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T) MATHEMATIC1ANS Or educators who have not thought very much
about the matter it usually comes as a surprise, and occasicnally even as
a shock, to find our how littde we know about the learning of mathe-
matics. It is not uncoramen to hear mathematicians say that because
mathematics is & systematic subject with an inherent order imposed on
the developinent of -topics, it should be relatively straightiorward to give .
quite an adeguate account of how students learn mathematics. Because
studesttz do learn mathematics and because many of the mathematicians
who make this sore of statement have themselves been success[ul teachers,
it is not always evident what is the best way to bring cut the gross in-
4 adequacies in our present knowledge of mathematics learning.

Perhaps the most effective way—at least we have found that it some-
times works-—is to rely heavily on computer analogies. First challenge:
; If you understand se well how mathematics is learned, please program my
-  computer to learn it. [t"does not take much discussion to bring out the
difficulties of this task, and one can then move on to a second challenge:
Predict the points at which students will have learning difficulties, and
make explicit the principles used to make the predictions. The require.
meni of explicitness js needed to make the challenge a scientific and
theoretical one (hat cannot be answered by the nonverbalized and intui-

2 Thiz research was supported by the U.B, Office of Education, The Nationsl Science Foue-
Antion, and the Carnegie Corporation of New York. The authors would like to thank Mes, Sue
Matheaon for running the experiments in the school,
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uve experience of 2 good teacher, While one’s opponent is struggling

rith this second challenge, & third challenge on performance data can be
put ready at hand: Predict systematic variations in performance data’
involving mathemarical concepts and skills already taught, and again
make the principles of pz‘edi(‘téon explicit. The view that mathematical
colleagues may have difficulty giving a serious constructive response to
these three challenges is not meant as a criticism. of their scientific
prowess. The only criticism implied is of the opinion that we already
know how to meet these three challenges in any serious way.

The present article is meant to be a small step toward a positive re.
sponse 10 the third challenge. From a mathematical standpoint the per-
formance task we have selected is ridiculously simple, that of handling
carrectly the simple addition facts, with the sums being no greaier than 3.
Froo a psychological standpoint, however, this task is not as simple as
most of those that lie at the heart of the classical experiments in learning
theery. Moreover, attermptis to develop mathematically well-defined per-
formance models for even this simple rask do not seem to exist in the
literature.

We reserve more detailed comments until after we have presented in
the next section goodness-of-fit resuits, i.e., the extent of correspondence
between the theoretical predictions and the experimental ocutcomes
for five closely related models. A broader conceptual framework for the
viewpoint expressed here is to be found in Suppes.?

AN ExreErivMENTAL TEST oF Five MobeLs

The results we will liscuss are from an experiment in which a group
of first-grade children in the frst half of the school year were asked to
solve a seL of simiple addition problems. Each problem was of the form

= __,
where 7 4- n < 5. The line was colored red and the rest of the prob-
lem was printed in black. The task of each child was to provide the
missing number.

Thirty subjects were used, randomly selected from two difierent home-
rooing, Kach subject was run individua}ly Subjects were seated in front
of a panel with six buttons marked 0, 1, 2, 3, 4, and 5. A sample problem
was then projected on a screen in front of them, They were told that
the red line meant that a pumber was missing and were instructed to

1 Patrick Suppes, The Puucholngical Foundation of Mathewaties, Technical BReport No, 80
(Stanford, Callf,: Stanford Uriversity, Institnte lor Mathomatical Etudice in the Social Sciencrs.
1665). Pp. 34,
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push the correct button for the missing number. When a subject had
responded, he was shown a new slide with the corvect answer (printed
in red) replacing the red line. Each child was then presented with a
sequence of twenty-one problems consisting of all possible combinations
of integers m and n, subject to the constraints
m-+n <3,

m >0,

nz 0
These problems were presented in a random order, the same sequence
being used for each child. After each presentation of a problem, the
child made a respense and was shown the correct answer. Both the actual
response and the response latency (the time between the onset [presenta--
tion] of the stimulus and the elicitation [occurrence] of the response)
were recorded. This procedure was repeated for two more days. How-
ever, on the last two days, no preliminary instructions were given, and
the child was asked to respond as quickly as possible. The order of
presentation of items was different on each of the three days.

Ir this discussion, we will concentrate on the data cbtained on the
third day. It can be assumed that by then the children had become fully
familiar with the experimental situation. The initial problem we pro-
posed to consider was whether it is possible to formulate a simple model
that will account in an approximate fashion for the children’s responses.

Unfortunately, the error rate was too low for any systematic analysis
to be based on this aspect of the response data. Although at least one
subject made an error on each problem, seven subjects out of the thirty
made errorson | + 3 = ___and 1 + 2 = __ and five subjects made
errorsond 4+ 1= __,3 +2 = __andl + 1 = __. On most other
sroblems one or two subjects made an errar,

As a result of these low error rates, it seemed more promising to con-
sider the response latencies. The most reascnable basic assumption to
make is that the variations in response latencies between problems are
ihe reflection of some kind of counting process that the child is using.
For a problem of the form m 4 n = __, it is possible to distinguish
between five different kinds of counting processes. Im order to make this
distinction, it is convenient to consider a counter on which two opera-
tions are possible: setting the value of the counter to a certain value
(while clearing the previous value) and adding a number to the current
value of the counter. The addition operation is performed by succes-
sively iricreasing the initial value of the counter by one until the second
value has been added on. The operation of this counter is illustraced
in Figure 1, as shown on the following page. Using this counter, an
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addition problem of the form m 4 n = __ can be solved in the follow-
ing ways:

1. The counter is initially set to 0, m is added and then n.

2. The counter is set lo m (i.e., the left-most number) and n is then
added.

8. The counter is sei to n, and m is then added.

4. The counter is set to the minimum of m and n. The maximum is
then added.

5. The counier is set lo the maximum of mi and n. The minimum is
then added.

The setting operation is assuumed to take a constant time, independent
of the valve to which it is set. The addidion time, on the other hand, is
proportional to the number of umes the counter must be increased.
Suppose & counter takes time o to be set and time 8 to be increased by 1.
If a counter is to be set to a certain valuce and then increased x times by
I {which is equivalent to having x added to it) the total time T taken by
the counter to perform these operations is

T = o+ gx. ()
Thus, Equation (1) gives the time taken to perform an addition problem
of the formm 4 n == __. [t will give differential predictions depending

on the tvpe of solution bhecause, corresponding to the classification of
solution rypes we have just proposed, x is determined as follows:

Type 1. x = m 4 n.

Type 2. x = n

Cet Cotimfe //H;we x Yes Exit with i
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Type 3. x = m,

Type 4. x = wmax (m, n)

Type 5. x = min. (m, n).

If we wish to apply this model to the latencies of our experimental
subjects it cannot be assumed that the values of « and 8 are constant.
Rather, it is correct to assume that o and § arc random variables with
two different distributions. However, we can eliminate this problem by
taking the mean latencies, E{) and E(8), over all subjects, We then have,
for a particular problem i,

E(T) = E(a) + 5E(g), @)
where x; is zomputed according to the rules given above. For Equaticn
(2) to hold, it is necessary, of course, that x, be constant for all subjects
on a given problem. In other words, it is necessary 1o assume that all
subjects use the same type of solution. 1 this assumption is incorrect,
then the goodness of fit of observed-to-predicted data will be aflected,

In order to evaluate the goodness-of-fit of these five models, it is neces-
sary to estimaie the expected values E(a) and K(3). These estimates will
Le denoted by g and 8 For each problem, it is possible to compute a
value of x; under each of the five assumiptions. Since Equation (2) is
linear, & and § can be computed for each model by means of a simple
regression analysis, using x; as the independent variable and ile observed
average-success latency on each problem as the dependent variable, with
the index { ranging over all twenty-one problems. It is necessary to use
the success latency rather than the overall latency for the dependent
variable because it is reasonable to assume only that Equation (2Y
holds {or correct solutions.

An analysis of this type was perlormed on the data obtained on
the third day of the experiment. Two problems (3 4+ 0 = __ and
2 4+ 3 == __) were omitted from the analysis. On both these problems,
many individual response laiencies were excessively high. The former
was always the first prablem 10 be presented. The high latencies on the
latter can also be accounted (or on the basis of sequential ordering effects.
From the data obtzined from the remaining nineteen problems, « and g
were evaluated for cach of the five models, and two indexes of goodness
of fit were computed. The first wuy the mean squared deviation between
predicted and observed values:

1 ¥ .
"z=ﬁ. (T — @ — Ax))2,
f==
where 7', denotes the rib:acn'ed success Jatency for pioblem i. Also com-
puted was the ratio of g o the standard error of 8. If T, is normally
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TABLE 1

TLECRESSION ESTIMATFS FOR THE DIFFERENT SOLUTION TYErS
(& AND 8 MUASURED IN SECONDS)

MobEL & ﬁ a2
l.x=m-n 2.96 216 360
2 v = 350 098 465
Lx=m, 348 19 404
4. x == max (m, n). 343 092 471
5, & = min (s, n). 9.26 J10 233

TABLE 2

MoneL 13 2 = m + #u.

MoDEL 5t x = min (m, n).

Probylem X

341
P40
05
(I
342
Pl

B 0

Mean Success Latency

{(in scconds)

Pred.

2.96
3.18
318
310
340
HA Y
3.61
3.6
3.61
383
3.83
3.83
383
3.83
4.0
1.05
1.05
1.05

L05

QObs.

2.98
3.36
3.27
3.57
2.67
2.88
3.5
1.20
423
3.8
+18

5.08

|

IProblem

BEE

11
242

842

i
L
I o

2

SRR U | UV o SR

Mean Success Latency
(in seconds)

Pred.

3.26
3.26
3.26
3.26
326
1.26
8.26
3.26
3.26
3.26
3.97
3.97
. 397
4.97
3.97
397

397

L6R

4.68

Obs.
293
2.86
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distributed, then this has a ¢t distribution with n — 2 degrees of freedom.
(In the present case, n = 19 [preblems], so that n - 2 = 17. Although
the summation is over subjects, as well as over problems, the details have
been omitted so as not to obscure the basic ideas.) While it is not
entirely clear whether or not the assumptions of the test are satisfied in
the present experiment, its application does provide a rough index of
whether or not the fit is satistactory. The values of 4, §, and 5* resulting
Irom the analyses of the various models are shown in Table 1. Meodel 1
and Model 5 provided the best fits (i.c, s° was smallest for thesc
models). The second goodness-of-fit computation resulted in levels of
significance beyond .05 for all but these models. The predicted success
latencies obtained on the basis of Model 1 and Model 5, together with
the corresponding ohserved mean success latencies, are shown in Table 2.
Notice that, especially in Model 5, each value of x involves a number of
data points. As a resuly, a clearer noticn of the fit can be obtained by
comparing the predicted latency with the observed latency averaged over
all problems that contribute to a given value of x. This is done in Figure
2. It is clear that the best fit is provided by Model 5. Although there are
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less values of x in Model 5, the better fit cannot be ascribed to this cir-
cumstance, since the value of 52 is lower for Model 5, despite the fact that
5% was computied for each model on the basis of deviations between pre-
dicted and observed latencies for individual problems. Further evidence
in favor of Model & 13 the fact that, wirth the exception of 1 + 1, all
problems with x == 1 have larger latencies than those with x = 0.

While it can safely be concluded that Madel 5 fits better than Model 1,
this result can only be considered to be a first step. There is no guarantee
that no other model exists that would fit the data in a more satisfactory
fashion. Moreover, it crannot be inferred that the good fit of Model 5
implies that subjects tend o add twoe numbers according to the mech-
aztism suggested hy the model. For this model, x ranges from 0 to 2. 1t is
only when ¥ == 2 that neither a § nor a 1 appears in the problem. Hence
the data might be accounted for by 2 model which assumes specific
algorithms {or solving problems involving a 0 or 1 rather than the general
algerithms used by the models we have proposed in this paper. Finally,
there is, of course, the possibility that different individuals use different
algorithms. Subsequent researcn that deals with these matters is now
planned.

SonMe CoNCLUDING REMARKS

{t would be goad if we could report that the alporithm represented by
Mode! 5 was the one cxplicitly taught the children by their teachers.
This does not seern to hiave been the case. At the present time most firsi-
grade teachers do not teach their students an sxplicit counting algorithm
for handling the simple addition facts oydinarily taught in the fivst grade.
As would be expected there is usually some mention, and often even a
fair amount of discussion, ol counting and its relation to the first intwo-
duction of addition. But-—and this is the important point—an explicit
algerithm is not developed and taught as is done later for addition of
malii-digit numbers,

The results of the present paper suggest that more attention might
profitably be devoied to these first algorithms, and that the algorithm of
Muodel 5, which seems more sophisticated than that of Model 1, inight weil
receive more explicic emphasis in the teaching of first-grade arithmetic.

it has not been our nention in this short paper to present any defini-
tive research, but only to $Huserate how cven so simple a thing as learning
the addition {acts presents an interesting challenge to learning theorists
and affords an opportunity to iest some alternative mathematical models,
each of which resis on a clear intuition of how a simple addition problem
may be solved. The central idea of a counting model zeems so natural
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that it seems difficult to think of other possible approaches, but this is
not really the case—ior example, a table-look-up model with parameters
appropriately introduced for scanning the table can be formulated in
such a way that it is identical in all behavioral predictions with Meodel 5.
Moreover, simple counting ideas are not sufficient to account for all the
significant variations in the observed data of Table 2, and as a larger body
of data is accumulated, more complex and subtle ideas will be needed in
constructing an adequate model of the observed phencmena. On the
other hand, it seems to us that the learning of elementary mathematics
affords a natural testing ground for mathematical models of learning or
performance, and there is some reason to hope that in a first approxima-
tion, at least, models of a reasonable degree of simplicity will suffice.

It should be apparent that as such models are developed and the range
and depth of their success is increased they will have increasing sig-
nificance in suggesting and guiding curriculum modifications, particu-
larly as regards the fundamental problem of finding out how students can
on the average best learn mathematical concepts and skills.



