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IN'IRODUCTION 

A representation of something is an image. model, or reproduction of that 
thing. References to representations are familiar and frequent in ordinary and 
scientIfic discourse. Following are some typical examples: 

This furnIture IS representanve of the penod. 
Visual representatIon enhances learnmg. 
This IS a represemanon of the tnumphal arch erected by Augustus. 
An mtuitive representatIon of atOmIC forces IS not pOSSIble. 

A representation often improves our understanding of the object repre­
sented. We certainly understand the proportIons of a bullding better--espe­
dally the layout of the mtenor-after examining its architectural drawings. 
The use of models in science provides many examples of representations. Such 
models are used primarily to enrich understanding. although they also have 
other functions that are nearly as important. For instance. numerical repre­
sentations of measurement procedures are used to make computations more 
efficient. In the formal sense to be discussed here, representation has also been 
associated closely with reduction of the unknown to the known. 

A claimed reduction of great importance in the history of ideas is Des~ 
cartes' reduction of geometry to algebra. In the opening lines of his La 
Geometrie (1637; 1954, p. 2). he explained that: 

Any problem m geometry can easdy be reduced to such terms that a knowledge 
of the lengths of certam strrught lines is sufficient for us construction. Just as 
arithmenc consIsts of only four or five operanons. namely, addition. subtrac­
~lOn. multIplication. dIvision and the cxtr.:lctlcn of roots. \\ hlch may be con­
SIdered a kind of diviSIOn. so in geometry, to fmd requrred lines it is merely 
necessary to add or subtract other lines; or else. taking one line which I shall 
call unity in order to relate it as closely as poSSible to numbers. and which can 
in general be chosen arbitrarily, and having given two other lines, to fmd a 
fourth line which shall be to one of the given lines as the other is to unity (which 
is the same as multiplication); or. again. to find a fourth line which is to one 
of the given lines as unity is to the other (which is eqwvalenl to division) ... 

Descartes' detailed mathematical trealtment constituted one of the most 
important conceptual breakthroughs of early modem mathematics. On the 
other hand. controversies arise when claims about reduction are ideological 
rather than scientific in character. Descartes' attempted reduction of matter to 
not:hID,g but extension in his Principles of Philosophy (1644) was m its way 

as speculative as many current theses about reduction of psychology to 
neurophysiology. 
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In this review, representation is typically defined in the restricted sense as a 
description of an empirical structure in a convement sCIentific language. This 
sense of representation is closely related to the concept of a model. Even 
though the two concepts are different. we do not attempt to draw a sharp 
distinction. 

We use four partially overlapping categories to organIZe the various justifi­
cations for the use of representations in science: 

REDUCTION Most representations in a scientific context result in some reduc­
tion of the onginal structure. It is important to distinguIsh two essentially 
different fOnTIS of reduction. The first one arises when the onginal structure 
takes the form of data regarded as nOISy. A random representation may then 
be used to descnbe the data In tenns of parameters capturing the mam tenden­
cies. Among the many examples In psychology, consider a psychophysical 
situation In which a subject has to discriminate between two stimuli x and y, and 
decide which of the two appears to exceed the other from the viewpoint of some 
sensory attnbute such as brightness or loudness. Suppose that the pair (x.y) has 
been presented N times in the course of the experiment. and let n(x,y) be the 
number of times that x has been judged to exceed y. (Thus n(x.y + n(y,x) = N.) 
Typic all y these empirical frequencies will be represented by binomial random 
variables. with parameters Nand P(x,y), the latter symbolizing the probability 
of judging that x exceeds y. The reduction consists of the representation of a 
distribution of empirical frequencies by two parameters to be estimated from 
the data. Furthermore. in many cases, these probabilities are constrained to 
satisfy some model or law. The second sense of reduction is that of character­
izing one set of theoretical concepts in terms of another. Descartes' reduction 
of geometry to algebra is a clear example. In psychology the attempted reduction 
of mental concepts to behavioral concepts has had considerable historical 
importance. even if the success of the attempted reductIon is not now widely 
accepted. 

BETTER UNDERSTANDING The representation may sometImes be summarized 
by a small number of illuminating principles formalized by axioms or by 
important empirical laws. Pursuing the psychophysical discrimination example, 
we may consider a special case in which the discrimination probabilities are 
strictly positive and satisfy the multiplication condition [P(x,yyP(y,x)] x 
[p(y,zYP(z,y)] x (P(z,x)IP(x,z)] = 1 (Suppes & Zinnes 1963, Falmagne 1985). 
When this equation is satisfied for all pair comparisons. then we may represent 
each stimulus x by a response strength v(x) such thatP(x,y)= [v(x)]/[v(x) + v(y)l. 
The representation may also focus the attention on important aspects. or invari­
ants. of the data. The representatIon of a ciass ot detectIon probabilities by a 
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receiver operating characteristic curve is an example of such an invariant (Green 
& Swets 1966). 

COMPUTATION AND MANIPULATION Another important motivation for a rep­
resentation alluded to earlier leads to search for an embedding into a rich 
structure. endowed with a powerful calculus. A prime example is measurement 
theory, which involves representing an empirical structure by an appropriately 
selected numerical strucnxre. When such a representation has been achieved. one 
may then apply the operations available in the embedding numerical structure 
in order to derive predictions about the empirical structure. 

Germane to the issue of computation are situations in which the embedding 
structure has been chosen because it is capable of a specific type of manipUla­
tion. not necessanly of a numerical character. For instance, two different 
eodings of the same empIrical structure may correspond to different tech­
mques for the analysis of essentIally the same data. We prOVIde an example of 
such a SItuation later. m our discussion of the equivalent representation of a 
language by a grammar and an automaton. 

CLASSIFICA nON Representations are particularly useful when individuals or 
objects must be placed in significant categories. Examples may be found in all 
the sciences, but such representations are especially characteristic of the social 
sciences. Well known cases are concept learning. multidimenSIOnal scaling 
(Carroll & Arabie 1980. Kruskal & Wish 1978). and psychometrics (Lord & 
Novick 1974). The typical outcome of such a representation is a description of 
a collection of objects (individuals. stimuli. etc) in terms of a small number of 
significant dimenslOns or attributes. 

We examine four major areas of psychology in which there has been an 
extended focus on matters of representation: knowledge representation. con­
cept representation and learn mg. language representauon and learning. and 
representational theory of measurement. 

KNOWLEDGE REPRESENTATION 

Suppose that we wish to represent what an individual knows about some 
at a given time. For example. we may want to determine the knowledge of a 
student in elementary algebra. In practice. this type of assessment is Imi)On:ant 
to ascertain the student's strengths and weakesses. to decide which material is 
most suitable at a particular and more generally. to monitor the student's 
future course of learning. The ability to represent an individual's knowledge is 
essential for our understanding of most cognitive functions because most of 
these functions depend critically on the available knowledge and its fonn. We 
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focus our discussion on assessment in order to illustrate the variety of ap­
proaches WIth a simple example. 

It would be impracncal. if not ImpossIble, to ask the subject all the ques­
tions pertinent to the topic of algebra. An efficient assessment procedure must 
take advantage of the inherent redundancy of the questions. For example. 
based on mcorrect responses to some questions. one may be able to infer 
incorrect responses to other questions, thereby eliminating the need to ask 
them. 

The problem is how to represent the student's knowledge in a suitable 
structure in which the kind of redundancies outlined above are also repre­
sented. Adequate knowledge representatIon is useful in many areas besides 
education: e.g. diagnoses of mental or physical dysfunctions. infectious dis­
eases. faults m broken automobile engmes. or errors in sCIentIfic theories. In 
these cases. the diagnosIs is performed by considenng available data. and 
making new measurements and tests. The effectiveness of the diagnosIs de­
pends. in pan. on the capability of the knowledge representatIOn to capture 
eXIsting structures. 

The desire for a simple and effective knowledge representation can some­
times lead to oversimplification. For example, a concept of question difficulty 
can be used to construct a unidimensional representation of knowledge. The 
difficulty of each problem and the ability of each student is represented by a 
single number (Guttman 1944). This difficulty scale can then be used to jointly 
orde.x: _the questions and the students: a student is assumed to have mastered all 
questions represented by numbers smaller or equal to his or her ability. This 
unidimensional representation. which is basic to many psychometric models, 
has a number of virtues. The scale is relatively easy to construct from the test 
results of a large number of individuals. Uncertainty can be incorporated by 
assuming that both the difficulty and ability are random variables with speci­
fied distributions. 

Unfortunately, this unidimenSIOnal structure is not a faithful representation 
of the knowledge in most areas of interest. For example. not all pairs of 
questions can be ordered with respect to their difficulty. Moreover, providing a 
COITect answer may require more than one type of ability. For example, to 
answer a word problem, a student must have the necessary language skills, the 
ability to transform a problem into an algebraic representation, and sufficient 
knowledge of algebra to solve it. 

More complex knowledge representations (KR) are needed in order to 
capture the intricacies of relations between various concepts. Two different 
types of such representations, deterministic and probabilistic, have been devel­
oped by scientists from diverse fields, e.g. psychologists studying human 
memory or the ability to reason and solve problems. and researchers in anifi-
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cial intelligence who have been trymg to develop knowledge representations 
that would enable autonomous agents to reason and solve problems. 

Dete rministic App roaches 

FIRST-ORDER LOGIC A potentially powerful approach to KR in psychology, 
cognitive SCIence. and artificial intelligence (Nilsson 1981) is based on first-or­
der logic (FOL). In FOL facts are represemed by predicates. Predicates 
denote functions that map their arguments into two values: true or false. The 
statement lnteger(x) is a typical example of an unary predicate that is true if x 
is an integer. and Plus(x,y,Z) IS a predicate that is true whenever z == x + y. 

First-order refers to the fact that there IS only quanufication over arguments of 
predicates. not over predicates themselves. 

Reasoning that corresponds to generating predictions IS pexformed in an 
FOL system by proving theorems. In fact, one of the advantages of using FOL 
to represent a cognitive system is its powerful tools for reasoning about a 
variety of concrete or abstract objects and ideas. For example. a student's 
knowledge of algebra could be represented by first specifying a set of ques­
tions Q and defining a predicate A (x) to represent the fact that a student can 
answer question x. Similarly, the negation -A(x) would represent an incorrect 
response to question x. The knowledge structure could be then represented in 
FOL fonnulas. 

For example. A(y) ---?> A(XI) 1\ A(X2) 1\ A(X3) would represent the fact that if a 
student can answer correctly question y then he is expected to answer correctly 
questions Xl. X2. x3. Thus the concepts addressed by Xl, Xl, and XJ are prereq­
uisites for y. On the other hand. if [A(xt) 1\ -A('Q)] v [-A(x/) 1\ A(X2)] ~A(y) 

then an answer to y is expected only if the student knows one or the other 
question. but not both. This statement represents the case when two different 
"kills interfere with each other. 

Although the FOL knowledge representation can. in pnnciple. perform all 
the required functions of a KR. it has several disadvantages. Perhaps the most 
critical shortcoming of FOL~ and of any other system of this or greater general­
ity, is that reasoning (i.e. theorem proving) is computationally intractable. i.e. 
it requires an impractically large number of computations. In general the 
number of computations grows exponentially as a function of the number of 
preClcates. This complexity arises from the fact that the system must 
examine all combinations of variables and values. 

The computational complexity of FOL is a result of its power to express a 
very broad range of facts (Levesque & Brachman 1985). Because POL lacb 
inherent constraints. it is generally impractical to determine the knowledge 
structure and the knowledge of the individual only from empirical observa­
tions or tests. To have a computationally tractable system. restricting assump-
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tions grounded in theory or prior empirical findings must be added. Recogniz­
ing the tradeoff between the expressiveness of a KR and its computanonal 
tractability, Levesque & Brachman (1985) descnbed several types of restnc­
tions that can make FOL more useful. For example, a restricted KR that they 
called database form contains only positive instances and does not use nega­
tion, disjuncuon. or existential quantifiers. By limiting the types of predicates, 
and reducing the expressiveness of the complete FOL to a database form. 
acceptable performance is achievable. 

Although such restrictions might be useful in some artifical intelligence 
applications, this approach is not regarded as leading to reasonable models in 
psychology. For example. human subjects seem to have difficulties in condi­
tional reasonmg (A ~ B) (Rips 1983). Even after a semester course in logic, 
college students dId not perform well in applicatIon of Modus to liens (Cheng 
et al 1986).1 Cogmuve SClenUsts. therefore. have conSIdered different ap­
proaches to represent knowledge and reasonmg. lohnson-Laird (1983) pro­
posed and simulated a model in which people confronted with a reasoning 
problem construct a small, concrete "world" that seems consistent with the 
given premises. According to this model. people reason by inspecting what is 
true about this world. TIlis model reproduces several major errors found in 
experiments concerned with human reasoning. See lohnson-Laird & Byrne 
( 1991) for more on this use of mental models. The examples of reasoning used 
in these studies are quite elementary. The cognitive study of more advanced 
mathematical reasoning has scarcely begun. 

Aside from issues of complexity, FOL is a monotonic reasoning system. 
The applicability of FOL reasoning processes depends on the correctness and 
the consistency of the hypotheses used in all possible contexts. Since this is 
rarely the case, hypotheses that are no longer correct have to be removed from 
the FOL representation. The FOL system of logical inference has no conven­
ient ways of removing axioms or hypotheses that need to be weakened or 
changed in some other way. This problem led researchers in artificial intelli­
gence to develop so-called nonmonotonic reasoning (McCarthy 1980). For a 
recent excellent survey, see Reiter (1987). The use of probabilistic repre­
sentation of human reasoning is an alternate approach to nonmonotonic rea­
soning (see below). 

PRoPOsmONAL. SEMANTIC. AND ASSOCIATIVE NElWORKS One appealing way 
to reduce computational complexity and the expressiveness of a full FOL is to 
constrain the kinds of predicates and formulas in the knowledge representation 
to a graph structure. In particular, consider a representation in which the 

The form of Modus tallens IS from If P then Q and It is nOllhe case Q infer It IS not the case P. 
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predicates are limited to unary predicates (called types), and binary predicates 
(called attributes), with occurrences of quantifiers also limited. Then, the 
resulting structure can be represented in a graph as a propositional or semantic 
network (e.g. Collins & Quillian 1969). The nodes are constants or types. and 
the edges are either labeled with attributes or types. The advantage of the 
graph-based representation is that it pennits certain kinds of inferences to be 
performed by efficient~ graph-based algorithms. In addition to the efficiency of 
searching. the graph-theoretical representation can be used to quantify a relation 
between any two nodes in terms of their distance in the graph. 

AssocIative networks are based on similar principles except that the edges 
connectmg concepts are not necessarily labeled by attnbutes or types. Rather. 
the edges are given numencal values or strengths. Associauve networks are 
used primanly to model human processes undedymg the retneval of informa­
Hon. An mdividual' s long-term knowledge of a concept IS given by the 
strength associated WIth the node representing that concept Recall of a propo­
sition IS mediated by the activation that IS propagated via the edges m the 
network. A correct response to a question is predicted if the strength combined 
with the activation of the corresponding proposition exceeds a threshold. Some 
relevant experimental studies are Dosher & Rosedale (1989) and Dosher 
(1991). For a closely related approach to associative memory. Kanerva (1988) 
has developed a detailed mathematical theory of sparse distributed memory. 

PRODUCTION RULES One approach that appeared feasible for capturing 
human knowledge and problem-solving behavior is the concept of a production 
system. fxrst given currency by Newell & Simon (1972). and used later by many 
researchers. A production rule is an example of knowledge represented in terms 
of procedures and actions. 

Although the primary purpose of a production-rule system IS to solve 
problems or to model human problem-solving behaVIOr. its ability to represent 
knowledge IS one of its most cntlcal components. In a producuon-rule system, 
knowledge is represented in terms of condition-action production rules. Pr0-
duction rules are essentially if-then statements in which the l[part consists of 
one or more conditions and the then part is a set of actions. At any point during 
execution of the problem-solving process, the system identifies all rules whose 
ifpart is satisfied---all preconditions are true. The system selects one of these 
rules and executes the corresponding actions. The selection of the rule to use at 
any given time is performed a conflict-resolution strategy. 

knowledge in the production system is represented by the set of 
production rules combined with the conflict-resolution strategy_ Production 
systems can be used to model the rules of inference in FOL. They have also 
been used to modelleaming (see below). 
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An implementation of KR in terms of production rules has several short­
comings. Perhaps the most critical problem IS that if a production system has 
more than a few hundred rules, its behavior is difficult to predict, because it 
will depend critically on the particular conflict-resolution strategy used. An­
other shortcoming of both the production system and of FOL is their determi­
nistic nature. There are several rule-based decision-making systems that deal 
with uncertainty, but explicidy rule-based representation is not particularly 
convenient for the representation of randomness. and therefore. for the detailed 
statistical analysis of experimental data. 

Probabilistic Approaches 

Knowledge In most domams IS uncertam. l.e. we hold hypotheses that are 
more or less likely. Even In those dOmaIns with certam knowledge, e.g. ele­
mentary algebra, responses may still have a stochastic component, and the 
chances that an Individual knows a given concept may depend on the particu­
lar population. Therefore. a realistic knowledge representation must have un­
certainty as a part of the basic structure. 

One principled way to represent the stochastic nature of the world is in 
terms of probability theory. In particular. consider a structure. such as FOL, in 
which the truth values of all predicates have a probabilistic interpretation; each 
is associated with a random variable. An outcome in this system is a particular 
truth assignment to all the random variables. Therefore, a complete description 
of this system would require a specification of the joint probability of all 
combinations of the truth values. 

In practice. the construction and evaluation of such joint probabilities raise 
intractable computational difficulties akin to those encountered by early re­
searchers In choice and decision-making, who recognized the need for ap­
proximations and simplifications to decision-theoretic formulations (Simon 
1955), and in expert systems for medical diagnosis (Gorry & Barnett 1968), In 
the case of diagnosis. the input features were symptoms and test results. The 
outputs were the possible diseases. To simplify the calculation. Garry & 
Barnett assumed that the diseases were mutually exclusive and that the fea­
tures were conditionally independent 

Because the simplifying assumptions were regarded as too constraining, 
these early attempts to use probabilistic representations were abandoned (Hen­
rion et al 1991). Instead .. artificial intelligence researchers began developing 
rule-based systems for reasoning. To incorporate uncertainty, researchers al­
lowed for propositions to assume intermediate values between true and false. 
The same graded-truth assumption was made about the applicability of each 
rule in rule-based expert systems. Examples of these approaches include MY­
eIN (Buchanan & Shortliffe 1984) and PROSPECTOR (Duda et al 1979). 
These systems used a heuristic, such as a certainty factor in MYCIN, to 
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approximate a complete probabilistic representation. For a variety of reasons. 
including irreversibility of uncertain inference (Shachter & Heckerman 1987) 
and inappropriate treatment of prior probabilities. these heuristics were found 
to be inappropriate (Heckerman & Horvitz 1987). Such drawbacks have led 
researchers to explore probabilistic representations with somewhat richer 
structures than their earlier counterparts. 

SA YES IAN NETWORKS One convenient way to represent probabilistic knowl­
edge and reasoning is based on Bayesian networks. These networks are struc­
tures that represent subjective probabilities (e.g. prior probabilities), together 
WIth the rules for updating them as new evidence becomes available. Although 
subJecuve, the aSSIgnments of probabilities usually depend heavIly on all 
aVaIlable eVIdence and data. Structurally, a BayeSIan network (BN) is a graph 
with nodes that represent random variables and directed edges that represent 
stochastic dependence (Pearl 1988). An edge between two nodes mdicates 
conditional dependency. In particular. the probability distribution of the variable 
corresponding to a terminating node can be completely specIfied in terms of 
conditional probability. given the values of all its ancestors. Thus. BN is a 
representation that by itself does not impose any constraints. but provides a 
convenient language for the fmmulation of such constraints. 

For example, a constraint specifying that two nodes are conditionally inde­
pendent is represented by the absence of an edge between the two nodes. The 
basic idea of conditional independence can be illustrated usmg the elementary 
algebra example. Here a, b, and e are three questions represented by three 
nodes. Suppose that there are two edges (e.a) and (e,b) indicating that the 
probability distribution of the answers to questions a and b depends on the 
ability to answer question c. If we know the response to question c, then the 
answers to a and b are conditionally independent of each other. i.e. P(a,blc) ::::: 

P(alc) P(blc.) The assumed independence between variables is a crucial prop­
erty that can be used to reduce the computatIonal compleXIty of the repre­
sentation. 

The graph-theoreuc probabilistic KR has a number of advantages. Perhaps 
the most significant is the applicability of many powerful tools developed for 
graph-theoretic data structures that pennit the development of computationally 
tractable algorithms that can be used to approximate the probability of various 
outcomes. In addition. researchers in the area of decision-making have devel-

several methods to construct Bayesian networks from observations. For 
example. Cooper & Herskovits (1991) constructed BN from data with the 
objective of minimizing the overall entropy of the representation. 

There have been many advances in simplification of the computation asso­
ciated with Bayesian networks. but the evaluation process is often still too 
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complex. Therefore. researchers are investigating ways to further constrain the 
representation. 

Knowledge spaces, surmise systems, and entail relations 

Doignon, Falmagne, and their colleagues (Doignon & Falmagne 1985; see 
Falmagne et al 1990, for an overview) have developed the various parts of a 
comprehensi ve theory for the efficient assessment of the state of a system. The 
paradigm motivating this work comes from computer-assisted instruction: the 
system IS a student. whose knowledge state consists of all notIOns mastered at 
a given time. A computer program sequentially selects questions to ask, and 
venfies whether the student's responses are correct or false. gradually narrow­
mg down the possIble knowledge states. In generaL the state of a system can 
be descnbed by a collection of features. mdicarmg the functloning parts. The 
theory underlying the assessment algorithms IS qUlte extensIve. 

KNOWLEDGE SPACES The basic concept is a pair (Q,K), in which Q is a fmite 
set of questions or items in a particular area of information, and K is a 
distinguished family of subsets of Q. The set Q is the domain of the knowledge 
structure. and the elements of K are referred to as (knowledge) states. Both the 
empty set and Q are assumed to be states. The parr (Q, K) is called a knowledge 
structure or, equivalently, K is a knowledge structure (on Q). An example of a 
knowledge structure with domain Q of four questions ql. q2. q3 and q4 is: 

K = {0 {qt}, {q2}. {qt, q2}, {qt, q3}, {q2, q3}, {ql, q2, q3}, {ql, q2, q4}, 
{qt. q2. q3, q4} } Equation I 

It is assumed implicitly that a student begms learmng the material with 
either quesuon ql or question q2; the second item mastered is either q2 or q3, 
etc. 

An imponant axiom IS that the collection of states is closed under union: if 
K and K are states, then K u K' is also a state. A knowledge structure 
satisfying this axiom is called a knowledge space. (Note that the knowledge 
structure K defmed by Equation 1 satisfies the axiom.) The goal of the assess­
ment procedure is to uncover a subject's knowledge state by asking appropri­
ate questions. 

In practice. it is possible that a student tested on the questions in the domain 
Q may respond in a manner not exactly consistent with the nine knowledge 
states given in Equation 1. Such patterns of responses are regarded as resulting 
from careless error or lucky guesses. In fact. a probabilistic theory is also 
given. which is capable of explaining such response patterns (Falmagne 1989, 
1993). 
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Two other concepts. surmise systems and entail relations. provide exactly 
the same infonnation as a knowledge space. but they have a very different 
structure. i.e. representation. 

SURMISE SYSTEMS What can we infer from the fact that a subject has mastered 
some item q? Specifically. what are the possible sets of items preceding q in the 
learning history of a subject? The fannal concept relevant here is that of a 
surmise system. which we now define. Let Q be a finite set of quesuons. and let 
0' be a mapping assocIating to each question q of Q, a nonernpty family (j (q) of 
subsets of Q. Each C in 0' (q) is called a clause for q. The parr (Q,(j) IS called a 
surmise system If the following three conditions are satisfied for any two 
questions q, q' in 

S 1. Every clause for q containS q; 
S2. If q' belongs to a clause C for q. then there 1S a clause for q' mcluded m 
C; 
S3. If C and C')lfe two distinct clauses for q. we cannot have C' c C. 

The functIon (j is then SaId to be a surmise functton on If C is a 
clause for q, then C - {q) may be regarded as a possible. but not Dec:es5ianly 
U1UJlI..IUII;. set of for q. Under this the axioms 
and S3 seem reasonable. a surmise function is different 

space. 

ENT AlL RELA nONS 

Ne'vertne:less. any Im()wlffl(:7E 

tillilCtlon. and vice~versa. 
space can be re~lr~iented 

li'nr\'lvl",tic.,,,. spaces may be obtained either 
In practice. 

res;pom1 to such as: that a student has 
Qm!Stl~[)ns ql" ..• ql1' Would this student also fail to solve quesnon 

is a space consistent with all of these questions. 
Vanous inference rules use the considerable between queries so. in 

only a fraction of the quenes is asked 
houri et al From a formal the responses to the full set of 
quc:sti~Dns SP€~i1jes an relation P between subsets of with the u'IIh,_",,_ 

tabon the relation P holds between A and B all the qUC:5tJJons 
set B entails all the qu«~ttons 

More gerlentUy 
relati4Dn--~)rovicle an information preserv-

A"'VIIJI~'U& 
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CONCEPT REPRESENTATION AND LEARNING 

With the major exception of perception. experimental psychology was domi­
nated prior to 1965 by behaviorism and learning theories derived from behav­
ioristic concepts. In the mid-1960s there was a strong shift to cognitive psy­
chology, in panicular to symbol processing, as the most important way to 
think about the cognitive abilities of organisms. especially humans. In 1985. a 
new form of behaviorism. based on connectionism and the development of 
neural networks, began to challenge the preeminence of cogrutive ideas and 
espeCIally symbol processing as the mam way to think about either the mental 
representatIOn of concepts or concept learning. The major contlict in psycho­
logical theones of concept representation IS between those theories treating 
humans as symbol systems and those treating them as neural networks. We 
examme this conflict as well as the somewhat older mtenslve debate on 
whether the internal processing of perceptual concepts is propositional in 
character or often involves perceptual images. This is a debate that in certain 
ways is as old as psychology itself as a science. but has had a recent flurry of 
attention. 

Humans as symbol systems 

The central dogma of this view is that the process of cognition is mainly a 
process of manipulating symbolic expressions, modeled in general on the way 
such symbolic operations are performed by digital computers. The heyday of 
this view was around 1980 (see Fodor 1976.1987; Newell 1980. 1982; Pyly­
shyn 1980, 1984, 1985). Although variations may be found, the three central 
tenets of humans as symbol systems can be summarized as follows: 1. Brains. 
as well as digital computers. are physical symbol systems. The symbols must 
be realized physically; there cannot be a purely mental disembodied concept of 
symbol. 2. There IS a formal or combinatorial syntax and semantics for mental 
representations. 'The formalIty of these representauons I~ what dlsnngulshes 
symbol systems in their structure from. for example, the usually incomplete 
descriptions of atomic or neural structures as such. The syntax and semantics 
of mental representations are implied to be much closer in principle to the 
fonnal systems of mathematical logic than to the structural descriptions of 
physiology or chemistry. 3. The formal syntax of mental representations is 
manipUlated, as in the case of formal mathematical systems. by explicit syntac­
tic rules. 

Two excellent defenses of this cognitivist viewpoint are in articles collected 
by Pinker & Mehler (1988). especially the fIrst article by Fodor & Pylyshyn. 
and also in the extensive analysis of the cognitivist viewpoint in Newell's last 
work (1990). The major weakness of the cognitivist position is that the claim 
for the formality or combinatorial character of the syntax and semantics of 
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mental representations has not been established satisfactorily. Yet there are 
many pieces of eVIdence from human cogrution that provide posItive evidence 
that something like inference. in terms of a formal syntax. is often used in 
mental computations. 

In the framework of the central thesis stated above, cognitivists have also 
developed learmng theory, especially in the fDIm of production systems (see 
above). which are a class of computer simulation models formulated in terms 
of condition-action rules, like conditional jump instructions for a computer. A 
representative collection of articles on this approach to learrung is found in 
Klahr et al (1987). 

Connectionism 

Connecuonists and cogmtlvists are both representatlOnal m splrit. but they 
have radically different VIews about how concepts and computations about 
concepts are represented in the mmd. ConnecuonIsts would deny that the three 
cognitivist theses listed above are necessary components of human thinking. 
They emphasize that much is subsymbolic m ordinary cogmtion and that there 
is an important role for associations, which in an earlier penod provided the 
dominant mechanism of learnmg. The most important criticism made by con­
nectionists is that a great deal of evidence exists at different functional levels 
that the kinds of representation and computation characteristic of the human 
brain are radically different from those postulated by the symbol-processing 
approach of cognitivists. Connectionists also are critical of the cognitivists' 
ability to give a detailed account of learning. Cognitive theones are most 
vulnerable in this respect. especially from an evolutionary perspective an­
chored in animal learning. Within the last decade the literature on connection­
ism and neural networks has rapidly expanded across disciplines from physics 
to operations research. The realization wIthin psychology that cormecuonism 
was to become a major force m current psychological theonzmg followed the 
publication of Rummelhart et al's (1986) two-volume work. A further defense 
of tht: nt:ural vit:wpomt i.oward memall:umputauon wa~ effectively set forth In 

Nadel et ai's (1989) collection of articles. 
Studies of perception make the most impressive case for neural networks as 

fundamental to human cognitive processing: e.g. Grossberg's work on the 
analysis of classical and instrumental learning in terms of neural networks 
(1974) and on a theory of visual coding. memory. and development (1978), 
and Grossberg & Kuperstein's (1986) extended study of the neural dynamics 
of ballistic eye movements. It is obvious that extensive computations must be 
made by the perceptual system for it to be of any use. and such work is 
elaborate and complicated in character. The symbol-processing orientation has 
not led to any scientific developments as significant as the contributions the 
neural network approach have had to vision. Hummel & Biedennan's (992) 
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extensive development of neural networks for shape recognition exemplifies 
an important strand of current intensive research in psychology. but their work 
is not isolated. In neural studies of the visual system. Marr's (1982) impact 
should also be noted. According to the paradigm Marr introduced, an organism 
or machine performing an infonnation-processing task. especially one as com­
plex as vision. should be understood on three levels: computational theory; 
representation and algorithms: and neural implementatIOn, biological or artifi­
cial. As Marr emphasizes. there is no single representatIon charactenstic of the 
visual system. but rather a set of representations and one naturally maps into 
another. The depth of problems faced in carrying out the Marr program can be 
seen especially at the level of understanding the actual computational activity 
of biologIcal neurons. 

Tuckwell's (1989) exammation of stochastIc modeling of neuron behavior 
illustrates that even m schematlc fonn. the detailed understanding of such 
behaVIOr is sull out of reach. The complexity of Tuckwell's theoretIcal mono­
graph. whIch is Itself a SImplified verSIOn of the actual biolOgical behaVIOr of 
neurons. shows that 1 t is going to be a long tIme before we have a full 
understanding of the computational nature of actual neurons. 

There IS also a rapidly growing literature relating the asymptotic statistical 
performance of artificial neural networks to standard statistical methods (e.g. 
Hampshire & Pearlmutter 1991. Whittle 1991). 

Mental Imagery 

The nature of our mental representations of physical objects or physical phe­
nomena. such as the motion of objects, has been the subject of discussion for 
many centuries. Within experimental psychology, a new paradigm of experi­
mentation can bring new and original insights to an old subject This is 
certainly true of Shepard's introduction in 1971 of expenments concerned 
with the "mental rotatIon" of a physical object (Shepard & Metzler 1971. 
Cooper & Shepard 197'3). Shepard and his students found that in detennining 
whether two objects presented in different orientations were judged the same 
or different 10 intrinsic 'ihape. subjects imagined one object rotated to the 
orientation of the other at a limited rate of angular rotatIon. They also found 
evidence that during this process of mental rotation. individuals passed 
through mental representations of the intennediate orientations of the object. 
[See Shepard & Cooper (1982) for an extensive review of studies of this type.] 
Georgopoulos et al (1989) reported neurophysiological support for these find­
ings in electrical activity recorded from the brains of monkeys planning rota­
tional movements. 

More recently, Shepard and his students have studied in detail mental 
conceptions of how a physical object might rigidly move between any two 
positions in space. A central question investigated. as in the case of mental 
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rotations. IS to what extent do such mental motions Imagmed for objects have 
the characteristics of an analogue simulation? More generally, in what sense 
are such mental processes governed by internalizations of the laws of physics? 
[See Carleton & Shepard (1990a. b) for a detailed study and excellent reviews 
of the literature.] 

wee very readable general books on mental imagery are by Kosslyn 
(1983), Rollins (1989). and Tye (1991). The first stresses computer analogies 
and the other two give a critical yet sympathetic assessment of the recent 
psychological research on unagery from a philosophical perspective. Finke 
(1989) provIdes another good critical survey of the proposed principles of 
mental imagery. Of parucular interest is Pylyshyn's (1985) defense of the 
symbol-processmg VIew as an interpretation of the mental representation of 
rotatIOn and monon. despIte the apparent analogue character of many expen­
mems. In its starkest terms. the Pylyshyn VIew is that all mental images are 
ultimately lingmstic in character. Obviously. anyone with connectionist lean­
ings would strongly deny such a claim. Scienufic resolution of these strongly 
conflictmg theones clearly requires fonnulation of more detailed and formally 
explicit pictorial and lingmstic theories of mental imagery. 

LANGUAGE REPRESENTATION AND LEARNING 

Syntactic Representation 

Recent work on languages continues to use ideas of representatIon that Chom­
sky (1959) introduced many years ago. We begin with his general concept of 
an arbitrary phrase-structure grammar. By adding restnctions we get gram­
mars whose powers of expression are more limited. Let V be a finite. 
nonempty set. Then V' is the set of all finite sequences of elements of V. Let 0 
be the empty sequence. Then v+ ::: V - O. V is the vocabulary. v+ is the set of 
"trings or ~entences. A "trucrure G == (V, N. P. 5, j" a phrase-'itTUcmre grammar 
if and only if 1. V. N. and P are nonempty finite sets; 2 . .v c: V; 3. P c v+ x 
V*~ and 4. SeN. In standard terminology: The set N is the set of nonterminal 
symbols. or variables. VT::: V - N is the set of termmal symbols or words. P is 
the set of productions. If (a,Il) e P we ordinarily write: a. -+ ~. to indicate that 
from a. we may produce Il. Finally. S (for sentence) is the start symbol with 
which derivations begin. L( G) is the language. generated by finite sequences 
of the rules of the grammar. i.e. is the set of an sentences in the terminal 
vocabulary VT generated by G. The weakness of the axiOms matches the great 
generality of the defmition. Most interest centers around various restricted 
classes defined below. 

Fonna! languages are meant to represent the syntactic structure of natural 
languages. It can be claimed that natural languages fit Within the me.ran;hy 
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defmed here, although we do not examine the rather complicated question of 
whether this is really true. There IS substantIal evidence that important frag­
ments of natural languages can be analyzed with the grammatical concepts 
introduced below. 

TYPES OF GRAMMARS Type 0 grammars are characterized by the definition of 
phrase structure grammars. To obtain type 1, or context-sensitive grammars, we 
add the restriction that for every production a ~ ~, I n9a I $; I ~I, where!29 
109 a I is the length of a or the number of symbols in a. To obtain type 2, or 
context-free grammars. we add the stronger restriction: if a -7 ~, is in P then 1. 
a is a variable. i.e. ex is in N; 2. p ;c O. A typical context-free production rule is: 
S ~ NP + VP, where S intuItively stands for sentence. NP for noun phrase. VP 
for verb phrase. and the plus sign is used to show concatenatIon. 

To obtain type 3, or regular grammars. we add the still stronger restrIction: 
any production must be of the form 1. A ~ aB or 2. A ~ a, with A, B in N, a in 
VT. (Instead of I., we can have l' A ~ Ba, but the change from right-linear to 
left-linear is trivial. even though all rules of form 1. must be changed.) 

FINITE AUTOMATA Subtly different defmitions of fmite automata are found in 
the literature. For example, according to Rabin & Scott (1959), a structure 
(A, V,M,so,F) is a finite (deterministic) automaton if and only if 1. A is a finite, 
nonempty set (the set of states); 2. V is a finite. nonempty set (the alphabet or 
vocabulary); 3. M is a function from the Cartesian product A x VtoA (M defines 
the transition table); 4. so is in A (so is the initial state); and 5. F is a subset of A 
(F is the set offmal states). The generality of this defmition is apparent. Among 
the few restrictions are that the sets A and Vbe finite, but these finite restrictions 
are critical. 

Perhaps the simplest nontrivial example of a finite automaton is the follow­
ing: In a two-letter alphabet. with the symbols 1 and O. and two internal states. 
so and Sl. The transition function of the automaton can be defined informally 
as follows: given state so and input O. the transition is to so; gIven so and 1, it is 
to SI; given Sl and 0, it is to 51; and given 51 and 1, it is to so. 

Finally. we select the internal state 51 as the only member of the set F of 
fmal states. By calling this the simplest nontriyial automaton we mean that the 
transition table depends both on the internal state and the input letter. From a 
more general conceptual standpoint, it is clear that the device is itself trivial. 

Following is the pair of theorems characterizing the mutual representation 
relation between regular grammars and finite automata: 

Theorem l. If G is a regular grammar, there is a finite automaton that will 
accept L(G). 
Theorem 2. Given a finite automaton A, there exists a regular grammar G such 
that UG) = L(A). 
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Theorems 1 and 2 together provide a procedural account for regular gram­
mars. but a perusal of the proofs of the two theorems shows that the repre­
senting structures are too close to the original ones to substantIvely represent 
how a regular grammar works. However. Theorem 1 does show that a regular 
grammar can be processed by a strictly finite machine. and this is not necessar­
ily obvious from the form of such grammars. 

PUSHDOWN A UTOMA T A AND CONTEXT -FREE LANGU AGES A new and impor­
tant idea is that of the pushdown store. which is a restricted form of memory. 
The automaton can store structured informauon of finite but unbounded extent 
in this store. but it can make state transitions only in terms of the top symbol on 
the store--the store operates like a stack of cafeteria trays on the principle of 
"fust-m and last-out." A special store vocabulary IS provided the machine. The 
transltlon function depends now. not Just on the input symbol and the current 
state. but also on the top symbol on the store. Agam. we have a pair of mutual 
representatIOn theorems: 

Theorem 3. If a language IS context-free then there IS a pushdown automaton 
that accepts the language. 
Theorem 4. If A is a pushdown automaton then L(A) IS a context-free language. 

Similar theorems can be proved for type 0 and type 1 grammars. In panicu-
1ar. a grammar is of type 0 if and only if the language It generates is accepted 

some Turing machine.2 

. For more recent developments of syntactic representations of natural lan­
guage. see especially the large volume edited by Bresnan (1982) on the mental 
representatlon of grammatical relations. However. in spite of the great lingUiS­
tic interest in this work. the use of purely psychological concepts is limited. 
The volume does present in very accessible form. lexical functIonal grammars 
as developed by Bresnan and her colleagues. A useful survey of three of the 
main forms of contemporary syntactic theones. namely. government-binding 
theory. generalized phrase-structure grammars. and leXIcal-functIOnal gram­
mars. is to be found in Sells (1985). None of these three has yet led to 
significant representauon theorems lIke the four cited above. but they are a.U 
greatly concerned with the empirical inadequacies of the earlier work. 

Semantic Representations 

Set-theoretical and model-theoretic semantics developed in mathematical logic 
since the early espec~ally since the appearance of Tarski (1936), has 

Intuiuvely. a Turing machine IS a finite autorruuon with the addItiOn of a tape of unbounded 
length that may be used no computations; any partIcular computauon uses only a firute amolmt of 
tape. 



REPRESENT A nONS IN PSYCHOLOGY 535 

dominated much of the discussion of the semantics of natural language. This is 
very much a case of the incursion of logic into lingUIStiCS and psychology (see 
Montague 1974). Research prior to the early 1970s is well summarized in the 
volume edited by Davidson & Hannan (1972) but such fonnal semantics does 
not provide any kind of psychological theory of how language is compre­
hended or produced in meaningful speech or writing. There has naturally 
arisen a desire for a more procedural semantics to provide a more detailed and 
realistic theory of meaning (e.g. Suppes 1991). 

The formal semantics of logicians is almost entirely structural in character 
and emphasizes the desirability of rules of structural composition. i.e. the 
composing of the meaning of a sentence from Its parts. Empirical studies and 
theories emphasizing lexical semantics. that is the semantics of words. have 
also been of great importance to linguistics and psychology [e.g. Miller & 
lohnson-Laird's (1976) study of perceptual words]. Other generalizations of 
semanuc ideas. havmg slgmficant Impact on psychologIcal research. are Bar­
wise & Perry's (983) generalization of model-theoretic semantics to situation 
semantics. and the work by a number of indiViduals on discourse analysis and 
discourse semantics (Brown & Yule 1983, Seuren 1985). Another Important 
influence from outside psychology has been philosopher Paul Grice' s work on 
conversational implicatures or presuppositions (Grice 1957, 1968, 1975). 
Levelt (1989) and the recent volume of papers by Clark (1992) exemplify the 
extensive psychological research on the actual nature of speaking and conver­
sation. This research, important for understanding of meaningful speech by 
either speakers or listeners, goes far beyond the fonnal semantics of logicians. 
and also points the way for much of the future psychological research on 
meaning. Suppes (1991) makes an extended case for variab le-free semantic 
representations being much closer to natural language than the standard logical 
ones. 

Language Learning 

TIle literature on language acquisition in children m now volummous. EmpirI­
cal studies of aspects of language learnmg by children in the case of many 
different languages now number in the thousands. A lively and controversial 
summary of many of the issues is found in the edited volume of papers on the 
debate between Piaget and Chomsky (Piattelli-Palmarini 1980). Many infor­
mative and detailed empirical studies are found in two collections of articles. 
Wanner & Gleitman (1982) and MacWhinney (1987). 

Although studies of language learning have a long history, we can date the 
mathematical theory to an important paper by Gold (1967). He established the 
following important theorem: Regular or context-free classes of grammars are 
not "text-learnable" (i.e. the grammar cannot be taught just by presenting 
instances of text to the learner). On the other hand. by making the stronger 
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assumption that one could ask an informant whether something were gram­
matical in the language being spoken. Gold proved the positive theorem: 
Regular or context-free classes of grammars are "informant-learnable." Of 
course. Gold's framework is completely non-psychological but it has provided 
a framework for much formal theorizing on language learning. 

Gold' s work forms a general background for the formal psychological 
theory of language learning presented by Wexler and his associates [e.g. 
Hamburger & Wexler (1975) on the mathemaucal theory of learning transfor­
mational grammars]. Wexler & Culicover's (1980) book shows that if we 
assume that the learner has already given a context-free language as the carrier 
of meaning. then a reasonable theory of the learning of a transformational 
grammar can be formulated in technical detail. This work represents an impor­
tant milestone. but it is far from providing a realistic theory of language 
learning that can be tested against experimental data. In partIcular, quantitative 
evidence about the rate of learrung is missing. 

Pinker moves closer to the data by budding hIS ideas (1984) on the theory 
of lexical functIonal grammars (Kaplan & Bresnan 1982), WhICh are generali­
zations of the phrase-structure grammars charactenzed above. and more re­
cently by using Chomsky's government-binding theory (Pinker 1989). 
Pinker's work is full of insightful remarks about the problems of theorizing ill 
this area. He considers a variety of psycholingmstic experimental and narural­
istic data. but he does not formulate a detailed formal theory. Consequently, he 
cannot establish whether his theoretical ideas are sensible from the standpoint 
of computations about rates of learning. formal structure of semantics. formal 
grammatical generalizations. etc. Wexler also has moved closer to linguistic 
data in his recent work (e.g. Avrutin & Wexler 1993. Hyams & Wexler 1993). 

In contrast. Osherson et al (1986) perhaps best exemplify the development 
of "formal learning theory," which is concerned not with children but more 
generally with any systems that learn. The authors have some important results 
about the leamability of computable functIOns and they have some general 
formal theorems about restncuons on the kind of languages that can be 
learned. but their work is closer in SPirit to the earlier formal work on learnable 
functions by Ehrenfeucht & Mycieiski (1973a.b; 1977) than to studies of 
language learnmg. 

Suppes (1969) originated another line of formal work that proves the theo­
rem that glVen any fmite automaton. there IS a stimulus-response model that 
under appropriate learning conditions asymptotically becomes isomorphic to 
the finite automaton. This theorem is further clarified and extended to univer­
sal computation in Suppes (1989), but this work also suffers from the diffi-

of relating the formal theory to detailed data. The recent work by Suppes 
et al (1992) on machine learning of natural language strongly suggests that 
much more detailed theoretical ideas are needed. Earlier stimulus-response 
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concepts of association playa role in this research. but equally important are 
internal formal procedures for grammatical and semantical generalization. 

As detailed theoretical developments and the vast variety of empirical 
studies of children's language acquisition continue unabated, we can anticipate 
a more detailed and fruitful comparison of theories and empirical studies, both 
experimental and naturalistic, in the decades ahead. 

REPRESENTATIONAL THEORY OF MEASUREMENT 

The theory of measurement has a long and significant history in psychology. 
Early examples are Thurstone's (1927) law of comparative judgment and 
Stevens' (1946. 1951) explicit analysis of various types of measurement. 
Because the concept of numerical representation has been used extensively in 
the development of psychological theories of measurement. we begin with a 
brief exposition of the central mathemaucal concepts of isomorphism and 
homomorphIsm used in characterizing numerical representatIOns of measure­
ment procedures. The representational framework we outline is the basis for 
most of the current research on fundamental measurement. 

Isomorphism of Models 

One of the most general and useful concepts that may be applied to a theory is 
that two models or structures of the theory may be isomorphic, i.e. exhibiting 
the same structure from the standpoint of the basic concepts of the theory. The 
fonnal defmition of isomorphism for a particular theory makes this notion of 
same structure precise. The defInition of isomorphism of models of a theory is 
not dependent on the detailed nature of the theory, but in fact is independent 
enough to be termed "axiom free, n depending only on the set-theoretical 
character of models of a theory. Thus two theories with models having the 
same set-theoretical character. but with quite different substantive axioms. 
would use the same definition of isomorphism. 

These ideas may be made more definite by considering the ordinal theory of 
measurement. Models of this theory are customanly called weak orderings and 
we use this terminology in defining the appropriate predicate. 

The set-theoretical structure of this theory's models have a nonempty set 
A and a binary relation R defined on this set. Let us call such a pair A = 
(A,R) a simple relation structure. A simple relation structure A = (A,R) is a 
weak ordering if and only if for every a, b, and c in A: I. if aRb and b R c, 
then a R c; 2. aRbor b R Q. 

The defmition of isomorphism of simple relation structures makes it appar­
ent that the defmition of isomorphism depends only on the set-theoretical 
structure of the simple relation structures and not on any of the substantive 
axioms imposed. A simple relation structure A = (A.R) is isomorphic to a 
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simple relation structure X == (AP,R') if and only if there IS a functIon f such 
that 1. the domain of f is A and the range of f is A'; 2. f is a one-to-one 
function; 3. if x and yare in A, then x R y if and only ifftx) R' fiy). 

To illustrate this defmition of isomorphism let us consider the question. 
"Are any two finite weak. orderings with the same number of elements isomor­
phicT' IntUItively it seems clear that the answer should be negative. because all 
the objects could stand in the relation R to each other in one of the weak 
orderings and not in the other. It will be interesting to find the counterexample 
with the smallest domain we can construct to show that such an isomorphism 
does not exist in general. It is clear that two one-element sets will not do, 
because within isomorphism there is only one weak ordering with a single 
element. namely, the ordering that makes that smgle element stand in the given 
relation R to itself. However. a counterexample can be found by adding one 
more element. In one of the weak ordenngs we can let R be the umversal 
relation. l.e. R == A x A. the Cartesian product of A with itself. and in the other. 
let K be a "minimal" relation satisfying the axioms for a weak. ordering. More 
fonnally, let A == {1.2}. R == {O,1 ),(2.2),( 1,2).(2, 1)}, A' == A. and K:; {O. 1), 
(2. 2), (1. 2)}. Then It is easily checked that )\ :; (A. R) and ~" == (A', K) are 
both weak orderings with domams of cardinality two. but ~ cannot be isomor­
phic to ~'. 

Representation Theorems 

In attempting to characterize the nature of the models of a theory. the notion of 
isomorphism enters in a central way. Perhaps the best and strongest charac­
terization of the models of a theory is expressed in terms of a representation 
theorem (i.e. a certam class of models of a theory represents to within isomor­
phism every model of the theory). More precisely. let 10 be the set of all 
models of a theory, and let::B be some distinguished subset of 1o. A repre­
sentation theorem for:m with respect to); would consist of the assertlon that 
given any model Min:m there exists a model in13 isomorphic to M. In other 
words. from the standpomt of the theory, every pOSSible vanation of model1S 
exemplified within the restricted set A trivial representation theorem can 
always be proved by taking JS :::: ID. A representation theorem IS only as 
interesting as the intuitive significance of the class); of models. An example 
of a simple and beautiful representation theorem is Cayley's theorem that 
every group is isomorphic to a group of transfonnations. One source of the 
concept of a group~ as it arose in the nineteenth century, comes from consid­
eration of the one-to-one functions that map a set onto itself. Such functions 
are usually called transformations. It is interesting and surprising that the 
elementary axioms for groups are sufficient to characterize transformations in 
this abstract sense that any model of the axioms. i.e. any group. can be shown 
to be Isomorphic to a group of transfonnations. 
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Certain cases of representation theorems are of special interest. When the 
set I; can be taken as a unit se~ i.e. a set 'with exactly one element. then the 
theory IS said to be categorical. Put another way. a theory is categoncal when 
any two models are isomorphic. Thus. a categoncal theory has within isomor­
phism only one model. Examples of categorical theories are the elementary 
theory of numbers when a standard notion of set is used, and the elementary 
theory of real numbers with the same standard notion of set. It has been 
asserted that one of the main differences between nineteenth- and twentieth­
century mathematics is that nineteenth-century mathematics was concerned 
with categorical mathematical theories while the latter deals with noncategori­
cal theories. It is doubtful that this distinctIon can be made historically, but 
there is certainly a rather sharp conceptual difference between working with 
categoncal and noncategorical theories. There IS a clear sense in which non­
categoncal theones are more abstract. because there is not just one intuitive 
model. 

Homomorphism of Inodels 

In many cases a representation theorem in terms of isomorphism of models is 
less interesting than a representation theorem in terms of the weaker notion of 
homomorphism. A good example of this latter sort within psychology is 
provided by theories of measuremen~ and the generalization from Isomor­
phism to homomorphism can be illustrated in this context. When we consider 
general practices of measurement it is evident that in terms of the structural 
notion of isomorphism we would think of the isomorphism as being estab­
lished between an empirical model of the theory of measurement and a nu­
merical model. An empirical model is one in which the basic set is a set of 
empirical objects, stimuli. or other phenomena: a numerical model is one in 
which the basic set is a set of numbers. However, a slightly more detailed 
examination of the question indicates that difficulties about isomorphism arise 
quickly. In measurement. distinct empirical phenomena are frequently as­
signed the same number. and thus the one-to-one relationship required for 
isomorphism of models is destroyed. Fortunately. this weakening of the one­
to-one requirement for isomorphism is the only respect in which we must 
change the general notion in order to obtain an adequate account for theories of 
measurement of the relation between empirical and numerical models. The 
general concept of homomorphism is designed to accommodate this situation. 
To obtain the fonnal defmition of homomorphism for two simple relation 
structures as previously define~ we need only drop the requirement that the 
function establishing the isomorphism be one-to-one. When the function is 
many-to-one instead of one-to-one. we have a homomorphism that is not an 
isomorphism. 
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These remarks may be made more concrete by considering the theory of 
weak orderings as a theory of measurement. It is easy to gIve a simple example 
of two weak orderings such that the fIrst is homomorphic to the second. but 
not isomorphic to it. Let A : {1,2}, R: {(l. 1), (2, 2). (1,2). (2, I)}, A': {I}. 
and R': {(1. I)}, andfil): 1 ,j{2): 1. From these definitions it is obvious that 
the weak ordering A:::: (A, R) is homomorphic under the functIon!to the weak 
ordering}\': (A', R'). 

On the other hand. it is clear. on the basis of cardinality considerations, that 
;l\ is not isomorphic to ;l\'. because the set A has two elements and the set A' 
has one element. It is also evident that It' is not homomorphic to}l This also 
follows from cardinality considerations. because there IS no function whose 
domam IS the set A' and whose range is the set A. As this example illustrates. 
the relatIon of homomorphism between models of a theory IS not an equiva­
lence relatlOn: It IS retlexive and transltlve. but not symmetnc. 

Bya numencal-weak ordenng we mean a weak ordenng)\:::: (A,s) where A 
is a set of numbers. The selection of the numencal relauon :S to represent the 
relatIon R in a weak ordering IS arbitrary, in the sense that the numerical 
relation :2: could just as well have been chosen. However, choice of one of the 
two relations :S or ~ IS the only intuitively sound possibility. The following 
theorem provides a homomorphic representation theorem for finite weak or­
derings. and thus makes the theory of finite weak orderings a theory of meas­
urement: 

Theorem 5. Every fmite weak ordering IS homomorphiC to a numerical weak 
ordering. 

Theorem 5 was restricted to fmite weak orderings for good reason; it is false if 
this restriction is removed. The classic counterexample is the lexicographical 
ordering of the plane. ExtenSiOn to infmite weak orderings is, however. 
straightforward. but SInce It is rather technical. it is here OmItted. 

Types of Mea sur en lent 

For the sake of simplicity we have only discussed ordinal measurement in 
detail. but other types of measurement are obviously of fundamental 
tance in science. The classic example is extensive measurement. which re­
quires some kind of empirical operation of addition (as in the measurement of 
weight using a standard equal-arm for example). or in the case of the 
subjective concept of probability. using the union of disjoint events, Le. the 
sut)lec:tJ.'\re probability of two disjoint events should correspond to their nu­
merical sum in the intended numerical representation. Equally or even more 
important in psychology have been intensive measurements. which lead to 
new representations if one considers not only the ordinal comparison of the 

of stimuli but also the ordinal comparison of differences in the 
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intensity of stimuli. Sufficiently strong assumptions about these comparisons 
of differences leads us to the expected numerical representation. A different 
kind of intensive measurement can be made in terms of conjoint comparisons 
of pairs of stimuli ordinally, or in the case of utilities, comparisons of standard 
gambles with each member of the pair having a probability of 1/2 of being 
realized. A third familiar kind of measurement is the psychophysical method 
of bisection where it is assumed that one stimulus is judged to lie at the 
midpoint of the interval between two other stimuli. This kind of measurement 
is standard in psychophysical experiments, but no assumptions about physical 
measurement are needed to test the psychological axioms yielding a standard 
numerical representation of bisecuon. 

These various types of measurement also give rise to a fundamental formal 
problem of the uniqueness of the representation. For example, in the case of 
extensIve measurement we expect uniqueness up to the fixing of a unit. In the 
case of intensive measurement. we expect uniqueness up to fIxing both a unit 
and an arbitrary ongin. The formal analysis of a theory IS not satisfactory unnl 
the appropriate umqueness and eXIstence of numencal representations have 
been proven. 

The most extensive standard treatment of representational theory of meas­
urement is the three-volume treatise Foundations of Measurement (Krantz et 
al 1971, Suppes et al 1989. Luce et al 1990) With a large number of references 
to the current literature. Other good resources are Roberts' (1979) excellent 
survey of the field. and N arens' (1985) book, which contains some important 
abstract results. 

Many fundamental problems about the foundations of measurement remain 
open. Luce & Narens (1993) proVIde an excellent current survey of problems 
concentrating on the nature of the representational view of measurement and 
on the use of contmuum representations in measurement. 

CONCLUDING COMMENTS 

What we hope to have shown in this review is that the concept of repre­
sentation has an important explicit role in many different parts of psychology. 
Moreover. many of the most fundamental problems can be formulated as 
problems of representation. e.g. how are linguistic utterances or visual images 
represented in the mind. This recognized prominence of representation is 
relatively recent in psychology, but there are many reasons for thinking that 
this aproach to psychological issues is not just a passing fad. 

The explicit use of representations is to be found in every developed do­
main of science. The current focus on representations of psychological phe­
nomena is consonant in a broad conceptual fashion with many other scientific 
disciplines. This is because the effort to give a structural representation of 
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phenomena m a given domain has become central to our modem search for 
scientIfic understanding. 
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