
PATRICK SUPPES 

PROPENSITY REPRESENT ATIONS OF PROBABILITY 

In recent years a propensity interpretation of probability, thought of 
primarily as an objective interpretation, has become popular with a 
number of philosophers, and there has developed a rather large 
philosophical literature on it. The concept of propensity itself is not a 
new one. The Oxford English Dictionary cites clear and simple uses of 
propensity and its general meaning already in the seventeenth century, 
for example, from 1660 'Why have those plants ... a propensity of 
sending forth roots?' So the idea of this interpretation of probability is 
to use the general physical idea of objects having various physical 
propensities, for example, a propensity to dissolve when placed in 
water, and to extend this idea to that of probability. As is also clear 
from these discussions, propensities can be looked upon as dispositions 
(a rather detailed discussion of this point can be found in Chapter 4 of 
Mellor, 1971). 

The most prominent advocate of the propensity interpretation of 
probability has been Popper, who set forth the main ideas in ~o 
influential articles (1957, 1959). Popper gives as one of his main 
motivations for developing a propensity interpretation the need to 
give objective interpretation of single-case probabilities in quantum 
mechanics, that is, an objective interpretation of the probabilities of 
individual events. Single-case probabilities, as they are called in the 
literature, are of course no problem for subjectivists, but they have 
been a torturous problem for relative-frequency theorists. A good 
detailed discussion of how we are to think of propensities in relation 
both to singular-case probabilities and to relative frequencies is to be 
found in Giere (1973). I agree with Giere that one of the real reasons 
to move away from the relative-frequency theory is the single-case 
problem and therefore we should regard as fundamental or primary 
the propensity interpretation of singular events. Giere gives a number 
of textual quotations to show that Popper wavers on this point. 

As I pointed out in Suppes (1974), what is missing in these excellent 
intuitive discussions of the philosophical and scientific foundation of a 
propensity interpretation is any sense that there needs to be something 
proved about the propensity interpretation. Within the framework I 
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propose, this would amount to pro:ving a representation theorem. In 
Popper's (1974) response to my criticisms he mentions his own ideas 
about conditional probability and how to handle the problem of 
evidence that has zero probability. There are some other fine points as 
well, but the real point of my criticism he misses in not giving a 
conceptually different analysis of propensities, so that something of 
genuine interest can be proved about the interpretation. The request 
for such a proof is not an idle or merely formal request. In order for an 
interpretation of probability to be interesting, some clear concepts 
need to be added beyond those in the formal theory as axiomatized by 
Kolmogorov. The mere hortatory remark that we can interpret pro­
pensities as probabilities directly, which seems to be a strong propen­
sity of some advocates, is to miss the point of giving a more thorough 
analysis. 

Because I think there are many good things about the propensity 
interpretation, as I indicated in my 1974 article on Popper, I want to 
prove three different representation theorems, each of which is in­
tended to give an analysis for propensity that'goes beyond the formal 
theory of probability, and to include as well, as a fourth example, a 
surprising theorem from classical mechanics. 

The first representation theorem is closest to probability itself and 
is for radioactive phenomena. The second is for psychological 
phenomena where propensity is represented in terms of strength of 
response. The probabilities are then derived explicitly from response 
strengths. The third example, the most important historically, is the 
derivation of the behavior of coins, roulette wheels and similar 
devices, purely on the basis of considerations that belong to classical 
mechanics. The fourth example shows how random phenomena can be 
produced by purely deterministic systems. 

These four different examples of propensity representation theorems 
do not in any direct sense force the issue between single-case and 
relative-frequency views of propensity. But I certainly see noegeneral 
reason for not using them to compute single-case probabilities. It 
seems natural to do so whenever a relatively detailed account of the 
structure of a given propensity is given. 

1. PROPENSITY TO DEC A Y 

Before turning to technical developments, there are some general 
remarks to be made about the approach followed here, which are 
largely taken from Suppes (1973). 
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The first remark concerns the fact that in the axioms that follow, 
propensities as a means of expressing qualitative probabilities are 
properties of events and not of objects. Thus, for example, the 
primitive notation is interpreted as asserting that the event A, given 
the occurrence of the event B, has a propensity to occur at least as 
great as the event C, given the occurrence of the event D. Moreover, 
the events Band D may not actually occur. What we are estimating is 
a tendency to occur or a propensity to occur, given the occurrence of 
some other event. If the use of the language of propensity seems 
awkward or unnatural in talking about the occurrence of events it is 
easy enough simply to use qualitative probability language and to 
reserve the language of propensity for talking about the properties of 
objects, although I am opposed to this move myself. In any case, the 
issue is peripheral to the main problem addressed. The second remark 
concerns the clear distinction between the kind of representation 
theorem obtained here and the sort of theorem ordinarily proved for 
subjective theories. It is characteristic of subjective theories to prove 
that the structural axioms impose a unique probability measure on 
events. It is this uniqueness that is missing from the objective theory 
as formulated here, and in my own judgment this lack of uniqueness is 
a strength and not a weakness. Take the case of radioactive decay. 
From the probabilistic axioms, without specific experimentation or 
identification of the physical substance that is decaying, we certainly 
do not anticipate being able to derive a priori the single parameter of 
the geometric distribution for decay_ It is exactly such a parametric 
result, i.e., uniqueness up to a set of parameters, that is characteristic 
of objective theory, and, I would claim, characteristic of standard 
experimentation in broad areas of science ranging from physics to 
psychology. In other words, the structural axioms of probability, 
together with the necessary ones, fix the parametric forms of the 
probability measure but do not determine it uniquely. Specific 
experiments and specific methods of estimation of parameters on the 
basis of empirical data are needed to determine the numerical values 
of the parameters. Subjectivists often end up with a working pro­
cedure similar to the present one by assuming a probability dis­
tribution over the space of parameters. Such procedures are close to 
what is being discussed here, and well they might be, because there is 
great agreement on how one proceeds in practice to estimate some­
thing like a parameter of a geometric distribution. The important 
point I want to emphasize is that, in the fundamental underpinnings of 
the theory, subjectivists have ordinarily insisted upon a unique prob-
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ability measure, and this commitment to an underlying unique prob­
ability measure seems to me to be an unrealistic premise for most 
scientific applications. It is not that there is any inconsistency in the 
subjectivistic approach; it is simply that the present objectivistic 
viewpoint is a more natural one from the standpoint of ordinary 
scientific practice. 

I emphasize also that the intuitive meaning of the weaker structural 
axioms of objective theory is different from that of the stronger 
axioms of subjective theory. The objective structural axioms are used 
to express specific qualitative hypotheses or laws about empirical 
phenomena. Their form varies from one kind of application to an­
other. A specific structural axiom provides a means of sharply focus­
ing on what fundamental empirical idea is being applied in a given 
class of experiments. More is said about this point later for the 
particular case of radioactive decay. 

I turn now to the formal developments. First of all, in stating the 
necessary axioms I shall use qualitative probability language of the 
sort that is standard in subjective theories of probability. The real 
place for propensity comes in the discussion of the rather particular 
structural axioms which reflect strong physical hypotheses about the 
phenomena of radioactive decay. 

The axioms given in the following definition will not be discussed 
because they are of a type quite familiar in the literature. The ones I 
give here represent only a minor modification of the first six axioms of 
Definition 8 of Krantz et a1. (1971, p. 222), plus an alternative axiom 
that is Axiom 7 below. Note that = is equivalence, i.e., 

AlB = CID iff AIB~ CID and CI D ~ AI B. 

DEFINITION 1. A structure g(= (X, @i,~) is a qualitative prob­
ability structure if and only if @i is a u-algebra of sets on X and 
for every A, B, C, D, E, F, G, A" B;, i = 1,2, ... , in ;Y; with 
B, D, F, G> {1 the following axioms hold: 

1. If AI B?:: CID and C\D ~ ElF then AI B?:: ElF; 
2. AIB~ CID or CID?:: AlB; 
3. X>0; 
4. XIB~AID; 
5. AnB\B=A\B; 
6. If Ai n Aj = Bi n BJ = 0 for i =1= j and Ad D ~ B, I F for i = 
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1,2, ... ,tllen UAIID~UB,IF; moreover, if for some i, A,ID> 
BIIF, then U A;ID> U BjIF; 

7. If A~B~D, E~F~G, AIB~EIF and BID~FIG then 
AID~EI G; moreover, AID>EI G unless A=0 or both AIB= 
ElF and BID = FIG; 

8. If A~B~D, E~F~G, BID~EIF and AIB~FIG, then 
A I D ~ E I G; moreover, if either hypothesis is >, then the conclusion 
is >. 

To say that the axioms of Definition 1 are necessary means, of 
course, that they are a mathematical consequence of the assumption 
that a standard'probability measure P is defined on fji such that 

(1) AIB~ CID iff P(AIB)~ P(CID). 

Precisely which necessary axioms are needed in conjunction with 
the sufficient structural axioms to guarantee the existence of a prob­
ability measure satisfying (1) will vary from case to case. It is likely 
that most of the eight axioms of Definition 1 will ordinarily be needed. 
In many cases an Archimedean axiom will also be required; the 
formulation of this axiom in one of several forms is familiar in the 
literature. The following version is taken from Krantz et al. (1971, 
p.223). 

DEFINITION 2. A qualitative conditional probability structure f!t= 
(X, fji,~) is Archimedean if and only if every standard sequence is 
finite, where (At, A 2 , ••• ) is a standard sequence iff for all i, Ai> 0, 
Aj~AI+l and XIX> AdAi+l = AtlA2 • 

I turn now to a theorem that seems to have been first stated in the 
literature of qualitative probability in Suppes (1974). The reason it did 
not appear earlier seems to be that the solvability axioms ordinarily 
used in subjective theories of probability often do not hold in par­
ticular physical situations when the probabilistic considerations are 
restricted just to that situation. Consequently the familiar methods of 
proof of the existence of a representing probability measure must be 
changed. Without this change, the theorem is not needed. 

The theorem is about standard sequences. Alone, the theorem does 
not yield a probability measure, but it guarantees the existence of a 
numerical function that can be extended to all events, and thereby it 



340 PATRICK SUPPES 

becomes a measure when the physical hypotheses expressing struc­
tural, non necessary constraints are sufficiently strong. 

THEOREM 1 (Representation Theorem for Standard Sequences). Let 
(A h .•• , An) be a finite standard sequence, i.e., A; >0, Ai~A,+., and 
xl X > A j I Aj + l = All A z. Then there is a function W such that 

(i) Ai~AJ iff W(A j ) ~ W(Aj ), 

(ii) if A,~Aj and Ak~Al then 

A,IAj=AkIAl iff W(Aj)/W(Aj ) = W(Ak)/W(A I ). 

Moreover, for any W satisfying (i) and (ii) there is a q with 0 < q < 1 
and a c > 0 such that 

W(A;) = cqn+l-j. 

Proof. Let 0 < q < 1. Define W(Aj) as 

(1) W(Aj) = qn+1-j. 

Then obviously (i) is satisfied, since the members of a standard 
sequence are distinct; otherwise there would be an i such that Ai = 

A j +1 and thus Ad Ai+l = xl x, contrary to hypothesis. So we may turn 
at once to (ii). First, note the following. 

(2) Ai I Ai+m = A J I A j+m. 

The proof of (2) is by induction. For m = 1, it is just the hypothesis 
that for every i, Ai I Ai+1 = All A 2 • Assume now it holds for m - 1; we 
then have 

and also for any standard sequence 

A,+(m-l) I A.+m = Aj+(m-l) I A j+ m, 

whence by Axiom 7, Ai I A,+m = Aj I A j+m, as desired. Next, ~e show 
that if Ai~Aj, Ak~A, and AdAj=AklA" then there is an m~O 
such that j = i + m and 1= k + m. Since Ai~Ai and Ak~A" there 
must be nonnegative integers m and m' such that j = i + m and 
1= k + m'. Suppose m t m', and without loss of generality suppose 
m + h = m', with h > O. Then obviously 

Ai I Ai+m = Ak I A k+m. 
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In addition, 

and so again by Axiom 7 

AI I A i+m > Ak I A k+ m " 

contrary to OUf hypothesis, and so we must have m = mt, 
With these results we can establish (ii). We have as a condition that 

Ai ~ Ai and Ak ~ A,. Assume first that Ai I Ai = Ak I A,. Then we know 
that there is an m such that j i + m and 1= k + m, whence 

W(Ai)/W(A
J
) = q"+l-i l qn+1-i-m 

= qn+l-k/q"+1-k-m 

Second, we assume that 

From the definition of W it is a matter of simple algebra to see that 
there must be an m' such that j = i + m' and I k + m', whence by our 
previous result, Ad Ai = Ak I A,. 

Finally, we must prove the uniqueness of q as expressed in the 
theorem. Suppose there is a W' satisfying (i) and (ii) such that there is 
no c > 0 and no q such that 0 < q < 1 and for all i 

Let 

Let 

W'(A,,) = ql 

W'(An - 1) = q2· 

q q2 
ql 

2 
C = ql. 

q2 
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Obviously, 
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W'{An) = cq 

W'{An - 1) = cq2. 

On our supposition about W', let i be the largest integer (of course 
i:s; n) such that 

W'{Ai) f cqn+1-i. 

We have 

Ai I Ai+l = An-II An, 

whence by (ii) 

W'{A,)/cqn-i = cq2/cq, 

and so 

contrary to hypothesis, and the theorem is proved. 
I turn now to radioactive decay phenomena. One of the best-known 

physical examples of a probabilistic phenomenon for which no one 
pretends to have a deeper underlying deterministic theory is that of 
radioactive decay. Here I shall consider for simplicity a discrete-time 
version of the theory which leads to a geometric distribution of the 
probability of decay. Extension to continuous time is straightforward 
but will not be considered here. In the present context the important 
point is conceptual, and I want to minimize technical details. Of 
course, the axioms for decay have radically different interpretations in 
other domains of science, and some of these will be mentioned later. 

In a particular application of probability theory, the first step is to 
characterize the sample space, i.e., the set of possible experimental 
outcomes, or as an alternative, the random variables that are numeri­
cal-valued functions describing the phenomena at hand. Here I shall 
use the sample-space approach, but what is said can easily be con­
verted to a random-variable viewpoint. 

From a formal standpoint, the sample space X can be taken to be 
the set of all infinite sequences of O's, and l's containing exactly one 1. 
The single 1 in each sequence occurs as the nth term of the sequence 
representing the decay of a particle on the nth trial or during the nth 
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time period, with its being understood that every trial or period is of 
the same duration as every other. Let En be, then, the event of decay 
on trial n. Let Wn be the event of no decay on the first n trials, so that 

n 

Wn =- U E,. 
;=1 

The single structural axiom is embodied in the following definition. 
The axiom just asserts that the probability of decay on the nth trial, 
given that decay has not yet occurred, is equivalent to the probability 
of decay on the first trial. It thus expresses in a simple way a qualitative 
principle of constancy or invariance of propensity to decay through 
time. 

DEFINITION 3. Let X be the set of all sequences of 0' sand l' s 
containing exactly one 1, and let f:f be the smallest u-algebra on X 
which contains the algebra of cylinder sets. A structure g(= (X, f:f,~) is 
a qualitative waiting-time structure with independence of the past iff 
g( is a qualitative conditional probability structure and in addition the 
following axiom is satisfied for every n, provided Wn - 1 > 0: 

Waiting-time Axiom. En I Wn- 1 = E 1• 

The structures characterized by Definition 3 are called waiting- time 
structures with independence of the past, because this descriptive phrase 
characterizes their general property abstracted from particular ap­
plications like that of decay. 

The simplicity of this single structural axiom may be contrasted with 
the rather involved axioms characteristic of subjective theories of 
probability. In addition, the natural form of the representation 
theorem is different. The emphasis is on satisfying the structural 
axioms - in this case, the waiting-time axiom - and having a unique 
parametric form, rather than a unique distribution. 

THEOREM 2 (Representation Theorem for Decay). Let g(= (X, fJi,~) 
be a qualitative waiting-time structure with independence of the past. 
Then there exists a probability measure on f!F such that the waiting- time 
axiom is satisfied, i.e., 
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and there is a number p with 0 < p ~ 1 such that 

(ii) P(En):= p(1- p)h-l. 

Moreover, any probability measure satisfying (i) is of the form (ii). 

Proof. The e\'ents En uniquely determine an atom or possible 
experimental outcome x of X, i.e., for each n, there is an x in X such 
that 

En = {x}, 

a situation which is quite unusual in sample spaces made up of infinite 
sequences, for usually the probability of any x is strictly zero. 

If E. = X, then P(E.) = 1, and the proof is trivial. On the other 
hand, if X> E .. then for each n, (Wn , • •• , WI) is a standard sequence 
satisfying the hypotheses of the representation theorem for standard 
sequences. The numbering is inverted, i.e., lVi+l ~ ~ and \\';+1\ lVi = 
W2 1 WI. (If (WI, ... , Wn ) were a standard sequence, then so would be 
the infinite sequence (WI, . .. , Wn , ••• ) in violation of the necessary 
Archimedean axiom.) That lVi+l~ lVi is obvious from the definition of 
lVi, By virtue of the waiting-time axiom 

lVi+1 I ~ = WI. 

since Ei = lVi-t - ~, and WI = - EI, so 

El = Ei+11 lVi = Wi - lVi+l I lVi 

=-Wi+d lVi, 
and so by elementary manipUlations 

WI =-E1 = Wi+tI \\';. 

Using the representation theorem for standard sequences, we know 
there is a numerical function P' and numbers c and q with 0 < q < 1 
and c > 0 such that 

(Let i' be the numbering in the reverse order (n, ... , 1); then i' = n -
(i - 1), and the exponent n + 1 - 1 in the representation theorem 
becomes i'.) Starting with a fixed standard sequence of length n, P' 
can be extended to every i > n in an obvious fashion. 

The next step is to extend P' as an additive set function to all atoms 
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E; by the equations 

P'(E,) = P'( W,-1 - W,) 

= P'( W;-t) - P( W;) 

= C(q,-l _ qi) 

= cqi-l(l - q). 

The consistency and uniqueness of this extension is easy to check. 
Now 

00 

L P'(EJ= c, 
;=1 

so we set c = 1 to obtain a measure P normed on 1 from P' and let 
p= l-q. We then have 

P(Ei ) = p(1 - p)i-t 

P(~) = (1- plio 

The function P just defined is equivalent to a discrete density on X, 
since Ei = {x} for some x in X, and thus P may be uniquely extended 
to the u-algebra of cylinder sets of X by well-known methods. 

Finally, the proof of (ii) is immediate. If we suppose there is an n 
such that P(En) =1= p(1- p)n-l, where p = P(E1), we may use the 
waiting-time axiom to obtain a contradiction, for by hypothesis 
P( Wn - 1) = (1- p)"-1 and P(En I Wn - t ) = p, whence P(En ) = 
pP( Wn - 1) = p(1- p)"-l. Q.E.D. 

I quite accept that a criticism of this particular representation 
theorem is that the analysis of propensity is too close to the analysis of 
probability from a forma~ standpoint, a complaint I made earlier about 
some of the literature on propensity. In general, propensities are not 
probabilities, but provide the ingredients out of which probabilities are 
constructed. I think the favorable positive argument for what I have 
done has got to be put on a more subtle and therefore more fragile 
basis. The point has been made, but I will make it again to emphasize 
how propensities enter. The waiting-time axiom is a structural axiom 
that would never be encountered in the standard theory of subjective 
probability as a fundamental axiom. It is an axiom special to certain 
physical phenomena. It represents, therefore, a qualitative expression 
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of a propensity. Second, the probabilities we obtain from the 
representation theorem are not unique but are only unique up to fixing 
the decay parameter. Again, this is not a subjective concept but very 
much an objective one. Identifying and locating thl.! number of physi­
cal parameters to be determined is a way of emphasizing that propen­
sities have entered and that a purely probabilistic theory with a unique 
measure has not been given. 

2. PROPENSITY TO RESPOND 

There is a long history of various theoretical models being proposed in 
psychology to represent response strength, which in turn is the basis 
for choice probabilities. By a "choice probability" I mean the prob­
ability that a given item a wi)) be selected from a set A in some given 
experimental or naturalistic setting. The fact that the choice is to be 
represented by a probability is a reflection that the standard algebraic 
model of expected utility does not adequately represent much actual 
behavior. Whatever one may think individuals should do, it is a fact of 
life~ documented extensively both experimentally and in other settings, 
that individuals, when presented with what appears to be repetitions of 
the same set of alternatives to choose from, do not repeatedly _choose 
the same thing. The formal study of such situations has also been a 
matter of intensive work in the past several decades. One of the most 
simple and elegant models is the choice model proposed by Luce 
(1959). In Luces own development he proceeds from his choice 
axiom, which is stated in terms of observable probabilities, to the 
existence of response strengths. To illustrate the kind of idea we want 
here we shall begin the other way, that is, by postulating a response 
strength, and then showing how from this postulate we easily derive 
his choice axiom. Second, an advantage of response strengths over 
response probabilities is to be seen in the formulation of Luce's alpha 
model of learning, where the transformations that represent learning 
from one trial to another are linear when formulated in terms of 
response strengths, but nonlinear when formulated in terms of choice 
probabilities. 

We turn now to the formal development of these ideas. In the 
intended interpretation T is a presented set of alternatives to choose 
from, and the numerical function v is the measure of response (or 
stimulus) strength. 
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DEFINITION 4. Let T be a nonempty set, and let v be a nonnegative 
real-valued function defined on T such that for at least one x in T, 
v(x) > 0, and Lxey v(x) is finite . . Then fT = (T, v) is a response­
strength model (of choice). 

The general requirements on a response-strength model are 
obviously very weak, but we can already prove a representation 
theorem that is more special than earlier ones, in the sense that in 
addition to satisfying the axioms of finitely additive probability spaces, 
Luce's Choice Axiom is satisfied as well. Moreover, to get various 
learning models, we impose further conditions. 

THEOREM 3 (Representation Theorem). Let fT = (T, v) be a re­
sponse-strength model, and define for U in g»(T), the power set of T, 

Py( U) = L v(x)/ L V(X). 
xeU xeT 

Then (T, ~(T), PT ) is a finitely additive probability space. Moreover, the 
probability measure PT satisfies Luce's choice axiom, i.e., for V in g»(T), 
with LXE v v(x) =/= 0, and with v' being v restricted to V, r = (V, v') is a 
response-strength model such that for U~ V 

PV(U) = Py(UI V). 

- Proof. The general representation part of the theorem is obvious. 
To prove Luce's axiom, we note that because U~ V 

Py(UI V)= py(Un V)/Py(V) 

I V(X) " I v(x) 
_xeU " xeV - ,---

I v(x)/ I v(x) 
xeT I xeT 

= I v(x) " I v(x) 
xeU " xeV 

= Pv(U). Q.E.D. 

The notation used in the theorem is slightly subtle and can be initially 
confusing. Note that the set referred to by the subscript represents the 
full physical set of choice alternatives. The set conditioned on, V in 
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the case of PT ( U I v), is information about the choice actually occur­
ring from among the elements of a subset of T. It is not at all 
tautological that Luce's axiom should hold. In fact, there is a sizable 
statistical literature on how to best estimate response strengths for 
observed choice probabilities (Bradley and Terry, 1952; Bradley, 
1954a, b, 1955; Abelson and Bradley, 1954; Ford, 1957). 

To illustrate how the form-~dation of theory in terms of a propensity 
can simplify some analyses, we sketch the situation for Luce's alpha 
model of learning. Let f be the learning function mapping the finite 
vector of response strengths v = (vJ, ... , vr) from one trial to the next. 
Here we assume T is finite - in particular has cardinality r. We assume 
that response strengths are unbounded, i.e., for any real number a 
there is an n such \f"(v)\ > a, where f" represents n iterations of the 
learning function. Secondly, superposition of learning holds, i.e., for 
any v, v*>O 

f(v + v*) = f(v) + f(v*). 

Third, independence of scale or units holds, i.e., for v > 0 and any real 
number k >0 

f(kv) = kf(v). 

But it is a well-known result in linear algebra that the assumed 
conditions imply that f is a linear operator on the given r-dimensional 
vector space. In contrast, under these assumptions but no stronger 
ones the behavior from trial-to-trial of the response probabilities 
PT ( U) is complicated; in particular, they are not related by a linear 
transformation of the probabilities. 

Although the proof of Theorem 3 is very simple and in the 
development thus far little structure has been imposed on the re­
sponse-strength function, the intended interpretation fits in very nicely 
with the propensity concept of probability - at least as I envisage the 
development of representation theorems for various propensities. In 
fact, a pluralistic aspect of propensities that I like is that there is no 
single natural representation theorem. Many different physical and 
psychological propensities should produce unique representation 
theorems. On the other hand, an obvious deficiency of Theorem 4, 
and other similarly "direct" representations of probability in terms of 
some propensity, is that no guarantee of randomness is provided. This 
is also a deficiency of the radioactive decay example as well. In both 
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cases, adding axioms to deal with randomness is difficult. In the decay 
case, what is naturally a real-time phenomenon has to be dealt with~ 
rather than the typical multinomial case. In the response-strength 
models, one would immediately expect learning from repetition and 
thus the obvious sequences of trials would not represent stationary 
processes. In principle the standard machinery for defining finite 
random sequences could be used, but the technical problems of 
correct formulation seem too numerous to try to solve here. 

3. PROPENSITY FOR HEADS 

There is a tradition that begins at least with Poincare (1912) of 
analyzing physical systems that we ordinarily consider chance devices 
as classical mechanical systems. More detailed applications to chance 
devices were given by Smoluchowski (19 t 8) and, in particular, by 
Hopf (1934). The history of these ideas has been nicely chronicled by 
von Plato (1983). The simple approach developed here~ which 
requires only Riemann integration, is mainly due to Keller (1986). 

We shall analyze the mechanics of coin tossing, but, as might be 
expected, under several simplifying assumptions that would be only 
partly satisfied in practice. First, we consider a circular coin of radius a 
whose thickness is negligible. Second, we assume perfect uniformity in 
the distribution of the metal in the coin, so that its center of gravity js 
also its geometrical center. The different marking for a head and a tail 
is thus assumed to be negligible. Third, we neglect any friction arising 
from its spinning or falling. Fourth, we carry the analysis only to the 
first point of impact with the surface on which it lands. We assume it 
does not change the face up from this point on. We thereby ignore any 
problems of elasticity that might lead to bouncing off the surface, 
spinning and landing again before coming to rest. As Hopf points out, 
real systems are dissipative rather than conservative, but the mathe­
matical analysis that replaces all of the above assumptions with the 
most realistic ones we can formulate is still not available in complete 
form. On the other hand, the idealizations we make are not totally 
unrealistic; there are good physical reasons for believing that more 
realistic assumptions about dissipation due to friction, etc., would not 
affect at all the conceptual character of the analysis, but only the 
quantitative details, which are not critical for our purposes. 

It is also useful to ask whether the analysis to be given fits into the 



350 PATRICK SUPPES 

standard theory of particle mechanics. The answer is 'almost but not 
quite'. To take account of spin we treat the coin as a rigid body, not as 
a particle, although we could imitate the spin properties exactly by a 
finite collection of particles whose mutual distances remain constant. 

Now to the formal details. We use a Cartesian coordinate system 
with x and z in the horizontal plane and with y being the measure of 
height, so that y( t) is the height of the center of gravity of the coin at 
time t. The only vertical force is the force of gravity, so the New­
tonian equation of motion is 

(1) 
d2 y(t) 
dT=-g, 

where g is the constant acceleration of gravity. As initial conditions at 
time t = 0, we suppose the height is a and the toss gives the coin an 
upward velocity u, i.e., 

(2) yeO) = a, y(O) = u. 

Equations (1) and (2) uniquely determine y(t) up to the point of 
impact. As is easily shown 

(3) 
gt2 

yet) = -"2+ ut+ a. 

As for spin, we assume the coin is rotating about a horizontal axis 
which lies along a diameter of the coin; we fix the z-coordinate axis to 
be parallel to this rotation axis, and we measure angular position as 
follows. The angle 8(1) is the angle between the positive y-axis and a 
line perpendicular to the head-side of the coin - both these lines lie in 
the x-y plane as can be seen from Figure 1, taken from Keller (1986). 
We assume that initially the coin is horizontal with heads up, and the 
toss gives it positive angular velocity w. So that at t = 0, the initial 
spin con~itions are: 

(4) 8(0) = 0, 6(0) = w. 

Moreover, assuming no dissipation, as we do, the equation governing 
the rotational motion of the coin is just that of constant velocity. 

(5) 
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y 
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Fig. 1. The x, y plane intersects the coin along a diameter of length 2a. The normal to 
the side of the coin marked heads makes the angle 8 with the positive y·axis. 

The unique solution of (4) and (5) is: 

(6) 8(t) = rut. 

Let t, be the point in time at which the coin makes contact with t~e 
surface on which it lands, which surface we take to be the plane y = O. 
Given the earlier stated assumption that the coin does not bounce at 
all, the coin will have a head up iff 

(7) 2n1T- 11'/2 < 8(ts) < 2n1T+ 71"/2, n = 0, 1,2, .... 

We now want to find Is. First, we note that at any time t, the lowest 
point of the coin is at y(t) - a I sin 8(t)l. So t, is the smallest positive 
root of the equation 

(8) y(ts ) - alsin 8(1s)1 = o. 
We next want to find what Keller calls the pre··image of heads, i.e., 

to find the set of initial values of velocity u and angular velocity w for 
which the coin ends with a head up. Let us call H this set of points in 
the U, w-plane. 
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We look first at the endpoints defined by (7). These together with 
(6) yield - just for the endpoints, 

(9) wfs = (2n +!7T), 

and also at these endpoints sin 6(t,,) = ± 1, so (8) in these cases 
simplifies to 

(10) y(ts ) - a = 0, 

which combined with (5) yields 

(11) uts - gt;/2 = O. 

The importance of the endpoints is that they determine the boundaries 
of the region H. In particular, we examine solutions of ( 11) to 
determine fs and then (9) to determine the boundaries. Equation (11) 
has two sol}1tions: 

ts =0, ts = 2ulg. 

The first one yields only trivial results, so we use the second solution in 
(9) to obtain a relation in terms only of wand u: 

(2n ±!);g 
(12) w = 2u ,n 0, 1,2, ... 

The relationship (12) is graphed in Figure 2 (after Keller, 1986) for 
various values of n. As can be seen from (12), each curve is a 
hyperbola. On the axis tv = 0, a head remains up throughout the toss, 
so the strip bordered by the axis belongs to fl. The next strip is part of 
T, the complement of H, and as is obvious the alternation of strips 
being either part of H or T continues. From (12) we can infer that the 
strips are of equal vertical separation, namely, 'lTg/2u, except for n = 0 
for the lowest one where the vertical distance from the axis is 1Tg/4u. 

The critical observation is that, as the initial velocity u of the toss 
increases, the vertical separation decreases and tends to zero. This 
means that the alternation between Hand T is generated by small 
changes in u. 

As we shall show, essentially any mathematically acceptable prob­
ability distribution of u and w, at time t 0, will lead to the prob­
ability of heads being 0.5. The mechanical process of flipping 
dominates the outcome. Small initial variations in u and w, which are 
completely unavoidable, lead to the standard chance outcome. Put 
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5 10 

u/g 

Fig. 2. The curves which separate the sets Hand T, the pre-images of heads and tails 
in the U,6J plane of initial condit;ons, are shown for various values of n, with the 

abscissa being u/ g. 

explicitly, the standard mechanical process of flipping a coin has a 
strong propensity to produce a head as outcome with probability 0.5. 

To calculate PH, the probability of heads, we assume an initial 
continuous probability distribution p( u, lIJ), with, of course, U > 0 and 
lIJ > O. It is important to note that no features of symmetry of any kind 
are assumed for p( u, w). We have at once 

(13) PH = J JH p(u, lIJ) dw duo 

It is obvious that (13) imposes no restriction on PH- Given any value 
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of PH desired, Le., any probability of heads, we can find a distribution 
of p(u, w) that will produce it in accordance with (13). 

What can be proved is that as the velocity u increases we can prove 
that in the limit PH =!. The actual rate of convergence will be 
sensitive to the given distribution p( u, w). 

THEOREM 4 (Representation Theorem). 

lim P(HI u> U) =!. 
U.-oo 

Proof. We first write the conditional probability without taking the 
limit: 

(14) J. 
"" 00 J, (2"+(1/2»1I'8'/2u 

L p(u, w) dw du 
P(H I u > U) = U "=0 (2,:-(1/2»1I'8'/2u 

L [ p(u, lU) drudu 

(What has been done in the numerator is to integrate over each 
"sHeen of H, given by (12).) The set T is the complement of H, and 
so the boundaries of slices of Tare: 

(15) 
(2n + 1 ± l)1Tg 

t/J = 2u ' 

and we can write the denominator of (14) as: 

J.
OO \XI J,(2n+(1/2»"I'T8'/2U 100 

OQ 

(16) L p(u, w) dw du + L 
U n=O (2n-(1I2»-ng/2u U "=0 

J,

(2n<+3/2»"I'T8'/2U 

X p(u,w)dwdu. 
(2n+(1/2»"I'T8'l2u 

We next want to evaluate the numerator of the right-hand side of (14) 
as U ~ 00. From the definition of the Riemann integral, we can 
approximate each integral inside the summation side by the length of 
the interval, which is ng/2u, and the value of the integral at the 
midpoint of the interval, which is p(u, n1Tg/u). 
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i"" 00 i (2n+(1I2»wg/2u 
(17) lim L p(u, w) dw d,., 

U--..o> U .. =0 (2n+(1/2»wgI2u 

lim roo i: p( u, n7T
g) 21Tg duo 

u-+<» Ju n=O U U 

And it is straightforward to show that as U ~ co the integral on the 
right converges to !P(u > U). From this result, (14), (16), and (17), 
we have as desired: ' 

lim !P(u > U) 
1 

limP(H\u>U)= =2" 
U-.oo lim ! P(u > U) + lim ! P{u > U) 

U-.oo v-

4. PROPENSITY FOR RANDOMNESS 

This fourth example is a special case of the three-body problem, 
certainly the most extensively studied problem in the history of 
mechanics. Our special case is this. There are two particles of equal 
mass ml and m2 moving according to Newton's inverse-square law of 
gravitation in an elliptic orbit relative to their common center of mass 
which is at rest. The third particle has a nearly negligible mass, so it 
does not affect the motion of the other two particles, but they affect its 
motion. This third particle is moving along a line perpendicular to the 
plane of motion of the first two particles and intersecting the plane at 
the center of their mass - let this be the z axis. From symmetry 
considerations, we can see that the third particle will not move off the 
line. The restricted problem is to describe the motion of the third 
particle. 

To obtain a differential equation in simple form, we normalize the 
unit of time so that the temporal period of rotation of the two masses 
in the x,y-plane is 21T, we take the unit of length to be such that the 
gravitational constant is one, and finally ml = m2 =!, so that ml + 
m2 = 1. The force on particle m3, the particle of interest, from the . 
mass of particle 1 is: 
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where r is the distance in the x, y-plane of particle 1 from the center 
of mass of the two-particle system ml and m2, and this center is, of 
course, just the point z = 0 in the x, y plane. Note that (z, r)/.JZ.2+1.i 
is the unit vector of direction of the force Fl. Similarly, 

So, simplifying, we obtain as the ordinary differential equation of the 
third particle 

d2 z z 
dr = - (Z2+ r)3/2" 

The analysis of this easily described situation is quite complicated and 
technical, but some of the results' are simple to state in informal terms. 
Near the escape velocity for the third particle the velocity at which it 
leaves and does not periodically return, the periodic motion is very 
irregular. In particular, the following remarkable theorem ca'n be 
proved. Let t}, t2, ... be the times at which the particle intersects the 
plane of motion of the other two particles. Let Sk be the largest integer 
equal to or less than the difference between tk+l and tk times a 
constant.1 Variation in the Sk'S obviously measures the irregularity in 
the periodic motion. The theorem, due to the Russian mathematicians 
Sitnikov (1960) and Alekseev (1969a, b), as formulated in Moser 
(1973), is this. 

THEOREM 5. Given that the eccentricity of the elliptic orbits is positive 
but not too large, there exists an integer, say a, such that any infinite 
sequence of terms Sk with Sk ~ a, corresponds to a solution of the 
deterministic differential equation governing the motion of the third 
particle.2 

A corollary about random sequences immediately fol1ows. Let S be 
any random sequence of heads and tails - for this purpose we can use 
any of the several variant definitions - Church, Kolmogorov, Martin­
Lof. etc. We pick two integers greater than a to represent the random 
sequence - the lesser of the two representing heads, say, and the other 
tails. We then have: 

COROLLARY. Any random sequence of heads and tails corresponds 
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to a solution of the deterministic differential equation governing the 
molion of the third particle. 

In other words, for each random sequence there exists a set of initial 
conditions that determines the corresponding solution. Notice that in 
essential ways the motion of the particle is completely unpredictable 
even though deterministic. This is a consequence at once of the 
associated sequence being random. It is important to notice the 
difference from the earlier coin-flipping case, for no distribution over 
initial conditions and thus no uncertainty about them is present in this 
three-body problem. No single trajectory in the coin-flipping case 
exhibits in itself such random behavior. 

In this fourth case, propensity may be expressed as the tendency of 
the third particle to behave with great irregularity just below its 
escape velocity. In ordinary terms, we migh.t want to say that the 
propensity is one for irregularity, but of course we can say more for 
certain solutions, namely, certain initial conditions lead to a propensity 
to produce random behavior. 

NOTES 

I The constant is the reciprocal of the period of the motion of the two particles in the 
plane. 
2 The correspondence between a solution of the differential equation and a sequence: of 
integers is the source of the term symbolic dynamics. The idea of such a correspondence 
originated with G. D. Birkhofl in the 1930s. 
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