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Abstract 

This article reports on a program of research at the Institute for Mathematical Studies 
in the Social Sciences at Stanford University concerned with data and theory on eye 
movements in the performance of various simple algorithms of arithmetic. The main 
focus of the work is on the development of a detailed procedural cognitive model for 
performing algorithms and how this model relates to a random-walk model of eye 
movements. In addition, the distribution of fixation durations is considered. The 
methodology of the studies, including the calibration procedures, is described in 
detail. 

Over the past half century there have been numerous studies of eye movements 
in reading of printed natural language texts, but other basic skills which are empha­
sized in education and which are an essential part of our culture (e.g., skills which 
allow one to solve mathematical problems, to 'read' maps, graphs, circuit diagrams, 
and to look intelligently at pictures and scenes) have not been studied to anything 
like a corresponding degree. This article reports on a program of research at the 
Institute for Mathematical Studies in the Social Sciences concerned with data and 
theory on eye movements in the performance of various simple algorithms, of arith­
metic. The literature on the psychological theory of such algorithms, apart from 
any consideration of eye movements, is not nearly as extensive as one might suppose. 
For more than a decade the senior author has been concerned with such research 
in the use of algorithms in arithmetic problem solving. The development of an ad­
vanced 2-dimensional eye-tracking system at Stanford by James Anliker and his 
co-workers in the Information Systems Laboratory of the Department of Electrical 
Engineering (Anliker, Floyd, Morf & Kailath, 1977) presented us with an excellent 
opportunity to extend in a highly significant way our studies of arithmetic problem­
solving, viz., by obtaining precise quantitative eye-movement measurements from 
subjects engaged in solving problems in simple arithmetic while operating under 
instructions to proceed in accordance with specified algorithms. In the present article 
only two behavioral variables are considered, namely, the subject's eye-movement 
responses to the displayed problems in arithmetic and the eye-movement latencies. 

1 This research was supported by Grant SED 78-22286 from the U.S. National Institute of 
Education and National Science Foundation to Stanford University. The authors are grateful 
for the assistance of George Black and Thomas Dienstbier in the design and implementation of 
various hardware interfaces. We also thank William R. Sanders and Ronald Roberts for pro­
gramming and system design work, and Barbara Anderson for assistance in taping and organiz­
ing the dalta files. 
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The main thrust of our earlier work on the performance by human subjects of 
simple algorithms of arithmetic can be summarized in the following highly abbre= 
viated way. The first models were linear regression models that looked at the struc­
tural features of arithmetic exercises to predict either responses or response latencies 
(Suppes & Morningstar, The next move was to finite-state automata, and more 
recently to register-machine models that included a theoretical perceptual component 
(Suppes, 1973, 1980). 

To provide the cognitive framework for the research reported here it is necessary 
to enter into some details about the register-machine modeL First of the per­
ceptual situation actually facing the subject doing an arithmetic exercise is drastic= 
ally simplified to the point of representing each exercise of addition, subtraction, 
or multiplication, let us say, on a grid of squares, and within each square of the grid 
(rows and columns) a single stimulus character is written, for example, an Arabic 
numeral, an operation symbol, or an underline. As the algorithm for additIOn is 
usually taught in the United States, the student begins with the numeral in the upper 
right-hand corner and moves downward through each columns and from righ to left 
across columns. Let us number the coordinates of the grid on which we think of 
symbols being presented from the upper right-hand corner, i.e., the horizontal axis 
increases from right to left, and the vertical axis increases downward. 

We assume that three registers are used in addition and subtraction, namely, the 
stimulus-supported register [SS], the operations register [OP], and the nonstimulus­
supported register [.NSS]. A psychological interpretation of these registers that is 
in accordance With current models of memory mechamsms is that SS involves short­
term memory of a visual stimulus, NSS involves long-term memory, and OP involves 
computations on the other two registers. 

The set of instructions needed for column addition and subtraction, the only two 
cases we consider in this article, are listed below. \Ve show on the left a brief label 
for the Instruction and on the right the corresponding expanded meaning of the 
instruction. 

ATTEND: 
(a, b): Direct attention to grid position (a, b). 
(+/-a,; +/- b): Shift attention on the grid by (+/-a, +/- b). 
Note: In the space provided for a or b may be NSS, in which case the contents of 
that register are the increment or decrement. 

Readin: 
Read into the stimulus-supported register the visual symbol in the grid position 
addressed by ATTEND. 

LOOKUP (Reg 1) +/- (Reg 2): 
Look up table of basic facts to add or substract contents of register (Reg 2) to or 
from the contents of register (Reg 1), then store the result in (Reg 1). These facts 
include storing a minus sign with the result if the result of the computation is nega­
tive. 

COpy (Reg 1) in (Reg 2): 
Copy the contents of register (Reg 1) into register (Reg 2). Note: Instead of (Reg 1) 
we may have 0 or 9. 
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ELETERIGHT (Reg): 
Delete the rightmost symbol of register (Reg). 

JUMPL: 
Jump to line labeled L. 

JUMP (val) (Reg) L: 
Jump to line labeled L if content of register (Reg) is val. 

.oUTRIGHT (Reg): 
Write the rightmost symbol of register (Reg) at grid position addressed by ATTEND. 

END: 
Terminate processing of current exercise. 

PLUS (Reg): 
Add 1 to the contents of register (Reg). 

MINUS (Reg): 
Substract 1 from the contents of register (Reg). 

In terms of these commands we formulate procedural models for executing addi­
tion and subtraction exercises in standard format. There is no unique way to write 
the programs; however, the central features should be very similar for any programs 
or procedures meant to follow standard methods of teaching. The 23 steps of the 
addition model are shown below. It will be noted that in these steps there is a sub­
routine called V-SCAN and there is also an OUTPUT subroutine. The characteri-
zation of these two subroutines is also shmvn. 

Addition model 

1 ATTEND (1,1) 13 DELETERIGHT OP 
2 READIN 14 COpy OP in NSS 
3 COpy SS in OP 15 ATTEND (1, +1) 
4 ATTEND (+1, +0) 16 V-SCAN 
5 READIN 17 JUMP (-) SS, fin 
6 opr LOOKUP OP + SS 18 cor COPY NSS in OP 
7 rd ATTEND (+1, +0) 19 JUMP opr 
8 READIN 20 fin JUMP ( ) NSS, out 
9 JUMP (0-9) SS, opr 21 ATTEND (+1, +1) 

10 JUMP ( ) SS, I'd 22 OUTPUT (NSS) 
11 ATTEND (+1, +0) 23 out END 
12 OUTRIGHT OP 

The V-Scan subroutine takes one to the first nonblank grid position in the next (left) 
column, and detects the end of the exercise. It has the following form. 

rdv READIN 
JUMP (0-9, SS, finv 
ATTEND (+1, -1) 
READIN 
JlJMP (-) SS, finv 
ATTEND (+0, +1) 
JUMPrdv 

finv EXIT 
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The subroutine has the following form. 

OUTRIGHT NSS 
DELETERIGHT NSS 
ATTEND (+0, +1) 
JUMP ( ) NSS, fino 
JUMP 

fino EXIT 

Because of the possibility of borrowing in subtraction, arbitrarily to the left, the 
fun algorithm written in our procedural language for subtraction is more complicated, 
and we do not present it here. 

We will now step through the addition model with a specific exercise so that the 
reader can obtain more insight into how one of the models actually works. The exer­
cise that will be performed is that of adding 39 to 42. The grid position for the digits, 
the underline, and the answer blanks are as shown in the diagram: 

4 2 
(1,2) (1,1) 
3 9 

(2,2) (2,1 ) 

(3.2) (3,1 ) 
(4,2) (4,1 ) 

Following the procedural model the subject first ATTENDS to location (1,1). Then 
the content of (1,1), namely the numeral 2, are READIN to register [SS]. The con­
tents of [SS], are COPIED into register [OP]. Then the su.bject next ATTENDS 
(2,1), and READINS to register [88] the contents of location (2,1), namely the 
symbol 9. Next the subject proceeds to LOOKUP the sum of the contents of 
register [OP] and [8S] ... This analysis of the initial segment of the program for 
addition shou.ld give an adequate sense of how to interpret it. 

Addition of eye movements. We now turn to the much more complex problem of 
adding data and theory on eye movements to the programs for addition and sub­
traction. From a cognitive Rtandpoint, perhaps the single most important aspect 
of eye movements in studying arithmetic performance is that data on snoh move­
ments make possible a much more detailed study of how the kinda of programs or 
procedures shown above are actually executed by subjects. We expect It strong 
relationship to hold between the point of regard and the current step in the procedure 
that is being executed as described by the two basic programs written above. 

Our theory of eye movements for executing these programs falls into two parts. 
The first concerns assumptions about the distribution of fixation durations and the 
second part concerns the direction of eye movements. We have not included here 
any hypotheses about other properties of eye movements, such as saccadic distance 
or saccadic peak velocity, etc., although obviously a full theory of eye movements 
should include an account of such important variables as wen. However, a meaningful 
account of eye movements in arithmetic processing can be given in terms of the two 
main variables we have concentrated upon in this article. 
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Mter an extensive investigation of the distribution of fixations, we found that 
the "mixture" model, that is, the convex combination of two distributions, one of 
which is an exponential distribution and the other a convolution of two exponential 
distributions (with the same parameter), fits rather well. This distribution has the 
form: 

An extensive discussion of this distribution and alternatives, and a derivation of it 
from qualitative principles, are to be found in Suppes et al. (forthcoming). 

Although the distribution of fixation durations is important, from the standpoint 
of the procedural models discussed above the more important connection with eye 
movements is, in some sense, in terms of the random walk we studied of the direction 
of eye movements. As in the case of the distribution of fixations, we shall not enter 
into the detailed discussion of this random walk, which is also to be found in Suppes 
et al. (forthcoming). 

The basic idea of the random walk is to use the macroscopic grid as described in 
the procedural models given above, especially in connection with the command 
attend. Each eye movement was then cl~ssified in relation to this grid in the following 
fashion. The first and most common type of motion is repeat, which means staying 
at the same grid position, i.e., within the same cell. (We emphasize that although 
the point of regard may have physically moved, it has remained within the grid cell.) 
The second category of eye movement is that of going forward according to the pro­
cedural models discussed above. Thus, for example, in the case of addition the 
forward eye movement would be down the column from one cell to the next. From 
the bottom of one column, forward movement would consist of a saccadic leap to 
the top of the next left column. If everything operated strictly according to these 
procedural models these two categories (i.e., repeat and forward) would account for 
all algorithmrelated eye movements. In fact, the eye and the mind do not perform 
in practice as perfectly as the register-machine model. There are three other 
categories of motion to be considered. The first is some form of backtracking, that 
is, a movement back to a grid square previously occupied in the same column. To 
distinguish moving back to the top of a column from moving back only one row we 
have broken this analysis into three parts. Backtrack 1 is a movement from the second 
row to the first row. Backtrack 2 is a backward movement to the first row, which 
traverses two or more rows; backtrack 3 is a backward movement from one row to 
the preceding row in which the preceding row is any row but the first row. There 
are also cases of motion involving skipping, in which an entire grid square is passed 
over in forward motion without being fixated. A fifth category of eye movement 
we simply classify as other; for example, when the eye wanders off to the left or right 
of the proper course. 

The theoretical relation of the postulated random walk of eye movements to the 
procedural model described earlier should be evident. Experimentally, eye move­
ments provide the only practical detailed data on whether or not the procedural 
model is being followed. A perfect fit of eye movements to the procedural model for 
addition would consist only of the two steps repeat and forward. To illustrate the 
detailed relation we may expand the first four lines of the procedural model for addi-
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tion by adding the random walk. Note that the number of steps we show is hypo­
thetical. The probabilistic sample path of an actual walk win vary not only across 
subjects but from one experience to another even of the same type. 

Procedure 

Attend 

Readin 
Copy SS in OP 

Attend (+1,0) 

Random Walk 

Repeat 
Repeat 
Repeat 
Repeat 
Repeat 
Repeat 
Forward 

Notice also that, even with eye movements, only when the point of regard changes 
("an we identify when individual lines of the procedure are executed, but this pro­
"ides an order-of-magnitude more information about execution of a procedure than 
mere observance of a manual response for each digit in the answer. Moreover, the 
frequency of the other kinds of steps - backtrack I, etc. - provides quantitative 
evidence on the deviations from the normative procedural model. 

Method 

In this section we will first give a brief account of the methods employed in designing 
and performing the experiments reported in this article. First we will cover the meth­
ods for the experiment with adult subjects, and then indicate in what ways the 
method for the experiment with children differed. Following that, we have provided 
a somewhat detailed account of a preliminary study of some calibration issues. 

Method for adult subjects. The study of adult subjects served two purposes. One 
was to obtain a benchmark concerning the eye movements of expert subjects. The 
second was to test the effectiveness of the algorithm used in the initial register­
machine model as a normative model for human eye-movement behavior. In this 
case the subjects, who were two adult male college students, were informed about 
the algorithms and asked to try to follow them, including the appropriate eye move­
ments, in their computations. 

Since we were testing normative aspects of the register-machine model using expert 
subjects, a simple randomized procedure was used to generate the arithmetic exer­
cises used in the experiment. Digits for each position in each exercise were preselected 
randomly, subject only to the following constraints: (a) no left digits may be zeros, 
(b) each of the addition exercises must have an equal number of rows and columns 
(e.g., 3 X 3, 4 X 4, etc.); (c) in the addition exercises, no two horizontally adjacent 
digits can be the same, and no digit can be repeated in a column; (d) in the subtrac­
tion exercises, zero differences were not permitted in the leftmost column. 

There were 720 addition exercises and 600 subtraction exercises used in the adult 
studies. These exercises were divided into 12 sessions of addition exercises and 10 
sessions of subtraction exercises, with 60 exercises in a session. Each addition session 
included 20 exercises with 3 columns and 3 rows of digits. 20 exercises with 4 columns 
and 4 rows of digits, 10 exercises with 5 columns and 5 rows of digits, and 10 exer­
cises with 6 columns and 6 rows of digits. 
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The experimental apparatus included a computerized eye-tracking system, a dis­
play terminal, and a simplified keyboard for the subject's manual responses. The 
computer-based eye-tracking system, known as PERSEUS (Anliker et 0.1., 1977) 
incorporates as a peripheral hardware device a 2-dimensional double-Purkinje­
image eye-tracker (DPIET) developed by Cornsweet and Crane (1973) and updated 
by Crane and Steele (unpublished, 1977). PERSEUS uses advanced software - imple­
mented on a medium-sized computer (PDP-15/76) - (a) to calibrate each subject's 
eye-pointing responses, (b) to correct for linear and nonlinear systematic eye-track­
ing errors, (c) to detect, measure and record higher order phenomena (e.g., fixations, 
sa ocades , and scanpaths) and (d) to control the real-time aspects of stimulus pres­
entation and data collection. PERSEUS delivers highly accurate (less than 5 min­
utes of arc error over a field of 20 X 20 degrees) measurements of a subject's point 
of regard. 

The PERSEUS system was interfaced with a dual DEC KIlO system running a 
modified version of the TENEX operating system. The KIlO system was used to 
select and present pre-compiled exercise items. Both PERSEUS and the KIlO 
system were interfaced with an IMLAC PDS-1 minicomputer display system, and 
a subject keyboard. During experimental sessions all communications from the key­
board to the KIlO and from the KIlO to the IMLAC display screen were monitored, 
controlled, and recorded by the PERSEUS system. 

The subjects were seated in a darkened room, facing the large cathode-ray tube 
(CRT) of the IMLAC on which the stimuli were displayed. The distance between 
the subject's eye and the CRT-face was adjusted so that the II X II calibration 
matrix subtended a visual angle of 20 degrees in both vertical and horizontal axes. 
Each subject was fitted with a metal bite bar surfaced with dental impression com­
pound. The bite bar, firmly attached to the DPIET/display complex, was used to 
minimize the head movement and to center subject in the cubic centimeter of space 
which constitutes the eye-tracker's 'ballpark', i.e., the translational movement 
tolerated by the DPIET. The calibration/correlation system incorporated in PER­
SEUS permits the subject, calibrated at the beginning of the session, to leave the 
bite bar and to return to it with only a recalibration of the center point. Subjects 
typed their responses through two keys of a simplified keyboard on which they 
placed the second and third fingers of their preferred hand; this arrangement eli­
iminated the subject's need to look away from the display - an act which would 
cause the DPIET to lose track - in order to see the keyboard. 

Each subject had an introductory session or sessions in which he was shown the 
equipment, and given an explanation of the equipment, procedures, and the purpose 
of the study. Each subject was then given a trial run as part of his eye-tracker cali­
bration. When the eye-tracker had been adjusted to track the subject's point of 
regard throughout the display space, the subject was then instructed in the use of 
the keyboard through which he was required to enter his manual responses to the 
exercises. The adult subjects were instructed to look down each column, adding 
or subtracting as they proceeded, and to try to avoid processing numbers out of 
the order prescribed by the algorithm. 

Subsequent sessions had two parts: calibration of the eye-tracker, followed by 
the arithmetic exercises. In the calibration phase, a field of 121 dots, in an 11 X 11 
array filling the 13 cm X 13 cm display region, was presented. In other words, the 
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calibration rows and columns were two degrees After ad]lliltIIlerLt 
voJltalrteS of the a program called EYESCAN, was 

asked to respond to each of the calibration in sequence by the brightm 
ened calibration and then when he was satisfied with his fixa~ 
tion. The collected under a program called were 

lleIleria,te correction via a program called which were 
COJlec:te<l, via a program called 'V'-', ...... ~""'-"-"''V 

SUOSE~QllerLt arithmetic session. 
The arithmetic exercises were displayed in the standard (row and format 

and projected into the space defined the 11 X array of calibration points so 
that each numeral or symbol was centered in a cell whose four 
corners were calibration Underlines were above the hori~ 
zontal midline of cells them so that they would be better associated with 
the were 32-mm 2O-mm 

addition or subtraction as appropriate was included in 

Each new exercise was with tentative answer in the usual 
location at the base of the first just below the bar line. The tentative 
answer was correct 50 the time; incorrect tentative answer 
were selected to be either one digit or one digit lower the 
correct answer digit 50 of the time. The 9 was treated as 'less' 
than 0 for this purpose. 

The was instructed to add the in each column and to respond 
to indicate agreement or an alternative to indicate CilElallreeimtmt 

If he the answer and 
was correct, the computer by changing the answer digit to the correct 
value. In any case the for the next column was then displayed. After the sub~ 

had completed the the marked the incorrect in the 
answer row with slashes the numerals and the correct were displayed 
below them. After a five-second pause, the next exercise was This proce-
dure was until all 60 exercises had been at which the 
computer informed the subject of the number of correct answers and the number of 
exercises in the session. 

In this the were not allowed to delete an answer once it had 
been selected. Also! there was no explicit of borrowing or carrying infor-
J.llC;~VA\JJLI., and no to allow the to externally record such information. 

Method for child subjects. The purpose of the study with children was to test the 
effectiveness of the algorithm used in the initial model as a pre-
dictor of eV~B-nlmreIlneJlt p,eriIOrnlaIllce. 

The subjects, two and two boys, were selected from 
a of volunteers on the basis of the of the DPIET to successfully track 
their eye movements throughout the space. This required subjects who could 
voluntarily limit head movement and whose pupils were relatively large in thc test-
ing situation and unobstructed by eyelashes or by drooping upper 

The children's curriculum consisted of 1000 exercises, of which 600 were addition 
and 400 subtraction exercises. were divided into blocks of 100 exercises, com-
posed of 5 randomly items from each of 20 specific pre-determined arith-
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metic exercise structures. Within each block, the order of presentation was random­
ized; that is, for each position in the set of 100 exercises, a uniform distribution over 
the remaining exercises was sampled to choose the next exercise, without replace­
ment. The 10 blocks of 100 exercises were then concatenated in a single ordering 
so that each subject would complete some initial segment of the same ordering. 

The addition and subtraction structures were selected to be within a second- to 
fourth-grade range of difficulty as determined by standard American arithmetic 
curriculums and studies, which are in close agreement on this topic. Within this 
range of difficulty, particular structures were selected to represent the range of diffi­
culty ordinarily encountered at this age level (ten to twelve years old). 

The equipment and setup for the children were exactly the same as for the adults. 
The procedures used were similar to those for adults; we note some important differ­
ences below. 

Calibration of the subject to the eye-tracking system was, in general, more diffi­
cult with the younger subjects than with the adults. One problem was that the cali­
bration procedure was for the subjects both time-consuming and attention-demand­
ing. The children were less able to cope with these demands than were the adults. 
We report below in more detail on studies conducted with the aim of lowering the 
demands of time and effort placed on subjects during the calibration phase. 

Since the largest of the children's exercises did not fill the 13-cm X 13-cm display 
space, their, eye-tracking responses were calibrated using a smaller, relatively cen­
tralized, 8-column by II-row rectangle of points which encompassed the display 
field in the children's exercises. This matrix of points excluded the more difficult-to­
track peripheral calibration points (in particular the corners) of the II X II array 
and also significantly reduced the number of calibration points to which the sub­
jects had to respond during the calibration procedure. 

In the children's sessions each exercise was first displayed without any proffered 
answer digits. The subject pressed any key to indicate that he had mentally com­
pleted the arithmetic operations on the first columns and wanted to see the two 
possible answer digits for that column. Two digits, selected at the time the curri­
culum was generated, then appeared on the display. One of the digits was the cor­
rect answer and the other was false, chosen on a random basis to be one digit greater 
or one digit smaller than the correct answer (again with 9 < 0). The proper digits 
were displayed below the answer cell in the current column, with the smaller digit 
above the larger digit. By pressing the distal key of the keyboard the subject indi­
cated his choice of the upper proffered digit. Or, he indicated his selection of the 
bottom proffered digit by pressing the proximal key. In response to his selection, the 
computer erased the two proffered digits and entered his choice in the answer cell. 

Upon completion of each exercise, the computer drew a slash through each in­
correct digit and displayed the correct digit below it. A check mark was placed 
to the left of the answer if the exercise was answered correctly. When the subject 
was ready to proceed to the next exercise, he tapped any key. The computer responded 
by erasing the display and presenting a central fixation cross. The subject was in­
structed to fixate the center of this cross and then to tap any key. The computer 
then presented the next exercise. 

When subjects had completed ten exercises in this fashion, they were allowed to 
get off the bite bar and rest. Most of the children's sessions were 50 exercises long, 

5 GronerjFraisse C5 



though a few sessions were shorter, i.e., 40 or 30 exercises. The number of exercises 
answered correctly was displayed at the end of the session. No credit was given for 
partially correct answers. 

A typical problem for eye-tracking devices is that the point of regard as estimated 
by the eye-tracker may not agree with the subject's own impression of his point 
of regard. The PERSEUS system is designed to bring the subjective and objective 
estimates of the point of regard into close agreement. This is accomplished by having 
the subject look successively at each of 121 calibration points distributed through­
out the trackable display space. The CALIBRATE program displays the 11 X 11 
array of calibration points in CRT memory mode. It then causes the current cali­
bration target point to be brightened as an indication to the subject that this is 
the point to be fixated. The subject is instructed to fixate as closely as possible the 
brightened point and, when he is subjectively satisfied with his fixation, he is to 
tap a key, which causes the computer to collect 100 samples of DPIET vertical and 
horizontal output voltages at 2-msec intervals and to locate the fixation point. The 
coordinates of both the displayed calibration point and the computer-estimated point 
of regard are then stored in a CALIBRATE file and displayed on a separate CRT 
viewed only by the experimenter. If, in the experimenter's judgment, the subject's 
fixation response to one of the calibration points appears to be grossly out of line 
with other local responses, the experimenter can cause the calibration target in 
question to be brightened again so that the subject can re-fixate it; this type of re­
calibration of a target point automatically erases the previous record for this point. 
On the assumption that the normal subject is more likely to be correct about the 
location of his own fixation, his subjective impression being that he is looking di­
rectly at the current fixation point, the target point is taken to be the best estimate 
of the true point of regard and the computer-estimated point of regard, if systematic­
ally different, is distorted by error. The difference between the two estimates is used 
to generate corrections for the eye-tracker data collected in the subsequent experi­
mental session. The matrix of calibration points routinely used in experiments with 
adult subjects consists of 11 rows by 11 columns - with a two-degree separation 
between adjacent rows and between adjacent columns - and for this reason t,he cali­
bration procedure is somewhat taxing, particularly for the young subjects. Thus, 
there is substantial motivation for reducing the total number of calibration points 
to a minimum and for minimizing the need for recalibrating. 

The way that PERSEUS uses the 121 sets of objective and subjective coordinates 
of the calibration session is to fit the computer-estimated fixation coordinates to 
the corresponding target display coordinates using a nonlinear regression. The result 
is one correction surface for horizontal eye-movement components and another cor­
rection surface for vertical eye-movement components. These filters are used by the 
REPORT program to correct the eye-movement data obtained in the related ex­
perimental session. PERSEUS has the capacity for computing regressions for models 
with up to 35 parameters, including powers of terms through the sixth po"\ver. Using 
all 35 parameters, large reductions in the residual error for the correlations of LAG 0 
are obtained. 2 

66 



Our concern was to find a simple regression model which would provide adequate 
predictions of the corrections needed. We assumed initially that, with 121 data 
points avialable and with a usual predictively sound ration of about 1 parameter 
per 10 data points, a regression model with 12 parameters should be fairly satis­
factory. However, our main interest was not in finding the optimal model for pre· 
diction, but rather to ensure that the model we used was adequate for the discrimi­
nation task called for in the experimental design. Essentially, we were concerned to 
be able to identify in which 2.degree X 2-degree cell a subject's fixation is contained, 
out of the 100 cells in the display space. 

We decided to test three models of six, nine, and sixteen parameters respectively. 
By a 6-parameter model, we mean one which uses six para.meters to determine the 
correction for each coordinate. A related 6-parameter model is used to determine 
the correction for the coordinates in terms of the Euclidean distance measure: 
[(x X

I
)2 + (y y')2]1/2, which we denote by d. The models for the x coordinate 

are presented below, with (x, y) indicating the target point and (x', y') indicating 
the response point. 
A. The 6-parameter model 

x - x' = bo + b1x b2y + baxy + b4.X2 + bsy2 + e. 
B. The 9.parameter model 

x - x' = bo + btx b2y + baxy + b4x2 + bsy2 + b6x2y + b7xy2 + bsx2y2 + e. 

0. The 16-parameter model 

x - x' = bo + b1x + b2y + baxy + b4.X2 + bsY? + b6x2y b7xy2 + bsx2y2 + bgx3 

+ b1oX3y + bllx3y2 + b12X3y3 + b13x2y3 b14xy3 + b1Sy3 + e. 

We used the data collected in ten calibration sessions in order to test the three 
models. The calibration sessions that we considered are labeled in the tables below 
as: 2D, 2E, 3A, 3B, 30, 3E, 4A, 4B, 40, 4D. Each of the ten calibration sessions 
preceded an experimental session in which this adult subject performed exercises 
in arithmetic. The numerals refer to the day of the session, and the letters to the 
sequence of sessions in a particular day. In other words, 3A, 3B, and 30 refer to 
the first three calibration sessions on the third day for this subject. 

These data sets were subjected to three separate analyses. The first two analyses 
were used to select a model, and the third was used to better gauge the predictive 
capability of the selected model. 

The first test was to look at the sum of squared difference between the correction 
needed to put the recorded point on target and the correction as determined by the 
model. This difference of differences serves as a measure of the error after correction 
by the various models. The data obtained for the x and y coordinates and the measure 
d is contained in Tab. 1, below, labeled "Sum of Squared Differences Lag 0." 

As one would expect, with increasing number of parameters the sum of squares 
decreases. However, investigation of the regression coefficients in both the 9- and 
I6-parameter models, shows that coefficients which have significant t-statistics for 
the 9-parameter model are not significant in the I6-parameter modeL This loss of 

2 An interesting open question is what selection of fewer parameters provides a good (i.e. well­
fitting but simpler) explanation of the discrepancies between the reported eye-positions and their 
corresponding calibration targets. 
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be an indication that the 
meter model. It may be seen from Tab. 1 that the 
0.8 and Values in this range, then, may on the error 
we can when coordinates. 

Tab.l 0 

Coord· Session 
params 

2E 3A 3B 30 4A 4B 4C 4D 

x-6 1.05 1.31 2.48 1.41 1.45 1.87 1.24 2.32 1.32 
x-9 1.03 1.18 2.47 1.32 1.34 1.16 1.80 1.06 2.14 1.19 
x-I6 0.83 0.90 1.76 0.99 0.99 1.00 1.36 0.84 1.53 0.84 

2.70 2.83 2.23 2.09 2.40 1.47 2.00 1.50 2.19 2,63 
1.99 1.99 1.80 1.62 0.83 1.43 1.20 1.39 1.74 
1.80 1.74 1.44 1.49 1.59 0.76 1.15 0.98 1.13 1.57 

d-6 2.40 2.84 1.56 1.66 1.46 1.59 1.20 2.55 
d-9 1.83 2.00 1.26 1.17 1.57 1.08 1.67 
d-16 1.68 1.61 1.11 1.04 1.01 0.65 1.10 0.91 

The second and more crucial test was make a similar COlnpl:trl~!On of ideal 
... &>£.1-.1,,,, .. ,,, to corrections, across sessions. this test, the para~ 
meters for the model are estimated re~(re~)Slc~n on the 121 data from a ses-
sion and then used to pr{~<1l()t corrections for the data 
In some cases comparison is across days, but 
off the bite bar between calibration sessions. Since we some 
the head the DPIET to result from the O"R.1.10 • ..>1J 

and on the bite bar between calibration this is a severe test of the predictive 
abilities of the model. See Tab. 2 for the sum of squared correction 1. 

Tab. 2: Sum 01 1 

Coord- Sessions 
params 

2E-3A 3A-3B 3B-30 30-3E 3E-4A 4A-4B 4B-4C 4C-4D 

x-6 4.68 5.84 6.21 3.12 2.30 8.58 2.56 5.68 2.21 
x-9 4.54 6.01 6.22 2.99 2.12 8.60 2.44 5.60 2.16 
x-I6 4.45 5.53 6.30 2.71 2.24 8.30 2.38 5.36 2.07 

y-6 5.40 9.29 2.91 3.43 1.96 5.57 2.38 4.02 3.94 
4.59 8.91 2.50 2.80 1.40 5.36 2.11 3.21 3.04 

y-16 4.43 8.64 2.57 2.83 1,47 5.35 1.95 2.97 2.95 

d-6 5.31 4.66 2.94 2.16 2.25 1.92 1.76 5.50 3.18 
d-9 4.54 5.00 2.90 1.95 2.04 2.19 1.70 5.13 2.43 
d-16 4.31 5.06 2.91 2.15 2.00 2.08 1.52 4.70 2.03 

Surprisingly, the 16~parameter model did clearly better than the 9-pa.rameter 
model at predicting the corrections for subsequent sessions. Out of 27 comparisons 
between the 9- and I6-parameter models, the 9-parameter model is superior in only 
8 cases: prediction for session 3 B by on 3A for x, y, and d; prediction 
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for 3 C by 3 D for y and d; prediction for 3 E by 3 D for x and y; and prediction for 
3A by 2D for D.3 Less surprising is the relative flatness of performance over the 
range of 6 to 16 parameters. 

If the choice of model were to be based strictly on this test, the I6-parameter 
model would be the obvious choice. However, we felt that the small difference in 
performance on the test gave us license to consider other factors. One of the factors 
was the loss of significance of parameters when using the 16-parameter regression. 
Another factor was the low prior probability assigned to predicting better with a 
model of more than 12 parameters. Finally, a factor related to the second was the 
possibility of needing to use fewer than 121 data points in calibrating children (as 
indeed turned out to be the case). For these reasons, we decided to use the 9-para­
meter model in computing the corrective filters to be used in the scanpath analysis 
of all the experimental data reported here. 

Another important piece of information to be gleaned from Tab. 2 is a sense of 
how well we could do if we did not calibrate a subject each time he gets on the bite 
bar. To a better sense of the performance of the models as exemplified in Tab. 2, 

Tab. 3: Sum of squares conversion fo minutes of arc 

Sum of squares Minutes of arc 

1.00 8.0 

2.00 10.8 

3.00 12.4 

4.00 14.8 

5.00 17.0 

6.00 20.0 

we provide a rough conversion (see Tab. 3) from sum-of-squares error to minutes of 
arc in visual space. 

Considering that the cells in "which we are trying to place fixations are two degrees 
square, and that the visual symbols are generally centered in the square, 'we believe 
that the error generated by not recalibrating after a subject leaves and then remounts 
the bite bar is acceptable, though not desirable. It is only rarely that the error could 
be expected to be more than 20 minutes of arc, which means that when the corrected 
fixation is in the central half of the cell, we can be virtually certain that the true 
fixation is in the cell. 'Ve made use of this result when it was decided that the child 
subjects would need to rest off the bite bar periodically during arithmetic sessions. 

After selecting the 9-parameter model on the basis of the strict lag-l test, we wanted 
to get some idea of how well we could predict corrections after the calibration part 
of a session but while the subject was still positioned on the bite bar. This would 
us the best sense of the accuracy of the adult data, for which there was a separate 
complete calibration for each experimental session. 

3 All these cases involve day three, but we can not say whether this is coincidence, a problem 
with the data, or a problem with the subject on day 3. If it is a problem with the subject, then it 
will need to be taken into account, when deciding on a procedure. 
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To make this the first half of a calibration session 
a to estimate paralmC!lielrs in the 9-parameter model. We then (;\IiJIJll'O'U. 

the model with estimated pa]ranleters to the last 61 used twice 
for two sets 

Tab, 4:: Sum of and mean absolute deviations same 

Session xuCoordinate y-Coordinate 

MAD, SS MAD, SS MAD, SS 

2D .046, O.SO .073, 2.21 .072, 2.06 
2E .060, 1.22 .089, 2.71 .0Sl, 
3A .051, 1.33 .063, 1.70 .049, 0.82 
3B .049, 0.00 .079, 1.98 .048, 0.86 
3C .052, 0.97 .057, 1.83 ,048, 1.24 

3E .043, 0.72 .052. 
.054, 1.38 .048, 

4B .050, 0.99 .040, 0.66 
4C .051, 1.05 0,90 

Tab. 4 shows both of squares 2) and mean 
absolute deviations. mean absolute deviation the average the ab-
solute value of the difference betl1reen the correction needed and correction deter-
mined by the model. MAD's are much less influenced the residuals lmJdl1Ce,d 

by outliers than the sum of squares statistic. Thus MAD's a better appraisal 
of the general fit, while 8S's a better appraisal of how well outliers are fit by 
the model. 

In order to obtain a comparison of the results in the third test with the 
results in the first two tests, we can multiply the SS statistics in Tab. 4 by two in 
order to for the difference in size bet,veen the data sets. The same pro~ 
cedure can be used to estimate minutes of arc from the SS statistic, using Tab. 4 
and 3. It will be seen that two times the SS value in Tab. 4 is greater than 4.0 in 
only four cases, y and d for sessions 2D and 2E. this procedure, we con~ 
servatively estimate our within. session accuracy as approximately 16 minutes 
of arc. 

From a between Tab. 4 and 2, see that intra~session variation 
accounts for more than half of the correction error. This added confidence to 
the view that we can use a single calibration at the of a session, even 
though the may dismount and remount the bite-bar during the session. 

Results 

In the limited space here we present some summary results on the two main aspects 
of our studies, the distribution of fixation durations and the fit of the random. 
walk model described. Extensive further details on both of these aspects 
are to be found in et a!. (forthcoming). 
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In Fig. 1 we show the histogram and fitted distribution for the combined data 
from addition and subtraction exercises for one subject with more than 108,000 
fixations. (The scale on the abscissa is measured in seconds.) Among our six subjects 
this one had the largest number of observations both in terms of fixation and also 
in terms of total number of sessions. In particular, this adult subject had 12 sessions 
on addition exercises and 9 sessions on subtraction. The three parameters of this 
distribution are IX = .75 - the weighting of the exponential distribution, Al = .272, 
the mean of the exponential distribution, and A2 = .121, one-half the mean of the 
convolution of two exponentials. 
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3768 
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792 
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0 25 .50 .75 1.00 l25 1.50 

Fig. 1: Histogram and fitted distribution of fixation durations for one adult subject. 

Fig. 2 shows the histogram and fitted distribution of fixation durations for a 14. 
year-old child subject with over 16,000 fixations in 12 sessions of mixed exercises 
on addition and subtraction. One of the more interesting qualitative features of the 
histogram and the fitted distribution is the nonmonotonic character of the distri­
bution. The fit is not perfect but the main features of the data are fairly well expressed 
by the fitted distribution. As might be expected from the figure, IX = .04, a very 
small value. The parameter Al of the first exponential is .009 and the parameter A2 
of the convolution of two exponentials is .130. 

Although in the case of both subjects the fit of the distributions with three estimated 
parameters to the data is reasonably good, the chi-square tests of significance are 
strongly rejecting of the theoretical distribution in both cases. This is to be expected 
because of the very large number of observations. On the other hand, if we test 
the straight exponential distribution the ration of chi-squares is better than two 
to one in favor of the mixture model, i.e., the distribution with three parameters 
already described. 

71 



1440 

1296 

1152 

Fig. 2: Histogram and fitted distribution of fixation durations for one child subject. 

The data on the random walks for these two subjects summed over aU sessions is 
presented in Tab. 5. As can be seen from the data for both subjects, the repeat move~ 
ment dominates the data. In the case of the expert adult subject the forward move~ 
ment together with the repeat movement accounts for most of the motion - over 80 per~ 
cent. The percentage of backtracking and skipping is slight, as is the percentage of other. 
Given the complex control system for eye movements, the expert subject is following 
the procedural model outlined earlier to a surprising degree of completeness. 

Tab. 5: Data on random-walk model for two subjects 

Movement AdultS Child S 

repeat .655 .340 
forward .154 .108 
backtrack 1 .021 .067 
backtrack 2 .005 .022 
backtrack 3 .012 .072 
skip .043 .030 
other .109 .361 

The younger subject, the 14-year-old girl, is more deviant from the model, as 
would be expected. In particular, the category of other is much higher, indicating 
at the very least some probable lapses in attention to the task. 

Discussion 

We have presented briefly some of the results from extensive studies on eye move­
ments in the performance of arithmetic tasks. Our work differs from that which has 
preceded it in the literature in three main respects. 
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FiT .... t. \\ I' 1).1\'(' attt'lI1pted to 7in~ a deiaikd pm('('duraJ model of how the alf!o-
nOlln .... Hlt' J)('r1ol'DH'fl. \Ye alt· a,' al'f' of onl~' a ft·" prey jour- studies that offer sueh 
a df'Ln]('d tJ]('ory. P.g . Groner (1978 and thi:-. yolump). EYen the recent work m 
t'~.~ lllOn'/lI{,llt .. in J'(·adillg doe .... not, giYf> a detailed pJ"oeedural analysis (Hel', for 
eX11mplt·. ,111~t and Carpenter. 1980). ]n other puhlieation:-. 'H.! will present detailed 
analy~(''''' of the' r(·latiou lwhH'en the procedural models and eyf' movements in a way 
that har- not l't'cn pn~8i1)ll' here due to limjt.atioll~ of space. 

SN'ond, 'H' hayp madt., a detai}('d study of the actual distribut.ion of fixation dura­
tion~ and ('omparNl their fit to various theoretiC'a] di:.;trihutions. 

Third we han' po:-.tulated a random-wall\: modd to account for the {'ye moyements 
which arf' a"'-;oC'iat{'d ,,"jth tlw subject's compuLltiOll of answers to addition and 
subtradion exen·j"{·...: in accordance' with a speeified algorithm. "7e ha,~e given sub­
stantial data hen' fur t,\\'o ~uhjects, one an l'xpert adult and one a young st.udent. 
without a comparable degree of competence in performing addit.ion and subtraction 
exercise~ The rather different results for the two subjects suggest that, in teaching 
algorithmic solution~ to arithmetic task~. more explicit attention to eye moyements 
might pro\'e t.o he useful. The random-walk data certainly sho·w that a more compli­
cated procedural model is needed to account for the child's eye movements. It would 
be interesting t,o ('ompare, on the one hand, the efficacy of a training method that 
emphasizes eye movements with one which. on the other hand, focuses on explaining 
to the student the logical errors leading to his incorrect answers, 

Finall~·. we suggest that the kind of procedural theory we have elaborated here 
might be produrtively applied to other cognitive tasks. A nat.ural exten~ion of the 
pre"'ent work would be to apply similar methods to analyzing the eyp mo\'ement~ 
assuciatf'd w]th the Ro}ying of word problems. 
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