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Representation Theory and the Analysis of Structure
by Patrick SuppEs, Stanford

A central topic in the philosophy of science is the analysis of the
structure of scientific theories. Much of my own work has been concerned
with this topic, but in a particular guise. The fundamental approach I have
advocated for a good many years is the analysis of the structure of a theo-
ry in terms of the models of the theory. In a general way, the best insight
into the structure of a complex theory is by seeking representation theo-
rems for its models, for the syntactic structure of a complex theory or-
dinarily offers little insight into the nature of the theory. I develop that
idea here in a general way, and expand upon things I have written earlier.
I begin with some informal, introductory remarks about the nature of
representations. The first section is devoted to the central concept of
isomorphism of models of a theory, the second section to the nature of
representation theorems, with some elementary examples given, and the
third section to the related question of invariance and meaningfulness of
a representation.

A representation of something is an image, model, or reproduction
of that thing. References to representations are familiar and frequent in
ordinary discourse.® Some typical instances are these:

Sleep is a certain image and representation of death. The Play is a re-

presentation of a world I once knew well. It is the very representa-

tion of heaven on earth. The representation of Achilles in the paint-
ing was marvelous. This is a representation of the triumphal arch
erected by Augustus. An intuitive and visual representation of nuclear
forces is not possible.
In some cases we can think of a representation as improving our under-
standing of the object represented. Many of us certainly understand the
proportions of a building better — especially the layout of the interior —
after examing its architectural drawings.

The formal or mathematical theory of representation has as its pri-
mary goal such an enrichment of the understanding, although there are
other goals of representation of nearly as great importance — for instance,
the use of numerical representations of measurement procedures to make
computations more efficient. Representation in the formal sense to be
developed here has also been closely associated with reduction. An ad-

1 Other meanings of representation will not be analyzed here, even though a close
affinity can be found for many of them, as in ‘The representation of the union
approached management yesterday’.
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mirable goal accepted on almost all sides is to reduce the unknown to the
known. Controversies arise when claims about reduction are ideological
rather than scientific in character. It is usually not appreciated how in-
volved and technical the actual reduction of one part of science —even a
near neighbor — is to another.

Philosophical claims about the reduction — and thus representation
— of one kind of phenomena or set of ideas by another are as old as philo-
sophy itself. Here is Epicurus’ reduction of everything to simple bodies,
i.e., atoms, and space in his letter to his follower Herodotus:

Moreover, the universe is bodies and space: for that bodies exist, sense itself wit-

nesses 1n the experience of all men, and in accordance with the evidence of sense

we must of necessity judge of the imperceptible by reasoning, as I have already
said. And if there were not that which we term void and place and intangible
existence, bodies would have nowhere to exist and nothing through which to
move, as they are seen to move. And besides these two nothing can even be
thought of either by conception or on the analogy of things conceivable such as
could be grasped as whole existences and not spoken of as the accidents or prop-
erties of such existences. Furthermore, among bodies some are compounds,
and others those of which compounds are formed. And these latter are indivis-
ible and unalterable.
This passage from Epicurus, written about 300 B.C., is nearly duplicated
in several places in Lucretius’ long poem De Rerum Natura written about
250 years later. The reduction of all phenomena to the motion of atoms
in the void was a central theme of ancient atomism, and the speculative
development of the ideas of significance for the scientific developments
that occurred much later.

A claimed reduction much closer to the formal spirit promoted here
and one of great importance in the history of ideas is Descartes’ reduction
of geometry to algebra. He puts the matter this way in the opening lines
of his La Géométrie (1637, 1954,p.2):

Any problem 1n geometry can easily be reduced to such terms that a knowledge
of the lengths of certain straight lines is sufficient for its construction. Just as
arithmetic consists of only four or five operations, namely, addition, subtrac-
tion, multiplication, division and the extraction of roots, which may be consid-
ered a kind of division, so 1n geometry, to find required lines it is merely neces-
sary to add or subtract other lines; or else, taking one line which I shall call unity
in order to relate it as closely as possible to numbers, and which arbitrarily, and
having given two other lines, to find a fourth line which shall be to one of the
given lines as the other is to unity ...

The difference betwen these two theses of reduction could hardly be
greater in the degree to which they were carried out at the time of their
conception. The ancient atomists could establish in a satisfactory scientific
sense practically nothing about their reductive thesis. Descartes’ detailed
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mathematical treatment constituted one of the most important concep-
tual breakthroughs of early modern mathematics. On the other hand,
Descartes’ attempted reduction of matter to nothing but extension in his
Principles of Philosophy (1644) was in its way just as speculative as that
of Epicurus or Lucretius.

I emphasize that these comparisions are not meant to encourage a
reductionistic methodology that asserts we should only talk about reduc-
tions that can be fully carried out from a formal standpoint. Nothing
could be further from the truth. As an unreconstructed pluralist, I am
happy to assign a place of honor to speculation as well as results, especial-
ly in view of how difficult it is to establish specific results on reduction
for any advanced parts of science. We just need to recognize speculation
for what it is.

. Isomorphism of Models

One of the most general and useful set-theoretical notions that may
be applied to a theory 1s the concept of two models of a theory being
isomorphic Roughly speaking, two models of a theory are isomorphic
when they exhibit the same structure from the standpoint of the basic
concepts of the theory. The point of the formal definition of 1somorph-
ism for a particular theory is to make this notion of same structure pre-
cise. It is to be emphasized, however, that the definition of isomorphism
of models of a theory is not dependent on the detailed nature of the theo-
ry, but is in fact sufficiently independent often to be termed ‘“‘axiom
free.” The use of the phrase “axiom free” indicates that the definition of
isomorphism depends only on the set-theoretical character of models of a
theory. Thus two theories whose models have the same set-theoretical
character, but whose substantive axioms are quite different, would use the
same definition of isomorphism.

These ideas may be made more definite by giving the definition
of isomorphism for algebras that are often groups. Here a structure
(4,0, e,”1) is an algebra if A is a nonempty set, o is a binary operation
from A x A to A, e is an element of 4, and ~! is a unary operation from
Atc A

Definition 1. An algebra 4 = (4, o, e,”1) is isomorphic to an algebra
A'=(4', o', e'~1'yif and only if there 1s a function f such that

(i) the domain of fis 4 and the range of fis 4°,

(ii) fis a one-one function,
(iii) if x and y are in 4, then f{x o ) = f{x) o' f(¥),
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(iv) if x isin A4, then f(x—1) = f(x)-1',
W) fle)=e'.

When we ask ourselves whether or not two distinct objects have the
same structure, we obviously ask relative to some set of concepts under
which the objects fall. It is an easy matter to show that the relation of
isomorphism just defined 1s an equivalence relation among algebras, i.e.,
it is reflexive, symmetric, and transitive. As a rather interesting example,
we might consider two distinct but isomorphic groups which have appli-
cation in the theory of measurement. Let one group be the additive group
of integers. In this case, the set A is the set of all integers, the operation o
is the operation of addition, the identity element e is 0, and the inverse
operation ~! is the negative operation. As the second group, isomorphic
to the first, consider the multiplicative group of all integer powers of 2. In
this case, the set 4’ is the set of all numbers that are equal to 2 to some
integer power, the operation o' is the operation of multiplication, the
identity element 1s the integer 1, and the inverse operation is the standard
reciprocal operation, 1.e., the inverse of x is 1/x. To establish the isomorph-
ism of the two groups A = (4, +,0, —)and 4" =(4',+, 1, 1), we may use
the function fsuch that for every integer # in the set 4

fln)=2",
Then it is easy to check that the range of fis A’, that f is one-one, and
fmon)=fim+n)=2m*n=2m .37 =fim) - fln) =

= fm) ' fn)
1 ,
1) =fm) =27 = = = fin)Y,

and
f(0)=20=1.

It should be apparent that the same isomorphism between additive and
multiplicative groups is possible if we let the set of objects of the additive
group be the set of all real numbers, positive or negative, and the set of
objects of the multiplicative group be the set of all positive real-nuimbers,
From the standpoint of the theory of measurement, this isomorphism is
of interest primarily because it means that there is no mathematical basis
for choosing between additive and multiplicative representations. Standard
discussions of exténsive quantities, for example, those concerning the
measurement of mass or distance, often do not emphasize that a multi-
plicative representation is as acceptable and correct as an additive represen-
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tation. Because measurements of mass or distance are never negative, it
may be thought that the remarks about groups do not apply precisely, for
the additive groups considered all have negative numbers as elements of
the group. The answer is that in considering the actual measurements of
mass or distance, we restrict ourselves to the semigroup of positive ele-
ments of the additive group in question. However, the details of this point
are not relevant here. Concerning the earlier remark that isomorphism or
sameness of structure is relative to a set of concepts, note that the integers
and the multiplicative group of powers of two differ in many number-
theoretical properties.

As another simple example of a theory axiomatized by defining a set-
theoretical predicate, we may consider the ordinal theory of measurement.
Models of this theory are customarily called weak orderings and we shall
use this terminology in defining the appropriate predicate. The set-theo-
retical structure of models of this theory is a nonempty set 4 and a binary
relation R defined on this set. Let us call such a couple 4 = (4,R) a
simple relation structure We then have the following.

Definition 2. A simple relation structure 4 = (4, R) is a weak ordering if
and only if for every x, y, and z in A

(i) 1f xRy and yRz then xRz,

(i) xRy or yRx.

The definition of isomorphism of simple relation structures should be ap-
parent, but for the sake of explicitness I give it anyway, and emphasize
once again that the definition of isomorphism depends only on the set-
theoretical structure of the simple relation structures and not on any of
the substantive axioms imposed.

Definition 3. A simple relation structure 4 = (4, R) is isomorphic to a
simple relation structure A' = (A4', R") if and only if there is a function f
such that

(i) the domain of fis 4 and the range of fis 4',

(ii) fis a one-one function,
(ii1) if x and y are in 4 then xRy if and only if f{x) R’ f(y).

To illustrate this definition of isomorphism let us consider the question,
“Are any two finite weak orderings with the same number of elements
isomorphic?” Intuitively it seems clear that the answer should be negative,
because in one of the weak orderings all the objects could stand in the re-
lation R to each other and not so in the other. It will be interesting to
ask what is the counterexample with the smallest domain we can con-
struct to show that such an isomorphism does not exist in general. It is
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clear at once that two one-element sets will not do, because within iso-
morphism there is only one weak ordering with a single element, namely,
the ordering that makes that single element stand in the given relation R
to itself. However, a counterexample can be found by adding one more
element. In one of the weak orderings we can let R be the universal rela-
tion, i.e., R = A x A, the: Cartesian product of A with itself, and in the
other, let R’ be a “minimal” relation satisfying the axioms for a weak
ordering. More formally, let

A ={1,2}
R ={(1,1),(2,2),(1,2), (2,1)}
A'=A4

R'={(1,1), (2,2), 1,2)}.

Then it is easily checked that 4 = (4, R) and A’ = (4, R") are both weak
orderings with domains of cardinality two, but 4 cannot be isomorphic to
A'. For suppose there were a function f establishing such an isomorphism.
Then we would have

1 R 2 if and only if f(1) R’ A(2)
and

2R 1 ifand only if f(2) R' f(1),
but we also have 1 R 2 and 2 R 1, whence

(D fADR'f(2) and f(2) R' A1),

but this is impossible, for if f(1) = 1, then f(2) = 2, and thus from (1)
2R' 1, but we do not have 2 R’ 1. On the other hand, as the only other
possible one-one function, if f(1) = 2 then f{2) = 1, and again we must
have from (1) 2 R' 1, contrary to the definition of R".

2. Representation Theorems

In attempting to characterize the nature of the models of a theory,
the notion of isomorphism enters in a central way. Perhaps the best and
strongest characterization of the models of a theory is expressed in terms
of a significant representation theorem. By a representation theorem for a
theory the following is meant. A certain class of models of a theory dis-
tinguished for some intuitively clear conceptual reason is shown to exem-
plify within isomorphism every model of the theory. More precisely, let
M be the set of all models of a theory, and let B be some distinguished
subset of M. A representation theorem for M with respect to B would
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consist of the assertion that given any model M in M there exists a model
in B isomorphic to M. In other words, from the standpoint of the theory
every possible variation of model is exemplified within the restricted set
B. It should be apparent that a trivial representation theorem can always
be proved by taking B =M. A representation theorem is just as interesting
as the intuitive significance of the class B of models and no more so. An
example of a simple and beautiful representation theorem is Cayley’s
theorem that every group is isomorphic to a group of transformations.
One source of the concept of a group, as 1t arose in the nineteenth cen-
tury, comes from consideration of the one-one functions which map a set
onto itself. Such functions are usually called transformations. It is inter-
esting and surprising that the elementary axioms for groups are sufficient
to characterize transformations in this abstract sense, namely, in the sense
that any model of the axioms, 1.e., any group, can be shown to be iso-
morphic to a group of transformations. (For a discussion and proof of this
theorem, see Suppes, 1957, Ch. 12.)

Certain cases of representation theorems are of special interest. When
the set B can be taken to be a unit set, i.e., a set with exactly one ele-
ment, then the theory is said to be categorical. Put another way, a theory
is categorical when any two models are isomorphic. Thus, a categorical
theory has within isomorphism really only one model. Examples of cate-
gorical theories are the elementary theory of numbers when a standard
notion of set is used, and the elementary theory of real numbers with the
same standard notion of set. It has sometimes been asserted that one of
the main differences between nineteenth- and twentieth-century mathe-
matics is that nineteenth-century mathematics was concerned with cate-
gorical mathematical theories while the latter deals with noncategorical
theores. It is doubtful that this distinction can be made historically, but
there is cerfainly a rather sharp conceptual difference between working
with categorical and noncategorical theories. There 18 a clear sense in
which noncategorical theores are more abstract.

From a psychological standpoint a good case can probably be made
for the view that a theory is regarded as abstract when the class of models
becomes so large that any simple image or picture of a typical model is
not possible. The range of models is too diverse; the theory is very non-
categorical. Another closely related sense of “abstract™ is that certain
intuitive and perhaps often complex properties of the original model
of the theory have been dropped, as in the case of groups, and we are now
prepared to talk about models which satisfy a theory even though they
have a much sumpler internal structure than the original intuitive model.
This meaning of “abstract” is very close to the etymological one.
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Homomorphism of models. In many cases within pure mathematics
a representation theorem in terms of isomorphism of models turns out to
be less interesting than a representation theorem in terms of the weaker
notion of homomorphism. A good example of this sort within the philo-
sophy of science is provided by theories of measurement, and the general-
ization from isomorphism to homomorphism can be illustrated in this
context. When we consider general practices of measurement it is evident
that in terms of the structural notion of isomorphism we would, roughly
speaking, think of the isomorphism as being established between an empir-
ical model of the theory of measurement and a numerical model. By an
empirical model we mean a model in which the basic set is a set of empir-
ical objects and by _a numerical model one in which the basic set is a set
of numbers. However a slightly more detailed examination of the ques-
tion indicates that difficulties about isomorphism quickly arise. In all too
many cases of measurement, distinct physical objects are assigned the
same number, and thus the one-one relationship required for isomorphism
of models is destroyed. Fortunately, this weakening of the one-one re-
quirement for isomorphism is the only respect in which we must change
the general notion, in order to obtain an adequate account for theories of
measurement of the relation between empirical and numerical models.
The general notion of homomorphism is designed to accommodate exact-
ly this situation. To obtain the formal definition of homomorphism for
two algebras or two simple relation structures as previously defined, we
need only drop the requirement that the function establishing the iso-
morphism be one-one. When this function is many-one but not one-one, we
have a homomorphism that is not an isomorphism.?

These remarks may be made more concrete by considering the
theory of weak orderings as a theory of measurement. It is easy to give a
simple example of two weak orderings such that the first is homomorphic
to the second, but not isomorphic to it. Let

={1,2}
R ={(1,1),(2,2),(1,2),(2,1)}
A ={1}
R'={(1,1)}
and
fay=1
2y=1.

2 A weaker notion of homomorphlsm 1s generally used in algebra. The condition
that, e.g., structures (4, R) and (4', R") be homomorphic with f being the map-
ping A onto A’ 1s that if xRy then f(x)R 'f(»), rather than if and only if. However,
in the theory of measurement and in other applications in the philosophy of
science, the definition used here is more satisfactory.
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From these definitions it is at once obvious that the weak ordering 4 =
= (A4, R) is homomorphic under the function f to the weak ordering A' =
=", R".
The point in showing the homomorphism is that we have

1 R 2 if and only if A1) R’ A2),
as well as

2 R 1 if and only if A(2) R’ f(1),
and both these equivalences hold just because

fH=,2)=1.

On the other hand, it is also clear simply on the basis of cardinality con-
siderations that A is not isomorphic to A’, because the set 4 has two ele-
ments and the set 4’ has one element. It 1s also evident that 4'is not
homomorphic to 4. This also follows from cardinality considerations,
for there is no function whose domain is the set 4’ and whose range is the
set A. As this example illustrates, the relation of homomorphism between
models of a theory is not an equivalence relation; it is reflexive and tran-
sitive, but not symmetric.

By a numerical weak ordering I mean a weak ordering 4 = (4, <)
where A is a set of numbers. The selection of the numerical relation < to
represent the relation R in a weak ordenng is arbitrary, in the sense that
the numerical relation = could just as well have been chosen. However,
choice of one of the two relations < or = is the only intuitively sound
possibility. The following theorem provides a homomorphic representa-
tion theorem for finite weak orderings, and thus makes the theory of fi-
nite weak orderings a theory of measurement.

THEOREM 1. Every finite weak ordering is homomorphic to a numerical
weak ordering.

Proof: Let 4 = (4, R) be a finite weak ordering.
Probably the simplest approach is first to form equivalence classes of ob-
jects in A, with respect to the obvious equivalence relation £ defined in
terms of R:

xEy if and only if xR y & yRx.
Thus, using the standard notation “[x]” for equivalence classes, i.e.,
x]={y:yed &xEy},

we first order the equivalence classes according to R. Explicitly, we de-
fine
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[x]R* [y] if and only if xRy.

It is straightforward to prove that R* is reflexive, antisymmetrical, transi-
tive, and connected in the set A/E of equivalence classes, or, in other
words, that it is a simple ordering of A/E. Since A is a finite set, necessar-
ily A/E is finite. Let [x,] be the first element of A/E under the ordering
R*, [x,] the second, ..., and [x,] the last element. Consider now the
numerical function g defined on A/E, defined as follows:

g(x;)=i for i=1,..,n.

Then g establishes an isomorphism between the ordering A/E = (A/E,R¥)
and the numerical ordering N = (N, <), where N is the set of first # posi-
tive integers. (The details of this part of the proof are tedious but ob-
vious.) We then define the numerical function f on A, for every y in A4,
by:

fO)=1i ifand only if y e [x;],

ie., if y isin the i*® equivalence class under the ordering R*. The function
festablishes a homomorphism between A and N, as desired.

Theorem 1 was restricted to finite weak orderings for good reason; it
is false if this restriction is removed. The classic counterexample is the
lexicographical ordering of the plane.

Let A be the set of all ordered pairs (x, y) of real numbers, and let
the relation R be defined by the equivalence (x,,x,) R (¥4, y,) if and
only if x; <y,, or x; =y, and x, <y,. Suppose that there exists a real-
valued function fsatisfying the equivalence:

D) fx)<Af(y) if and only if xRy.
We fix x, and y, with x, <y, and define for each x; :

[ ey)=fxy, x;)
['x)=Axy,7,).

In terms of these functions define the following function g from real
numbers to intervals:

glx )= [F(x), eI

On the assumption that the ordering is lexicographic, g must be one-one
since two distinct numbers are mapped into two disjoint intervals. For in-
stance, if x; > x| then f'(x;) = flx,, x,) > flx}, ¥,) = f'(x}). But it is
well known that there can be no one-one correspondence between the un-
countable set of real numbers and the countable set of nondegenerate dis-
joint intervals. Thus no such function g can exist, and a fortiori there can
be no function fsatisfying (1) for the lexicographic ordering.
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Embedding of models We have seen that the notion of two models
being homomorphic is a generalization of the notion of two models being
isomorphic. A still more general and therefore weaker relation between
models is that of one model being embedded 1in arother. To prove an embed-
ding theorem for a theory 1s to prove that there is an interesting class M
of models such that every model of the theory is 1somorphic, or at least
homomorphic, to a submodel belonging to M. The exact definition of
submodel will vary slightly from one theory to another depending on the
set-theoretical character of 1ts models. For example, if 4 = (4, o, e, "} 15
an algebra as defined above, then an algebra A' = (A4', o', e’, ~') is a sub-
algebra of 4 1f A’ is a subset of A, o' 1s the operation o restricted to A’
(le,o'=oN(A'x A'x A"), e =e, and ~! 1s the operation ! restricted
to A'. In the case of simple relation structures the definition 1s still simpler.
Iet A =(4,R)and 4'=(4', R") be two such structures. Then 4’ 1s a sub-
model of 4 if A’ is a subset of 4 and R’ is the relation R restricted to A’
e, R'"=RN(4dx A)

Theorem 1 could have been formulated as an embedding theorem
along the following lines. Let R be the set of real numbers Then it 1s ap-
parent at once that (IR, <) is a numerical weak ordering as defined earlier,
and every finite weak ordering can be homomorphically embedded 1n
(R, <), i.e., 18 homomorphic to a submodel of (IR, <)

3. Invariance and Meaningfulness

In connection with any measured property of an object, or set of
objects, it may be asked how unique 1s the number assigned to measure
the property Forexample,the mass of a pebble may be measured in grams
or pounds. The number assigned to measure mass is unique once a unit has
been chosen. A more technical way of putting this 1s that the measure-
ment of mass 1s unique up to a similarity transformation.?

The measurement of temperature in °C or °F has different character-
1stics. Here an origin as well as a unit 1s arbitrarily chosen’ technically
speaking, the measurement of temperature 1s unique up to a linear trans-

3 A real-valued function ¢ 1s a simularity transtormation it there 1s a positive number
o such that for every real number x

o(x)=ax

In transforming from pounds to grams, for instance, the multiplicative tactor & is
453 6



Representation Theory and the Analysis of Structure 265

formation.? Other formally different kinds of measurement are exemplified
by (1) the measurement of probability, which 1s absolutely umque (i.e.,
unique up to the identity transformation), and (2) the ordinal measure-
ment of such physical properties as hardness of minerals, or such psycho-
logical properties as intelligence and racial prejudice. Ordinal measurements
are commonly said to be unique up to a monotone increasing transforma-
tion.®

Use of these different kinds of transformation is basic to the main
idea of this section. An empirical hypothesis, or any statement in fact,
which uses numerical quantities is empirically meaningful only if its
truth value 1s invariant under the appropriate transformations of the
numerical quantities involved. As an example, suppose a psychologist
has an ordinal measure of [.Q., and he thinks that scores S(a) on a certain
new test T have ordinal significance in ranking the intellectual ability of
people. Suppose further that he 1s able to obtamn the ages A(z) of his
subjects. The question then is: Should he regard the following hypothesis
as empirically meaningful?

Hypothesis 1. For any subjects a and b, 1f S(a)/A(a) < S(b)/A(b), then
1.Q.(a) < 1.Q.(b).

From the standpoint of the invariance characterization of empirical mean-
ing, the answer is negative. To see this, let 1.Q.(a) = 1.Q.(b), let A(a) =7,
A(b) = 12, S(a) = 3, S(b) = 7. Make no transformations on the 1.Q. data,
and make no transformations on the age data. But let ¢ be a monotone-
increasing transformation which carries 3 into 6 and 7 into itself. Then
we have

3 7

— < emm R

7 12
but

6.1

7 12

and the truth value of Hypothesis 1 is not invariant under ¢.

4 A real-valued function ¢ 1s a linear transtormation if there are numbers & and §
with & > 0 such that for every number x

d(x)=ax +8

In transforming from Centigrade to Fahrenheit degrees of temperature, for -
stance, @ = 9/5 and § =32

A real-valued function ¢ 1s a monotone increasing transformation 1f, for any two
numbers x and y, i1f x < y, then ¢(x) < ¢(y) Such transformations are also called
order-preserving

w
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The empirically significant thing about the transformation character-
istic of a quantity is that it expresses in precise form how unique is the
structural isomorphism between the empirical operations used to obtain
a given measurement and the corresponding arithmetical operations or
relations. If, for example, the empirical operation is simply that of order-
ing a set of objects according to some characteristic, then the correspond-
ing arithmetical relation is that of less than (or greater than), and any two
functions which map the objects into numbers in a manner preserving the
empirical ordering are adequate. More exactly, a function fis adequate if,
and only if, for any two objects a and b in the set, a stands in the given
empirical relation to b if and only if

fla) <fib)

It is then easy to show that, if f; and f, are adequate in this sense,
then they are related by a monotone-ncreasing transformation. Only
those arithmetical operations and relations which are invariant under
monotone-increasing transformations have any empirical significance n
this situation.

When we turn from the examination of numerical quantities to
models of more complex theories, we obtain results of a similar character.
For example, mm examining classical mechanics we get a representation
that is unique, when units of measurement are fixed, up to a Galilean
transformation, that 1s, a transformation to some other inertial system.
In the case of relativistic structures of particle mechanics, the uniqueness
1s up to Lorentz transformations

To give an example of an elementary result, we can state the unique-
ness theorem corresponding to the representation theorem (Theorem 1)
for finite weak orders.

THEOREM 2. Let 4 = (A4, R) be a finite weak order. Then any two numer-
1cal weak orderings to which 1t 1s homomorphic are related by a strictly
increasing numerical function.

Put 1n other language, the numerical representation of finite weak orders
is unique up to an ordinal transformation. Invariance up to ordinal trans-
formations is not a very strong property of a measurement, and 1t 1s for
this reason that Hypothesis 1 turned out not to be meaningful, because
the hypothesis was not invaniant under monotone transformations of the
measurement data.

6 For sumplicity we shall consider here only the anthmetical relation < There 1s
no other reason for excluding >
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I have not mentioned as yet what is probably the most important,
certainly the most important historical domain, in which invariance and
meaningfulness were applied, namely, geometry. Here is a famous quota-
tion from Felix Klein from his Erlangen address of 1872 (see Klein,
1893 — I have made occasional minor changes in the quotation of the
English translation).

For geometric properties are, from their very 1dea, independent of the position

occupted 1n space by the configuration in question, of its absolute magnitude,

and finally of the sense in which 1ts parts are arranged. The properties of a con-
figuration remain therefore unchanged by any notions of space, by transforma-
tion into similar configurations, by transformation into symmetrical configura-
tions with regard to a plane (reflection), as well as by any combination of these
transformations. The totality of all these transformations we designate as the
principal group of space-transformations- geometric properties are not changed
by the transformations of the principal group And, conversely, geometric prop-
erties are characterized by their remaiming mvariant under the transformations
of the principal group For, if we regard space for the moment as immovable,
etc, as a ngid manifold, then every figure has an individual character; of all the
properties possessed by 1t as an individual, only the properly geometric ones are

preserved in the transformations of the principal group. (p. 218)

Thus, under Klein’s view, which is now widely adopted, one can recognize
a meamingful Euclidean relation between points just by testing whether
or not the relation is invariant under the group of Euclidean motions.
Correspondingly, one can tell whether a relation between points is topo-
logically meaningful by determining whether the relation is invariant un-
der any homeomorphism.

Moving back to the general scheme of things, a representation theo-
rem should ordinarily be accompanied by a matching invariance theorem
stating the degree to which a representation of a structure is unique. In
the mathematically simple and direct cases 1t is easy to identify the group
as some well-known group of transformations. For more complicated
structures, for example, structures that satisfy the axioms of a scientific
theory, it may be necessary to introduce more complicated apparatus, but
the objective is the same, to wit, to characterize meaningful concepts in
terms of invariance.

One note to avoid confusion- it is when the concepts are given in
terms of the representation, for example, a numerical representation
in the case of measurement, or representation in terms of Cartesian
coordinates in the case of geometry, that the test for invariance is needed.
When purely qualitative relations are given which are defined in terms of
the qualitative primitives of a theory, for example, those of Euclidean
geometry, then it follows at once that the defined relations are invariant
and therefore meaningful. On the other hand, the great importance of the



268 P Suppes

representations and the reduction in computations and notation they
achieve, as well as understanding of structure, make it imperative that we
have a clear understanding of invariance and meaningfulness for represen-
tations which may be, in appearance, rather far removed from the qualita-
tive structures that constitute models of the theory.

In the case of physics, the primitive notions themselves of a theory
are not necessarily mvariant. For example, 1f we axiomatize mechanics in
a given frame of reference, then the notion of position for a particle, for
example, is not invariant but 1s subject to a transformation itself. A more
complicated analysis of invariance and meaningfulness 1s then required in
such cases. The general point is clear, however: the study of representa-
tion 1s incomplete without an accompanymng study of invariance of repre-
sentation.
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