PATRICK SUPPES

SCIENTIFIC CAUSAL TALK: AREPLY TO MARTIN

It is a pleasure to reply to Martin’s comments on my theory of probabilistic
causality, for he raises issues that occur in a rather natural way and that no
doubt have been of concern to others. I have divided my reply into four
major topics, which I have organized in a different order from that of their
occurrence in Martin’s comments. The topics are: the problem of a unified
language of causality, the role of set theory in science, the language of events
in science and ordinary talk, and problems of intensionality.

1. PROBLEM OF A UNIFIED LANGUAGE OF CAUSALITY

Martin is concerned that the probabilistic theory I have introduced does not
adequately account for both scientific and ordinary occurrences of causal
terms. In my monograph (Suppes, 1970) 1 claimed that a unified account
could be given. Ten years later I am less optimistic about this and I think I
would accept his criticism that I did not really accomplish this task, and
T would now agree it is a mistake to try to have a unified language of any
tightness and completeness. I have become increasingly persuaded of the
plurality of science and of other realms of experience (Suppes, 1981a). There
are, of course, common elements to scientific and ordinary talk; there is not
some sharp division of the kind Camap wanted, for example, in his two
senses of probability. Yet there is a great deal of diversity and no real reason
to think that these diverse uses will tend to converge in the future. I shall give
some detailed examples later in terms of the language of random variables.

It is clear that of the two directions my analysis of causal language might
go it is more directed toward scientific practice. I do want to reemphasize
that I do not think there is a sharp division between scientific talk and
ordinary talk. In the article on the plurality of science I in fact argue for
there being a veritable Tower of Scientific Babel, with each subdiscipline
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in science having its unique concepts and language. This is especially true of
advanced experimental work. There is a common core of ordinary talk that
almost all of us understand who speak English as a first language or as a
highly developed second language. This core does not contain very much
scientific language, but among subsets of speakers and listeners there is a
common core of causal and probabilistic talk that goes smoothly over into
more exact scientific talk, I shall not here try to chart that transition, which
I think could in fact be documented empirically.

2. SET THEORY IN SCIENCE

One of Martin’s points is that my use of a set-theoretical framework is
mistaken, for such an apparatus is not needed scientifically. He proposes
instead to use various philosophical variants, such as an axiomatized Boolean
algebra or a language of part-whole as exemplified by mereology. I think he
is flatly and unequivocally wrong. The idiosyncratic languages he talks about
are of interest in philosophy but for very special reasons, and they cut off
philosophical discourse about causality from the mainstream of scientific
talk. It is worth noting that none of the more complicated set-theoretical
machinery [ consider is duplicated in any way by Martin — (or instance, the
detailed and extensive leamning-theory example which uses a probability space
of countable sequences, or the entire apparatus of random variables which is
the standard apparatus in modern probability theory and modermn mathe-
matical and applied statistics. The kind of language moves that Martin pro-
poses would lead to further isolation of philosophical talk about these
matters, an isolation that has already been too noticeable in the literature
on confirmation and the foundations of induction.

I am quite willing to accept that with enough effort, all of the standard
machinery characteristic of modern probability theory, not to speak of
statistical theory, could be built up in one of Martin's idiosyncratic frame-
works. But this would seem to me to be a terrible waste of time, and at the
same time would isolate the developments from the large and interesting
literature in science, mathematics, and statistics on these matters,

To drive this point home, I would like to consider one extended example
to show why set-theoretical apparatus is natural even if not necessary. The
purpose of this example is to introduce standard mathematical concepts that
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are needed for a causal analysis but that would not be rcadily available in
any of the language frameworks suggested by Martin.

We may take as an example of suitable complexity the theory of linear
learning models set forth in Estes and Suppes (1959). We assume that on
every trial the organism can make exactly one of  responses, 4;,i=1,...,r
and that after each response it receives one of r+ 1 reinforcements, Ej,
j=0,1,...,r. A learning parameter 6, which is a real number such that
0 <8 <1, describes the rate of learning in a manner to be made definite in a
moment. A possible realization of the theory is an ordered triple x ={X, P, &)
of the following sort. X is the set of all sequences or ordered pairs {7, of
natural numbers with i=1,...,r and j=0,1,...,r. P is a probability
measure on the smallcst g-algebra # (X) of cylinder sets of X, and 6 is a real
number as already described. (Cylinder sets are those events definable by the
outcome of a finite number of trials.) To define the models of the theory, we
need a certain amount of notation. Let A; ,, be the event of response j on trial
n; Ey , the event of reinforcement & on trial #, and for x in X, let [x,,] be the
equivalence class of all sequences in X that are identical with x through trial
n, and let p,; , = P(4; ,|[x],-;). We may then characterize the theory by
the following set-theoretical definition.

A triple x ={X, P, 0) is a linear learning model if and only if the following
three axioms are satisfied for every n, every x in X with P([x],) >0 and
every jand k:

AXIOM 1.If x €Ey , andj =k and k # 0 then
Prjner = (1 =0)pyg,n + 6.

AXIOM 2. If x €F), , andj # k and k # O then
Pxi,n+1 =Q _B)Pxi,n-

AXIOM 3. If x €E,,, then

ij,n+1 = Pxj,n-
]
The three axioms express assumptions concerning the effects of reinforce-
ment and nonreinforcement. The first two say, in effect, that when a rein-
forcing event occurs, the response class corresponding to it increases in
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probability and all others decrease. A similar assumption is wutilized in a
number of stochastic and statistical models of learning. The third axiom
expresses the assumption that response probabilities are unchanged on
nonreinforced trials.

The critical point for the present discussion is the characterization of the
probability measure P. It is easy to show that three conceptual ingredients
enter into determining uniquely the probability of any event’s happening,
for example, any response or response sequence. The first ingredient is the
initial probability of response at the beginning of the experiment before any
reinforcements have been delivered; the second is the learning parameter 6
that determines how fast change in behavior takes place under various rein-
forcement schedules; and the third is the schedule of reinforcement, which
in general will be probabilistic in character and contingent upon previous
reinforcements or responses. These three ingredients are the three causal
factors, and theoretically the only causal factors determining the probability
measure P, which fixes the probability of any event. The quantitative causal
relations between events are all in turn determined by the measure P,

Of course, what [ have just given is an informal analysis. In order to make
it clear that the apparatus Martin refers to is far too elementary, I give the
statement of the theorem and its complete proof in an appendix. The
theorem can be regarded as a theorem about causality in learning theory.
The rather lengthy and somewhat technical developments seem unaveidable
in establishing precise results about the causal structure of models of the
theory. 1 note among other things that the proof depends upon the well-
known theorem of topology that a decreasing sequénce of nonempty com-
pact sets has a nonempty intersection. Secondly, the theorem does not
hold for a finitely additive measure on all subsets of X, but only on
the o-algebra.? (X) of cylinder sets, a somewhat delicate set-theoretical
point.

3. LANGUAGE OF EVENTS

There is a considerable arca of agreement between Martin and me conceming
what he has to say about my discussion of events and his exceptions to my
analysis being in certain directions too simplified. The language of events
comes into play in much ordinary talk and in many parts of science. I would
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again take a pluralistic view that it is probably not possible to give a tightly
unified account of these many different uses.

First, I want to make a couple of technical remarks in response to some
things that Martin says. He objects to my restriction to instantaneous events,
and I certainly agree that, in general, this is not adequate. I certainly agree
that this simplification restricts the applications of the formal concepts I
introduced. I took it that it would be feasible but technically somewhat
complicated to make the extension to noninstantaneous events.

One way to put what is somewhat surprising about Martin’s objections
to my use of standard event-language is that he simply does not consider
the standard usage. It is as if someone were writing a treatise on the foun-
dations of physics and assumed for that purpose classical mathematics.
Someone who objected to classical mathematics might then raise objections
to this use in physics of classical mathematics, but for most purposes such a
move would be regarded as rather strange. It is part of the pluralism of
approach I have already urged that when we are doing the foundations of
causality, we should not try at the same time to reform the standard concepts
of probability theory. Reforming or changing the standard concepts of
probability is, for other purposes, a useful matter, but it is not even useful
when it is idiosyncratic in the way that Martin’s discussion is. The kind of
discussion and framework he suggests in terms of mereology simply isolates
all such discussion from the standard development of probability theory, as
I have already argued. I have labored the point, but it seems to me to be
worth laboring because adopting Martin’s recommendations would isolate
philosophical discussion of causality and a consequence of that isolation
would be consideration only of the most elementary points about causality.

Martin objects, in particular, to my use of negation. Here I simply again
followed standard usage. Complementation of an event is complementation
with respect to the sample space or probability space. Such set-theoretical
complementation is meant to correspond to the absence of occurrence of
an event. My treatment here is standard and, as Jane Austin would say,
unexceptionable. It is certainly possible to argue that in the translation of
some ordinary talk this particular approach will not work. Certainly for
the most general setting we might want to cite the fact that the complement
of a set is not defined in Zermelo-Fraenkel set theory. Another point from
another direction is that when the apparatus of random variables is used, as
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I claim most standard usage actually adopts for detailed statistical work,
there is no longer a natural concept of negation in terms of random variables
but only by reference once again to the sample space on which the random
variable is defined.

It is certainly true that, in a certain sense, the notion of event as having
definite physical properties is treated in a rather cavalier fashion in standard
probability theory. I take it the reason for this is mainly the desire for flex-
ibility and generality. When we are concerned with more specific philo-
sophical questions or more specific physical questions, as for example a
discussion of how one should use the concept of event in relativistic physics,
we may want to say a good deal more. I certainly want to admit that such
extensions are proper but I also want to make clear that I think the direction
Martin takes the discussion is mistaken.

For a general theory of causality with any pretension to be useful in a
wide variety of sciences, it seems mistaken to tie down the concept of event
by more detailed assumptions, as for example the kind that are easily sug-
gested by physical theories. I do not see the concept of event as used in
theories of space-time, for example, being of any real use and therefore of
value in the formulation of causal concepts in economics or sociology. It
is tempting to state my own general metaphysical views on the concepts of
physical events and to try to support my claim that the proper space for
representing such events is atomless, but this does not seem the proper
occasion.

4, INTENSIONALITY AND PROCEDURAL SEMANTICS

Martin quotes my own admission that the standard set-theoretical framework
of probability concepts I adopt does not give a fully satisfactory treatment
of intensional matters, especially for subjective theories of probability. Free
substitution of terms that are held to be identical in the extensional sense
leads to contradictions in the standard fashion.

On this point [ agree with Martin and I agree with my earlier self. I remain,
however, firm in the conviction that the handling of these intensional matters
is not important in the framework of developing a causal theory for scientific
purposes. A full-blown apparatus to handle these matters in completely explicit
fashion will be another step toward the isolation I have already spoken of.
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On the other hand, T think Martin is right in insisting that such intensional
matters can be important in the sensitive analysis of causal concepts as they
are referred to in ordinary talk. My own approach to such matters is to
pursue, not for this reason alone but more generally in the interest of psycho-
logical realism, a move from set-theoretical to procedural semantic (Suppes,
1980, 1981°). Unfortunately, it does not seem practical to go into these
rather intricate matters in the short space of this reply.

I have covered what seems to me are the main points that Martin dealt
with in some detail. He makes some passing mention of my references to
different interpretations of probability but he does not develop this theme,
and it therefore seems appropriate not to go into a discussion here. I will
affirm, however, what I said in the original monograph. It seems to me there
is a place for different uses of probability concepts ranging from that of a
purely theoretical measure used as illustrated in several examples in the
monograph in the formulation of theory. There is also a purely experimental
use where one restricts oneself at most to a Bayesian prior if at all, and the
data that carry the day from a probabilistic standpoint are the relative fre-
quencies obtained in the experiment. There remains a generally subjective
interpretation. I do not think it is necessary or perhaps even useful to try to
draw a sharp line between these various uses. It is part of my pluralistic
attitude to expect them. It is important to identify certain core properties
that we expect any interpretation of probability to have.

I have enjoyed writing this reply to the substantive objections Martin
makes to my ideas about causality. As is obvious, we disagree on many
issues, but I do not expect to be able to offer precise arguments that will
be regarded by him or by others as decisive. I do not think the subject of
causality is like that. It has a glorious history and will have, no doubt, a
robust pluralistic future. I hope only to help keep future efforts at analysis
from being too much diverted from the mainstream of science to idiosyn-
cratic philosophical bayous.

APPENDIX

In empirical applications of the learning theory described in the main text,
the term p,; , is to be interpreted as the probability of response 4; for
a particular subject on trial n. In principle, the values of p,;, can be
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predicted for all sequences and all n, given p; (, r and 6 (see Theorem 1
below). In practice, however, it is impracticable to evaluate trial by trial
probabilities for individual subjects, so in experimental tests of the model
we usually deal only with the average value of p,; , over all sequences termin-
ating on a given trial, ie., with p; . The latter can be predicted for all n,
given the values of p; 4, r, and &, and sufficient information concerning
probabilities or reinforcement and nonreinforcement (see Theorem 2 below).
We now turn to the two general theorems mentioned. The first theorem
says that if p, |, r and § are given, then p,; , is determined for all sequences
x and all trials n. In formulating the theorem we make this idea precise by
considering two models of the theory for which p; ,, r and @ are the same.

THEOREM 1. Let x =(X,P,0) and X' = (X,P',0) be two linear models for
simple learning such that p; , = pj 1. Thenif P([x],-;) > 0 and P'([x] ) >
0, we have:

Pxjin = p;-j,n-

Proof. Suppose the theorem is false. Let n be the smallest integer such
that (for some j and x)

(l) Pxjin F p;j.n-
(By hypothesis of the theorem, n > 1.) Now if
@) P([x],~)>0
and
(3) P'([x],-) >0,
then by our hypothesis on r» we have-
4 Pxjin-1 = p.::i,n-l -

There are now three cases to consider: x€E ,,, x €F, , with k+/ and
k+#0, and x €F, ,. Since the proof is similar for all three cases, each requir-
ing application of the appropriate one of the three axioms, we consider only
the first case:

(5) XEEj,,.

v
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From (2), (3), (5) and Axiom 1 we infer immediately:

(6)  Pxn = (1 —0)pyy,ny +90 Pxin = (1= 8)Pgn-1 +0.
From (4) and (6) we conclude:
Pitin = Pains
which contradicts (1) and establishes our supposition as false. Q.E.D.

The second theorem establishes the fundamental result that given the
initial probabilities of response of the subject, and the conditional prob-
abilities of reinforcement, then a unique model of simple learning is deter-
mined. Moreover, no restrictions on these probabilities are required to establish
the theorem. The significant intuitive content of this last assertion is that the
experimenter may conditionalize the probabilities of reinforcement upon
preceding events of the sample space in whatever manner he pleases.

Some preliminary definitions and lemmas are needed. The third definition
introduces the notion of an experimenter’s partition of X. The intuitive idea
is that the conditional probabilities of reinforcing events on trial n depend
on any partition of the equivalence classes [x],-; and responses on the nth
trial.!

DEFINITION 1. Z(n) = {£: thereis an x in X and a j such that
E = [x]n—l nAJ’.n}'

Z(n) is the finest experimenter’s partition of X which we can use on the nth
trial, It is immediately obvious that

LEMMA 1. For every n, Z(n) is a partition of X.

We now use Z(n) to define the general notion of an experimenter’s partition
H(n), but for this definition we explicitly need the notion of one partition
of a set being finer than another. (The definition is so phrased that any
partition is finer than itself.)

DEFINITION 2. If .« and ‘& are partitions of X, then .« is finer than % if,
and only if, for every set A in .« thereis a set B in & such that A < B.
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We than have:

DEFINITION 3. H(n) is an experimenter’s partition of X (at trial n) if, and
only if, H(n) is a partition of X and E(n) is finer than H(n).

Finally, we need a lemma which provides a recursive equation for P([x],,)
in terms of a given experimenter’s partition on trial n. Notice that (iv) of the
hypothesis of the lemma is a condition controlled by the experimenter, not
by the subject.

LEMMA 2. Let H{(n) be an experimenter’s partition of X. Let
@®  neH®),
@ laC4jnNEgnnn,
(iii) P(4;,,Nx]n1) >0,
) P(Ernld;nNIx]n-1) = PERln).
Then
P([x]n) = PEp nlmIPsj,nP([x]n-1)-
Proof. By (ii) of the hypothesis

P([x]n) = P(Ek,n mAj,n N [x]n—l):

whence,

P([X]n) = P(Ek,n|Aj,n N [x]n—l)P(Aj,nl[x]n—l)P([x]n—l)'

Applying (iii) and (iv) to the first term on the right and the definition of P,; ,
to the second, we obtain the desired result. Q.E.D.

We are now prepared to state and prove the uniqueness theorem. Regarding
the notation of the theorem it may be helpful to keep in mind that g; ; is the
a priori probability of making response j on the first trial, and 7y, , is the
conditional probability of reinforcing event k on trial # given the event i of
an experimenter’s partition H(n). It should be obvious why we use the
notation g; ; rather than p; ; (and at the beginning of the proof ¢,; , rather
than p,; ,); namely, the function p is defined in terms of the measure P
whose unique existence we are establishing.
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THEOREM 2. Let X be an r-response space and let 0 be a real number in
the interval (0, 1], and let the numbers q; ; be such that

r
Qj,1>0 Z q,-,l = 1.
j=1

For every n let H(n) be an experimenter’s partition of X, and let v be a
function defined for every n and k and every n € H(n) such that

r
'Ynk,n>0 kz 7nk,n = 1.
=0

Then there exists a unique probability measure P on F(X) such that
i) (X, P, 0)is a linear model of simple learning,
(i) 4dj,1 = Dja1,
(iii) Ynpe,n = P(Ex nln).

(iv) If n€Hn) and W is an n— 1 cylinder set such that W € n and
P(W) > 0 then P(Ej, |l W) =P(E}, nIn).

Proof. We first define recursively a function g intuitively corresponding to
D,1.8.,qxj,n = Pxj,n-
M dxj1 = 44,1,
) Qujn = (1 —0)qyjn1 +08(, & (x,n—1))
+0445,n-18(0, & (x,n — 1)),
where & is the usual Kronecker delta function:
1 if j=k

8(G,k) =
0 if j+#k,

and
3) &(x,n) = k if, and only if, [x], € E}, p.

(In effect, (2) combines all three axioms of the theory into one to provide
this recursive definition.)
For subsequent use we prove by induction that

(4) Z‘Ixj,n = 1.
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For n=1, the proof follows at once from (1) and the hypothesis of the
theorem that

Z dxj1 = e
l

Suppose now that

z Axjn-1 = 1.
i

There are two cases to consider. If x €E}, ,, for some k # 0 then from (2)
and (3) we have at once:

Y dsin = % (1= 0)quney +0
i i

= {l_a)zj:'?xj.n—l +4
= (1—8)+§6
= 1.

If x EEy ,, then

Z dxjn = z [(IHB)Qxf,n—I +8qxj,n—1]
i i

= Z ij,n—l
1

= ¥
Following Lemma 2 we now recursively define P([x],) in terms of ¢ and
the function vy introduced in the hypothesis of the theorem.
P([x]1) = 45,170, & 1.1
P([x],) = Yn&ex,m.ndxsn-1 PUX]n=1)s

where )
[x]: € 4; 4 [x]i €0 €H(1)

[x]n £ A.I".n [x]n = | EH(”)'
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We first need to show that the function P may be extended in a well-defined
manner to any cylinder set C. To this end we prove by induction that if

m, m,
¢=U [, = U b,
then ‘

m, m,
(©) Z; P([x;]n,) = El P(Diln,)-
= =
When #n; = n, the proof is trivial. Without loss of generality we may assume
that n; <n,; ie., there is a positive integer ¢ such that n, +¢t=n,. We
proceed by induction on ¢. But first we observe that the family of sets [x;],
constitutes a partition of C, as does the family of sets [y;], 4, and the latter

is a refinement of the former. Whence for each set [xi],,l there is a subset 7
of the first m, positive integers such that

(7 [xi]n, = U [Vh]n,+t-
hEI

And on the basis of (7) to establish (6) it is obviously sufficient to show that

P([xi]nl) = Z P([Yh]niﬂf)'

her
Now if £ = 1 then

[xi]n[ = [xi]nl n '},JAj,nl+1 n ll.ej Ek,n,+1
= l;J lkJ ([xi]n1 N Aj n 31 NEp pe1)
= U [yh]nxﬂ .
hEI
Since for 2 €1, [yy],, = [x:]s, , we infer from the above and (5) that

2 P(nlns) = Z ;'Ynk,nIHij,an([xi]nl)

her

= Z qxj,n,P([xi]n,) by hypothesis on y
j
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= P([x;ln) by (@

Suppose now that (6) holds for z. Then there are sets ; and 7, of positive
integers such that

[xi]n1 = h&éjl [yh]n1+tﬁ i}.j Aj,n1+t+1 N tkj Ek,n1+t+1
1

= U [Zg]nl+t+1-

g€,
Since for each g €7, there is an % in 7, such that

[zg]n1+t = [yh]nl+ts

similarly to the case for = 1 we infer that

Z P([Zg]n1+t+1) = Z Z Z 7nk,n1+t+Iij,n1+tP([yh]n1+t)
gEIl, i Rk hEI

2. P(alnw)
hEIL,

= P([xi]nl)a

by our inductive hypothesis, which completes the proof of (6) and justifies
the extension of P to any cylinder set: if

C:

=

"
ey

[xi}n
then

@ PO = Zi P([x;])-*

We now want to show that P is a probability measure on the algebra of
cylinder sets of X. Since the functions g and <y are non-negative it follows
at once from (5) and (8) that the nonnegativity probability axiom is satis-
fied, i.e., for every cylinder set C, P(C) > 0.

Now it is easy to select a subset ¥ of X such that

X=U Ixl,

xeY

whence by virtue of (5) and (8)
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PX) = ZY P([x]) = Z % 41,1 7nk,1

xE j

= z i Z Tnk,1
j k

=11

=1,

which establishes that P(X) = 1.

To verify finite additivity of the measure P,let C; and C, be two cylinder
sets such that C; NC, = 0. Without loss of generality we may assume they
are both non-empty n-cylinder sets, and we may represent them each by

m,

C, = U [xi]n
i=1
my
G, = U [xh]ns
h=m +1

and by hypothesis, foreachi=1,... ,m;andh=m,; +1,...,m,
[x:]n N [xp], = 0.

P(Il:l: [xi] n)

z P([x,]n)

Whence

P(C,UC,)

=_§_:P([x,-1n)+ S P([xnln)

h=m +1
= P(Cy) + P(Cy).

Now for countable additivity. Let {C,C,,...,C,,...) be a decreasing
sequence of cylinder sets, that is,

(9) Cn+1 < Cn
and -
a N c,=o.
n=1
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Suppose now that
(11) lim P(C,) # 0.
n—>ce

(This limit must exist since the sequence is bounded and monotone decreas-
ing. The monotonicity follows from (9) and the properties of P already
established.)

In fact, let

n].i_.l‘}l’; P(C,) = s >0.
Hence for every n
P(C,) =s,
and it follows at once that
12y c,#0.

We now use a topological argument to show that
N ¢, #0,
n=1

contrary to (10). The idea is simple; details will be omitted to avoid too
serious a diversion. We know that X is the countably infinite product of a
finite set. Hence, every cylinder set of X is compact in the product topology
of the discrete topology on this finite set; in particular for every n, C, is
compact. Also by virtue of (12) every C,, is non-empty. But it is a well-known
theorem of topology that a decreasing sequence of non-empty compact sets
has a non-empty intersection, which contradicts (5). Thus our supposition
(11) is false and the measure P is continucus from above at zero, which
implies countable additivity.

Finally, the unique extension of P to the o-algebra of cylinder sets follows
from the standard theorem on this extension (see Kolmogorov, 1950, p. 17).
The verification that the measure P defined by (5), (8) and the extension just
mentioned has properties (ii)—(iv) of the theorem is straightforward and will
he amitted. Q.ED.

Stanford University
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NOTES

! A partition of a nonempty set X is a family of pairwise disjoint, nonempty subsets of
X whose union is equal to X.
2 In using the notation

m
c=U i,

we always assume that sets [x;];, are distinct (and consequently pairwise disjoint in this
case); otherwise the extension of P would be incorrect.
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