PATRICK SUPPES

SOME REMARKS ON HIDDEN VARIABLES AND THE
EPR PARADOX

At the conference there were several informal discussions of hidden varia-
bles, and in this note I would like to put in writing the views I tried to state in
several of those encounters. On more than one occasion the question arose
of the extent to which one could give an account of the kind of phenomena
central to the Einstein-Podolsky-Rosen (EPR) paradox.

To fix the terms of references, I shall restrict myself to a system of two
spin-} particles initially in the singlet state, a familiar case in the literature
and one easy to refer to. I shall adopt without question the familiar as-
sumptions about such a system:

1. THE STANDARD ASSUMPTIONS

Axial symmetry. For any direction of the measuring apparatus the ex-
pected spin is zero where a spin is measured by +1 and —1, for spin +%
and spin —%. Secondly, the expected product of spin measurements is the
same for different orientations of the measuring apparatuses, as long as the
angle between the measuring apparatuses remains the same.

Opposite measurement for same orientation. A critical idealized assump-
tion is that the correlation between spin measurements is — 1 if the two
measuring apparatuses have the same orientation. (Later I drop this as-
sumption for the weaker one of simply negative correlations but I want it
in the initial discussion.)

Independence of the hidden variable. The expectation of any function of the
hidden variable is independent of the orientation of the measuring ap-
paratus. I shall, as usual, use 4 for the hidden variable.

Locality. The spin measurement obtained with one apparatus is indepen-
dent of the orientation of the other measuring apparatus.
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Conditional statistical independence, given the hidden variable. This assum-
ption is that the expectation of the product of the spin measurements,
given the hidden variable and the orientation of the measuring appara-
tuses, is equal to the product of the expectations under the same con-
ditions. That is, this is an assumption of conditional statistical indepen-
dence, given the hidden variable /. Suppes and Zanott1 (1976) show that
this assumption and the assumption of correlation —1 for measurements
of spin made from the same orientation implies strict determinism, that is,
the conditional variance of the spin measurement, given 4 and the direction
of the measuring apparatus, is zero.

This last argument about determinism is my first pomnt. If we require
conditional statistical independence and correlation of — 1, then, as shown
m the paper referred to, determinism results. The classical argument of Bell
leading to the derivation of Bell’s inequality shows that this deterministic
result is inconsistent with quantum mechanics.

Note that there are two idealized assumptions here. One is that the
correlations are — 1, something not ordinarily actually observed in real
experiments, and, second, the assumption of conditional statistical inde-
pendence,

2 WEAKENING OF STATISTICAL CONDITIONAL INDEPENDENCE

For the moment, let us accept the 1dealized negative correlations of —1
when the two measuring apparatuses have the same orientation, and ex-
amine the assumption of conditional statistical independence.

If we think of the underlying process controlled by the hidden variable
as a genuine stochastic process and not a deterministic process, it is easy to
argue against the assumption of conditional statistical independence, be-
cause 1t is a familiar experience in stochastic processes that knowiedge of
what happened in one place at time ¢ can change the probability of what
happened at another place at time ¢, even though maximal information
from the past is already available.

Consider as the simplest kind of process the following. A coin 1s flipped
with probability 4 of heads. Whatever side the coin comes up is sent to the
right and the opposite is sent to the left. Thus, the probability of sending
heads to the right is 4, and before the coin is flipped no further information
can improve predictions about this random process. Obviously, however,
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once the coin is sent to the right, knowledge of that outcome, independent
of knowing the value of 4, determines uniquely the outcome on the left.
There is nothing about quantum mechanics in general that is inconsistent
with processes of the kind just described extended to the case of a system of
two spin-1 particles.

3. ANOTHER APPROACH

Let me now go at the matter from a somewhat different angle. To begin
with, let us weaken the principle of negative correlations of —1 to simply
negative correlations corresponding to the realistic facts about real experi-
mental apparatus. Now I want to apply first a strong theorem on causality.
Here 1s the theorem, taken from Suppes and Zanotti (1980).

THEOREM. Let X and Y be two-valued random variables, for definiteness,
with possible values 1 and — 1, and with positive variances, i.e., a(X),d(Y)
>-0. In addition, let X and Y be exchangeable, i.e.,

PX=1,Y=—-1)=PX=—1,Y = 1).

Then a necessary and sufficient condition that there exist a hidden variable /.
such that EXY| 4 = 4) = E(XX|A = AE(Y| A= A)and EX| 1 = }) =
E( Y| A = A) for every value A (except possibly on a set of measure zero) is
that the correlation of X and Y be nonnegative.

Notice in this theorem that we not only require conditional statistical
independence but identity of conditional distributions under A as a prin-
ciple of symmetry. What this theorem says is that natural strong causal
conditions cannot be satisfied under very weak assumptions for the quan-
tum mechanical spin case already discussed. I take this theorem to mean
that what we would regard as the full probabilistic theory of causality in its
strictest sense cannot be realized throughout all quantum mechanical
domains. I emphasize that the inability of quantum mechanics to satisfy
the theorem because of negative correlation of exchangeable variables,
that s, the two spin measurements, 1s a violation of non-quantum-mechan-
ical probabilistic causality, not a violation of determinism. As I have
stressed repeatedly in various publications, 1t is the violation of standard
statistical methodology and its probabilistic foundations that is the wild
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and wonderful thing about quantum mechanics, not its violation of de-
terminism.

Let me review for summary the four principles involved in the theorem
and the application to the quantum mechanical case. The principle of
exchangeability is a phenomenological principle of symmetry. The nega-
tive correlation between the random variables measuring spin is 2 phenom-
enological result. The identity of conditional distributions given a hidden
variable for particles satisfying exchangeability is a theoretical principle of
symmetry and the principle of conditional statistical independence given
the hidden variable is a theoretical principle of locality of causes. Without
working out the details here, it is clear that all these four principles cannot
be satisfied by systems of spin-3 particles originally in the singlet state.
(Details are to be found in the articles cited.)

It is now natural to ask what principle should we sacrifice. The principle
of identity of conditional statistical distributions is not one that has pre-
viously been discussed (with the exception of Zanotti and me) in the litera-
ture on hidden variables, as far as I know, but in my view it is a very
natural and straightforward principle of symmetry. Consequently, as in
the discussion given above, the point to attack is the principle of con-
ditional statistical independence, and we can attack it for the reasons
stated there. This means that we cannot have a fully satisfactory prob-
abilistic causal theory of quantum mechanics. I do emphasize that con-
ceptually it is easy to think of stochastic processes that are non-quantum
mechanical in origin and that do not satisfy the principle of conditional
statistical independence. There is not something sui generis in this respect
about the resolution of the EPR paradox as treated here.

Stanford University
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