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SOME THEORETICAL MODELS FOR MATHEMATICS LEARNING 
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1 fltrodllcfion 

In this papf'r T would like to review 
~ome of Hllf u'('('ut rf"search at Stanford jn 
rnath.('matic~ Iparning. 1 shaH also try to re­
late this r('~('ar('h to hroad(>r issnes of em­
rieullllll r('form ami prohlf'tns of mathe­
matic!; tf'!lching. 

TIH'fC' arc flm'(' dass('~ of mo(if'ls treated 
in this pnp('r. f h"gin with process models 
for arith('mtic skills. Thf' n('xt ~f'ction is con­
t'f'rm'd yvifh ('onstant-C'rrOf-rnte models, 

whieh Sf'pm to Im\"" lwen npglt'ded both in 
g(,l1('ral If'arning tl1('ory, ami in classical 
stlldie~ of matlwmatics 1carning as well. In 
the final s('ction, I consider perceptual 

modf'l" with particular f'mphasis on g('ome­
try. 

Among suhject mattf'rs occupying a 
main position in ordioary school cmriculum, 
mathematics is in a unique position he­
calise of the clarity and definiteness of its 
logical structure. The cxisten{'c of this 
strudure provides nnmCTOHS constraints 
on any adf'quate psychologic-al thcory of 
mallwmatks learning. In examining the 
litf'ratnre of mathematics learning, however, 
it is disappoinling to find how fc-w papers 
haH~ aimed at constrncting a t1l('ory that 
takt's acconnt of this df'finite logical strtle­
tmc. Some of the reasons for thi!l arc dear 
(,tmugh once one cntors into the problems 
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ill Hn)' ddail, 11 is a romplicated and slIhtle 
IIl"II r r to ('olllhine the logical stmcture of 
tIl!' ~llhj('('1 and the adual p{'rformancc of a 
~llIdl'l1L Tbit; s{'cmin~ contradiction can 
nllly ,)(' rf'~nlv{'d adcf}uately hy ttl!' CTC­

ation of fI psychologkal th£'ory that is ri(,h 
f'nol1gh to ('I\('ompa~s thf' logical stmdmc 
of Ihe mnllH'matks, and at thf' snow time 
11';(' this slrncim(' to analyze and prf'dict 
the SOl 1I'('f'S of stnrl(,l1t error and ~tud('nt 
dimcI11ti('~ in If'arning, I am unct£'r no 
ilImion that the prf'~{'ot paper solv('s in :my 
sfltisindory wfly lil£'s(' major prohlems, f'v('n 
for one small part of the mathematics cur­
rk"llInJ, T do hnpt:' that tll(' various mod£'ls 
pl'f'~rlJtcd lwre ('omtitute a conslrlldiv(' 
,I,'p lowfml fimlinJ,?; solutions to somp. of 
Ihl' lTlany prohl('ms w(' facc in huilding an 
Ildf"l'utte theory of math(,lllatics ]I'arning. 

Th(" work rqlOrl('d here is at least It 

flirl'd rcspons(' to the challrnge to (]('a', in 
a more m('anin~flll way, from a psy('ht)lo~­
kat standpoint. with the kind of prohlems 
I hal ndll!dlv O(,(,lJf in th(" mathematics cm­
riCUllllll, It is fair to say that all of the 
models dis(,l1SSf'd in this paper grew out of 
Illy dissatisfaction with the conceptllai 
alia l~'sis of mathl'matics lenrning offered by 
slandard psychological tht:'oric1I of learning. 
This point is npamkd upon in the nf'xt 
~ .. C'lion and sllh~efJm'ntly. 

rro('('~s M odds for ArU;lmefic 

Heading and arithmetic are the most 
('llHlkllging pl(,nll'ntary snhjects in the ClJf­

rklllllln to give a learning-theoretic account 
of. Yet we are far from having a thorough 
understanding of how children learn to read 
or acqnire arithmetic. An examination of 
thp kind of models that have dominated 
learning theory over the past decade will 
provide some indication of the reasons we 
have not yet acquired a thorough um!er­
standing of how children learn arithmetic. 
In the paradigm of experimental psycholo-

gy, th{1 imHvidnal i~ phuwl in an environ­
mcnt in which a stimulus situation i!! re­
peatf'd sll('e~ssively on a number of trials, 
and a lcarning cmve for the :mhject'!! nc­
(lui~Hion of -the I'c~ponse the cxpf'Timrntcr 
reinforces as correct is the main ohjed of 
!'tll<ly. TIl(' f'xhm! to ,,:hkh 'iimph' j'f'SPOI1<;f'S 

('ollditiOlwd 10 simple stimuli tr:Ulsf{·, to H~­
lilted situations, or the extent to whkh a 
response once learned is retained, as wdl 
as the faclor~ that 'lead to case or difficulty 
in learning a simple response, have heen 
r.;tudi('d extf'nsi\'ely; and, certainly we know 
a great deal more ahout these matters now 
than we rlid fifty yf'ars ago. On the other 
lIanel, then' is an inher('nt f'onflict hetw('en 
the kind of situation stndied in classical 
learnin~ tl1f'my and the kind of learning 
that tak('s place in Ihe clas~room in learning 
to do arithmetic or any other stand ant f'm­
riclllmn suhject, This ('onfIict ari!;e~ from 
the fa~t that in slIhject-matter learning we 
('ontinnalJy pre~ent heterogeneous itcm1l, 
often items that are ranged on a 1I('alf' of 
increasing difficn1ty, but most importantly. 
items that are heterogeneous in charactM". 
It is a familiar clas!':room observation that 
when children are presented arithmetic 
prohlems in the same format, for t"xample 
in column form, or in a fixed equation form 
horizontally, and no variation is given, then 
their responses become stereotyped, and 
tlwir ahility to handle new material in diE­
({'rent formats i5 reduced. On the other 
hand. consideration of a variety of formats, 
or as it wOllld be put in learning theory, It 

variety of stimulus patterns, is the excep­
tion rather than the ruie. in experimental 
learnIng studies. 

A natural analytic tool for reducing a 
large coilection of heterogeneous items that 
still hang together in some systematic 
fashion is to analyze them in terms of a 
relatively small number of structural vari­
ables using techniques of multi-linear fe· 
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!:rf'~~ion. In advocating the me' of linf'ar re­
p "ssinn 1110dl'is for the stndy of aritlm1f't.ic 
learning amI pf'rformanec. it mmt he em­
phasizf'<i that the lTH'f{l nse of such models 
do~'., lint provid(' specific theordical ideas 
for the analysis of arithmetic lcnming. 
"'hat it dot,S providc is a sllitahle hamf'­
work within which to postulale pflTlklllar 
modd.~ with specific p~ychological and 
p'atlH'matical content. 

For furthl'T c1iscmsion it will be useful to 
outlinc hriefly the ljneaf regression model!'; 
we slHlll nse. To begin with, thestmchlTal 
'Varia"lf'~ Elj nre meant to eonccptnalizc 
thl' ohjedive, obs{'fvable factors that ('on­
trihute to the ohserved difficnlty, and the 
estimatl'd cocfficients of the r('gr~ssion imH­
('ate the relative importance of these fadm-so 
S{'('on<lI~', in thl' present article I shaH restrict 
mpldf almo,! ' IIlif('ly to group data, and not 
consider the important and intf'resting topic 
of individual differenc('s and analysis of data 
hom individual st"dents. With this re~tric­
tion in mind, let PI he the ohserved pro­
portion of correct responses on prohlt'm item 
i for a given group of students. The central 
task of the linear regression model is to pre­
dict the ohserved proportions Pl. The nat­
ural model, in terms of thf' ohjedive fal'tors 
£11 and thp weight:<l O'J. is simply 

PI -== Ii a,flj + an. 
i 

However, there is a difficuity with this 
modd. It is that prohability will not neces­

sarily be preserved as the estimated w('ight­

ings and identifiable factors are comhined 

to predict new ohserved proportions of cor­

rect responses. In ordf'T to guarantee pre­

servation of probability, that is, to insure 

that predicted p/s wiH always lie hctween 

o and 1, it is natural to make the following 

transformation and to define a new variable 

7':1 :-:: log ! __ -=Jl; . 
PI 

(1) 

'We then lISe !I!; the tegrf'~sion model 

7., = !: C/JflJ + an (2) 
j 

It ~hf)I1'd he "okl! thfll thp. rf'~~on for pllt­
ting 1 --- 1'1 rallll'r Ilmll PI ill the nmn­
f'rator of equation (I) is that it is dc~irahle 
to make the variables ZI monotonically in­
('rea~ing in difficulty. 

In the case of re~pon~e iatcndcs, that i:<!, 
the time it takes It student to make Ii re­
sponse, a tran~formation like (]) is not re­
quired, and we may use directly the addi­
tive regression modl'l. Let tl be the mean 
latency on prohlem-i~em i for a given 
group of students. We then apply a direct 
analysiS in terms of the following f'qllation: 

tl = lJ flJf'J + {l... , (3) 
i 

I have shown different weight:'! f3J for the 
latencies, hecause the empirical intC'rprf'ta­
Hon of the weights for the Z! must, of 
course. be different from those for the la­
tency 'Variahles flo but, as would he ex­
ped('d in all cases we have studied, thl'TC is a 
relatively high pmitivp correlation hc(wcf'n 
the wcight~ aJ and fiJ' For a more l'l{­
tended disclIssion of tlwse maltf'rs, the read­
£'T is ,cff'rtcd to Sur~s, Ilyman. and Jerman 
( 19(',6). 

It is not to the point of the pr{'sf'nt 
paper to presrnt a massive army of £'mpiri­
('Hi data, hilt I wOllld likr· to gh'c one ex­
Hmple of the kind of analysiS and prediction 
one {'an obtain from the sort of linear re­
gression model I have b{'en descrihing. The 
example I have chosen is from a s('t of 
data reported in Suppes, Hyman, and Jer­
man (1966). It consists of 38 items that 
were a part of drill-and-practice exercises 
in fourth-grade addition. The complexity of 
the items is great enough that I, at least, 
find it difficult to make an intuitive pre-



diction of diifi"lIity, On the other hand, 
re~lriding omsf'ivcs to three structural 
vnriahlps. we W('if' ahie to do quite a good 
joh of I1na.lys!l>. The three variahles we u~ed 
we're the magnitude of the sum (MAG. 
SPM). magnitmlf' of the ~mallcst addpnd 
(MM;SMALL). I'Imla vfI.riflhle (NSTF.PS) 
for !hf' nUmhf'f of steps_ in a vcry explicit 
nnnlysi:> of the algorithm R stmlent would 
prohahly use in solving the problem. I 
shollid mC'ntion that the exercises were of 
til" form ab + cd == ef + gil with either 
d or gh as mis~ing two-digit numbers (f.or 
!1 1i1:ting of the items see Table 1). From 
the standpoint of a process analysis of 
l'Irithm('tic performance, the NSTEPS vari­
ahle for the algorithm heing used by the 
::;tmlC'nt is the most important. and psycho­
logkally significant variable. 

Of'cam;c of its theoretical importance, a 
ddaikd characterization of the NSTEPS 
varinhll' seem" appropriate. The steps POS4 

tlliah'd have been broken up into three 
('litSSf's: those required to transform the 
prohlf'm into ('ooonieai form. those corre­
sponding to the number of operations per­
formed, and those corresponding to the 
numher of digit~ that mllst he held in mem­
ory. \Vi' refer to these threl' dasses as the 
transformation, operation, and memory 
classes. There l!l a high correlation in most 
prohlf'ln!'l hetween rhe nmnhpr of operation 
stf'pS and the number of memory steps, and 
an f's~('ntialpoi!1t for laier ""/Orl< is to make 
thpsp two proces~e.s rilore.orthqgonal in op­
('rational characterization. Another assump­
lion i hat is surely too simple is reflected in 
till' assignment of the same weight to ad· 
dition and subtraction in the analysis of 
oprmtion steps. Other unrealistic simplifi­
cations have been made, but the general 
definitions required to characterize the 
nmnher of steps are stili relatively comp~ex, 
nnd we think they constitute li'i reasonable 
beginning. 

8 

For simplidty. we first consider just the 
transformation steps that convert any prob­
lem into C'Rnonicai form. Dy canonical form, 
we mean the equational form in which tho 
blank or l!nkno~n stands by itself as the 
only term to the right of the equal sign. 
'rim;; !'lumhers m, n nnd p. rrglU'(II('~!I of 
whether the nllmberll fir\?) one digit 01' two 
digit, we have 

(i) m -+ n == _ is akE'Rdy in canoni<:>ai 
form, 

( ii) m + _ = P is transformed to ' 
_. = p - m, which is transform{'d to 
p - m = _, requiring two step~. 

(iii) _ + n == p ill identical to (Ii), . 
(Iv) m - _ = P is transformed to 

m - p == _, requiring one step, and finally 
<. v) ____ - n = p is transformed to 

n + p == _, also requiring one step. The 
fad that m + _ = p requires one more 
transformation than m - _ = p agrees 
with the intuition. that (ii) is reany more 
difficult than (iv). We make explicit the 
number T on transformations needed for the 
data of Tahie I in the following definitions: 

T(m + n = p + _) == 1 
T(m + n = _ + p) == 1 

Because all prohlems in Table 1 have T = 
1, this type of step does not directly con­
tribute to' the differentia! noalvsi5 of diffi· 
cllity. but J have included it for complete­
ness and becau!l€ of its use in other problem 
analysis. 

Turning now to the operation and mem­

ory step!'l, we need to make explicit the 

number of digits involved, ::;0 we always use 

initial letters of the alphabet for single 

digits. Also, because we postulate that the 

operation and memory steps enter only after 
the transformation to canonical form .has 
taken piace, we may simpHfy the notation, 

\".nting. for ("Jxampie,O(ab + 00) or M(eb 



+ ('<I) for tho nllmher of operation or mem· 
ory !;t('p~ rCl'lp..-ctivcly. For ('xample, 

0(5 + 0) = 0 
but 

0(5 + 4) = 1 
h('('RII!le we po.;tntate no operation i!! Tf'fluir· 
('d for handling zero. 

O( 15 J2) = 2 
hf'('ulI~c one op<"ration is 5 + 2 and the 
,,('('ood is 1 + 1. On the other hand, in the 
form ah + cd, when b + d > 9, there are 
thrf'e operations. For example, 

0(25 + 47) = 3, 
h('('lUiSC one operation is 5 + 7; the second 
is the partial slim I + 2 using the 1 that is 
cnrrif'd: and the third is :} + 4, the partial 
slim pills 4, the other t('n~' digit. 

I" the (,lise of memory. 

M(J5 + 12) = t, 
hf'c!lI1SC only 1, the sum of 5 and 2, mm;t be 
held in mf'mory while the tf'n" are added 
and the mrrcct tens' digit response is made 
(th(' problem format required input of the 
tenli' fHgit h('fore tl1e one!!' digit). On the 
other hand. 

M(25 + 47) = :J 
h('('nm(' (i) the 2 of 12. the sum of 7 and 5, 
OlllSt he Ju'ld in memory for the ones' res­
pOnlif', (ii) the 1 which is carried to the 
h'm' place must be held, and (iii) the 
partial slim I + 2 must he held while it is 
arldl:'d to 4, The definition for the more 
~oompJ~cl!-ted format ab + cd - ef is given 
rC('llrsiv('ly in terms of ah + cd, and thus 
docs not need a separate treatment. For­
mally, the definitions for the number of 
operation and memory steps are as follows:· 

1
0 jf a = 0 or b = 0 

O(a+b)= lifa~O&b¢O 

O(ab + cd) == 

O(a - b) = 

o(ab - c) = 

I O(h + (1) if b + d < 9 

o (h + <1) + 1 if b + d > 9. 

I O(h + d) + I if b + d < 9 

0(1) + <I) + .2 jf b + d > 9 

~ 0 If h ~= 0 

11 jf it::;16 0 

I(>(b - c) if b ?:' (I 
<Xb - c) +1 if b < (I 

{

I if d = 0 
O(ab - cd) = 2 if b d > 

11 if h < d 

M(a + b)=O 

M(ab + c) == ~ 1 if b + c < 9 
(2 if b+c>9 

M(ab + cd) == 11 if h d < 9 
3ifh+d>9 

M(ab- c) = . , 11 if b c 
2ifh<c 

1\I(ab _ cd) = 11 if b d . 
3 if b< d 

If ab cd gil then 
O(ab·+cd of) =O{ab+cd) +O(gh-ef) 

and 
M( ab+cd-ef)=M( ah+cd)+M(gh--ef) 

1. 
The additional step in the case of M (ah + 
cd ef) comes in from having to remem­
ber a + c, or a + c 1, as the case may 
be, which is not part of M (lib + cd) or 
M(gh - ef). 

Similarly. if ab + c = fg then 
O{ab+o-de) =o{ab+c) +O(fg-de) 

-To answer a query taised by Ralph Heimer about the number of axioms or assumptions im· 
pliclt in these regression models, an explicit axiomatizatlon is given in the Appendix. . 



llnd· 

~f( ah+c··-df') --: J\1( ah+c} + M( fg-de). 

A eorrespondin~ df'finition hold~ for 
ah+<;d-e. 

In evaluating problem structure, we de­
trrmine the totl'll I1llml" , nf transformation, 
operation, nml mf'lTlmy ~"'ps. Thw. for ex­
ample, 

2.rJ+ 26 = 18 + 
IHl~ the maximum number of 14 steps, be-

1'(25 + 26 :-:: 18 -+ 
0(215 + 26 -- .I 8) 

M(2.'5 +- 26 -- 18 

) = 1 

6 

7, 

aml on the other haml the prohk·m 
5+0= __ 

ha~ Ihe minimulTl of 0 steps. 

Some results of applying the analysi~, 
jllS! descrilwd in tf'rms of the three struc­
tural variahlf's NSTEPS, MACSUM and 
MAGSMALL, are shown in Tahle 1. The 
(ia", are taken from our curriculum work in 
('omplltf'r-assisted instruction, in this case 
with a group of 24 fourth-grade students 
who werf' working at til£' level of difficulty 
of thesf' prohlems. (A detaile(l description 
of the ('ompllter-assist('d instruction pro­
gram is 10 he found in Suppes. Hyman and 
Jprman (1966).) Althongh the l good­
npss of fit of the prectictf'd r('spon~e prohahil­
ilips is not perfect, and is in fact significant 
hf'vond the .001 level, the "evchall" fit of 
th~ predictions is not bad at" ~ll,and is re­
flcdcd in a correlation coefficient of 0.116. 
(The reader should note that the item!> in 
Tahle 1 are arranged in order of increasing 
difficulty, as mcasllfed by the ohserved er­
ror rate. and not in terms of the temporal 
seqnence in which they were given to stu­
dents. ) One or two predictions are glar­
ingly had. for example, the prediction for 
prohlem !). It is clear a more refined model 
will he fE'ql1ired to acconnt for all the eso 
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sf'ntial features of the (lh~('rvcd data. The 
samf; remarks apply 10 the lat('m'y pr!~dic­
lions. (It ,110111<1 hr. nokd the latf'ncy data 
were lost in transmission from h'ktypc to 
compnter to hnlk ~totagc for fom of the 38 
iterm. ) Bv coinci(jpn('c, the eorrdation co­
('ffidl'~t rr:r fl,(, pn,.lict('cl and ohs('rvf'd Ja­
kndes was also O.RG, The measurc S2 of 
goodness of fit of the latencies, ~hown at 
thf' hoHom of Tahle 1, is n{'finf'd n~ follow~: 

~-I<------

wlwl'c N is the numiler of prohlpmc; for 
whkh the latency wa~ prf'clidpd and K is 
the nllm her of estimated rarameter~. Al­
though S~ may he Hsed to find a signifi­
cance If'vel for the goodness of fit of !he 
niodcl, it seems more usdul at this stage 
of illw'stigation to Ilse it to give a quantita­
tive ('stin~ate of the dos('m~~!'l of the pre­
dictions. Since the stmcturalvariahlcs f, J 

are not random variable~, S2 if; a good es­
timate of the variance a' of the errors in 
the prediction of the model. The expectation 
of Ih{'se errors iii approximately zero, when 
alg{'hraic sign is taken account of, and the 
assllmption that they are normally distri­
hutI'd is also satisfied in fin.!" approxima­
tion. So we may conclude that the bulk of 
thf' ('rrors in prf'dided latf'ncy faBs within 
one standard deviation of the observed 
value'S. For Tahle 1, this value is S = .85, 
which may he interpreted as meaning that 
errors in latency prediction greater than 1 
second do not occur very often. 

StilI another useful measure is the aver­
age percentage error of the latency pre­
dictions. If there are N items in a table, if 
0, is the mean observed sllccess-latency for 
item i, and PI is the predicted latency, 
then the average percentage error (A.E.) is 
defined bv 

" 

- - - -===s 



n 

N 
~ 

A.E, C7: 100 "" 0, PI . 
N 1=1 -1-"-

This m('RSmf! for Tahle 1 is 12.3%. 
It is also worth noting that the conr-ep­

htaUy must significant of the three structural 
variablci<, namely. NSTEPS, has the largest 
estimated coefficient in both the response 

ami latency regression analy~i'" In the 
response case, tIle coefficient is 0.24, while 
that of MAGSUM is -0.01 and that of 
MAGSMALL 0.05; in the latency ca::;c. 
'it is 0.57: with that of MAGSUM being 
-(l.O2 and that of MACSMALL being 0.07. 

'OhvioHsly M AGSUM could he eliminated 

TABLE 1 

Predicted and observed proportions nf errors and succes~-I!ltency 
of 38 fourth-grade addition problems 

Ob~(';rved Predicted Ohserved Predicted 
",' RAnle Equatlonll (l - PI) (l -PI) Latency Latency 

1 0+29=:0+_ 0.01 0.03 2.10 2,23 0.40 

2 1+38=_+.0 005 0.13 3.20 3.72 0.69 
3 1 + 27 = 0 +_ n.on 0.16 2.60 3.97 2.84 
4 2+36=0+_ O.O!) 0.13 3.80 3.74 0.16 
5 0+34=0+_ 0.09 0.03 3.40 2.12 1.45 
6 3+26=0+_ 0.14 0.16 3.70 3.95 0.08 
7 1+25=_+0 0.17 0.16 2.90 4.02 0.00 
8 4. + 27 2+ 0.21 0.68 7.30 6.33 8.30 
9 33+3=_+ 0.27 0.79 5.70 6.R6 l7.51 

]0 12 + to::: _ + 0.28 0.18 4.50 4.11 2.53 
11 10 + 16 = 6 + _ 039 0.41 3.90 5.00 0.04 
12 27 + 2 == 10 +_ 0.39 0.64 5.20 5.78 9.75 
13 7+lR=()+_ 0.39 0.38 4.50 5.19 0.01 
14 9 + 28 == 7 +_ 0.16 0.77 n.M 6.5.3 S.H! 
].5 10 + 29 ::: 8 + __ 0.46 0.53 5.00 5.41 0.26 
10 11 + 12 == _ + 1 0.53 0..56 5JlO 5.R1 0.16 
17 24+3=::5+_ 0.158 0.46 5.00 5.35 2.37 
18 17 + 5 ::::: _ + 11 0.58 0.40 6.20 5.02 5,04 
19 9 + 14 = _ + 2. 0.58 0.72 7.50 6.51 3.11 
20 9 + 18 = _ + 5 0.61 0.76 7.40 6.63 4.68 
21 34+5=::11+_ 0,64 0.59 5.90 5.78 O.ll 

,,22 22 + 7 = _ + 14 0.72 0.69 7.60 6.15 0.19 
23 7+22::::6+_ 0.72 0.53 6,00 5.50 5.37 
24 11+28::::8+_ 0.73 0.67 tWO 5.98 0.19 
25 27 +7 = _ + 20 0.73 0.66 6.40 6.03 0.19 
26 17 + 22 :::: is + _ 0.73 0.59 7.00 5.78 0.90 
27 .'31')+3=_+ H! 0.73 0.54 -- U32 
28 30+2=_+5 0.7,1 0..'54 4.60 5.74 1.54 
29 23+2=_+8 0.75 0.83 7.00 6.88 
30 25+4=11+_ 0.75 0.61 .5.70 5.94 
31 19 + 8:::: _ + 6 0.75 0.78 6.40 6.70 
32 32+5::::_+9 0.91 0.72 
33 29 + 7:::: _ + 15 0,91 0.85 6.10 
34 22 + 12:::: 16 + _ O.IH 0.95 8.10 
35 12 + 22 = _ + 6 0.91 0.85 
36 33+1::::7+_ 0.91 0.64 6.l9 
37 14 + 10:::: 9 +_ 0.92 0.84 6.97 
38 29 + 3:::::: _ + 17 0.96 0.93 

X' :::: 87.94 (38 ftemI) 81 = 0,73 



with little or no effect on the predictions of 
r~~ponse prohahility or latency. 

One natural rlucstion ahout the regreg­
~jon model we have jmt analyzed concerns 
tile ailditive charader of the model. A 
priori, we might think that a multiplicative 
mod('1 would do a hdtcr joh of predicting, 
('sp('cially a multiplicative moclc1 thal let 
MA(;SUM and MAGSMALL have a multi­
plicative rather than additive effed on the 
dominant NSTEPS variahle. This model we 
('an define as follows for response proha­
hilitieli: 

3 1 = Oill + Oil (NSTEPS) (MAGSlJM) 
+ 0!2 (NSTEPS) (MAGSMALL) 

A similar equation hold~ for the latency t j , 

The intuitive idea behind the model is that 
(,Hch of the magnitude variahles shollld !<im­
ply increase in multiplicative falihion the 
haliic NSTEPS procesli. . 

The standard regression computf'r pro­
gram can be applied to this multiplicative 
model; hecause it is linear in the parameters 
0'0, al. and (Y.. The numerical results of 
this analysis were not as good as those for 
the additive model. In the case of response 
prohabilitks, r = 0.78 compared to the 
earlier 0.86, and in the case of response 
latencies, r = 0.75 compared to the earlier 
0.86. The ,)(2 goodness of fit for response 
prohabilities was 143.02 with only one more 
degree of freedom than in the additive 
model. The S' ~asure for the fit of pre­
dicted latencies was 1.17, compared to the 
earlier 0.85. All in all. the analysis favors 
the additive over the multiplicative model 
in a rather clear fashion, but the fit of the 
multiplicative model is not tot any unsatis­
factory. 

More extensive data on the kind of 
models considered in this section are to be 
found in Suppes, Hyman and Jerman 
( 1966) . We also have under way large­
scale analysis of data'. from our. 1900-67 
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complller-has('d program in drill, practice 
and r~view of elementary mathematics. 

COl1sfaflt-error-raie modeL<r' 

MOilt if not all of the ~tal1(lanl mathe­
matical If'aming model:;; are concernpd with 
the jf'arning of items that arc essentially 
homogcllf'ollS ill difficulty. TJlf'rc have hf:en 
some experimental studies and some theo­
retical efforts to analyze the cff{~cts of franil­
fer from easy to hard discrimination~. as in 
the case of color, but all of the cases known 
to me deal with relatively ~imple prohlems 
of di~('rimination, and more importantly, do 
not deal with a continuous scale of diffi­
culty. Such a scal~ of difficulty seems 
natural in a wide r{ftJge of school !'illhject~. 
Here the interest shall center on pl('mpn­
tary mathematics; hut most, if not all, of 
the theoretical considerations generalize to 
any subject matter for whieh it is possihle to 
estahlish a unidimensional scale of difficulty 
for the problems or items to which students 
must respond. 

To make dear the difference in funda­
mental approach to learning envisaged here, 
it will be useful to recall the treatment em­
bodied in the standard Uncal' model. The 
subject is repeatedly presented homogene­
OllS items, and his probability of responding 
incorrectly on trial n is «tn. It is postulated 
that 

qn+l = O'qn, 
and so dearly 

0<0'<1. 

lim qn = 0 . 

Whether this linear incremental model cor· 
redly describes elementary learning pro­
cesses has been debated extensively in the 
past decade; and, the evidence seems to 
favor an aU-or-none model, or at Jeast a 
simple two-or-three-stage Markov model, 
but this aspect of the matter is not of direct 
concern here. In either case, the same mean 
learning curve is obtained, and the characG 

teristic feature of the relevant experiments 
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:md mnd"l~ is the df'crense in 
Irink 

Aspf'ds nf Ihi.~ .1!'er('a~e in prrnrs OVf'f 

lrials an' fImdanwntal and mllSt lw rdainrd 
in any karning throry of hrotH! W'llPnllHy. 
Bllt, t!Jprc arc oth('r, fllmlarmmtal n~l)('ds 
of hnw Ihe ICf!('hin~ of ;;chonl s!!hi,~d:<; i~ 
organi71'd mil! 111I'Sf' nw igmlH'!iiH tho 
classical approach to learning. They will 
rcdll('('d llf're to single important one of 
incrf'flsing the difficulty of prohlems, 

For purposes of n clear and simple con­
frontation of two approadJ{'s. we may. as 
in till' classical analysis. ahstnwt a simple, 
pm!' f'xamplc of what, for lack of a hcfler 
t('rm. , shall call the model of idrnlizrd 
sellOnl !('ornint!-. in this model tlif're is a­
cross time. no change in error rate. 1n fad, 
the whole pllrposp. of or~anizin~ curriculum 
matC'rials i1l, according to this mod"'., to 
k('cp til(' ('nor rate constant as the Sflldf'nt 
learns to deal :with more and more' difficnlt 
items. Somf' Skinnerian cxp('rilllf'nls are 
oricnkd ill this direction, hllt tlw)' are Hot 
aeeompaniC'd hy any ~yst('matic till'orpticai 
fornmlation or ",pI! worked-out mallicma­
tical mmlpls; find they tend, as Wf'Il. to 
emplmsizc thc desirahility of no !'rrors at 
all. Pf'rhaps til(' hridest way of indicating 
the almost complete cooceptllai inacif'qHacy 
of tIl(' Skinnerian operant-conditioning ap­
proach is to point out that the oh\'ious 
prohlems of optimi7ution in organizing the 
S('(JlIf'IH'e of ('mriculnm materials prcsentf'd 
to stmlent;; is.:not even formlllat('d, let alone 
partially' sol\'('d. Talk about operant con­
ditio11111g and shaping" behavior hy fein­
forcenwnt schedliles is of ess('ntia1Jy no hC'lp 
at all in deciding, for example. when to in­
trodllce sllhtradion in relation to addition, 
or in arranging prohlems of addition in an 
appropriate sequence of difficulty. 

To make these problems of individuali­
zation of prohlem-items mOl'e concrete, and 

also to give a specific sense of cnrrent pro-

gmms, I shall hridly (k~('rHH' om dl il!-ntHl­
pnH'ti('(~ program ill dpmenlarv nrillmwtic. 
II was nm wHh some 900 stll~lr-l)f, dming 
lhc pll~i [iClHi!'mic vpar amI will hp rim with 
ahilll! 2,000 stmle;lls during Wm-fJR. T!H~ 
pmpose (if thi;l; program is, first, to pTlwidn 
a ,mpplpHH'n! to !he ff'flchf'r',; Yf'gnlaf in­
slnwlion in "j"llH'ni!llT nrillmwlic. "",, IHlve 
long known that pi~viskm of· pmdke in 
arithmf'tic skills, especially on a d;Jily hasis, 
will contrihute significantly to pf'rmanf'nt 
mastery of these skills hv s!m!cn!s in !hn 
dem(,I~lai'Y schools. The -' pmhlf'm for the 
ordinary fr'flCh{'f in tlw cjpnwntarv ~('hool 

is to find the time and r'1H'l'gr 10 oifer ~mch 
a program on a daily hasis. It i;; particular­
ly difficult for the ordinary tcadwr to oH('r 
such a program on an imiividllalizf'd hasis. 
III fllf' program we have hern rnnning. the 
computer ('oosolf'S arc' onlinar.... felctroc 
l1;;H'Lincs placed in ~dlOOls and' (,Oime~t~d 
hy phone lines to om COinpHtf'r at Stanford. 
lTmiPf compl1h>r contrnl, the klptyp(' types 
Ollt an ('x('reise, Tlw stlld .. nt f('sponds. The 
stmknf::; anS'V(,f is imnwdiarelv "valnate-d. 
T f it is V\1'ong, he' is giV('il a s('~ond elumee. 
If his answer is correct, he i~ immrdiatcly 
given a nf:W prohkm. The ('xercise~ are 
orgrmiz('d in the following fashion: at each 
gmdp lpvd the cmricuimn in arithmt'tk. or 
mOfP gpneraily in f'kmentary mathematics, 
is hroken HI' into approximately 20 concf'pt 
hlocks. 'Work in each eol1Cf'pt hlock covers 
Sf'Vf'll days. On the first day the stmknt. is 
given a pre-if'st, and on the hasis of his 
prc-h'st SCOff', he is piacpd on one of five 
l('v('ls for days of training. During the 
training. he mov('s up and down in the five 
ievei;;, depending lipon his score on each 
day. In particlllar, if he makes a score be­
tween 70 and 89 per cent he ,emains at 
the same level. If he makes 90 per cent or 
ahove he is moved up a level. If he makes be­
low 70 per cent he is branched downward. 
At the end or the five days of training, the 



~fll(Jctlt j~ given a post-test which is entered 
into his Yf'cord for that conc('pt The 
pmgram jllst d('scrined con)ltitlltcs ahout 70 
Iwr {,pot of his work at the teletype console. 
At th{' lillllW time that he is working on a giv-

. I'll l'onc{'pt hlock, he is also being individu­
nlly fl'vi('wcd on previolls conc{'pts on which 
Iii!'! work· WIlS least satisfactory. For cXs 

mnplf', 1\ fifth-grade studl"l1t who in Febru­
ary i~ on tlw tenth concept block is review­
NI nt thn same time on that one of the pre­
('{'(ling nine conc{'pt hlocks on, wl1ich he 
had his low('st performance. For one stu· 
<l1'nt, this review hlock might be addition 
of fractinns; for another, prohJems of long 
flivision; and for another, solution of ,;;ord 
prnhlemll. At the cnd of the block, the 
lillldcnt is also given a review te~t on the' 
rl'vicw hlnek nnd his ~('nre on th~ r('view, 
tpst i,~ \IS(,d to update his rf'('Ord of l\ehi('ve­
Inf'llt Oil this past },Jock. Thus. in tliill pro­
~nun, individllalb:ation is occurring in Ihree 
ways. One way is to he immediatdy re­
sponsh'I' to the answers given by th(' indi­
vidual stml('nt. A second aspect of the in­
dlvid1l8 !inition i~ to adjust the difficu Ity l('v('1 
of e)(erci~es in the currmt concept hlnck 
nccording to student performanc('. The 
range of difficulty hetwcf'n the low(,~t level 
and the highest is considerahle, Our ob­
i"dive ha~ heen to make the low('st level 
eASY enough to constitute a floor under the 
Iwrformance of an hut the very POOff'st 
students, and to make the fifth and higlwst 
level difficult enough to challenge an hut 
tIm most exceptional students. The third 
aspect of individualization is the individual 
f('vi('w program selected for each student 
Rccording to his last performance. 

The program I have just descrihed goes 
h<,yond what can ordinarily be provided by 
the teacher. Moreover, because of the com­
puter's rapid mode of operation compared 
to human response time, a single computer 
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can he tlighly responsive to a large nllmber 
pC stlldents, On the other )mnd, we view 
tIl!<; curr~nt program as simply a first slep 
in· individualbmtion, We are now actively 
di<;clISsing the n('xt steps to take. To give 
a mncrctc sense of some of the prohlems 

. in com'('phmlizing individuali7.ation of in­
stnwtion, I w01l1d Uke to descrihe onr cur­
rent eHort In this direction. In the next 
round, we hope to organize the entirf' de­
m('ntnry-school mathematics curriculum in­
to !l ~nmher of strands extending from 
gradl's 1 to 6. Such an organb;ation of the 
cnrrkulum into strands is already fairty 
widcspr~ad and we can take advantage of 
work already done in tid!; rf'Spcct. Typical 
strands would be those for addition and 
sllhtraction, ei(~m('ntary geometry. fractions, 
memmr('mcnt nnd applications, mllitiplica­
tion and division. The first point to be 
noti(.'('d is that the total numher of C'xrrci!'lcs 
or prohlems to he g'!'Oup£'d into these 
strands is very large indeed. Superficial 
computations wm show at once that the 
numher of diHer('nt exercises in el('m£'htnry 
matllPmatics is in excess of several trillion. 
The first in organization is to he con­
cf'ptllally dear ahout how to place each 
exercise in one of the strands. The second 
step is to organiiw each strand. We are 
arranging: the ~x:ercises within a strand ac· 
cording to level of difficulty. The basic 
id{'a is that each student enters n strand 
at the bottom, the problems are the 
easiest, and works his way to the top over 
the several of his attendance in ele­
mentary school. Under most analyses, there 
are somewhere between 10 and 15 strands, 
in terms of which the elementary-mathe­
matics curriculum is organized. We must 
then determine how the work of the stu­
dent shaH be distributed among these 

secondly. how he should 
move down in a given strand ac· 
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cording to hi~ performance. \Ve do know 
that it is unwise to' If't :l ~tndent ('OriCerl-, 

irate for several days on a single strand. 
In g~n('ral, most studcots will do hetter if 
their work is distrihuted over several 
strands, h~cmlse their retention of !>kiHs reo 
'luirr'd for solving problems in a given 
strand will be fadlitnted by distributed 
practice. Concentration on a single strand 
leads to stereotyping of responses, find for~ 
getting of knowledge and skills learned in 
connection with the other strands. 

Here is our current plan for handling 
both these a:<;pects. As I have indicated, the 
e::((~rcises in each strand are organized on 
a scale of difficulty. This scale of difficulty 
is ronstructed from data we have already 
obtained from the performance of st1ldents 
and by application of the linear regresl\ion 
models. I will not attempt to gq into the 
dctaiJl\ of scaie constrnction here, but we 
have developed' fairly good techniques for 
as!iigning an expeckd level of diffkulty as 
it is reflected in the expected probability 
of an error for each exercise in a given 
strand. As already stah,d. a student hegins 
at the bottom of a strand. If he continues to 
make correct responses he can move up­
ward in the strand very rapidly. \Vhencver 
he makes an error we move him down by 
a small step, and if he continHe~ to make 
errors we move him downward until he 
encollnters problems he is surf' to he able 
to handle. We may think of each student 
as haying a, c,urcnt position in each strand. 
If we assu~e Hlii'tnemotion of the student 
upward or downward in each strand is 
well-defined in terms of the scaie of diffi­
cultyand the size of step upward and 
downward in each strand is wen-defined in 
terms of the scale of difficulty and the size 
of step upward and downward that has 
been aSSigned to him, we must decide how 
many exercises on a given day he should 
be given in each strand. One simple 

sehf'me for distrilmting time a('ro~s the 
strand~ is the foHowing:· at the heginning of 
each day we give the· shah'flt one prohlem 
from each strand;' the remaining time, per­
haps cno11gh for another 10 or 12 exercises, 
is devoted to exercises from the two or 
Ihree ~tram)s on whkh the stmlf'nt's CHr­

TI'nl po:o;ition i!' rdativdy th~ lnw('<;t in 
terms of grade p1accment and scale of dif­
ficulty. Under this scheme, at any given 
time we WOUld have availahle for the stu­
dent, teachers, administrators or parents, a 
current and significant record of his level of 
achievement in arithmetic. Moreover, under 
this scheme, the floor is low enongh to hold 
the poorest student, no matter how poor, 
and the ceiling is high enollgh to outreach 
the ability of evcn the very ablest !;tudent!;. 

If 10,000 students were handled hy a 
single computer system organized accord­
ing to such a plan, the prohahility is dose 
to :wro that any two of the 10,000 students 
would occupy exactly the same position 
and receive exactly the same exercises on a 
given day, onf'e the program had been in 
operation for a few weeks. 

There is neither space nor time to work 
out mathematical details adequately. What 
can be done here i~ to outline developments 
and isolate problems that need investi­
gation. 

First, the random walk for the student 
in It given strand should probably be de­
fined along the following lines: (In this 
definition, it is understood that the strand 
has been scaled in diHicu1ty; and, this 
scale is used to define the random walk.) 
It seems reasonable to make tbe range of 
the random walk finite. The lower end is 
a reflecting barrier; the upper end could 
be also, although we may prefer in the end 
to make it absorbing. In the definition, the 
number r is the agreed-upon deSIred per 
cent correct. In aU iikelihood, in practice, 
we would set r between 80 and 95 per cent, 



· We tht'n df'fint:' the random walk this way, 
where Xn is the student's position on the 
5t'ale, who~<> range is 0 to I, at the beginn. 
iog of trial n" 

)

xn + E if%C.R. > T, provirl<>d 1 ~ Xn -I E 

_ Xn if % C.R. > r, 1 < xn + E 
)tn' I -_. 

X ft if % C.R. ~ r, E > Xn 

Xn - E if % C.R. < r, £ < Xn 

In this d(?finition E is positive and is the 
constant step in the random walk, and % 
C.R. is the per cent of correct responses. 
One fundamental decision is how much of 
the past history on the strand should be in~ 
eluded in the (.'oinputation of % c.R. 
Originally. J proposed· to include the fun 
history, which ill too insensitive to recent 
p<'rfol'mancc. 1 also thotlght there might he 
a good CR!>C for llsing a method of moving' 
averages and looking alway!> at only the 
last m responses, where m. is selected in 
the range 20 to 40 to 50. However, at the 
Conferencf'. Jack Forbes constructed sever· 
al clC'lir examples to show that this decision 
mIl' was also too insensitive to the most 
ree('nt re!;ponsf'!1. I now feel that r should 
be hased on the percentage correct in non­
ov('riapping blocks of response. In current 
nsing a block size of 14; this number is 
certainly not dictated by theoretical con­
experimentation on these matters we are 
siderations, bllt; by a number of practical 
constraints that need not be entered into 
her('. 

The next step is to conceptualize an 
IInderlying structure to represent the indi· 
vidual student's competence. To carry 
through the simplest possible analysis I 
propose initially an ultra-simple linear 
model that clearly can be improved on. 

Let us represent the underlyhlg ability 
of each student at the beginning of his work 
on the strand by a slope parameter «. 

Group 
SNi'~ 

1 o M::...._--"-_____ ., 

Student Scale of 
Difficulty 
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In the draWing, the student with a:::::: 1 
is precisely at the group level of ability. 
The student with parameter lX, is belOW' 
the group and the student with all is ahove. 
Note that jn the case of al there is an awk* 
ward point of definition. The first dcriva· 
tive of the student's underlying difficulty 
scale do~s not exist at thf'Jpoint (1, a,): 
i.e., when the curve hits the permissible 
maximum value of x = 1. 

Thus, for an individual student with 
parameter a, we may define his probabiHty 
of an error on any problem in terms of the 
group scale of difficulty. Let g, be the 
value of item i on the group scale of diffi­
culty. Then gl is just the expectation of an 
error, where the expectation is taken over 
the reference population of students. Now 
let e! ( a ) be the probability of an error on 
item i by a student with parametera. Then 

if a > 1, 

if a < 1 &.: g, < a, a 
1 if a < 1 &: g, > a . 

Thus, if for item i. gl, the group mean 
probability of an error is .3, and for a par­
ticular student his parameter a is 1.2, then 
the probability of an error on item i by this 
student is ,3/1.2 :::::: .25. Three essential re­
marks about what has been postulated thus 
far are to be made. 
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Fir~'. I Il<\\"(' Ilol madf' it eh'ar wlwrl' g, 
COliif''; fr;)lJ1. En'll if r rt'mark tha! ,n' ap­
ply II", kind (If rt'gr('SSiOll lIlod,,] di~('llss('ti 

('arlil'l" In )!fOl1p data. it is ('Ipar thaI g! will 
\':IIT with the limp of til(' school VI'ar amI 
t he kind of stlHlpnt~ usf'd as a p~plllation. 
I am simply a.ssmning that these normaliz­
ing a~slllllplions haw' l)('('n work('d onto In 
0111' (lWII ('xpf'tinwntatirm, we are lIsing data 
from a fairly Jargf' population of ShHknts, 
and Ihe pla(,f'lT1pnt prohkm has }'(,f'0 soh-f'el 
initially hy just following a standard Sf'­

'llIf'TlCf' of topics and skills. 

SC('f)nd, it is rf'flsonahle to criticize the 
simpl!' lilll'ar model used to charadf'ri7f' in­
dividl1al diHf'n'Jl('('s. It is smdy dOllhtfnl 
that t his assumption is f'lllpirkally "f'ry 
:Hit-quaIf'. lJow('\"C'r, much of what is said 
will f'asi!)' gCIlI'la\i7f' to thf' ass1lInpiion 
that the scalf' of difficIIlt" for allY indh'id­
lIa1 <;tll(knt may hf' r('pr;sf'nl~'d IJY a one­
paranlf'tf'r, monotonically in('TC'[lsing fllnc­
tioll of the group sealf'. TIl(' assllmption of 
individual mOT1olonidty with rf'spp,et to the 
group scalf' of difficulty clOf'S not SN'Jn 1I11-

rpasonahlp for much of f'klllf'lltnfv··5(·hool 
matlif'matic-s. In otlwr arf';lS of tlw curric­

ulum. it is prohahly more SIISPl'ct. 

Third, I ha\'<, nwntiollPd hO\v tIll' stll­
(lent ('hangf's in timf' with rf'slwd to the 
normative grollp scalf'. \Vifhollt learning. 
(i.f'., changf', and a constant f'rror rate) 

tll(' stllc1f'nt \\'ol1ld stay pf'nnaT1l'nlly in one 

position 011 a strand. So it is appropriate to 

(,,(Hminf' at least hriefly some' karning as­

Pf'C'\s. 

TIH' natural learning assumption to he­

gin wit h Sf'f'ms to hf', again, a Iinf'ar modf'l. 

\Ve start at a, (not to he confllsC'd with the 

partk1l1ar (Y, shown in the figure; here, the 

sllhscript rders to the first trial) at the 

hq~inllillg of the student's work on the 

strand. and at prohlem n + 1, we have 

(1 fI)lYn -I lY 

or f',(plidtly 
a"., ::::: 0' - (fY-O'd( l-fi)", (,1) 

wlll'l'f' (Y i~ tlip, asymptotic or ideal stale that 
('all he ff',wlled hy tllf' partie-ilIaI' Stl1(jplli. 

This linf'ur model assnmf'S imprnv(,llIl"nl on 
('\,('ry hin I H'ganHf'ss of I h" {'oH('clnf'ss of 
the reSp0I1Sf', No douht I his nom:o!lling!'nt 
featme will he important to prf'servc he­
canse of its mathematical tractahility, ami 
it is prohahly reasonahle in first approxi­
mation. Note that it docs mean that the 
final position on the strand afi('T learning 
jllSt depcnds on 0' and not on n, the rate 
of karning. 

It s('('ms 10 In£' that 01lf first ('mpirkaI 
prnhl(,Jl1 is to find out if (4) is at all s01l11d 

empirically. A first tlJ('orf'tical prohif'IH i~ 
to (kri\'(' statistics from tllf' lIlodf'1 that ('an 
hf' tf'stf'd agaimt data. 

!If ()d(".~ of t'isrtal l'crr(']lfiml 

I wOl1id like nm\' 10 sketch an approach 
to pro\'illing mechallism<; that will ~j\'(. at 
Icast a ~('''~'1llatic account of th(~ learning 
of prJ'{'{'phml ('OJl('('pts that are the invari­
anls of a gin'll group of tmnsformatiom. 
The apimJa('h 0111 lined Il1'l'(, will tak<,. as 
givl'lI. till' CkllH'ntar), propf'rti('~ ff'('ognized 
hy tlw slmknl amI ",ill attcmpt to indicate 
how more l'omph'x ('onn'pls can l)(' l<'arm'd 
Oller' it is grantpd that t hf'Sf' df'n1('ntary 
('on('{'pts arc aln·ady availahle to tIl!' stll­
dent. The theoretkal approach to he con­
shlPred will hllild on the ideas of stinmlm­
rpsponse lParning tlwories,. hut it will aIm 
1)(' dear in whal sensf' Ihf' kind of theory 
olltlinf'd gm's heyond tIl<' c1a~sH'al S-R 
theories. 

It will lwrhaps he IIseful to he~in hy 
looking at a concrf'te prohlf'lll, that of fec­
ogni7.ing a square under rotation. ,,'t' may 
think of thf' elementary propf'rties or stinm­
IllS elements hen' as propertif'~ (If the fol-



lowing sort. Thesl.' are mf'Rnt to he the 
dt'lIwntary prop(~r!i('s of figm('~ that· stu­
dt'llts re(,ognize without f'xplidt training 
ami r mean hy thi~. of comse. (''<plicit 
training ill the ('ontext of If'arning ahol1t 
sqnares, It n('cd not be df'cidf'd here in 
wltat sense the demf'ntary properli('s arc 
r('(·(l~ni7.('<l without training at allY time 
amI 10 what e'<t('nt they dcpend upon a 
lraining regime at an earlier point. Typical 
(,)PITH'nlary properti('~ of geometric figUTt·s 
til he aSS11llWU in tIl(' pn'sent context would 
lit' having a hori7.0ntal s('gment, having a 
v('I'lical s<'gm('nt, having a sharp angle, he­
ing (,lIrwc\, h!l\'ing aJl s('gmf'nts of <'qna 1 
"'llgl11, having intersections only at end 
points of s('gm('nts, heing a doseu and not 
an "pell figme, and so forth. I have no in~ 
1I'lIlion of giving an exhamtivc list here he­
('amp I shall not, in tIl(' present context at­
li'lllpt to gi\'(~ a s('riom; en11meration of the 
t'lt'llll'ntary prop('rtips, although soow par­
I ial data are pr('s~n!('d lwlow. For (\('taikd 
aplllkatinn of the theory this dot's SC('IH 

IH'(·('ssary. and, in fact, S('(,IllS to h(' a c£'n­
Iral point too of tell missing from applica­
t ions of stinmills-rr'spons(' theories to par­
lil'nlar prohlcms. In onl('r to get a sp('cific 
anti pow('rflll thcory of perc('ptllal concept 
I"arning we 11('('(1 to get a firm grip on the 
d,'m{'ntary propl'rti!'s we assume the stu­
dl'l1t has 1I11<1l'r control at the heginning of 
till' l'xppriment. Difficult and extended in­
\'pstigations will he nc('dcd in order to make 
it possihl(' to say som{'thing of a wdl-d{'fin­
('(I sort ahm!t this list of elementary pro­
IlI'rties, 1n the pres('nt context we shall 
~irnply assume that it \vill he possible with 
appropriate investigation to estahlish the 
presence of sllch a set of recognized ele­
mentary properties and to proceed from 

that point onwaru. 

Turning now to a more precise charac­
terization (If the approach, we shall let the 
~('t S he the finite set of elementary prop-

lR 

crtips or ~timHlns ekments known And 
gem'rally avai!ahle in the en"ironment in 
which new karning of a ('on('('pl is to take 
place. (TllP _ theoretical trrahnent hef(' fol­
lows Holwrts & SllPP'>s (W67).) WI~ shall 
let F he the set of ~eometrje figmes 1wing 
stmlied, Particular ~'()nc('pts (lib' that of 
hei1lg a sljuare) ddillC', 111('11, cprlnin SII"­

sets of F. In audition, we shall trrat the 
elemf'ntary prop~rt.ies extenSionally, so that 
each f'lementary propC'rty S, is a partition 
of F. In general we shall ordinarily assnme 
that each dementary property is n finite 
partition, meaning that the property has 
only a finite numhrr of valnes as, for rx­
ample, only a finite. number of color~. Or, 
.in the case of numher of segments, fhe 
va111(,s of the elementary property might 
be: having no segments, having exadly I 
!;cgmf'nt, having exactly 2 s('gm('nt~, hav~ 
ing exactly 3 se~ments, or having mOT(' than 
3 segments. In many (':lSCS, we shall also 
want to con"idef a group G of transfnnna­
tions and shall want to rcquire that t]le 
eonc('pt hring studied is invariant lInd!'r 
this grollI" \Ve shall always want to as­
snme that F is dosed 1lTHkr G: i.e., if f is 
in F and T is in G, then Tf is in F, wh!'fe 
Tf is til(' figure that reslllts from applying 
T to f. The basic situation facing a student 
is then descrihed in the present thcnry hy 
a tripl<' (S, F, G). 

In thi~ theory, a concept is formally rep­
resented hy a template which is an N· 
tuple (t:, .. , , til) such that each tl is some 
value of an elementary prop('rty or the 
whole set F. The meaning of the last alter­
native is that no re:<>triction is placed with 
respect to property S I on the figures ex­
emplifying the concept. 

It is dear that the number of concepts 
that can he defined in terms of S is large, 
even for an S of modest size. For example, 
if we restrict ourselves to five elementary 
properties each of which has five values, 



then til!' 1I11m\wT of f'xknsionally cliff('f('nt 
('on(,f'pt~. givPll that raeh vahlf' of each 
propNI:-' is (,xl'l1lplifiPd in the set F, is 0'. 
(Til,. hase is 6 ratllf'T than 5 hf'Ca11s(' we 
incllldi' I \if' pnssihte vallie F). 

A conC(~pt C immerliatcly defines a two­
df'llIcllt partition of F, namely, the partition 
of F into Ihosl' fjgllrf'_~ that POSSf'SS tlw pro­
perly ddilwd hy the cOtwep! amI those that 
do not. \Vith a slight ahuse of languagc, ,,,'e 
shall say that figures arc elements or mf'm­
Ilf'rs of C, cV('J) though c, is an N-tnpJc and 
not a sllhsPi of :F. The meaning is df'ar: 
for cwry f in F, if C = (t" ... ~ t N ), then 
f e C if and only if for l::;'i.-:;N. f f. t,. 

FollOWing standard lines, we shall say 
that a COllC('pt C is invariant with Tesprct 
to a group G if for every figure f in F and 
('v('rv Iransf(lfInation T in G, f E C if and 
only' if Tf E C. 'Ye shall rcstrict ~,m:(~lves 
for t he following discllssion to con<.'C'pts 
invariant lIndpr a given G. hilt usc of G to 
diminate a large ciass of irrelevant df'nlf'n­
lary properties canllot he ('xplmed lH're. 

For tlt(' presf'nt contf'xt. assl11nptions 
ahollt sampling or ohserving f'lpl11f'ntary 
proprrfif's arf' highly simplifird hy aS~11Tning 
I hat all ('icTlH'nlary properties arf' ohsrrv{'d 
or sampled whenc\'(>r a fignre is prC'sf'ntf'd. 
Almost ('rrtainly this assllmption ,,,ill not be 
satisfif'd in achwl ('xp('riments, hllt the 1Ise 

of it h!'rr affects only slightly til(' central 
ideas. Each figure f in F presented possesses 
somf' drgree or valllC- ~u. of each e1PJll('n­
tary proprrty St. Thus each figure f may 
he des('rihf'd hy an ordered N -Tuple (111, .•. , 
"1'1) when' for 1 < i $. N, HI is always SI! for 
1'ome j. This N-Tnple will he called the 
C'kmcntary pattern of the figure f. Again. 
for the sake of conc('ptuaJ simplicity, we 
are assuming that no perceptl1al errors oc­
cur in deciding whether a figure has proper. 
ty SIj. 

'Ve now assume that learning a concept 
C involves learning the appropriate tern-

platr T :-:.-,( t" ... , tN)' This is accomplished 
gradually. On ('acll trial n, thc slIhj('ct has 
a tpmplat(' Tn = (t"n, "', t N •n) associatrd 
with the concept C. Through conditioning, 
T" is inodified until it ('\'('ntunny hf'comcs· 
T. 

Prinr to stating any spf'dfic axioms, we 
Ilf'{'d In ddillr Ihe notion of Ihr df'Ill"nlilfY 

paUf'nl of a figure matching the tf'mplalO 
of a (·oncf'pt. 

Definition.1,ct U =(11" .. " th) l)(J f'lf! 

elpmplIfary pattern of figflm f in F. and let 
Tn =(t"n,"" tN,n) he ,T,c (('mplafe of 
cnnc('pt C on frial n. Then U matellP., Tn 
il and only if for every 1-:; i < n, til C t t.n 

FollOWing familiar treatments of stim'u­
lus-sampling theory. we now stat~ axioms 
divicl('d into the three categories of sampl­
ing axioms, T('spons(' axioms, and condition­
ing axioms. (For snrh a trf'atnH'nt of slimu­
hIs-sampling theory Sf'e Suppes and A tkin­
son (1960).) 

Sampling Axiom 

81. On (,IY'nl trial ",e elempnfary pattern 
(11!, ''', liN) n; 111(' pre,wmfed figure f in F 
is romplefdy samplrd. 

Rcspon.'Ie Axioms 

HI. Unfil a posifive insfance of the con­
cPpt is prescnf('d, a template of the concept 
is nof form"d, and each respon.~e is made 
in terms of a fixed guessing probability y. 

H2. On trial n, if the template for C is 
Tn. then figure f in F is classified as an in­
stance of C if the elementary p(1ttern of f 
matches tTle template; otlterwise not. 

Conditioning Axioms 

Cl. On every trial, there is at most one 
teml,late for the concept. 

C2. The initial template is the elemen­
tary pattern of the first positit)e instance of 
the concept. 



C3. [,(" (11" ... , UN) be f1u~e1eml'nf(1T/f 
paffrrll nf flu> fi(!,me f presrnted on 'rin' ~. 

. (i) I, f l' C. til en for eaelt i such that 
"I ri il,n' (1., ... 1 becomes F on triol n + 1 
fCUIt pmliaMlity e (lnd remflins tl.f! with 
probaN/if!! 1 -- e. 

(ii) If he ntul u!i:;t l ,", then fl ... " re­
nln;n" t I.n. 

(iii) If f fe, tTulI'!. t",t+1 = for all 
]~. i N. 

It i~ en"y to prove that if the probability 
(" of conditioning is not zero, then a wide 
nmge of pre~cntation Ilchedules of figures, 
a concept C d<>finable in terms of elements 
of S and invariant nnder a group G will be 
Irarned wi! h prohahility 1. 

I hasten to add that somewhat more com­
plieated axioms are needed to give an empiri­
rally realistic account of classifkation re­
~p()n!!e!> in the early t.rials of learning. The 
most uUl'f'aJistic a,~pect of the present axioms 
is that they predict only om'! kind of error af­
tf'r the first positive in~tance of the concept 
appt'ars: namely, misda~sification of positive 
imlancf's, with clas!iification of negative in­
sinnet's always ht'ing correct. Secondly, it 
is Ulm~alistic to huild a completely 1lpeC'ific 
template on the hasis of the first positive in­
~Iance of the concept, as called for in 
Axiom C2. A closely related but more com­
plicated scheme calls for the probahilistlc 
construction of a complete template, in 
tf'rm~ of noticing or ,~ampling aU the ele­
mf'ntary propertie!> over a number of trials. 
The modification~ required abo naturally 
Jf'ad to the prediction of errors in claSSify. 
ing negative instances. ' 

T () introduce an empirical element into 
this discussion of perceptual learning, I 
would like to conclude this paper with a 
brief description of some of OUf recent ap­
plications of linear regression models to a 
sequence of 48 geometry problems occur­
ring in our first-grade tutorial mathematics 
at Brentwood. The curriculum material is 
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prf'sl"ntf'd vbmll!1y on film III romp'itror 1('1'· 
min;lls l1nd the slnd"lIt n'''pnmh hy ming 
It lig;ht pi'll to ~('lcct ow' of two or three 
po~sihll' answ('r~. In (:,9('h of fhe prohlf'nls, 
tIl{' ~tlHl('nt was ask("d to spied a figure '1f 
given Iypp.. '1'11(' killds nf fi'-;l1rf's O(,f'lIl'rillg ;)" 

coned lntsWf'l'r; were '1(l'l:1n~s, cirf'l,'s. hi­
~nglp;;. And r{'('t:U1glr~, For mH'h prohl!'m, 
the student was given individual amlio in­
structions such as "Find the sqnare," 
"Choose the trianglf'," ~'lfl NO forth. 

The 48 problems were analyzed in terms 
of the follOWing six variahles: ~imilarity of 

wrong answers to the correct an~wer; 
orir-ntation of the correct answer (except 
for the circle, was the hase hori:mntaJ?); 
number of answers (2 or :3); position of 
correct answer (1, 2 or :3 reading down­
ward) ; proximity of the most similar in­
correct choice (adjacent to the correct 
answer or not); and, finnlly, change of 
format (was the prohlem the first one deal­
ing with figures of a particl1lar kind or the 
first three-choice prohlem encountered in 
a lesson?). I shall not pursue the e)Cact 
characterization of similarity l1~edj hut 
when the correct choice was a squarE" for 
instance, we consi{lere<l whether anv onc 
of the wrong answers had four side:o::, the 
nUmbf'f of right angles. equality of ~ides. 
and ~n forth, Using the variable~ described, 
R. multiple correlation of 0.68 was obtained. 

'Vhat is of particular interest here is 
that it seems dear from our present re­
search that rather different elementary 
properties than those usually considered by 
psychologists concerned with perceptual 
mechanisms will be needed to give an ade­
quate account of students learning intuitive 
geometry. Perhaps the most central criticism 
of the kind of properties discussed earlier 
is that relational aspects do not enter into 
their definition. Yet of the six kinds of 
variables mentioned above, every one, eX-
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("'pt III<' oriPnfation vllriahk, is rdntiol101 

in (,haradl'r. and not' a simple pmpf'rt)' of 

til(' figurf's in 'I"f'stiol}, The gcneral krn­

pJatf" moth'l prcst'nt("'d {'arlier can accommo­

date rl'lations; hltt, it is also trnf' that it is 

n mol'!' natural df'vi<'(' for dirf'ct elm;sifi­

('nUon and hm; a formal sfwdme mo~t 

Il;llttrally adapted to tllp Hoolr'an algf'hra 
of· classes. 

1\ty present ('onj('ct1lre is that th", m'xt 
iJl's! stpp to take 'i~ to construd and test 
empirkally SOlne' relational template rnod(,1s 
(ksigncd to £1('81 in a natural way with the 
kind of vnriahlt:'s that nrt' 1ikf' till" ~h( jll~t 
diSl'lIssp d. 

APPENDIX 

For s!'w'ral Jnf'lhodologi£'al and concf'p­
tHai t('flsons, it is dpsirahle to indicate me­
plicitly how all axiomatit:ation of the linear 
n'gr"s~jon modds would look. For simplk­
Hy. and to avoid nf,(,dl{,s'l duplication of 
tlw Jlulin tf>:<t of the pap!'r, I r('~hict my­
s!'lf to ('(I"atiolls of the form 

ah ('(I 

MnrpO\'(,T, th!' nxiomatization is matllf'mnti­
<'ally sclf-f'fmtairwd, with no hiddf'n or im­
plicit aS~\llllptions;' hut, in another sense, it 
is incomplete h{'calls(' it does nol im:orpo­
rate th(~ stanrlard statisti('al assnmptions ('on. 
{'crning im!eppndt'flcc of ohsNvations and 
normality of dj~trilmtion of crrots rC(loired 
to make tilc mmd slati~tieal inf('r('n('('~ a­
hout tlit' !'('snlts of tlic H'gr('s~ion analysis. 

1'111' nxiomali7alion is primarily nwanl 
to show tliat the f('grpssion model applied 
to the dnta of Tahl~ 1. amI other similar 
atJafys('<;, do rpst 011 a rmmhef of slIhstan­
five: i;;dq'wml{'nt assllmptions ahout stu­
(knt hdwvior, or at I('ast, slndf'n! c(l'!ation­
~olvillg, The a~smnptions are ahont group 
or nVl'rage student iwrformancc; find, ttllls, 
th(' only rral place for the assumption to 
1)(' grollmlcd is in the matl}('matical strnc­
tur!' of tIl(" (,()lIatiom; themsdves, as the 
axioms given in this Appendix clearly show. 
The notation used in the axioms is just 
that tilled earlier and thus does not f£'f)uire 
additional explanation here, but it may he 
useful to make dear the underlying set-

thf'OTetical structure. 'L!,t I he It !lon-empty 
s('t of ('(pmtiotls of till' form nh + ('d ::-:: _. 
wilh a :::,t.: 0, h ::t::: 0, ah + ('<1<'90, and let 0, 
M. ~'fAGSl\fALL. MA(;SUl\t p and t be 
ff'ai-vahwd functions on I. 

Dr/iI/irion, A sfrucfurc 0 =-= < I, 0, M, 
MAGSMALl" MAGSUM, p, t > it; a simple 
rqllation-1wlccnillf,; model if ond O"'y if 
the follOWing axioms om ,WI lis/jed for every 
i in 1 if i is tIle equation form ah+cd =_. 
At. P I is in "u' OpCIl infert1al (0, l); 

A2. tl > 0; 

A3. 

A4. 

( 1 if h = 0 or d = 0 $ 

) 2 if h === 0, d ± 0 & 
) h + d 9, 
~ 3 jf b + d> 9, 

{

I if b d 5. 9. 

3 if h + d > 9; 

A5. MACSMALL, ::::: min(ah, cd); 

A6. MACSUfl.f, = ab + cd; 

A7, lmlqJf'1lIf{,llf (If i, there ('xist tlllmlJcr!1 

an. 0", O'~. ami a 1 weI! fhat 

lo{! lop, == 0'0+0', (O.+M;)+ 

Pi 
0:2 MAGSrvIALL, + ((,MAGSUM i 

AR. Independent (If i, there exist nllrnhcrs 
j3(),j31.P? amlpJ sl/{'1I that tl =Po + 
p,(O,+M,) + P2 MAGSM/\LL! + 
/13 MAGSUM, . 
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