and the ceiling is high enough to outrcach
the ability of even the very ablest students,

If 10,000 students were handled by a
single computer system organizcd accord-
ing to such a plan, the probability is close
to zero that any two of the 10,000 students

would occupy exactly the same position

and receive exactly the same exercises on a
given day, once the program had been in
operation for a few weeks.

There is neither space nor time to work
out mathematical details adequately. What
can be done here is to outline developments
and isolate problems that need investi-
gation,

First, the random walk for the student
in a given strand should probably be de-
fined along the following lines. (In this
definition, it is understood that the strand
has been scaled in difficulty; and, this
scale is used to define the random walk.)
It seems reasonable to make the range of
the random walk finite. The lower end is
a reflecting barrier; the upper end could
be also, aithough we may prefer in the end
to make it absorbing. In the definition, the
number r is the agreed-upon desired per
cent correct. In all likelihood, in practice,
we would set r between 80 and 95 per cent.




‘We then define the random walk this way,
where x, is the student’s position on the
scale, whose range is 0 to 1, at the beginn-
ing of trial n,

Xp - e if % C.R. > 1, providedl >x, 4 &

X HBCR >r 1<x,4 ¢
xo if CR. <1, ¢ > x,
x2n—€if CR <r,e<x, .

Xy ==

In this definition € is positive and is the
constant step in the random walk, and %
C.R. is the per cent of correct responses.
One fundamental decision is how much of
the past history on the strand should be in-
cluded in the computation of % C.R.
Originally, I proposed to include the full
history, which is too inscnsitive to recent
performance. 1 also thought there might be

a good case for using a method of moving

averages and looking always at only the
last m responses, where m. is selected in
the range 20 to 40 to 50. However, at the
Conference, Jack Forbes constructed sever-
al clear examples to show that this decision
rule was alsn topo insensitive to the most
recent responses. | now feel that r  should
be based on the percentage correct in non-
overlapping blocks of response. In current
using a block size of 14; this number is
certainly not dictated by theoretical con-
expcrimentation on these matters we are
siderations, but" by a number of practical
constraints that need not be entered into
here.

The next step is to conceptualize an
underlying structure to represent the indi-
vidual student’s competence. To carry
throngh the simplest possible analysis I
propose initially an ultra-simple linear
model that clearly can be improved on,

Let us represent the underlying ability
of each student at the beginning of his work
on the strand by a slope parameter a.
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1=

Group
Seale

Student Scale of

Difficulty

In the drawing, the student with &« =1
is precisely at the group level of ability,
The student with parameter e, is below
the group and the student with «a, is above,
Note that in the case of o, there is an awk-
ward point of definition. The first deriva-
tive of the student's underlying difficulty
scale does not exist at the - point (1, a):
i.e, when the curve hits the permmlble
maximum value of x = 1.

Thus, for an individual student with
parameter &, we may define his probability
of an error on any problem in terms of the
group scale of difficulty. Let g, be the
value of item i on the group scale of ditfi-
culty. Then g, is just the expectation of an
error, where the expectation is taken over
the reference population of students. Now
let e,(a} be the prohability of an error on
item i by a student with parameter a. Then

=3 if a>1,
p >

eo) =

@ S Ha<l&g<a

11fa<1&'g|>a.

Thus, if for item 1§, g;, the group mean
probability of an error is .3, and for a par-
ticular student his parameter a is 1.2, then
the probability of an error on item i by this
student is .3/1.2 = .25. Threc essential re-
marks about what has been postulated thus
far are to be made.




First, 1 have not made it clear where g,
comes from. Fyven if T remark that we ap-
ply the kind of regression model discussed
earliov to gronp data_ it is clear that g, will
vary with the time of the schaol year and
the kind of stndents used as a pnpn]almn.
I am simply assuming that these normaliz-
ing assnmptions have been worked out. In
our own experimentation, we are using data
from a fairly large population of stndents,
and the placement problem has been solved
initiatly by just following a standard se-
quence of topies and skills,

Second, it is reasonable to criticize the
simple lincar model used to characterize in-
dividual differences. Tt is snrely  donbtful
that this assnmption is empirically very
adegnate. However, mmeh of what is said
will easily gencralize to  the assumption
that the scale of difficulty for any individ-
ual student may be roprewnto(l h\ a one-
parameter, m(mntmnmllv increasing  func-
tian of the gronp scale. The assumption of
individual monotonicity with respect to the
gronp scale of (hffl(ulty does not seem un-
rcasonable for mnch of elementary-school
mathematics. In other arcas of the curric-
ulum, it is probably more suspect.

Third, T have mentioned how the stu-
dent changes in time with respeet to the
normative group scale. Without learning,
(i.c., change, and a constant crror rate)

the student wonld stay permanently in one
position on a strand. So it is appropriate to
examine at least briefly some learning as-
peets. )

The natwral learning asswnption to be-
gin with scems to be, again, a linear model.
We start at a; (not to be confused with the
particnlar @, shown in the figure; here, the
subseript | refers to the first trial) at the
beginning of the stndent’s work on the

n 4 1,

strand. and at problem. we have

ey — (- Aevy, | o (3)

or explicitly

(-a)(1--6), (4)

where a is the asymplotic or ideal state that
can he reached by the partienlar student,
This linear model assnmes improvement on
every trinl regardless of the correctness of
the response. No donbt this noncontingent
feature will he important to preserve be-
canse of its mathematical tractability, and
it is probably reasonable in first approxi-
mation. Note that it does mean that the
final position on the strand after learning
just depends on a and not on 8, the rate
of Jearning,

It scems to me that onr first cmpirical
problem is to find out if (4) is at all sonnd
empirically. A first theoretical problem is
to derive statistics from the model that can
be tested against data,

Models of visual pereeption

I wonldd like now to sketch an approach
to providing mechanisms that will give at
least a schematie accommt of the Jearning
of perceptual concepts that are the invari-
ants of a given group of transformations.
The approach owtlined here will take, as
given, the elementary properties recognized
by the student and will attempt to indicate
how more complex concepts can be learmned
once it is granted that these clementary
concepts are already available to the stu-
dent. The theoretical approach to be con-
sidered will bujld on the ideas of stimnlus-
response learning theories, but it will also
be clear in what sense the kind of thepry
outlined goes beyond  the classical §-R
theorips.

It will perhaps be nscful to begin by
looking at a concrete problem, that of rec-
ognizing a square under rotation. We mayv
think of the elementary properties or stimu-
lus elements here as properties of the fol-



lowing sort. These are meant to be the
clementary  propetties of fignres that- stu-
dents  recognize without explicit training
and T mean hy this, of course, explicit
training in the contest of learning  abont
synares, It need not be decided here in
what sense the clementary propertics are
recognized  without training at any time
and to what extent they depend upon a
training regime at an carlier point, Typical
clementary properties of geometric figures
to he assumed in the present context wonld
he having a horizontal segment, having a
vertical segment, having a sharp angle, he-
ing curved, having all segments of eqnal
length, having intersections only at end
points of segments, being a closed and not
an open figure, and so forth, I have no in-
tention of giving an exhaustive list here be-
eanse 1 shall not, in the present centext, at-
tempt to give a serious enumeration nf the
clementary  properties, althongh some par-
tial data are presented below. For detailed
application of the theory this does scem
neeessary, and, in fact, seems to be a cen-
tral point too often missing from applica-
tions of stimulus-response theories to par-
tieular problems. In order to get a specific
and powerful theory of perceptual concept
learning we need to get a firm grip on the
v!vm('nmry prnp('rti('s we assume the stu-
dent has inder control at the beginning of
the experiment. Diffienlt and extended in-
vestigations will be necded in order to make
it pu«ll)l(' to say somcthing of a well-defin-
ol sort about this list of elementary pro-
perties. In the present context we shall
simply assume that it will be possible with
appropriatc investigation to establish the
presence of such a set of recognized ele-
mentary properties and to proceed from
that point onward.

Turning now to a more precise charac-
terization of the approach, we shall et the
set S be the finite set of elementary prop-
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ertics or stimulus elements known  and
generally available in the environment in
which new learning of a concept is to take
place. {The theoretical treatment here fol-
lows Roberts & Suppes (1987).) We shall
let I be the set of geometric figures being
studied. Particular concepts (like that of
being a square) define, then, corfain sub-
sets of F. In addition, we shall treat the
elementary propertics extensionally, so that
each elem(‘.ntary property s, is a partitiun
of F. In general we shall ordinarily assume
that each clementary property is a finite
partition, meaning that the property has
only a finite number of values as, for ex-
ample, only a finite. number of colors. O,
in the case of number of segments, the
vahics of the elementary property might
be: having no seginents, having cxactly 1
segment, having cxactly 2 segments, hav-
ing exactly 3 scgments, or having more than
3 segments. In many cases, we shall also
want to consider a group G of transforma-
tions and shall want to require that the
concept being studied is invariant under
this group. We shall always want to as-
sume that F is closed nnder Gt ic., if [ is
in F and T is in G, then Tt is in F, where
Tf is the figure that results from applying
T to f. The basiec sitnation facing a student
is then described in the present theory by
a triple (8, F, G).

Tn this theory, a concept is formally rep-
resented hy a template which is an N-
tuple (t,, ..., t,) such that each t, is some
value of an elementary property or the
whole set F. The meaning of the last alter-
native is that no restriction is placed with
respect to property s, on the figures ex- -
emplifying the concept.

It is clear that the number of concepts
that can he defined in terms of § is large,
even for an S of modest size. For example,
if we restrict ourselves to five elementary
properties each of which has five values,
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then the number of extensionally different
concepts, given that each valie of each
property is exemplified in the set F, is 6%
{(The base is 6 rather than 5 becanse we
include the possible value F).

A concept C immediately defines a two-
clement partition of F, namely, the partition
of F into those fignres that possess the pro-
perty defined by the concept and those that
do not. With a slight abuse of language, we
shall say that figures are elements or mem-
hers of C, cven though C is an N-tuple and
not a subset of F. The meaning is clear:
for every fin F, if C = (), . ... ty), then
feCifand only if for I<i<N, f = t.

Following standard lines, we shall say
that a concept C is invariant with respect
to a gronp G if for every figure f in F and
every transformation T in G, f ¢ C if and
only if Tf & C. We shall restrict ounrselves
for the following discussion to concepts
invariant under a given G, but vse of G to
eliminate a large class of irrelevant elemen-
“tary properties canuot be explored here.

IFor the present context, asswmplions
ahout sampling or observing elementary
properties are highly simplified by assuming
that all elementary propertics are obhserved
or sampled whenever a figure is presented,
Almost certainly this assumption will not be
satisfied in actual experiments, but the nse
of it here affects only slightly the central
ideas. Fach figure { in F presented possesses
some degree or valug s, of each elemen-
tary property s, Thus cach figure f may
be described by an ordered N-Tuple (n,, .
ux) where for 1<i<N, u, is always s, for
some j. This N-Tuple will be called the
clementary pattern of the figure f. Again,
for the sake of conceptual simplicity, we
are assuining that no perceptual errors oc-
cur in deciding whether a figure has proper-
l'y Siye

We now assume that learning a concept
C involves learning the appropriate tem-

plate T =={t,, ..., ty). This is accomplished

_gradually. On each trial n, the subject has

a template T, = (t, ., ..., ty,) associated
with the concept C. Throngh conditioning,

T, is inodified until it eventually becomes:

T,

Prior to stating any specific axioms, we
need 1o define the notion of the ¢ lrwnr\nhry
pattern of a figure matching the template
of a concept.

Definition. Let U ={(n,, ..., us) be the
clementary pattern of figure [ in ¥, and lct
Tw ={tin,. .., tyn) be the template of
concept G on trial n. Then U matches T,
if and only if for every 1< i<n, WSt a

Following familiar treatments of stimn-
Ins-sampling theory, we now state axioms
divided into the three categorics of sampl-
ing axioms, response axioms, and condition-
ing axioms. (For snch a treatment of stimu-
lus-sampling theory sce Suppes and Atkin-
son (1960).)

Sampling Axiom

SI. On every trial the elementary pattern
(1, ., ux) of the presented figure £ in F
is completely sampled.

Response Axioms

R1. Until a positive instance of the con-
cept is presented, a template of the concept
is not formed, and each response is made
in terms of a fixed guessing probability .

R2. On trial n, if the template for C is
T,, then figure f in F is classified as an in-
stance of C if the eclementary pattern of f
matches the template; otherwise not.

Conditioning Axioms

Cl. On every trial, there is at most one
template for the concept.

C2. The initial template is the elemen-
tary pattern of the first positive instance of
the concept.




C3. Let (w), .., wy) be the elementary
pattern of the figure [ presented on trinl n,
(i) If F e C, then for each { such that
& Y Uiwss becomes F oontrial n 4 1
with proliability e and remaing 4, with
rohability 1 — e,

(i) If £ C and u.g’;t. n then tie, ro-
maing ta.

(iti) If £¢C, fhen tier == &, for all
1<i<N.

It is easy to prove that if the probability
o of cnndmnmng is not zero, then a wide
range of presentation schedules of figures,
a concept C definable in terms of elemvnts
of § and invariant under a group G will be
learned with probability 1.

[ hasten to add that somewhat more com.
plicated axioms are needed to give an empiri-
cally realistic account of classification re-
sponses in the early trials of learning. The
most unrealistic aspect of the present axioms
is that they predict only one kind of error af-
ter the first positive instance of the concept
appears: namely, misclassification of positive
instances, with classification of negative in-
stances always being correct. Secondly, it
is unrealistic to build a completely spemﬁc
template on the basis of the first positive in-
stance of the concept, as called for in
Axiom C2. A closely related but more com-
plicated scheme calls for the probabilistic
construction of a complete template, in
terms of noticing or sampling all the ele-
mentary properties over & number of trials.
The modifications required also naturally
lead to the prediction of errors in classify-
ing negative instances.

To introduce an empirical element into
this discussion of perceptual learning, I
would like to conclude this paper with a
brief description of some of our recent ap-
plications of linear regression models to a
sequence of 48 geometry problems occur-
ring in our first-grade tutorial mathematics
at Brentwood. The curriculum material is
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presented visually on fitm at compiter ter-
minals and the stodent responds by using
R light pen to select one of two or three
possible answers. In each of the problems,
the stivient was asked to select a figure of
given type. The kinds of ligares ocenrring o-
correel answers were squares, citeles, -
angles, and rectangles. For each problem,
the student was given individual andio in-
structions sach as “Find the square,”
“Choose the triangle,” »nd so forth.

The 48 problems were analyzed in terms
of the following six variables: similarity of
the wrong answers to the correct answer;
orientation of the correct answer (except
for the rircle, was the base horizontal?);
number of answers (2 or 3); position of
correct answer (1, 2 or 3 reading down-
ward); proximity of the most similar in-
correct choice (adjacent to the correct
answer or not); and, finally, change of
format (was the problem the first one deal-
ing with figures of a particular kind or the
first three-choice problem encountered in
a lesson?). | shall not pursue the exact
characterization of similarity used; but
when the correct choice was a square, for
instance, we considered whether any one
of the wrong answers had four sides, the
number of right angles, equality of sides,
and so forth. Using the variables described,
a multiple correlation of 0.68 was obtained.

What is of particnlar interest here is
that it seems clear from our present re-
search that rather different elementary
properties than those usually considered by
psychologists concerned with perceptual
mechanisms will be needed to give an ade-
guate account of students learning intuitive
geometry. Perhaps the most central criticism
of the kind of properties discussed earlier
is that relational aspects do not enter info
their definition. Yet of the six kinds of
variables mentioned above, every one, ex-

<
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cept the orientation variable, is relational

in character, and not a simple property of -

the figures in question. The general tem-
plate madel presented earlier can accommo-
date relations; but, it is also true that it is
a mare patural device for direct classifi-
mnst

eation and has a -formal structure

naturally adapted to the Boolean algebra
of- classes, .

My present conjecture s that the next
best step to take 'is to construct and test
empirically some relational template models
designed to deal in a natnral way with the
kind of variables that are like the six just
disenssed,

PPENDIX

For several methodological and concep-
tual reasons, it is desirable to indicate ex-
plicitly how an axiomatization of the lincar
regression models would look. For simplic-
ity, and to avoid needless duplication of
the main text of the paper, 1 restrict my-
self to equations of the form

abh - od = ___,

Moreover, the axiomatization is mathemati-
cally sclf-contained, with no hidden or im-
plicit :wsnmpiiuus; but, in another sense, it
is incomplete hecanse it does not invorpo-
rate the standard statistical assumptions con-
cerning jadependence of observations and
normality of distribntion of errors required
to make the vsual statistical inferences a-
bout the results of the vegression analvsis.

The axiomatization is primarily meant
to show that the regression model applied
to the data of Table 1. and other similar
analyses, do rest on a number ol substan-
tive, iﬁdvpvndvnt assumptions about stu-
dent hehavior, or at least, student equation-
solving, The assnmptions are about group
or average stadent performance; and, thus,
the only reat place for the assumption to
be gronnded is in the mathematical strue-
ture of the equations themseclves, as the
axioms given in this Appcndxx clearly show.
The notation used in the axjoms is just
that used earlier and thus does not require
additional explanation here, but it may be
useful to make clear the underlying set-

theoretical structure. Tet T be a non-empty
set of equations of the form ab f od = _,
witha == 0, b == 0, ab 4+ cd< 89, and let O,
M, MAGSMALL, MAGSUM, p and t he
real-valued fimetions on 1.

Definition. A structure % — <1, O, M,
MAGSMALL, MAGSUM, p, t > is a simple
equation-processing model if and only if
fhc following axioms are satisfied for every

iin 1 if i is the equation form abfed = ___,

Al p, is in the open inferval (O,1);

A3l lifb=0o0rd =0,
0, = 2ifb=0dx~0&
b+ d<9,
3ifbh 4 d>4,
Ad. 1ifb 4 d<9,
M’l =
3ifb 4+ d>9;
A5, MAGSMALL, = min(ah, cd);
AB. MAGSUM, = ab 4- od;
AT. Independent of i, there exist numbers

Gn o, iy, and a, such that

log 1-p. = apta (0.-+M)4
P

a; MAGSMALL, 4+ a-MAGSUM;

A8. Independent of i, there exist numbers
Bo, B1. B, and gy such that t, = gy +
8,{0,4+M.) + £.MAGSMALL, +
ﬂs MAGSUM' ¥
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