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SOME OPEN PROBLEMS IN THE FOUNDATIONS OF SUBJECTIVE PROBABILITY] 

Patrick Suppea 

Not only lUll I the only ape.ker who ia a philoeopher, but I lUll probably the only per-

aon attending thia conference who ia a phHoaopher; thua I ahould be expected to give 

you aorne worde of wiadorn. But I really do not have any euch worde to aay. More par 

tlcularly, I do not want to oller any general defenee of aubjective probability, or the 

meaninl of eubjective probabUity. I do not mean to admit by thla that I am unwilling to 

offer auch a defenae. It ia juet that I do not want to rehaeh an old atory. Thi. mornina 

I am going to talk about more limited problema than a general defenae of the meaning 

and po"aible appUcatione of notiona of au~jective probability. Secondly, in talking 

about probleIJla of eubjective probability, I witl talk about eome probleIJa which inter-

eat IDe. I will not maintain that theae problema are the moet important, or the moet 

intereatlng to everyone - they are probleme which have intereeted me. Thirdly. I will 

be talkin, in the framework. particularly in the firat part of the talk, that Savage In-

troduced in hi" book. Foundationa of Statietice. 

The kind of model introduced in that book la aa follow.: there i. a eet S of atatee of 

nature. a aet C of conaequencee, and a eet D of decidona or acta which are function. 

mapplnl S into C. The deci.ion-maker'. problem la to choo.e from the deci.ione or 

acta that are available one whieb la in aome eenee optimal. The analyeie which 5&-

vage'e book leade to ie the etandard MEU behavioral pattern (maximization of expected 

utility). Savage introducee eeven axiome in terme of an ordering relation ~ on acte 

or decieiona. For ex&nlple, Axiom 1 aeaerta that thia relation ie traneitive and con-

nected. By connected I mean we can weakly chooae between any two act.. Naturally 

though, thia axiom doee not take ua very far. The upehot of the eix additional axiom. 

la to yield the MEU reeult; namely, that if the poetulatea. in terme of thia relation 0" 

acta, are aaUelied, then we can ahow that in chooeing an act from the aet available. a 

I The reeearch on which thia expoeitory paper Ie baeed ha" been "upported by the 
Group P"ycholo,y Branch of the OIlice of Naval Re"eareb. 
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per.on ia ma:&1.ln.,. ........ ~, ;cu ",uhty. We m .... n by th.s th.u the p .... on has .. utility 

function on the .et of con.equence. and :a. subjective probabUity distribution on the eet 

of .tates, .. nd the expectancy i. with respect to this subjective prob .. bility distribution 

on the set of .tates. 

This kind of maximiz .. tion of expected utility behavior is not a notion which in &I1y 

senae originate. with Savage; it i. very old - in fact it go .. s b .. ck to Jame. Bernoulli 

in the 18th century. Within thIs kind of framework there are two nut.jor cla •• es of pro­

blem" that I would 11ke to di.cu... The fir.t class of problems, in a certain definite 

sen"e, is oriented tow .. rd normative behavior, i. e .• telling a pereon how he should 

behave. The second cIa •• of probl .. ms ia oriented toward a descriptive applic .. Uon. 

To what extent can we use notions of utility and subjective probability to discuss Or to 

analyze the actual behavior of people? Under the normative he .. ding I will be particu­

larly intereated in what I will caU problems ofaxiomatillabiUty and definabiUty, and 

under the "econd general headini in what I call behaviori.tic problem.. 50 let n ... now 

addre •• Iny.el£ to probleIns ofaxiom.atisability and deHnability. I want to di.cuss cer­

tain axiomatizability problem !I that we can raise and which Seem to be interening and 

80mewhat difficult to solve. In diacussilli the.e axiomatizability problena there will 

be some notion. perhapa not cOInpletely fatniliar. I will try to indicate intuitively the 

character of the re.ults, even if I do not .. xplicate aU the technical details. 

1. Conatant acts. A problem .hlch aris.s immediately in the Sa_Ie frunework ts 

that of the constant {unction. or constant acta. By a constant act I mean one that yielda 

the .aIne consequence whatever the atate of nature. In m.:>re fonnal terIns. a constant 

act ia a function in the set D whose value is the SlUne for aU arguments; that ls, for 

aU .tates of nature. Savage's analysis requires that D include the set of all constant 

act". An earlier unpUblished paper of HerInan Rubin's, which aasurnes .0Ine quantita­

tive postulates but ia concerned with deriving the existence of a Bayesian distribution 

on the states of nature, also requires such acta. My own s.t ofaxiol1u [1) , analog­

ous to Savage's but Inore closely relat .. d to the approach (19Z6) of Frank Rams.y to 

theae proble:na, demands incluslon of the conatant acta. 

I know of 00 a-tysia which does not require these acts, and yet I want to show by 

analysin. an example of Savale's just how difficult it is to interpret them. Suppo.e .. 
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man is rni:ld.n, a six-egg omelet and has put five egg" in a bowl, the problem ill what to 

do with the sixth elg_ (For "O!lle reaSOn he has a suspicion it may be rotten. I For the 

!lloment, we wHl reduce the problem to two acts Act I, put egg in a separate bowl; 

Act n. put elg directly in with other five. The atates of nature are S} the egg is rot­

ten, 52 - the egg is fresh. There are two possibilities. If he puts the egg in a sepa­

rate bowl and the eig is rotten then he can replace it. He does not ruin the omelet. If 

he puts the egg in with the other five and the egg is rotten, he ruins all six. I will 

.. ssume it h very difficult to "eparate out the rotten egg when it is mixed in with five 

good onee. On the other hand. it is troublesome and tbne-consuming to put the egg 

in a eep~rate bowL If the man "trongiy believes the egg III fresh, he is very likely to 

put it directly into the bowl containing the five other eggs. The con"tant acts now enter 

in the following way. In order to prove that the axioms of behavior yield an MEU re­

lIult, it is neceesary (but not sufficient in this case) to extend our Bet of acts to inClude 

the constant act", In particular, we need to have an act which, even if the egg is fresh, 

leade to a consequence of ruining the omelet. In other words:, totally unrealizable acts 

are required in order to derive the MEU result. We can certainly, introspectively in 

some lIeneral way. understand what these acts mean. We cannot realize them. To my 

mind, it is a severe weakness of a theory which claims to be behavioristic to have 9uch 

acts inextricably included in its formal setup; they hark back aU too much to the Ver­

balistic tradition which Savage has 80 admirably criticized. It is, of course. not play­

ina the lame to adopt some ad hoc device like that of a random mechanism who"" 

workings do not affect and are unaffected by goings on in the rest of the worltL The 

.. eeumption of euch a mechanism is a patent deus ex machina and nullifies one of the 

primary aim. of the Savage kind of analysis; namely, to extend the theory of rational 

behavior to areas of action where it ie unnatural to think in terms of random mecha-

nism.e. 

Z. Theory of pure rationality. The axioms of the various system .. of rational bena­

viol' which have been propo.ed by Ramsey, de Finetti, Savage. and others, Including 

my.elf. Ynay be divided into two classes. In the first ciass go those which may be 

thought of as holding anywhere and aoytin.e. The"e I call E!. axioms of rationality. 

An exa=ple of a pure axiom is the postulate that the preference relation on the set of 

acts is transitive. In the second cia". belong those which postulate "ome special struc-
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lural property of th~ .. nvirorunent and possibly of the decision maker. Theile I call 

.tructural axioYns. The main structural axiom in Savage'll setup ill, roughly speaking, 

'hat the decision-tnaker can partition the lIet of states of nature aa fine as he pleases 

.n terms of probability. The rellult of this axiom ill that there m~ .. t be, in any model 

satisfying Savage's axiom a an infinity of atatea of nature, and given any probability, 

no matter how small there is a set of states which haa a probability no greater than '. 

Such a requirement haa nothing in ltaelf to do with the concept of pure rationall that 

, .. , with the concept of making a rational decision. I consider it a structural i 1Ii-

tion, a limitation on the range of applicability of the theory. 

Savage's axiotn is, of course, not the only kind of structural allsuInption which can 

oe made. In my Berkeley Symposium paper, the nUInber of .tate. of nature is arbl-

trary and I depended On a different kind of structural axiom; munely, that between any 

two consequences the decision-maker can find another which i. equally spaced in uti­

lity between theIn. This axiom impHell that, except in the trivial cas .. of all coten­

ces being equaHy prized, there must be an infinity of consequences. In anothe 

per Ill, Donald Davld.on and 1 u.ed the atructural a8sumption that there are only a 

finite num\)",r of consequences which are equally llpaced 1n utility. 

Two thing II about the." structural axioms should b .. clear. In the first plac .. , al-

though I have used qllilntitativ", or semi-quantitative languag .. in formulating them, all 

of them may be formulated in terms of very primitive and qualitative concepts. Se-

condly. 1n all systems of axioms formulat .. d within the Savage kind of fram .. work with 

which I am familiar, such axioms are necessary to prove the MEU kind of result. And 

now 1 want to give IIome relatively fundamental reasons for thia necessity. 

To begin with it will be dellirabl .. to hay .... more exact definition of the notion of a 

pure axiom of rationality. I say that an .,.lQm of behavior la a pure aJtiom if and only 

whenever it ia lIatisfied in a model 14 it is s~tillfled in any aubInodel of M. Con8ider, 

for instance, the axiom that the preference relation '" on the set D of acts ia tranai-

live. Any ordered couple U .. <A, R> 1. a polldbl" realization of this axiom if A i. 

a non-empty .... t and R is a binary :relation Oil A. A po.sible realization'U is a model 

of the axiotn if the relation R ts trarulltive on A. A Ul·jdel U· '"' < A', R' > ill a sub­

lIlodel of the tnodel 1J..il Ai 1s a subset of A and R' t. the relation R reatricted to the 

set A'. It I. eaally verified that any aubmodel of a model of the transitivity axiom 1s 
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also a Inodel of the axioIn, and consequently this a1<ioIn is pure. It may also easily be 

shown that the connectivity axioIn for the preference relation ~ is also a pure axiom. 

Suppose now we consider an axiom which says three things: (i) the preference relation 

is transitive On the set of acts; (ii) 1t is also coneected on this set; and (iii) there i. 

one act which is (weakly) preferred to all others, that is, there is an act d
l 

such that 

for all act. d
Z

' d
Z 
~ d

l
, Now this axiOIIl is pure if we restrict ourselves to finite mar 

d. because any finite model having properties (i) and (ii) will also have (iii). How-

ever, if we perInit infinite Inodels, then the axiom is no longer pure, because an infin-

ite 8et which has a greatest element with respect to an ordering relation rna y have in-

finite subsets which do not have such an elem!!nt. For example, the set of all rational 

nUInber. x 8uch that 0 ~ x ~ 1 has 1 as its greatest element with respect to the natural 

ordering ~ , but the subset of numbers such that 0 ~ x < 1 has no such greatest e1e-

ment. Thh axiom may suggest that structural axioms are always existential in char-

acter, but this is not always the case; for instance, the one Davidson and 1 used [Z) is 

not existential in form. 

The question I now poee is thIs. What are the possibilities ofaxiomatizing the theo-

\ 
i 

ry of pure rationality? In the first place, it is reasonable to restrict ourselves to re-

cursive axioInatizations. A recursive axiomatization of a subject may consist of an In-

Hnite list of axiom., but there is a mechanical me thad for deCiding whether or not a 

\ 

st&teInent ia an axioIn. A aiInple example of a non-recurSive axiomatization may be 

given for arithmetic, ruunely the Single sentence "A statement 5 of arithmetic is an 

axiom if and only if it i. true." This axiomatization is non-recursive because it fol-

lows from fundamental results of ~del and Tarski that there is no mechanical method 

for deCiding whether or not a sentence of arithmetic is true. 

Secondly, I .hall re.trict consideration to what are called in logic first-order ax-

iOIn.; that la. we shall permit the variables which occur in the axioms to take aa 

values only the elements of the set D of acts. Thill ia a strong restriction, for it pro-

hibit •• for example. any Archimedean axiom which uses an integer-valued variable. 

The rea.on for this restriction is that I want to discuss 1l00n~ negative resuits of a 

metaInathematlcal or logical character. The difficulties of obtaining any general re-

.uit. on problema ofaxiomatizability when the axioIna are not first-order are consid-

erabie. Having iInposed the restriction of first-order axioms, it will be necessary to 
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~onsider only finite m:>dels. for it is well-known that if a set of first-order axioIns has 

m infinite model it has an infinite nUInber of model. of different infinite cardinality. 

·:::onsequently it is impossible to give for infinite models first-order axioms on the ba­

.is of which the existence of numerical utility Or subjective probability functions may 

De established. 

Thirdly. for purposes of simplicity it will be desirable to deal with a situation which 

permits only two states of nature sl and 52 with equal subjective probabHities. Thus 

rr (Sl); fT (8
Z

)' where rr (Si) is the nUInerical subjective probability of state si. And 

in terInS of expected utility we may then write for d
l

, d
Z 

in D: d l "'" d Z if and only if 

(1 ) 

where u is the numerical utility function of the set C of consequences. Now aince 

q (sZ)' we have equivalent to (l) 

u(d1(sl)) + u(d1(SZ)) ~ u(dZ(1I 1)) +u(dZ{8 z))· 

which in turn is equivalent to 

(3) 

Whence the theory of pure rationahty for this situation of two states of nature with 

equal probability reduces to axiomatizing the quaternary relation R on the set C of 

consequence. such that there is a numerical function u on C with the property that for 

every x.y,z, and w in C, xyRzw if and only if 

(4) u(x) - u(y) ~ ulz) - u(w,. 

The transformation from the relation '4 on D to the relation R on C is made for tech­

nical purposes. Several years ago I thought it would not be a difficult matter to axiom­

atize R in term .. of a finite list of first-order sentences so as to satisfy (4). The 

problem has not only proved difficult. but in fact Dana Scott and I have shown that it 

cannot be axiomauzed by a finite list of first-order axioms none of which is existential 

in character [3) . Intuitively it seems that existential sentences cannot offer any real 

help when it i8 requlred that the axioms be closed under lIubmvdels. but we have been 

• 

• 
unable to back up this intuition with a formal proof. So even for this aimple case. the .~ 

problem of finite axiom.atization ill not settled. 

It is possible to give a recur.ive axiom.atization of the relation R (for finite ITDdela) 

by enumeration of what are technicaUy called the isoInorphism types of R. We atart 

with sets of cardinality one and list the single isomorphism. type. and proceed in thh 
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way for each finite cardinal n, listing the types in SOllle fixed order. The difficulty, 01 

course, is that this kind of recursive axiomatization is intuitively completely uninfor-

rn.a.tive. This is by no means always the case with recursive axiornatizations of a the-

ory, as the standard axioms for elelTIentary nUInber theory or those for Zermelo set 

theory adequately testify. The ne"ative proof given by Scott and me [3 J depended upo· 

showing that an infinIte but recursive list of axioms which permitted "addition" of in-

tervals is in a certain sense necessary. and at one tune we thought a reasonably satis-

factory l"ecursive aXIOITlatization couLd be given which used this addition schema and a 

finite number of additional axioms. Unfortunately Robert McNaughton produced a 

counterexample to this system of axioms. His counterexample consists of a set of 

twenty-two elements; it satisfies the addition schema but does not perm.t a numerical 

r"presentallon of the kind characterized by (4). It seems that the problem of finding a 

reasonably appealing recursIve aXlomatization is difficult. 

A fortiori these problems of aXIOm at Izatt on are clnsolved for models which permIt 

more sta.tes of nature. 

3. BehaVIOristic foundations of subJ"ctive probabIlity and utility. From a psycholo-

glcal standpoint the most undesirabl.., thIng about the MEU result within the Savage kind 

of framework is its statlc character~ There 19 no attempt to explal,n how an organism 

comes to have subjective degr .. ". of beliefs about possible states of nature, or evalua-

lIons of the relative desirability of difft·rent pOSSible consequences. There i. no theor} 

as to how the environment interacts with the indIviduaL 

I have recently derived from the general assumptions of stimulus learning theory a 

utility for some 5in\ple cholce situations 14) . I wdnt oneily La describe th .. se results 

a.nd then to indicat~ SOUle of the open problems. StlInulus sanlphng learnlng theory was 

first given a quantltative forrn'>latlOn III 19~O by the psychologist W.K. ESlto6. and has 

since been developed by a nllrnber of tnvestigator-s. The basic ldeas run as fOliows. 

The organism is presented with a sequence of trlais on each of which he m.akes a res-

ponse that is one of se'\~eraL pOhsi.bie choices. In any part1.cular set ... p it is a.ssurned 

that th~re is a set of stLInuli lrom which the organlsm ara'Ws a salnplt"" dt the beginning 

of each trial. It is a~sumed that on each tnaL each stimulus is conditioned to exactly 

one reSponseti The probatHllty of ITlaklng a glver .. response on any trlal IS po!jtuLated to 

be simply the prop"rtion of "atnpled stlmuli whIch are conditioned to that response. 
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L.earning takes pLod, by the following mechanism. At the end of a trial a reinforcing 

event occurS which ldentifies that one of the possible responses which was correct. 

The saznpled stimuli hecome conditioned to this response, and the organism begins a.n-

other tria! in a new state of conditioning. 

NaturaUy this account of stimulus sampling theory is a. highly Simplified one, and 

yet it should be clear in what Senlle this theory is dynamic rather than static:, and thull 

prOVides a theoretical ana.lysis of how the organism is interacting with its envirorunent. 

The kind of utility results obtained from this theory thus far are easily sketched. 

Suppose a person ill on each trial presented wi th one of several pairs of slot machine., 

That is, on each trial he chooses which of two slot rn.achines to play, but the pairs 

presented vary from trial to triaL. (When there are exactly two .. lot machines, this is 

the familiar two-armed bandit problem. I Let there be N slot machine. with 'If i the 

probabil.ty of pa.yoff of the ith ma.chine (the probability 11' i is not known to the peraon.) 

Then the following utility function satisfying a requirement like (41 may be derived 

from stiInuiu8 aampllng theory; 

uti) log 
'i(1-lI l ) 

where • is th .. ,,·anHng pa1;ameter aS80ciated with the i th machine. 

It is still far: com clear how this kind of n'sult may be extended to more complica-

ted b.,haviora! SituatiOns. Moreover, it is not yet dear how both subjective probability 

and utility functlOns may be derived from "t;mu1us sampling theory even for very 

Simple situations. Positive solution of these problems would provide yet another "tep-

ping stone toward the construction of a psychologically sophisticated theory of actual 

inductive behavior. 
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