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I want to begin by expressing my pleasure at being able to contribute to a sym-
posium in honor of Jack Good. We have known each other more years now than
I care to remember. Over this long period I have learned much from his papers and
from conversations about many different but related subjects. To make the point
more precise for the present talk, about two decades ago when I became seriously
interested in probabilistic causality and committed myself to developing a series of
lectures on the subject, which were given in the summer of 1966 in Vaasa, Finland,
among the few serious publications on the topic I found were Jack’s important
earlier papers (Good, 1961a, 1961b, 1962). Recently I have commented on some of
our points of disagreement about probabilistic causality (Suppes, 1988). On the
other hand, our areas of agreement about probabilistic causality certainly exceed the
filigree of differences.

What I want to do in this lecture is to explore what [ regard as the absence of
probabilistic causality in quantum mechanics.

1. Overview

The minor fact to be stressed is that if we avoid noncommuting variables in quan-
tum mechanics, then probability is classical. In other words, any finite family of
commuting variables, for example, the 3n position coordinates of n particles at a
given time have a classical joint probability distribution.

A fact that has been much emphasized in the literature is that noncommuting
variables in general do not have joint probability distributions, and thus a
straightforward classical probabilistic theory of quantum phenomena is not pos-
sible. A typical example of two noncommuting observables that do not have a
proper joint probability distribution is provided by the case of position and momen-
tum for the one-dimensional harmonic oscillator in the first excited state (Suppes,
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1961). It may be shown by standard methods that when we replace momentum p
by the propagation vector k=p/# then the joint ‘density’ we obtain is:
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Performing the integration of (1) we obtain
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We note at once that the function f(k, x) is negative for those values of k and x such
that
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and thus we see that f(k, x) is not a proper joint probability density. Such examples
are easily multiplied, but our main concern here is of another sort.

The important fact, in many ways, is not the difficulty about noncommuting
variables not having joint probability distributions but rather that the use of
probability in quantum mechanics is very limited. The terminology for describing
the situation is not standard. My own preference is to say that quantum mechanics
provides only a theory of the mean. Let me explain more precisely what I mean by
this. There are, of course, many different marginal distributions that can be com-
puted in quantum mechanics, but when we follow the Schrodinger equation and ob-
tain in the time-dependent case a y function for each time ¢, then the square of this
v function properly normalized gives us the distribution of the position variables,
for example, at a given time 7. This marginal distribution I call the mean distribution
because it reflects the distribution of position at time ¢ without any consideration
of the sample paths or prior positions of the particles. Intuitively, we may think of
the mean distribution as resulting from averaging over all possible sample paths up
to time ¢. I shall restrict myself primarily to position variables just because the
overlap with ordinary probability theory here is quite straightforward but also
because, as is often remarked, all measurements in quantum mechanics can be re-
duced to measurements of position at a given time.

Thus from the standpoint of stochastic processes, not quantum mechanics, what
we get in quantum mechanics is just the mean distributions at a given time. We get
no autocorrelations or other features relating the positions of a given particle at dif-
ferent times. The absence of such autocorrelations or other information about the
behavior of a particle at different times means that in the ordinary sense there is no
probabilistic causality in quantum mechanics, for the essence of probabilistic
causality is to relate behavior at one time to behavior at another time.
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2. Some examples

The method for computing mean distributions is in principle straightforward,
though difficult in particular examples. First, to get the expectation of an operator
A in the standard approach

EA)=(w,Aw)

where (, ) is in the usual Hilbert space formulation the inner product of a state
with itself.

To get the distribution of an observable A rather than just the expectation of A,
we replace 4 by ¢4 and obtain the characteristic function:

o) =E@E"“")=(y,e""y).
We then obtain the distribution of x in the form of the density f(x) by taking the

Fourier transform of ¢.

Free particle. A classic simple example is that of the free particle acted upon by no
forces. In the case of the free particle, by using the time-dependent Schrddinger
equation we just obtain the following expression, which shows that for each #, x is
a normally distributed random variable:

s =(an( i+ S\ aa
X, 1) = +——s exp( —
< ”(UO 4m* ol )) P < 2ol + h2t2/4mzag)>

oi=Var(X) at r=0.

where

Notice that it is a feature of f(x, ¢) that the variance increases in either direction of
time.

From a stochastic standpoint it is natural to ask immediately additional questions
about the process that would ordinarily be thought to be underlying the mean den-
sity f(x, £). We would ordinarily ask such questions as: (1) Is the process Markovian,
that is, for

Xy oo Xy, With 1)<ty < - <1,
is
F(X,,

Xy ppos X)) =F(X,, | X, )?

The answer is clearly that it is not determined by the axioms of quantum mechanics
alone.

(2) Is the process Gaussian, i.e., does any finite sequence of position random
variables have a multivariate normal distribution? Again the answer in no sense is
determined by the standard axioms of quantum mechanics.

(3) Even when the answers are negative to questions (1) and (2), we may still ask,
can we compute the autocorrelation function

I'(t, 1) = E(X(t;) X(1,))?
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But again we have the same answer: no determination from the standard axioms of
guantum mechanics.

We return to the point that only the mean distribution f(x, ) is given by quantum
mechanics, but it is also important not to think of quantum mechanics as just the
mean distribution. There is important phase information given in the w function
and we can use the w function also to compute the mean distribution f( p, r) of the
momentum. What we cannot do is get beyond these mean distributions.

Second example. We get the same kind of results for the one-dimensional linear
harmonic oscillator already mentioned in the previous section. We obtain by stan-
dard methods the following mean density for position:

o 2 . 2
f(.’l’ I) — e (x—acos wi) .
4 7!1/2

We can ask the same questions about the extension of this mean density. Is the
process Markovian? Is it Gaussian? Can we compute the autocorrelation functions?
And again we get the same answers. Nothing is determined directly by quantum
mechanics.

3. Stochastic extensions of quantum mechanics

My central thesis, as is already perhaps evident, is that quantum mechanics is con-
sistent with various stochastic extensions if we ignore computations on nomn-
commuting variables.

Much of the view [ am advocating is derived from the work of Edward Nelson
(see particularly Nelson, 1967), but on one central point I do disagree with Nelson.
His assumption of a detailed Brownian motion to provide a full dynamics for the
free particle leads him to claim that the stochastic process view of the free particle
is mathematically inconsistent with quantum mechanics, although there are no
observable differences.

In my view his mistake is to compare the mean X, of quantum mechanics with
x(¢) of Brownian motion. Nelson says (1967, p. 139) that in quantum mechanics for
the free particle

X<[1 +tz) :X(f1)+X(t2)
2 2

3

but of course nothing so simple holds for x(¢) of Brownian motion. My rejoinder
is that in quantum mechanics, adding X(#;) and X(¢,) does not make any real
sense, for we are not talking about the same particle, we are only dealing with the
mean distribution with no particle identification across time possible. Thus, the
equation given above is not a correct analysis of the free particle from a quantum
mechanical standpoint, quite apart from any problems of measurement.
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The view of quantum mechanics as giving only a theory of the mean is also a way
of explaining why noncommuting variables are noncommuting. If position and
momentum, for example, had a joint distribution, then we would, as in ordinary
probability theory, anticipate we would be able to compute the covariance (X, P;).
But in quantum mechanics we get instead the Heisenberg Uncertainty Principle:

Var(X,)Var(P,) = constant >0,

and we are able to say nothing about the covariance, the natural quantity we would
expect to study and the one we would expect to lead to a causal relation.

On the other hand, the quantum mechanical theory of the mean is at the right
level. We are able to compute just about all that we can observe. A complete theory
in the sense of Brownian motion does not seem to lead to any new and testable
predictions.

On the other hand, because the theory of Brownian motion supplies a classical
physical interpretation of quantum mechanics, it is surprising that the efforts have
been as insubstantial as they have to extend this theory to quantum mechanical
phenomena. Nelson’s work almost stands alone. (In a moment I shall examine some
deeper reasons why such a program in the framework of continuous-time Markov
processes is not likely to be successful.)

I want to emphasize that the efforts of Nelson (1967, 1985) and others to extend
quantum mechanics to stochastic mechanics by adding assumptions that extend
quantum mechanics to being a Markovian diffusion process are philosophically
important, because they provide a clear dynamical interpretation of quantum
mechanics. As indicated in the earlier discussion, this extension has not necessarily
always been looked upon by Nelson as an extension, but I think that that is the ap-
propriate way to look at it from the conceptual standpoint of this paper. Earlier,
Nelson (1966) derived the Schrodinger equation from Newtonian mechanics. More
generally, what can be done is to characterize a classical diffusion process in the
sense of stochastic mechanics that is compatible with the Schrédinger equation.

A good recent analysis of these matters is to be found in Yasue (1981). The line
of argument in more detail goes as follows: Let w(x,¢) be a solution of the one-
dimensional Schrodinger equation. This solution admits a polar decomposition

wx, 1) =exp(R(x, 1) +iS(x, 1)).

Then the Markov diffusion process generated by the infinitesimal generator

9 =b(xt) grad+ LA div grad
2m

satisfies the classical Euler equation for classical dynamics generalized to stochastic
processes. In the above equation the drift 5 is given by

b= % (grad R +grad S).
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There is nothing unique about this associated Markov diffusion process. In par-
ticular, as we shall see later, there are arguments against the process even being
Markovian. On the other hand, as a first approximation it seems like an excellent
move, and, above all, it provides a detailed dynamical interpretation of the behavior
of particles through time, in a way that quantum mechanics by itself does not. Also,
from the standpoint of a central aspect of the present paper, this extension to a
Markov diffusion process is a way of providing a full-blown causal framework for
the motion of particles, even if the sample paths are unobservable. In contrast,
quantum mechanics by itself does not provide a causal framework in any direct
sense. The only weak sense of causality is that derived from the Schrodinger equa-
tion, namely, the law of change of the mean distribution with time.

4. Locality

It seems to be the fate of the questions surrounding quantum mechanics that
straightforward approaches run into trouble. From the standpoint of the develop-
ment of stochastic processes in the past four decades, it seems completely natural
to think of providing a physical interpretation of quantum mechanics in terms of
Markov diffusion processes on the intuitive idea that paticles are in continual
Brownian motion. There are some physical problems with the interpretation of
Brownian motion, for example, the standard mathematical result that the sample
paths of particles are continuous but nowhere differentiable. But this kind of
technical result, which might be treated as a kind of idealization for the purposes
of simplifying the theory, does not present an insurmountable barrier — at least not
without some new kind of experimental evidence that shows these ideas are in error.
This would mean showing that predictions of Brownian motion clearly violated ex-
perimental data.

But this is just what has happened. The work deals with causal questions con-
cerned with locality. From a broad philosophical standpoint, the arguments concern
the traditional problem of action at a distance, but the special twists and turns of
locality in quantum mechanics are new.

The classical striking results in this arena are due to Bell (1964). The idea is to
test the existence of a causal structure — what are called in quantum mechanics hid-
den variables — along the following lines. If there is a causal structure to quantum
mechanics, that is, an appropriate causal hidden variable A — the cause is called hid-
den because it is not in any direct sense observable, then there are classical results
about A from a causal standpoint that we would expect to hold. Figure 1 shows in
the usual one-dimensional diagram of special relativity the space-time region from
which A would have to be operating. It is the intersection of the back light cones
of particles A and B — I am thinking here of course of A being a cause influencing
the behavior of particles 4 and B. We can also think of a Bell-type experiment here
in which we are measuring spin for particle 4 and for particle B. More generally
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time

Fig. 1. Physically possible location of hidden variable 1

we would think of 4 and B being the location of measuring equipment and we
observe individual particles or a flux of particles at each of the sites. We would still
think here of individual particles because the analysis is conceptually simpler, even
though some of the experiments would consider in fact collections of particles. We
think of the measuring apparatus being such that along the axis connecting A and
B we have axial symmetry and therefore we can describe the position of the meas-
uring apparatus just by the angle of the apparatus A in the plane perpendicular to
the axis. We shall use the notation w, and wy for these angles. I shall not attempt
here a full technical analysis but only enough to give a sense of Bell’s results and
an informal description of their dire consequences for Markov diffusion processes.
The basic form of the locality assumption is shown in terms of the following expec-
tation:

EM,; | W, wp, 2) = EMy | W, 2). )

What this means is the expectation of the measurement M, of spin of a particle in
the apparatus in position A4, given the two angles of measurement for apparatus A4
and B as well as A, is equal to the expectation without any knowledge of the ap-
paratus angle wy of B. This is a reasonable causal assumption and is a way of
saying, looked at from the standpoint of special relativity, that what happens at B
should have no direct causal influence on what happens at 4 because B is not in
the back light cone of A. It violates strongly not only action at a distance in classical
terms but even more in terms of special relativity. On the other hand, we have the
following theoretical result for spin well confirmed in principle, for the case of when
the measuring apparatuses are both set at the same angle:

PMy=—1|wy=wg=0a & Mg=1) =1. Q)

Note what is going on here. If the angles of the apparatus are set the same we have
a deterministic result in the sense that the observation of spin at B will be the op-
posite at 4, and conversely. Here we are letting 1 correspond to spin 4 and —1 corre-
spond to spin —4. There is a natural tension immediately observable between
equations (1) and (2). The problem then is how to get a more specific test of whether
or not locality is violated in quantum mechanics.
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What Beli showed is that on the assumption there exists a hidden variable four
related inequalities can be derived for settings A and A’ and B and B’ for the meas-
uring apparatus. I have reduced the notation here in the following way in writing
the inequalities. First, instead of writing w, I write simply A4, and second, instead
of writing Cov(4, B) for the covariance, which in this case will be the same as the
correlation, of the measurement at A and the measurement at B, [ write simply AB.
With this understanding about the conventions of the notation we then have as a
consequence of the assumption of a hidden variable the following set of incqualities,
which in the exact form given here are due to Clauser, Horne, Shimony and Holt
(1969):

—2<AB+AB'+AB-A'B' =<2,

—2=<AB+AB' -A'B+AB' <2,
—2<AB-AB'+A'B+A'B'<2,
—2<-AB+AB'+AB+A'B'<2.

What Bell showed is that quantum mechanics does not satisfy these inequalities, so
they thus provide a clear test of the existence of local hidden variables, that is,
causes that act in the appropriate local fashion. There have been a number of experi-
mental tests in the past two decades, and it is fair to say that all of the experiments
that have been accepted as valid have supported quantum mechanics.

Thus the theoretical and experimental results together present another and differ-
ent body of evidence, very precisely focused against there being a standard causal
structure which we may use to obtain a classical causal theory in the sense of hidden
variables.

From the standpoint, though, of probabilistic causality in quantum mechanics,
it is worth while to pursue a bit more these negative results about hidden variables.
Fine (1982) proved that the Bell inequalities hold if and only if there exists a joint
distribution of the random variables A4, 4’ B, B". (As expected, the Bell inequalities
are not sufficient for N >4.) This means that there is not a joint distribution in
guantum mechanics because the inequalities are not satisfied. This is a familiar
quantum mechanical story. In the present case the random variables A and A’ are
noncommuting, as are also the random variables B and B’, even though from a con-
ceptual standpoint the noncommuting character of these pairs of variables is not in
some sense quite the right result for, as we ordinarily think of the experiments, the
random variables are random variables that are observed at different times. There
is more to be said on this point but I am not going to do it here. Suppes and Zanotti
(1981) proved that for the kind of random variables we are discussing here, namely,
random variables with values +1, there exists a joint distribution of such random
variables if and only if there exists a hidden variable such that

E(X; X, | ) =E(X | ) E(X,| D).

So the absence of joint distributions in quantum mechanics, a familiar result in the



P. Suppes / Probabilistic causality in quantum mechanics 301

Bell kind of structure, implies according to this theorem that there can be no hidden
variable A and therefore, in the sense of local hidden variables, no causal theory.

This seems to contradict the earlier statement about extending quantum mech-
anics to Markov diffusion processes. Nelson (1985) shows in fact that the Markov
stochastic mechanics does violate locality in the sense of Bell.

But all the possibilities are not lost with this result. As Nelson shows, in principle
a non-Markovian stochastic mechanics can be constructed that is consistent with
locality. Such a construction has not been carried through in detail yet and certainly
presents formidable difficulties, but there is certainly nothing in principle against
such a construction. If such a constuction can be carried through, probabilistic
causality is restored for quantum phenomena, again by an appropriate extension of
the mean theory of classical quantum mechanics. In principle there is also the possi-
bility of introducing new concepts with respect to which the enlarged diffusion pro-
cess is Markov, but this move takes us into uncharted waters searching for a
fundamental conceptual extension of quantum mechanics distinct from hidden
variable approaches.

I just want to conclude with one philosophical remark about non-Markovian pro-
cesses. It is of course true that we are very used to thinking about the world in
Markovian fashion. We find it hard to imagine that there is another kind of action
at a distance operating, namely, action at a distance through time. Yet we all
recognize that for many kinds of limited theories such action at a distance in time
is absolutely essential. No one would propose today or consider it feasible in any
sense whatsoever to be able to look at the structure of the brain of a person and
give an account of the impact of past experience on that individual. Knowledge of
actual events of the past is essential for a detailed understanding of the behavior of
individuals. This does not just apply to the psychology of individuals — it is true
for all kinds of other phenomena. Certainly we can improve our understanding of
many complex phenomena, from the stock market to the weather, by taking account
not just of the instantaneous state but of the past history as well. It is only when
we think we have a final and fundamental theory of phenomena that we might be
persuaded to say that the process must be Markov. Once we do not believe we have
the fundamental theory then it is very natural to look for a theory that is non-
Markovian in character. The concepts that we have formulated explicitly in a given
theory we believe are not rich enough to catch all of the structure actually present
in the entities being studied. We may indeed believe that it is not feasible in any
foreseeable future to understand that structure completely but that we can make
headway by looking at the history of the entity. Certainly we have that attitude in
large-scale cosmology now. It seems to me that it is not philosophically surprising
or upsetting to have to recognize that our best hope of providing a causal account
of quantum phenomena may very well have to be non-Markovian in character.
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