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SOME OPEN PROBLEMS IN THE FOUNDATIONS OF SUBJECTIVE I’ROBABILIT‘Il

Patrick Suppes

Not only am I the only speaker who is a philosopher, but I am probably the oniy per-
son attending this conference who is a philosopher; thus I should be expected to give
you some words of wisdorn. But I really do not have any such words to say. More par
ticularly, I do not want to offer any general defense of subjective probability, or the
meaning of subjective probability. I do not mean to admit by thls that I am unwilling to
offer such a defense. It is just that I do not want to rehash an old story. This morning
I am going to talk about more limited problems than a general defense of the meaning
and possible applications of notions of lulfjective probability. Secondly, in talking
about problems of subjective probability, I will talk about some problems which inter-
est me. 1 will not maintain that these problems are the most imp;x:tant, or the most
interesting to everyone - they are problems which have interested rne. Thirdly, I will
be talking in the framework, particularly in the first part of the talk, that Savage in-

troduced in his book, Foundations of Statistics.

The kind of model introduced in that book is as follows: there is a set S of states of
nature, a set C of consequences, and a set D of decisions or acts which are functions
mapping S into C. The decision-maker's problem is to choose from the decisions or
acts that are available one which is in some sense optimal. The analysis which Sa-
vage's book leads to is the standard MEU behavioral pattern (maximization of expected
utility). Savage introduces seven axioms in terms of an ordering relation % on acts
or decisions. For example, Axiom 1 asserts that this relation is transitive and con-
nected. By connected I mean we can weakly choose between any two acts. Naturally
though, this axiom does not taks us very far. The upshot of the six additional axioms
is to yield the MEU resuit; namely, that if the postulates, in terms of this relation on

acts, are satlsfied, then we can show that in choosing an act from the set available, a

1_ The research on which this expository paper is based has been supported by the
Group Psychology Branch of the Office of Naval Research.
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Person is Maximisiig « 7. ieu ulility, We mean by this that the person has a utillty
function on the set of conseguences and a subjective probabllity distribution on the get
of states, and the expectancy is with respect to this subjective probability distribution
on the set of states,

This kind of maximization of expected utility behavior is not a notion which in any
senae originates with Savage; it is very old - in fact it goes back to James Bernoulii
in the 18th century. Within thls kind of framework there are two major classes of pro-
blems that I would llke to dlscuss. The first class of problems, in a certaln definite
sense, is orlented toward normative behavior, i.e., telling a person how he should
behave. The second class of problems is orienied toward a descriptive application.

To what extent can we use notions of utility and lubjecth(e probability to discuss or to
analyze the actual behavior of people? Under the normative heading I will be particu~
lariy interested in what I will cali problems of axiomatisability and definability, and
under the second general heading in what I call bzhavioriatic problems. So let me now
address myself to problems of axiomatizability and definability. I want to discuss cer-
tain axiomatizability problemns that we can raise and which seem to be interesting and
somewhat difficult to solve. In discussing these axiomatizability problems there wlll
be some notions perhaps not completely familiar. I will try to indicate intuitively the
character of the results, even if I do not explicate all the technical detalis,

1. Constant acts. A problem which arises immediately in the Savage framework is
that of the constant functions or conatant acts. By a constant act I mean one that yields
the same consaquence whatever the state of nature. In more formal terms, a constant
act is a function in the set D whose value is the same for all arguments; that ls, for
all states of nature. Savage's analysis requires thlt-D include the set of all constant
acts. An earller unpublished paper of Herman Rubin's, whick assumes some quantita-
tive poatulates but is concerned with dexiving the existence of a Bayesian distribution
on the states of nature, also requires such acta, My own set of axioms [1], analog-
ous to Savage's but more cicsely related to the approack (1926) of Frank Ramsey to
these problems, demands incluslon of the constant acts.

1 know of no analysis which does not require these ncts, and yet 1 want to show by
analysing an example of Savage's just how difficult it is to interpret them. Suppase a
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manp is mixing a six-egg omelet and has put five eggs in a bowl, the problem is what to
do with the sixth egg. (For some reason he has a suspicion it may be rotten.} For the
moment, we will reduce the problem to two acts - Act I, put egg in a separate bowl;
Act I, put egg directly in with other five. The states of nature are Sl - the egg is rot-
ten, SZ - the egg is fresh. There are two possibilities. If be puts the egg in a sepa-
rate bowl and the egg is rotten then he can replace it. He does not ruin the omelet. If
he puts the egg in with the other five and the egg is rotten, he ruins all six. I will
assume it is very difficult to separate out the rotten egg when it is mixed in with five
good ones. On the other hand, it is troublesome and time-consuming to put the egg

in a separate bowl. ! the man strongly believes the egg is fresh, he is very likely to
put it directly into the bowl containlng the five other eggs, The constant acts now enter
in the following way. In order to prove that the axioms of behavior yield an MEU re-
sult, it is necessary (but not sufficient in this case) to extend our set of acts to include
the constant acts. In particular, we need to have an act which, even if the egg is fresh,
leads to a consequence of ruining the omelet. In other words, totally unrealizable acis
are requlred in order to derive the MEU result. We can certalnly, introspectively in
some general way, understand what these acts mean, We cannot realize them. To my
mind, it ls a severe weakness of a theory which claims to be behavioristic to have such
acts inextrlcably Included in its formal setup; they hark back all too much to the ver-
balistic tradition which Savage has so admirably criticized. It is, of course, not play-
ing the game to adopt some ad hoc device like that of a random mechaniam whose
workings do not affect and are unaffected by goings on in the rest of the woril. The
assumption of such a mechaniam is a patent deus ex machina and nullifies one of the
primary aims of the Savage kind of analysis; namely, to extend the theory of rational
behavior to areas of action where it is unnatural to think in terms of random mecha-
nisms,

2. Theory of pure rationality. The axioms of the various systems of rational beha-

vior which have been proposed by Ramsey, de Finetti, Savage, and others, including
myseif, may be divided into two classes, In the first class go those which may be
thought of as holding anywhere and anytime. These [ call pure axioms of rationality.
An example of a pure axiom is the postulate that the preference relation on the set of
acts is transitive. In the second class helong those which postulate some special struc-
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tural property of the environment and possibly of the decision maker. These I call
structural axioms. The main structural axiom in Savage's setup is, roughly speaking,
:hat the decision-maker can partition the aet of states of nature as fine as he pleases
.n terms of probability. The result of this axiom ia that there must be, in any model
satisfying Savage's axioms an infinity of states of nature, and given any probability «
no matter how small there is a set of states which has a probability no greater than « .
Such a requirement has nothing in itself to do with the concept of pure rationalit /+ that
18, with the concept of making a rational decision. I consider it a structural i - Hie
tion, a limitation on the range of applicability of the theory.

Savage's axiom is, of course, not the only kind of structural assumption which can
be made. In my Berkeley Symposium paper, the numher of states of nature ias arbi-
trary and I depended on a different kind of structural axiom; namely, that between any
two consequences the decision-maker can find another which is equally spaced in uti-
lity between them. This axiom implies that, except in the trivial case of all co en~
ces being equally prized, there must be an infinity of consequences. In anothe
per [ 2] , Donald Davidson and | used the astructural assumption that there are orﬁly a
finite number of consequences which are equally apaced in utility.

Two thinga about these structural axioms should be clear. In the first place, al-
though I have used quantitative or semi-quantitative language in formulating them, all
of thernn may be formulated in terme of very primitive and qualitative concepta. Se-
condly, in all systems of axioms formulated within the Savage kind of framework with
which I am familiar, such axioms are necessary to prove the MEU kind of result. And
now I want to give some relatively iumiu-nental reasons for this necessity.

To begin with it will be desirable to have a more exact definition of the notion of a
pure axiom of rationality. I say that an axiom of behavior is a pure axiom if and only )
whenever it is satisfied in a model .M it is satisfied in any submodel of M. Conllder.
for Instance, the axiom that the preference relation # on the set D of acts is transi-
tive. Any ordered couple }[~<A,R> is 2 possible realization of this axiom if A is
a non-empty set and R is a bipary relation on A. A possible reallzaﬁonzl is a model
of the axiom if the relation R is transitlve on A. A madelu' = <A'.R'> is a sub-
modef of the model ui( A’ is a subset of A and R’ Ils the relation R restricted to the

set At. It la easlly verified that any submodel of a model of the transitivity axiom ls
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also a model of the axiom, and consequently this axiom is pure., It may also easily be

shown that the connectivity axiom for the preference relation %2 is also a pure axiom.

Suppose now we consider an axiom which says three things: (i) the preference relation
is transitive on the set of acts; (il) it is also coneected on this set; and (iii) there is

one act which is (weakly) preferred to all others, that is, there is an act cl1 such that

for all acts dZ' d_ ¢ d

2 S 4. Now this axiom is pure if we restrict ourselves to finite mac

els because any finite model having properties (i) and (ii) will also have (iii). How=~
ever, if we permit infinite models, then the axiom is no longer pure, because an infin-
ite set which has a greatest element with respect to an ordering relation may have in-
finite subsets which do not have such an element. For example, the set of all rational
numbera x such that 0< x < | has 1 as its greatest element with respect to the natural
ordering < , but the subset of numbers such that 0 < x < | has no such greatest ele-
ment, This axiom may suggest that structural axioms are always existential in char-
acter, but this is not always the case; for instance, the one Davidson and I used [2] is

not existential in form.

The question I now poae is this. What are the possibilities of axiamatizing the theo-

ry of pure rationality? In the first place, it is reasonable ta restrict ourselves to re-
cursive axiomatizations. A recursive axiomatization of a subject may consist of an in-
finite list of axioms, but ther(e is a mechanical method for deciding whether or not a
statement is an axlom. A simple example of a non-recursive axiomatizqtion may be
given for arithmetic, namely the single sentence "A statement S of arithmetic is an
axiom if and only if it is true." This axiomatization is non-recursive because it fol-
lows from fundamental results of Godel and Tarski that there is no mechanical method
for deciding whether or not a sentence of arithmetic is true.

Secondly, I shall restrict consideration to what are called in logic first-order ax-
ioms; that ia, we shall permit the variables which occur in the axioms to take as

values only the elements of the set D of acts. This is a strong restriction, for it pro-

hlbits, for example, any Archimedean axiom which uses an integer-valued variable.
The reason for this restrictlon is that I want to discuss som= negative resuits of a

metamathematical or logical character. The difficulties of obtaining any general re-

sults on problems of axiamatizability when the axioms are not first-order are consid-
erable. Having imposed the restriction of first-order axioms, it wiil be necessary to
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_onsider only finite m>dels, for it is well-known that if a set of firast-order axioms has
in infinite model it has an infinite number of models of different infinite cardinality,
Zonsequently it is impossible to give for infinite models first-order axioma on the ba-
4is of which the existence of numerical utility or subjective probability functions may
ve established.

Thirdly, for purposes of simplicity it will be deesirable to deal with a situation which
permits only two atates of nature 8 and s, with equal subjective probabilities. Thua
T (al) =0 (sz), where o (Bi) is the numerical subjective probabllity of state s;. And
in terma of expected utility we may then write for dl' d?_ in D: dl “ dZ if and only if
(1) o (s, )uld (5,)) + T (s,)u(d;(8,)) < & (8 Ju(d,(s)) + @ (s,)uid,(s;,)),
where u is the numerical utility function of the set C of consequences. Naw since
T (sl) =a (az), we have equivalent to (1)
2) ald,(s))) + u(d,(s,)) < uldy(s))) +uldy(s,)),
which 1n turn is equivalent to
) u(d () - u(d,(s))) < ufd,(s,)) - uld (s, ).
Whence the theory of pure rationality for this situation of two states of nature with
equal probability reduces to axiomatizing the quaternary relation R on the set C of
consequences such that there is a numerical function u on C with the property that for
every x,y,z, and win G, xyR zw if and only if
(4) u(x) - u(y) < u(z) - ufw).
The transformation from the relation € on D to the reiation R on C is made for tech-
nical purposes. Several years ago I Lﬁought it would not be a difficult mattcrv to axiom-
atize R in terms of a finite list of first-order sentences so a= to satiafy (4). The
problem has not only proved difficult, but in fact Dapa Scott and I have shown that it
cannot be axiomatized by a finite list of first-order axioms none of which is existential
in character [ 3] . Intuitively it seems that existential sentences cannot offer any real
help when it is required that the axioms be closed under submadels, but we have been
unable to back up this intuition with a formal proof. S0 even for this simple case, the
problem of {inite axiomatization is not settled.

It is possible to give a recursive axiomatization of the relation R (for finite models)
by enumeration of what are technically called the isomorphiem types of R. We atart
with sets of cardinality one and list the single isomorphism type, and praceed in this
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way for each finite cardinal n, listing the types in some fixed order. The difficulty, o1

course, is that this kind of recursive axlomatization is intuitively completely uninfor-

mative. This is by no means always the case with recursive axiomatizations of a the-

ory, as the standard axioms for elementary number theory or those for Zermelo set
theory adequately testify. The negative proof given by Scott and me [3] depended upo-
showing that an infinite but recursive list of axioms which permitted "addition" of in-
tervals is in a certain sense necessary, and at one time we thought a reasonably satis-

factory recursive axiomatization could be given which used this addition schema and a

finite number of additional axioms. Unfortunately Robert McNaughton produced a

counterexarnple to this system of axioms. His counterexample consists of a set of

twenty-two elements; it satisfies the addition schema but does not permit a numerical

representation of the kind characterized by (4). It seems that the problem of finding a

reasonably appealing recursive axiomatization is difficult.
A fortiori these problems of axiomatization are unsolved for models which permit
more states of nature.

3. Behavioristic foundations of subjective probability and utility. From a psycholo-

gical standpoint the most undesirable thing about the MEU result within the Savage kind
of framework ig its static character, There 18 no attempt to explain how an ox‘ganism
comes to have subjective degrees of beliefs about possible states of nature, or evalua-
tions of the relative desirability of different possible consequences. There is no theory
as to how the environment interacts with the individual,

I have recently derived from the general assumptions of stimulus learning theory a
utility for some simple choice situations [4] I want oriefly to describe these results

and then to indicate some of the open problems. Stimulus sampling learning theory was

first given a gquantitative formulation 1n 1950 by the psychologist W. K. Estes, and has
since been developed by a number of investigators. The basic ideas run as follows.

The organism is presented with a sequence of triais on each of which he makes a res-

ponse that is one of several possibie choices. In any particular setup it is assumned

that there is a set of stimuli trom which the organism draws a sample at the beginning
of each trial. Itis assumed that on each trial each stimulus is conditiovned to exactly
one respor{se" The probabpility of making a given response on any trial 1s postulated to
be simply the propurtion of sampied stimuli which are conditioned to that response.
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iL.earning takes place by the following mechanism. At the end of a trial a reinforcing
event occurs which 1dentifies that one of the poeaible responses which was correct.
The sampled stimuli become conditioned to this response, and the arganism begina ah-
cther trial in a new state of conditioning.

Naturally this account of stimulus sampling theory is a highly simplified one, and
yet it should be clear in what sense this theory is dynamic rather than static, and thus
provides a theoretical analysis of how the organism is interacting with its environment.

The kind of utility results obtzined from this theory thus far are easily sketched.
Suppose a person is on each trial presented with one of several pairs of slot machines.
That is, on each trial he chooses which of two slot machines to play, but the pairs
presented vary from trial to trial. (When there are exactly two slot machines, this is
the familiar two-armed bandit problem. ) Let there be N slot machines with » i the .
probability of payoff of the ith machine (the probability 7 ; is not known to the peraon. }
Then the following utility function satisf{ying a requirement like (4) may be derived

from stimulus sampling theory:

1
P -mp)

u{i) = log

where «. is the irarning pafameter associated with the i machine.

It is still far trom cilear how this kind of resuit may be extended to more complica-
ted brhavioral situations. Moreover, it is not yet clear how both subjective probability
and utility functions may be derived from stimulus sampling theory even for very
simple situations. Pouili;re solution of these problems would provide yet another step-
ping stone toward the construction of a psychologically saphisticated theory of actu;l

inductive behavior.
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