PATRICK SUPPES

PROBABILITY IN RELATIVISTIC PARTICLE THEORY

Either a cursory or more extended survey of the treatment of probability in
relativistic particle theory yields an obvious conclusion. The analysis of
probability concepts is uniformly superficial. Perhaps the most striking
evidence of this superficiality is the absence of any discussion of specific
distributions. In classical quantum mechanics the normal distribution
arises in a variety of circumstances, for example, in characterizing the
‘motion’ of a free particle or that of a harmonic oscillator. Previously
(Suppes and Zanotti, 1974), I have emphasized the naturalness of thinking
of these distributions as representing the random fluctuations around the
trajectories derived for these cases in classical physics; the classical trajec-
tory turns out to be the expectation of the normal distribution of fluctu-
ations at each instant of time.

In other cases, for example, those involving interference, probability
distributions arise in classical quantum mechanics that are peculiar to the
subject and seldom if ever seen elsewhere, but the details are spelled out
and the comparison of observed data with theoretical distributions is stan-
dard. Moreover, even here the standard Cauchy distribution arises as a
natural ‘damping mechanism’ for the periodic functions that are charac-
teristic of interference phenomena or of related wave-like phenomena.

I have found no comparable results in relativistic particle theory. The
relativistic wave equation is ordinarily analyzed in such a way that the
probability flux is thought of in analogy with the flow of fluid in the
equations of hydrodynamics, and little more is said of a probabilistic
character.

This absence of details led me to look for more general discussions of
probability and relativity. It should be apparent that here and throughout
this paper by relativity I mean the special theory of relativity, and what I
have to say depends very much on the affine character of the space-time
manifold of special relativity. Surprisingly I did not find the developments
I expected and, so, much of this paper is devoted to fundamental but
elementary considerations.
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Because the kind of developments I envisage do not seem to be available
in the orthodox treatments of relativistic particle theory, I decided to
analyze some simple cases as a natural extension of earlier work on
classical quantum mechanics that is not orthodox but essentially views
quantum phenomena as stochastic phenomena satisfying Newton’s laws of
mechanics. Undoubtedly some aspects of what I have to say are wrong, in
the sense that there are good physical arguments for rejecting them, but
they will be at the least mathematically consistent, and the concern is to
emphasize the probabilistic ideas.

I have divided what I have to say into three natural topics: probabilistic
statics, probabilistic kinematics, and probabilistic dynamics. The part on
statics does not deal with forces at all and most properly would be entitled
relativistic invariant distributions. 1 use the term statics to indicate my con-
cern in this section with a fixed probability distribution uncomplicated by
questions of stochastic variation in time.

I. PROBABILISTIC STATICS

Because of the central place of normal (i.e., Gaussian) distributions in
classical statistical mechanics, classical quantum mechanics, and mathe-
matical statistics, most of the developments will be for such distributions.

The first important, although wholly familiar, observation is that the
multivariate normal distribution is invariant under affine transformations.
The sense of invariance here is standard and need not be spelled out techni-
cally. As an obvious example, if we have an approximately multivariate
normal distribution of two physical properties such as height and weight,
the significant statistical properties of the distribution, for example, corre-
lation of the two properties, are unchanged by changes in the units of
measurement — or even in the origins. Because change in the origin does
not make sense for height or weight, a better example would be distri-
bution of annual rainfall in a part of the earth’s surface that may be treated
as a plane.

Because it is easy to draw pictures, it will be useful to begin with the one-
_ dimensional case; that is, we have one spatial and one temporal coordinate
in any inertial frame of reference. From a purely affine standpoint we must
take a straight line as the domain of definition of the distribution. Any
continuous curve that is not a line would not in general form a domain that
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would be transformed by an arbitrary affine transformation (or an ar-
bitrary Lorentz transformation) in such a way that the normal distribution
would be preserved, that is, so that the transformed distribution would be
normal.

There are, as would be expected, additional relativistic requirements that
go beyond the affine ones. First, there is the intuitive physical requirement
that any possible particle path intersect the domain of definition — with
such paths being unbounded and thus extending temporally (relative to
any inertial frame of reference) from — oo to + co. In probabilistic terms
this requirement reflects a constraint on the set of possible sample paths
that is physically compelling. This requirement means that the domain of
definition (in one dimension) must be either an optical line or a line con-
necting two points that have a space-like interval, which, following earlier
literature, I call a separation line.

Although it is not out of the question to choose a separation line as the
domain, there are good reasons not to. A separation line is always ‘at rest’
with respect to some-inertial frame of reference; that is, all points on the
line have the same time coordinate. With respect to such a frame, a normal
distribution on the line has a classical spatial character, but with respect to
any other inertial frame with a nonzero velocity relative to the first one, the
normal distribution will have in its domain an arbitrary mixture of spatial
and temporal components, with no obvious basis for the choice of the
mixture. For this reason, a domain whose essential properties are relativis-
tically invariant seems a more appropriate choice, and this is obviously an
optical line. There is immediately an additional problem that arises. In
nonrelativistic physics a single parameter, namely, the time ¢, selects the
domain of distribution, but as illustrated in Figure 1, through a given point
P there are (in one-dimensional space) two optical lines, not one, and there
is no natural way of choosing one rather than the other as the domain of
definition of a probability distribution. The choice of value of the single
parameter ¢ in classical physics seems wholly natural, but choice of a par-
ticular optical line not as much so.

It might be thought that the arbitrariness of the choice of an optical line
corresponds directly to the arbitrary choice of orientation of spatial coor-
dinates in nonrelativistic physics. Unfortunately, such a correspondence
does not hold. The transformation of a multivariate normal distribution to
reflect changes in orientation (or origin) of coordinates can be done purely
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mathematically and requires no additional justifying physical hypotheses
The transformation of a distribution (in one-dimensional space) from one
optical line to another through a common peint cannot be done without
strong supporting physical hypotheses about the similarities or differences
of the distribution of the property in question in a different space-time
region. Thus the arbitrariness of choice of an optical line may be regarded
as a feature of probability theory in a relativistic setting that is not com-
pletely satisfactory and serves as a ground for continuing to investigate
other ways of developing the static case.

For the purposes of this paper I shall accept this arbitrariness with only
one further comment. There is evidence from classical quantum mechanics
at least that a dynamical theory of the fluctuation is not required, and
consequently some very natural symmetry conditions are satisfied that
make the choice of one or another optical line an indifferent matter. For
example, in the classical quantum mechanical theory of the harmonic oscil-
lator, mentioned earlier, the fluctuations are normally distributed with
mean zero and constant variance independent of position. In the theory of
the free particle, discussed more below, the variance increases monotoni-
cally in time (in both directions from ¢ = 0), but the symmetry of the
distribution is such that the choice of optical line makes essentially no
difference.
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The generalization to two or three spatial dimensions is apparent. For
two spatial dimensions we select as the domain of definition of a distri-
bution an optical plane, which is defined as follows. Let 4 and B be two
optical lines that are parallel and neutral, that is, no element of A4 is before
or after any element of B. Then the plane containing 4 and B is an optical
plane. Optical threefolds are defined in similar fashion.

It should be mentioned that in some relativistic quantum mechanical
developments the probability distributions have as their domain the whole
of space-time, but this approach seems very counterintuitive for particles
with continuous paths, and certainly does not in the limit, as the velocity of
light goes to infinity, reduce to classical nonrelativistic quantum me-
chanics.

II. PROBABILISTIC KINEMATICS

In order to have a manageable example to work from, let us consider the
mean distribution at each instance of a free particle in one dimension in
classical quantum mechanics. The normal distribution in x for each in-
stance 7 is given by the equation (Suppes and Zanotti, 1974):

(D f(,1) = {2xn| a2 +
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where # is the usual Planck constant divided by 2z, m is the mass of the
particle, and o3 is the variance of the one-dimensional spatial distribution
at time ¢ = 0. It is important to emphasize that Equation (1) characterizes
only the mean distribution of the particle. Additional strong assumptions
must be made to characterize a full stochastic process, but I shall not be
concerned with these further details here, for it is a fundamental problem
of great difficulty to provide them.

The main problem in extending (1) to a relativistic setting is how to
formulate the kinematical change in time. Equation (1) is formulated for a
one-dimensional frame of reference so that the classical trajectory continu-
ally has x = 0; that is, the particle is at rest at the origin with respect to the
frame of reference, and this also seems a natural choice for our relativistic
setting. From a purely kinematical standpoint we can then reformulate (1)
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in terms of coordinates for the optical line extending through the first’
quadrant of Figure 1. Thus, x is replaced by (x,7) where x/t = c, and ¢ is
replaced by (0,7); it is apparent that we must distinguish between ¢ as it
enters in the coordinatization of the optical line and ¢* as the kinematical
parameter of change. Thus (1) is subject to an affine transformation to the
optical line as domain of definition.

III. PROBABILISTIC DYNAMICS

The program for probabilistic dynamics is implicit in what has been said
already. The viewpoint is not that of orthodox relativistic quantum me-
chanics, but rather the generalization of the stochastic approach to quan-
tum phenomena. Instead of classical mechanics, the closely related theory
of relativistic mechanics is used, together with a Brownian-motion type
fluctuation around the classical relativistic path.

The formulation of the axioms for classical relativistic mechanics fol-
lows Rubin and Suppes (1954). To write the relativistic equation of motion
for a single particle corresponding to Newton’s second law, I use the fol-
lowing familiar notation: m is the rest mass of the particle; s(¢) is the
position of the particle at time ¢; v(¢) is the velocity of the particle at ¢, that
is, v(1) = ds(¢)/dt; c is the velocity of light; and F(¢) is the total resultant
force on the particle at 1 — where s(z), v(¢), and F(¢) are three-dimensional
vectors. The equation of motion is then:

d v(2)
2 = 1 -
() mdtl: |v(l)|2]
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where | ¥(7)| is the length of the vector v(z).

Without giving a full dynamical theory, the physically intuitive idea of
the approach outlined here is obvious. The path of a particle subject to
force F(t)is, in the mean, just the solution of (2) using suitable mean initial
conditions. The fluctuations described earlier are the second component of
the motion. Thus, from a probabilistic standpoint the motion of the par-
ticle can be described as the convolution of two random variables X, and
Y,, where X, is the solution of (2) and Y, is the normally distributed
random variable with mean zero. The problem is in determining the vari-
ance of Y, as a function of time. I have already briefly described two
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classical cases in which the variance is quite diiferent, namely, the free
particle and the one-dimensional harmonic oscillator. What is needed is
the relativistic analogue of Nelson’s (1967) stochastic mechanics based on
a dynamical theory of Brownian motion — for the introduction of spin into
this mechanics see Dankel (1970). At first glance, Caubet (1976) offers a
solution, but in his review of this work Nelson (1978) points out that a
satisfactory theory of Brownian motion on Minkowski space has not been
formulated by Caubet and that fundamental difficulties have yet to be
overcomie.

It is in view of this situation that the approach outlined here has some
interest as a halfway house providing a framework for partial analysis.
Such halfway houses are important in physics as a means of providing
some sort of intellectual haven when the complete analysis of phenomena
of a given kind is too complicated. Einstein’s classic papers on Brownian
motion constitute one of the most famous examples, for his analysis is not
based on deductions from fundamental assumptions about the dynamics
of motion of individual molecules. It is even possible to question whether
we can hope to go much beyond results about mean distributions in rel-
ativistic quantum mechanics. The program of reducing Brownian motion
to classical particle mechanics is still not completed in all respects. It might
be argued that such a reduction of relativistic quantum mechanics is im-
possible in principle, and mean results are the best we should expect.

Stanford University
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