PATRICK SUPPES

PROBABILISTIC EMPIRICISM
AND RATIONALITY

INTRODUCTION

1 shall not define with any precision what I mean by probabilistic empiri-
cism, although it should be clear from the surface meaning that I do
want to use probability concepts to deal with metaphysical, epistemo-
logical, and ethical matters. I intend deliberately to replace the concept of
logical empiricism by that of probabilistic empiricism, and I shall argue
that it is probabilistic concepts rather than logical concepts that provide
a rich enough framework to justify both our ordinary ways of thinking
about the world and our scientific methods of investigation.

In Section I, I examine the impact of probabilistic considerations in
contemporary natural science. In Section II, I consider the relation of
probability to rational decision making. In Section III, the final section,
I sketch some of the problems facing a Bayesian or probabilistic theory
of rationality.

I. PROBABILITY IN NATURAL SCIENCE

Probabilistic considerations are a working and natural part of ordinary
contemporary science. One of the first uses of probability was in the
recognition in the 18th century that an explicit probabilistic theory of
errors of measurement was required. When the underlying probability
distributions of errors are integrated into the deterministic differential
equations of mechanics, for example, the result is a theory of phenom-
ena with randomness. A second source of probability or randomness
in actual scientific practice is the random intrusion of effects from out-
side the system being analyzed. A paradigm case is the intrusion of small
amounts of matter and energy from outside the solar system. A third
and more fundamental kind of randomness arises when the equations of
motion of a phenomenon are themselves stochastic equations. Good
physical examples are provided by radioactive decay and, more gen-
erally, in the thoroughly probabilistic theory of modern quantum
mechanics.
I now go into these ideas in more detail.
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Measurement Errors in Classical Physics

Already in classical Laplacean astronomy it was recognized that the
measurements of initial conditions and boundary conditions are subject
to error. When the underlying theoretical probability distributions of
these errors are integrated into the deterministic differential equations of
mechanics, the result is a theory of phenomena with randomness. There
is an inevitable dispersion of accuracy over time, so that intuitively the
phenomena in question are less and less determined as time progresses.
Analyses of a variety of problems in which initial conditions are
assumed subject to random variation are important not only in astron-
omy, but also in engineering mechanics, in chemistry, and in other areas
of applied science. Traditionally, the true-blue determinist, however, is
not upset by admission that uneliminable errors of measurement pro-
duce randomness of initial conditions and, therefore, a nondeterministic
analysis of phenomena. The classical response is that the errors of meas-
urement can in principle be eliminated. One of the missions of classical
physics was to perfect methods of measurement with the ideal of ulti-
mately eliminating all such errors.

Random External Effects

A second course of randomness in actual scientific practice that does not
disturb the true-blue determinist is the random intrusion of effects from
outside the system being analyzed. A paradigm case would be the intru-
sion of small amounts of matter and energy from outside the solar
system, or the variations in density of matter in space through which the
solar system is moving. The effects of these external intrusions are ex-
traordinarily slight in terms of the motion of the main objects in the
solar system, and consequently, even though it is recognized that they
exist and that detailed calculation of their behavior is almost certainly
out of the question, the attitude is one of serenity because of their
relative insignificance.

An example of a different sort is the following. From the standpoint of
the fundamental dynamics of the earth’s atmosphere, the science of
meteorology treats the earth as a closed system and uses an elaborate
set of differential eguations to predict the entire motion of the atmo-
sphere. Although it is not really feasible to look at the whole atmo-
sphere this way, it is sometimes considered an approachable ideal. What
is not taken into account in the fundamental dynamical equations
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of meteorology are random disturbances caused by unpredictable events
on the surface of the sun. So far as I know, no fundamental analysis
of the dynamical equations of the earth’s atmosphere attempts to in-
clude terms that would account for the appearance of sun spots and
other disturbances on the surface of the sun that affect in clearly meas-
urable ways the earth’s atmosphere. Even a phenomenon of this sort is
not too disturbing to the hard-line determinist, however, and he would
be content to remain as firm as Kant in his conviction of the fundamen-
tal correctness of Newtonian physics — the fundamental dynamical equa-
tions of meteorology are, of course, squarely within the tradition of
classical physics.

Stochastic Equations of Motion

A third and more fundamental kind of indeterminism arises when the
equations of motion of a phenomenon are themselves stochastic equa-
tions. In phenomena subject only to stochastic laws, there is no hope
(within the given framework) of predicting or of being able to determine
exactly the future or past course of events. Already in this third case,
however, there is an important division to be made. Stochastic differen-
tial equations can be used as the fundamental dynamical equations of a
phenomenon not because of any firm conviction that the phenomena in
question are indeterministic in character, but, rather, because of their
complexity. Typical instances are these: wave-propagations in inhomo-
geneous media, chemical systems in which there exist small percent-
ages of impurities, and economic or biological systems whose under-
lying microanalysis is either unknown or involves too much data
collection to make analysis feasible. In the case of biology we can be-
lieve that the fundamental physics and chemistry of cells can be under-
stood at the level of classical physics and yet we can apply to the study
of the motion of fluids and cells through porous media, etc., stochastic
rather than deterministic equations because of the enormous complexity
of the situation. The philosopher sitting in detachment away from the
agony of the details can still with serenity maintain that the fundamen-
tal laws of the universe are deterministic and that all is well with the
broad Laplacean or Kantian thesis.

But this is not the end of the story at the level of fundamental theory.
I now consider, in sequence, randomness in radioactivity and the more
general theory of modern quantum mechanics.
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Randomness in Radioactivity

Let us look quickly at some of the historical background to radioac-
tivity. In the autumn of 1895, Roentgen, professor of physics at Wurz-
burg, accidentally discovered X-rays and, through a beautiful series of
experiments, demonstrated their fundamental properties.

The discovery of radioactivity itself followed automatically from ex-
periments connected with phenomena similar to those observed in
X-rays. Several investigators found that fluorescent bodies exposed to
sunlight gave out a type of radiation similar to that of X-rays. Early in
1896, in trying an experiment of this kind, Henri Becquerel discovered
that the specimen of uranium and potassium he was using emitted radi-
ation even in the dark. Shortly thereafter, he found that the emission of
radiation by uranium was more or less independent of its state of
chemical combination with other substances and that there was no con-
nection between this phenomenon of radiation and that of phosphor-
escence, the initial subject of his investigations. Alsc he found that
the radiation was more or less independent of the temperature of the
uranium compound. Not too much later, radium was discovered
by the Curies.

By 1905 at least, physicists were already questioning whether the
emission of particles from radioactive substances was deterministic or
probabilistic in character. In 1910, Rutherford and Geiger published a
paper on this topic that contained an appendix by Bateman on the
mathematical properties of Poisson processes, and over the next decade
or so, a number of additional studies followed. An excellent review of
the literature, including a detailed critique of the various studies, was
given by Kohlrausch in 1926. Although methodological criticisms can
be made of most of the studies from the standpoint of modern statistics.
the weight of the evidence is certainly in favor of the statistical character
of radioactive decay. There is no body of systematic evidence that a
deterministic faw holds, and it seems appropriate to interpret the large
number of studies of these matters as directly supporting the thesis that
randcmness is in nature, and not simply in our ignorance of true causes
as Laplace would have wanted it.

Because the case of radioactive decay is an elementary one, I would
like to examine in somewhat greater detail its implications for the view
that the universe is essentially probabilistic in character or, to put it in
more colioguial language, that the world is full of random happenings.
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The most important point is to dispel the illusion that because random
happenings may be found everywhere, the analysis of phenomena
somehow becomes too complex, too disorderly, and consequently too
difficult to leave any hope for the development of systematic theory. It is
part of my theme that it is a return to realism — realism in the sense of
realism of belief and not in the sense of ontological realism — to recognize
how schematic any of our knowledge of the universe must be and that it
is the character of commonsense knowledge itself to be schematic and
probabilistic. What is mistaken and hopeless is to think we can pursue
to the bitter end a sequence of determinant events with the whole
universe interlocked in one vast deterministic moving forward. Asso-
ciated with randomness is also independence, and the basic physical
assumption of radioactive decay can be stated in a completely elemen-
tary and qualitative way in terms of these two concepts (Suppes, 1973),
whereas in contrast, if a deterministic theory of the orbits of electrons
around nuclei were required, as was once thought in classical physics, the
details would be extraordinarily complicated and difficuit.

We should note also how natural the tendency is to want to infer
complicated effects from the history of the atom and to be
psychologically unsatisfied with such a simple assumption. “Surely,” we
are inclined to say, “something is going on in the atom during all this
period, and the effect of these somethings should be cumulative and
should distort the probability of decay.”

Randomness in Quantum Mechanics

It is undoubtedly true that the instance of radioactive decay can be
treated as lacking in theoretical import, because the phenomenon in
question and the probabilistic laws of decay that adequately describe the
phenomenon do not have extensive theoretical reach; consequently, the
possibility very much remains open of deepening theory to account in a
deterministic way for the apparently random phenomenon of decay. It is
well known that it was Einstein’s view that a deeper deterministic theory
would be found to subsume quantum mechanics. The search for such
theories has come to be known as the search for hidden-variable
theories. The term hidden variables is picturesquely descriptive of what is
desired. The hope is that back of the probabilistic variables observed in
quantum mechanics will be found deterministic variables that will
account for the observed probabilistic phenomena. A simple example of
a classical hidden-variable theory is statistical mechanics. It is part of
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classical statistical mechanics to postulate a determinant state for individ-
ual particles and to introduce randomness in proper Laplacean terms
as an expression of our ignorance of the true state.

The analysis of hidden-variable theories has a complicated history in
modern physics, beginning, if not earlier, with the celebrated proof of
von Neumann that dispersion-free states and, consequently, hidden vari-
ables are impossible in guantum mechanics. It is important to realize
what the connection between dispersion-free states and hidden variables
is. Dispersion-free states correspond intuitively to classical states in
which position and momentum, for example, are definitely determined.
The central idea is that hidden variables lead to the specification of such
dispersion-free states.

The essential assumption of von Neumann’s proof is that any linear
combination of two quantum mechanical (i.e., Hermitian) operators rep-
resents an observable, and the linear combination of expectation values
of the operators is the expectation value of the combination. From a
conceptual standpoint, this assumption can be criticized as smuggling in
unwarranted and rich assumptions about the results of quite different
experiments. The point is that three different experiments would or-
dinarily be required - one for the first observable, a second for the
second noncommuting variable, and a third for the linear combination
of the two. Given the different experimental configurations required in
the three cases, there is no reason to assume that the expectation values
will hold for pure states as opposed to quantum mechanical averages.
The significance of this argument, stated most clearly, for example, in
Bell (1966), is that the results for the linear combination of observables
cannot be arrived at simply by computation. If this were the case, mat-
ters would be simple. What is important is the requirement that there be
a third and distinct experimental arrangement for the measurement of
the linear combination.

Various improvements that weaken the assumptions of von Neumann
have been made subsequently in the literature.

In a beautiful series of papers beginning with Bell (1964, 1966), a
much more reasonable and intuitive treatment of hidden-variable
theories has been given, and their impossibility has been demonstrated
experimentally at a rather satisfactory level. Without entering into the
details, essentially what Bell has been able to show is that, first, if we
start with the paradox of Einstein, Podolsky, and Rosen (1935), which
argues for the incompleteness of quantum mechanics, and, second, we
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insist that a hidden-variable theory that removes the incompleteness
must satisfy natural conditions of causality and locality, then by con-
sidering a simple system with two particles of spin one-half, these condi-
tions cannot be satisfied and there can be no hidden-variable theory for
such two-particle systems. Within the context of this analysis, Bell was
able to derive an inequality that has come to be known as “Bell’s
inequality,” and this has been used by Clauser, Horne, Shimony, and
Holt (1969) and Freedman and Clauser (1972) to show that the exis-
tence of local hidden variables imposes restrictions that are, as Bell orig-
inally showed, in conflict with quantum mechanics, and that, further,
new experimental data are in agreement with quantum mechanics.
Moreover, well within the accuracy of experimental error, the data vio-
late the restrictions required by local hidden-variable theories. Recently,
Zanotti and I have found a general argument against hidden-variable
theories using only negative correlations and the probabilistic concept
of exchangeability, introduced many years ago by de Finetti.

I think it is fair to say that the outcome of these various papers, both
theoretical and experimental, is to provide perhaps the conceptually
most satisfying confirmation of the ultimately statistical character of
quantum mechanics that we yet have. Furthermore, from a philosophi-
cal standpoint it provides one more blow against Laplacean or Kantian
ideas of determinism as regulatory for the behavior of the universe.

II. PROBABILITY AND RATIONAL DECISION MAKING

For further discussion, I sketch the main ingredients of the Bayesian
theory of rationality that has a long tradition, reaching back to Daniel
Bernoulli. Some essential features of the theory in standard form are
these.

First, the theory is meant to be a theory of rational action and not of
rational talk. In ordinary conversation it is certainly true that we attrib-
ute rationality both to talk and to action. We are quite prepared to say,
“That sounds very rational,” in commenting perhaps on a speech by a
politician of our own persuasion; at the same time we are also prepared
to say of someone that, although he talks very rationally, his actions are
most peculiar and at times irrational. Both our commonsense
psychology of individuals and the general philosophical view that a
man’s moral principles are best exhibited by his actions rather than by
his words support the notion that the basic thrust of rationality is to be
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assessed in terms of actions rather than in terms of talk. This thrust is
central to the modern Bayesian position.

Second, the theory is designed above all to deal with situations of
uncertainty. Both classical moral theory and classical economic theory
ignore almost entirely the difficult and subtle problems of making ra-
tional decisions in the face of uncertainty. The classical theory of demand
in economics, for example, can rely on a purely ordinal theory of value
so long as no questions of uncertainty enter. On their own side, tradi-
tional moral theorists have simply not concerned themselves with the
problem of rational or moral action in the face of uncertainty.

Third, the Bayesian theory requires that it be possibie to assign
numerical probabilities to beliefs about possible states of affairs,
although it is quite consistent with the theory that only gqualitative
postulates need be accepted. These qualitative postulates should be
strong encugh to lead to a unique probability distribution on possible
states of affairs. The basic qualitative relation is that of one event being
judged at least as probable as another.

Fourth, the theory requires that a numerical utility or valuation func-
tion be defined for possible consequences of actions taken under various
possible states of affairs. The valuation function should be unigue up to
a linear transformation, that is, unique up to the fixing of an arbitrary
unit and an arbitrary zero point. And again, the theory of utility can
itself arise from qualitative postulates and need not be directly numeri-
cal in character. It is important to emphasize that there is no necessary
adoption of hedonism or of utilitarianism based on principles of maxi-
mizing pleasure. The evaluation principles can be based on the theory of
obligation, and such principles of obligation can enter into the qualita-
tive principles of the theory.

Fifth, the central principle of the theory is to combine the ingredients
just stated to lead to the overall single principle of rationality, the prin-
ciple of maximizing expected utility: One action or decision should be
chosen over another if and only if the expected utility of the first is at
least as great as that of the second, where expected utility is defined as it
has been since the beginning of the 18th century.

The point of the theory as enunciated by Savage (1954) and others is
to place axioms on preference among acts in such a way that anyone
who satisfies the axioms will automatically satisfy the central principle
of maximizing expected utility. This means, among other things, that the
way in which the axioms are satisfied will generate a subjective prob-
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ability distribution on beliefs concerning the true state of nature and a
utility function on the set of consequences arising from any possible
action and any possible state of nature. The expectation of an act is then
taken with respect to the subjective probability distribution of beliefs
about the states of nature and the utility function on the set of
consequences.

Savage’s theory requires only seven axioms, but their formulation is
rather awkward and formally somewhat complicated. Even though I
have some preference for a later formulation of my own (Suppes, 1956),
because of their prominent place in the literature let me briefly summa-
rize Savage’s axioms as a point of reference for later discussion. Axiom 1
requires that the preference among acts be transitive and, given any two
acts, that one is at least weakly preferred to the other. Axiom 2 extends
this ordering assumption to having the same property hold when the
domain of the definition of acts is restricted to some given set of states
of nature. Axiom 3 requires that knowledge of an event cannot change
preferences among consequences. Axiom 4 requires that given any two
sets of states of nature, that is, any two events, one is at least as probable
as the other; in other words, qualitative probability among events is
strongly connected. Axiom 5 excludes the trivial case in which all con-
sequences are equivalent in utility. Axiom 6 is a strong partitioning
axiom closely related to an earlier axiom of de Finetti and Koopman: If
event A is less probable than event B, then there is a partition of the
states of nature such that the union of each element of the partition with
A is less probable than B. Finally, Axiom 7 is the formulation of the
sure-thing principle, which says that if one act always has outcomes at
least as good as the second has, and on some occasions better outcomes,
then it should be always chosen over the second.

To return to the earlier contrast between rationality of talk and ra-
tionality of action, we must give further consideration to one point about
the Bayesian approach to rationality. On the one hand, there is a natu-
ral tendency to think of Bayesian methods as an extension of those of
classical logic. On the other hand, there is a departure from classical
logic in the consideration of actions and events rather than sentences or
propositions. This sharp dichotomy should be greeted with suspicion,
because of the lack of a sharp distinction between deductive and induc-
tive reasoning in ordinary talk. In ordinary argumentation and in the
use of words that state evidential grounds, we never make a clear and
definite distinction between a deductive and an inductive consideration.
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It seems peculiar, therefore, to have the theory of rationality somehow
draw a sharp distinction between actions on the one hand and sentences
on the other, assigning the one to the theory of rationality as such and
the other to logic.

I think this sharp dichotomy is more a matter of appearances than of
reality. First, there is a classical tradition of ambiguity in probability
theory of whether to speak of the probability of events or of proposi-
tions, and I do not think it a matter of great consequence which one we
choose. Second, the assignment of values to consequences — con-
sequences in the sense of the consequences of action, of course, and not
logical consequences — is simply the addition of a further feature not
considered in classical logical terms. If we restrict Bayesian theory or the
general theory of rationality in situations of uncertainty to the theory of
partial belief, I think we can claim that the theory of partial belief or the
theory of subjective probability — call it what we will — is a natural and
continuous extension of classical deductive canons of inference.

Notice that when the true state of affairs is known, then as already
remarked in the classical economic theory of demand, instead of a
theory of partial belief we need only a method for knowing ordinal
preferences and for selecting the act that leads to the ordinally best
overall consequence. Logic could of course enter into evaluating con-
sequences, but the important point is that a direct role for the logic of
belief is not required. In one straightforward and correct sense, the logic
of belief is trivial when the true state of nature is known. In that sense,
the inductive logic of subjective probability is a clear extension of classi-
cal deductive logic, and the character of this extension in general terms
is clearly recognized by everyone.

I1I1. PROBLEMS FOR BAYESIANS

It might be thought that the kind of Bayesian theory I have sketched
leads to a happy paradise for probabilistic empiricists of my ilk and one
that T would be happy to reside in without quarrel, doubt, or aspiration
for change. But it is characteristic of the kind of philosophy I believe in
not to be content with a theory so simple and apparently so complete as
the Bayesian one.

Thus T turn to three kinds of problems that Bayesian theories of
rationality face and indicate in part my own approach to meeting these
problems. The first concerns the use of structural axioms that are not
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axioms of pure rationality; the second, problems of inexact measure-
ment; and the third, problems of extension of the framework of concepts
as new and surprising situations are encountered.

The Problem of Structural Axioms

At the time of the Third Berkeley Symposium on Probability and Sta-
tistics in 1955, 1 introduced the distinction between structure axioms
and rationality axioms in the theory of rational decision making
(Suppes, 1956). Intuitively, a structure axiom, as opposed to an axiom of
pure rationality, requires that some special features of the environment
be present and that they not impose a constraint on the rationality of
the decision maker that must be satisfied always and everywhere. In
most cases, structure axioms are existential in character, but if defined
notions are introduced in the formulation of axioms, then it is possible
for the axioms to appear universal in character, but still to express
structural conditions. Many examples of this kind may be found in my
article on finite equal-interval measurement structures (Suppes, 1972). A
structure axiom is usually transparently so when the axioms are ex-
pressed in terms of the primitive concepts of the theory, which merely
provides reinforcement for Tarski’s admonition that we only understand
the complexity of a given set of axioms when they are formulated in
terms of the primitive concepts. In the case of Savage’s seven postulates
intuitively described already, two — the one concerning the existence of
consequences that are not equivalent and the powerful partitioning
axiom — are structure axioms, and they are obviously existential in
character.

Savage defended his strong partitioning axiom (Axiom 6) by holding it
applicable to a situation in which there is a coin that the decision maker
believes is fair for any finite sequence of flips. Of the several objections
to this argument, the principal one, it seems to me, is the strong finitistic
one that we can scarcely wait through an indefinitely large number of
flips in order to determine what decision to make. The exactness of
Savage’s results depends upon unbounded finite sequences of flips, and
no effort is made in his theoretical analysis to deal with the case of a
strictly bounded sequence as we shall in the sequel here.

Because the introduction of something corresponding to a fixed finite
sequence of flips is central to the axioms I shall consider later, it is
important to be clear on the point at issue. I think a challenge can be
put to the introduction of any sort of device like that of a fair coin, but
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certainly the challenge must be more restricted in nature if the sequence
of flips is strictly bounded, for example, if it is understood that we need
to flip a coin only seven or eight times to get the appropriate fine
structure into the decision situation. In almost all environments in
which we are forced to choose an act, the set of acts or decisions open to
us is small, and the events that we consider relevant are small in
number.

The same air of unrealism prevalent in some of the traditional ideal-
izations in ethics results from insisting on an enlarged decision frame-
work of the kind that is the basis of Savage’s theory. In fact, the
grandiose way of formulating the Savage-type theory, in which we are
to think of consequences as future histories of the universe, seems to me
wholly unsatisfactory. There is a tendency to formulate the theory on a
grand scale and to invest it with a kind of aura of completeness that it
actually does not have. On the other hand, when the theory is restricted
to small worlds, to use Savage’s elegant phrase, there is some practical
hope of applying the theory and using it as a guide for action.

In a preliminary fashion I have formulated the description of struc-
ture axioms in terms of existential requirements, that is, existential re-
quirements that must be satisfied by the environment and that we
ordinarily do not think of as part of the mental machinery of the ra-
tional decision maker. A more general way of characterizing axioms of
pure rationality is to require that they be closed under submodels on the
reasonable assumption that this restriction to submodels is one that
may occur in practice. Closure under submodels is a restriction on the
environment, not on the mental apparatus of the decision maker.

To keep the technical apparatus simple, let us restrict ourselves to a
basic set S of states of nature and a binary ordering relation > of
qualitative probability on subsets of § with the usual Boolean opera-
tions of union, intersection, and complementation having their intuitive
meaning in terms of events. This restriction would seem to reduce
wholesale the theory of rational action to the theory of rational belief,
but the restriction serves only technical purposes. In Savage’s proof and
in others like it, the first thing to establish is that the beliefs about the
state of nature lead to construction of a probability distribution express-
ing these beliefs, and we may assume that the restriction now being
contemplated deals with the first part of the subject. There is also an
independent interest in the theory of rational belief and, if one wishes,
the axioms can be so regarded as providing a self-contained treatment,
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although personally I prefer to combine it into one whole considered as
the theory of rational action.

Given the structures just described, I then say that an axiom about
such structures is an axiom of pure rationality only if it is closed under
submodels. More explicitly, closure under submodels means that if the
axiom is satisfied for a pair ¢S, > ), then it is satisfied for any nonempty
subset of S with the binary relation > restricted to the power set of the
subset, that is, restricted to the set of all subsets of the given subset.
Clearly, this condition of closure under submodels is close to the axiom
on the independence of irrelevant alternatives in the theory of choice. I
remind you that this latter axiom says that if we express a preference
among candidates for office, and if one candidate is removed from the
list by death or other reasons, then our preference ordering of the re-
maining candidates should be unchanged. This axiom satisfies closure
under submodels and is the paradigm of what is intended by the
condition.

A different, but related, way of defining axioms of pure rationality is
that such an axiom must be a necessary consequence of the existence of
the intended numerical representation, in the case under discussion, the
numerical representation in terms of subjective probability and of
numerical utility. Thus, for example, it is easy to show that Savage’s
sixth axiom, which is not closed under submodels, is also not a con-
sequence of the intended numerical representation leading to the prin-
ciple of maximizing expected utility.

Note that the criterion of necessary consequence of the intended
numerical representation is a necessary and sufficient condition, but an
extrinsic one. The criterion of closure under submodels is only necessary
but, on the other hand, it is intrinsic in character. So far as I can see, we
have at the present time no good method of attack on the problem of
finding an intrinsic necessary and sufficient characterization of axioms
of pure rationality.

I linger upon this point, because it is one of the few areas in which we
can actually have a conceptually structured discussion of what one
might mean by rationality and of what general criteria axioms of ration-
ality should satisfy.

Inexact Measurement

Almost everyone who reflects on the problems of measuring beliefs in
the tradition of subjective probability feels some uneasiness about
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asking for arbitrary refinement of the measurement. There is something
in fact paradoxical about the thrust of Savage’s theory and others for an
exact probability distribution on the states of nature. If we compare this
situation with the situation that exists in the case of physical measure-
ment, we can see how absurd the striving for exact results is. We would
consider it unthinkable to require of a physical theory that it be based
on or that it obtain exact measurements of mass or position. In all cases,
we expect a statement about the nature of errors of measurement, and in
standard practice, we expect some estimate of the error of the measure-
ments. It is fair to say that the explicit realization that errors of observa-
tion arise and yet that an explicit theory of these errors can be given is
one of the main contributions of the theory of probability to general
scientific methodology. Without such an explicit theory of error, much
of the more exact and sophisticated science of the latter part of the
19th century and of the 20th century would have been conceptually
difficult, if not impossible, in terms of serious confrontation between
theory and data.

On the other hand, if we are asked for our beliefs about the probabil-
ity of rain tomorrow or the rate of inflation or the growth of the gross
national product, we find it hard to think through how to assign definite
errors of measurement to the process of determining these beliefs. In
fact, so far as T know, there is no serious literature on the subject of
developing anything like a direct analogy_ with the theory of errors of
observation in measurement in the experimental sciences. However,
another approach that has been discussed much less than one might
think seems promising. This is the approach that assigns not exact prob-
abilities, but upper and lower probabilities, to the occurrence of an
event. The general idea of such an approach has already been stated in
Bayes’ memoir (1763). Although Bayes put the matter in somewhat
different language, his meaning is clear:

From the preceding proposition 1t 1s plam, that m the case of such an event as I there call
M, from the number of times it happens and fails in a certain number of trials, without
knowing anything more concerning it, one may give a guess whereabouts 1ts probability 1s,
and, by the usual methods computing the magnitudes of the areas there mentioned, see the
chance that the guess is night (p 392)

The explicit theory, however, of upper and lower probabilities as
upper and lower estimates of the probability of the occurrence of events
is quite recent. The main prior publications are Smith (1961), Good
(1962), and Dempster (1967). The simple axiomatic treatment that I give



PROBABILISTIC EMPIRICISM AND RATIONALITY 185

has not previously been considered in the literature, except in my own
prior work (Suppes, 1974). My axioms for such inexact measurement of
belief are not the most general axioms possible, but they are, I think,
simple and rather elegant in character.

From a formal standpoint, the basic structures to which the axioms
apply are quadruples (X, #, ¥, > >, where X is a nonempty set, # is
an algebra of subsets of X, that is, & is a nonempty family of subsets of
X and is closed under union and complementation, & is a similar
algebra of sets, intuitively the events that are used for standard measure-
ments, and I shall refer to the events in % as standard events S, T, etc.
The relation > is the familiar ordering relation on #. I use standard
abbreviations for equivalence and strict ordering in terms of the weak
ordering relation. (A weak ordering is transitive and strongly connected;
that is, for any events 4 and B, either A 2 B or B > A.)

DEFINITION. A structure &’ = (X, #, %, =) is a finite approximate
measurement structure for beliefs if and only if X is a nonempty set, F
and & are algebras of sets of X, and the following axioms are satisfied for
every A, B, and C in &% and every S and T in &:

AXIOM 1. The relation 2 is a weak ordering of F

AXIOM 2. If AnC= and B C= (&, then A > B if and only if
AuC=BuvC;

AXIOM 3. 4 > J;

AXIOM 4. X > (7;

AXIOM 5. ¥ is a finite subset of F;

AXIOM 6. If S # &, then S > (;

AXIOM 7. If S> T, then thereisa V in & such that S Tu V.

In comparing Axioms 3 and 6, note that 4 is an arbitrary ¢lement of the
general algebra &, but event S (referred to in Axiom 6) is an arbitrary
element of the subalgebra . Also in Axiom 7, § and T are standard
events in the subalgebra %, not arbitrary events in the general algebra.
Axioms 1 to 4 are just the familiar de Finetti axioms without any
change. Because all the standard events (finite in number) are also
events (Axiom 5), Axioms 1 to 4 hold for standard events as well as for
arbitrary events. Axiom 6 guarantees that every minimal element of the
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subalgebra & has positive qualitative probability. Technically a minimal
clement of % is any event A in & such that 4 # (¥, and it is not the
case that there is a nonempty B in & such that B is a proper subset of A.
A minimal open interval (S, S') of & is such that S <S" and §'— S is
equivalent to a minimal element of &. Axiom 7 is the main structural
axiom, which holds only for the subalgebra and not for the general
algebra; it formulates an extremely simple solvability condition for stan-
dard events. It was stated in this form in Suppes (1969, p. 6) but in this
earlier case for the general algebra .

Because upper and lower probabilities are not widely used, it will be
helpful to state the properties we expect them to satisfy. The important
three are the following, of which the third expresses the analog of the
additivity of ordinary probability:

L P.(A)=0.
IL. P(X)=P*X)=1
111 IfAn B=(, then
P (A) + P,(B) < P,(A U B) <P(A) + P*(B)
< P*(A U B) < P*(4) + P*(B).

For standard events the upper and lower probabilities will be identical
and equal to the exact probability, but for an arbitrary event the upper
and lower probabilities provide bounds, and I think of the true probabil-
ity of such an event as lying in the open interval given by the upper and
lower probabilities.

The theorem that we can prove about such inexact measurement is
the following. The proof is given in Suppes (1974).

THEOREM. Let & = (X, #, ¥, =) be a finite approximate measure-
ment structure for beliefs. Then

(1) there exists a probability measure P on & such that for any two
standard events S and T

S > T if and only if P(S) > P(T),

(11) the measure P is unique and assigns the same positie probability to
each minimal event of &,
(iii) if we define P, and P* as follows:
(a) for any event A in F equivalent to some standard event S,

P,(4)= P*(4) = P(S),
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(b) for any A in F not equivalent to some standard event S, but
lying in the minimal open interval (S, S') for standard events S and
s,

P,(A) = P(S) and P*(4) = P(S’),
then P, and P* satisfy conditions 1 to III for upper and lower
probabilities on %, and
(c) if n is the number of minimal elements in &, then for every A in
F

P*(4) — P, (4) < Un.

A further problem of precision in measurement that still needs to be
dealt with is the common response to upper and lower probabilities in
the theory of rational belief or behavior, which is, “Well, the problem of
exact measurement of probability has now been replaced by the exact
measurement of upper and lower probabilities.” A clear and definite
response can be given to this criticism, and it is the following. If there
are n minimal standard events, then the probabilities of the 2" standard
events are known exactly as rational numbers of the form m/n. It is true
that these rational numbers are given exactly, but any additional preci-
sion takes us outside the axiomatic framework. The upper and lower
probabilities are all known in terms of this selected fixed finite set of
rational numbers, and, at the very least, we have minimized the claims
about precision by restricting ourselves to this fixed set. It should be
apparent that there is a close analogy in this situation to the one that
exists in the use of an equal-arm balance in the measurement of mass or
in the use of a measuring rod in the measurement of distance. For the
given scales of measurement, uniqueness is expected for the standard
events and for the equal-arm balance the standard weights, but precision
beyond the selected fixed finite set of standard weights is not expected
and cannot be obtained. In fact, as we move to a finer and better
balance, we expect to show that we do not have precision for the fixed
finite set of weights used in the grosser and less refined scale. In the
same way, we could prove a theorem about refinements of the upper
and lower probabilities assigned to events by increasing the number of
minimal events, but these technical considerations will not be entered
into here.

From the standpoint of the problems of exactness of measurement
and the related difficulties I have discussed, I think that the axioms
embodied in the characterization of approximate measurement struc-
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tures for beliefs given above do answer some of the main problems we
encounter. They provide in a form that is surprisingly simple a semirea-
listic theory of how we can measure beliefs approximately, and they
impose axioms of approximation on the rational decision maker. But, in
my view, they do not provide a complete solution to the problem of
measurement.

Certainly one of the most difficult aspects we quickly encounter in
actual experimentation or actual attempts to measure the beliefs of indi-
viduals is the extent to which they are influenced by context, and no
considerations of context have been entered into. It might be thought
that the rational man should be exempt from context but, as I have
indicated elsewhere, such a view of rationality is to me as unrealistic as
the claim that the perfect theory of the motion of bodies should consider
motion only in a perfect vacuum and not in a fluid or gaseous environ-
ment. It is also absurd, it seems to me, to have a precise theory for such
a simple matter as that of motion in a gas or a liquid and not to have a
similar need and similar desire for such a theory of context in the case of
rational belief or rational action. I am not, on the other hand, prepared
to make a serious extension in this direction in the present paper. I
simply make the modest claim that the axioms I have introduced do
represent a constructive forward step to solving the problem of provid-
ing a more realistic theory of rationality, as far as problems of measure-
ment are concerned.

Rational Problem Solving and Conceptual Innovation

A deeper difficulty for Bayesian conceptions of rationality is the almost
complete inadequacy of the account given of appropriate approaches to
new situations whose features are not strongly structured in terms of
past experience. It is important to emphasize that both the tradition of
moral philosophy and the more recent tradition of rational decision
making are in many respects traditions of conservativism.

This topic also brings us back around to the issue of rational talk. To
a large extent, we find our way in a new situation of any complexity by
talking about it. It is a feature of good talk that it is rational in examin-
ing how we should explore a new situation and solve the problems we
encounter there. Although the theory of rational talk, as already in-
dicated, has scarcely been developed, it is clear that in confronting new
situations we can all make quite good judgments about the rationality of
the talk of someone else who is with us, even if we are rather poor in



PROBABILISTIC EMPIRICISM AND RATIONALITY 189

judging our own talk. It seems to me an important matter for the
general theory of rationality to try to clarify the criteria that such talk
satisfies.

One final point I want to make in this matter, however, is that ra-
tional talk is not the expression of determinate and fixed intentions but
itself occurs in an environment of internal flux of phenomena. The
detailed grammar, or the detailed semantics of what we say, will not be
thought out in a determinate way and will not be known to us in
general before we make a given comment, however rational it may be.
The flux of our internal mental machinery and the flux of the stimuli
outside our minds had best be thought of in random terms, and it is
only the global averaging reflected in our talk or our actions that
properly should be regarded as rational. Rationality is a concept like
temperature: It has no meaning when pushed downward to too small a
scale of phenomena.

Stanford University
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