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Patrick Suppes

POPPER’S ANALYSIS OF PROBABILITY
IN QUANTUM MECHANICS

ince the early 1930s, Popper has been publishing articles about the

foundations of quantum mechanics, and he has had many useful things
to say in a number of books and articles. With some hesitation, I have
narrowed the scope of what I shall discuss to two topics: the propensity
interpretation of probability and quantum mechanics as a statistical
theory. Throughout his writings, but especially in The Logic of Scientific
Discovery, Popper has a great deal to say also about measurement in the
quantum mechanics. [ shall not discuss these matters except as they bear
upon his conception of the role of probability in quantum mechanics.

1. Propensity Interpretation of Probability

Popper has spent considerable effort in elaborating and defending
his propensity interpretation of probability, and the term itself has be-
come a widely used one for a certain conception about probability. More
than anyone else, he has been responsible for making this view of the
foundations of probability well known, and he says in several places that
he was led to the propensity interpretation as part of his reflections on
the role of probability in quantum mechanics.

1 shall concentrate on comparing the propensity interpretation with
the other major views of the foundations of probability: the classical
Laplacean definition, the relative-frequency interpretation, and the sub-
jective interpretation. Only after a fairly detailed scrutiny of the pro-
pensity interpretation as an alternative to one of these three positions
will I have anything to say about the particular case of quantum mechan-
ics. 1 shall not discuss confirmation or corroboration as an additional
way of looking at the foundations of probability. 1 think a case can be
made for considering confirmation theory as a fourth alternative; but
Popper has rather different views of this matter, and some rather special
views of his own about corroboration. | believe the issues surrounding
the propensity interpretation can be discussed by restricting the frame
of reference to the three major views mentioned.
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To begin with, I think Popper has brought to the surface some in-
tuitions that many of us share about the foundations of probability. He
has had the insight to recognize that there is something misleading about
each of the main classical views of the foundations of probability in at
least some applications. The propensity viewpoint or what we might
also call the dispositional viewpoint toward probability is very appealing,
not only when we deal with the physics of atomic and subatomic particles,
but also with many straightforward applications in medicine, psychology,
sociology, etc. Moreover, Popper has properly emphasized that we can-
not simply think of the propensity or disposition as inhering in the object
independent of the circumstances surrounding the object. In other words,
propensity, as Popper remarks, like the concept of force “is a relational
concept.”!

Although I am sympathetic with these intuitions and with the insight
that Popper has verbalized for all of us, a central issue about the pro-
pensity interpretation dominates all other issues for me, and I would
like to concentrate on it in this discussion. In broad terms, the issue is
that of characterizing the explicit meaning of the propensity interpreta-
tion. To ask for the meaning of the interpretation without making any
more definite statement of the methodology to be used or the approach
to be taken is to ask in philosophers’ jargon the ordinary question, What is
the propensity interpretation? However, in the case of probability, a
strong intellectual tradition of analysis can be used.

The matter can be formulated this way. With an important exception
in quantum mechanics to be discussed below but not an exception that
affects the conceptual point being made at this stage, the scientific ap-
plications of probability all rest on the acceptance of Kolmogorov’s
axiomatization, and the formal properties of probability that flow from
that axiomatization. On occasion, Popper has indicated some reserva-
tions about that axiomatization (P, p. 40), but those reservations are
minor and not a serious issue here. The mathematical applications of
probability in sciences as diverse as sociology and statistical mechanics
all use the standard properties of probability, and the theorems asserted
or claimed about probabilistic phenomena depend upon the formal prop-
erties that flow from the Kolmogorov axiomatization, plus possibly other
special assumptions needed in particular applications. For example, the
theory of stochastic processes is of increasingly great importance.

Because of the significance I shall attach to the relation of any inter-
pretation of probability to the Kolmogorov axiomatization, it will prob-
ably be worthwhile to formulate the Kolmogorov approach. The axioms
are based on three primitive concepts: a nonempty set X of possible
outcomes, a family % of subsets of X representing possible events, and
a real-valued function P on % ; for event 4 in % ; P(A) is interpreted as
the probability of 4. It is important to note in this connection that events
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are always formally represented as subsets of the basic sample space X.
(It is assumed throughout that X is nonempty.) The notion of an algebra
of events is caught in the following definition.
Definition 1. % is an algebra of events on X if and only if & is a

nonempty family of subsets of X and for every A and B in % :

1. ~4 € &#;

2.AUBE€ Z%.
Moreover, if F is closed under countable unions, that is, if for 4, A,,

A, .. € F, _UiA,- € ¥, then & is a o-algebra on X.
iz

Assuming the set-theoretical structure of X, &#, and P already de-
scribed, we may now turn to the definition of probability spaces.

Definition 2. A structure & = (X, #, P) is a finitely additive prob-
ability space if and only if for every A and B in ¥ .

Pl. & is an algebra of events on X ;

P2. P(4)= 0;

P3. PX)=1;

P4. IfA N B=0, then P(A U B)=P(4) + P(B).
Moreover, 2 is a probability space (without restriction to finite addi-
tivity) if the following two axioms are also satisfied:

PS5. Fis a o-algebra of events on X ;

P6. IfA,, A,,...,isa sequence of pairwise incompatible events in
F,i.e.,A, 0O A;=0 for i # j, then

P(U Ai) => P4,).
i=1 i=1

Some more special probabilistic notions will be needed in later parts
of this paper, but I shall defer until then their formal definition. Also,
although I have included the countable cases for the sake of completeness
in Definitions 1 and 2, 1 shall mainly ignore them in the sequel. These
concepts are of central importance in advanced applications, but explicit
consideration of them here does not add much of conceptual interest,
and the notation and theorems will remain simpler if they are ignored.
We can, if we desire, think of the sequel as being restricted to finite
probability spaces, that is, to spaces in which the basic set X is finite.
But, I would emphasize that the conceptual remarks are not at all bound
by this imposition of finiteness.

On the assumption that any interpretation of probability must come
to terms with the Kolmogorov set-theoretical approach as embodied in
Definpitions 1 and 2, we can ask ourselves how is that “coming to terms”’
to be expressed. There is a classical mathematical way of formulating
the matter. We must be able to prove that the set-theoretical entities
defined under the particular interpretation of probability are themselves
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either objects that satisfy Definition 2 or lead in a completely explicit
way to the construction of objects that satisfy Definition 2. This rather
abstract formulation of the representation problem is made more concrete
by consideration of the classical interpretations of probability.

The place to begin is with Laplacean or classical probability. Laplace
begins this way. “The first of these principles is the definition itself of
probability, which, as has been seen, is the ratio of the number of favor-
able cases to that of all the cases possible.” There are severe difficulties
with the application of this definition; but it is clear how it leads to a
representation in terms of probability spaces. We may incorporate the
idea of Laplace’s first principle in the following formal definition. (In
the statement of this definition I use K (4) for the cardinality of the set.4.)

 Definition 3. A structure 2= (X, %, P) is a finite Laplacean prob-
ability space if and only if:

Pl. X is a finite set;

P2. % is an algebra of events on X;

P3. ForAin %,

K(A4)
K(X)’

It is apparent that the following theorem is a trivial consequence of
this definition, but the theorem does express the way in which the
Laplacean definition provides a strict interpretation of the set-theoretical
formalization of probability.

Theorem 1. Any finite Laplacean probability space & = (X, %, P)
is a finitely additive probability space in the sense of Definition 2.

Almost everybody recognizes criticisms that can be leveled at the
classical Laplacean definition. It is only when very strong principles of
symmetry are satisfied that the definition in a strict sense can be applied.
Most of Laplace’s own work in probability did not use the principle. 1
mean by this that the detailed applications in astronomy and other
complicated phenomena did not proceed from a strict application of the
classical definition.

However, I find myself unable to agree with some of Popper’s
criticisms of the classical definition. These criticisms are expressed
in PI (p. 36).

PA)=

.. . mere possibilities could never give rise to any prediction. It is possible,
for example, that an earthquake will destroy tomorrow all the houses be-
tween the 13th parallels north and south (and no other houses). Nobody
can calculate this possibility, but most people would estimate it as exceed-
ingly small; and while the sheer possibility as such does not give rise to
any prediction, the estimate that it is exceedingly small may be made the
basis of the prediction that the event described will not take place (*‘in
all probability™).
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Thus the estimate of the measure of a possibility —that is, the estimate
of the probability attached to it—has always a predictive function, while
we should hardly predict an event upon being told no more than that this
event is possible. In other words, we do not assume that a possibility as
such has any tendency to realise itself; but we do interpret probability
measures, or “‘weights” attributed to the possibility, as measuring its dis-
position, or tendency, or propensity to realise itself; . . .

It seems to me that in this discussion there is an abuse of the
Laplacean notion of possibility. It is precisely the point that it is simply
the enumeration of possibilities that are used in the definition of probabil-
ity. I think Popper can rightly object, as he does, that in many instances
this is not what we do, or we do not know how to enumerate the possi-
bilities. On the other hand, in the examples given by Laplace as paradigm
cases of his definition, namely, games of chance, we do agree on the
enumeration of possibilities, and we can claim that it is the enumeration
of possibilities that provides the basis for the definition of probability.
It is not a case, as Popper puts it, of assuming “that a possibility as such
has any tendency to realise itself.” It is just that the computation of
probabilities is based upon the enumeration of possibilitics. As we look
deeper into the matter, we are willing to accept these enumerations in
cases where certain implicit principles of symmetry are satisfied and not
in other cases. My quarrel with Popper here is not a large one. I do think
that the notion of possible outcomes or possible cases is a fundamental
aspect of thinking about probability. It is also a fundamental aspect to
tend to impose a uniform distribution on the set of possible outcomes.
We do not do this because of any ideas about propensity itself or probabil-
ity weights, but because we see no reason to treat one possible outcome
in 2 manner different from another. I want to be perfectly clear on this
point. I am not trying to defend the classical definition as a workable
interpretation of probability. I am taking exception to Popper’s remarks
about the way in which possibility does enter in the classical definition.
The important point for our discussion here is that a well-defined formal
relation between the classical interpretation of probability and the set-
theoretical approach is embodied in Definition 2. This formal relation
is caught by Theorem 1.

Iet us now take a quick look at the relative-frequency interpretation
of probability. I shall first state several formal notions and a theorem,
but then indicate how the models brought under the framework of proba-
bility spaces by the theorem are not fully satisfactory. However, I shall
not enter into the formal details of how the definitions are to be more
restricted. These are standard matters in the discussion of relative-
frequency theory. The point is to show how one is led from the relative-
frequency interpretation in a formal way to models of Definition 2.
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An (infinite) sequence is a function whose domain of definition is
the set of positive integers. If 5 is a sequence then s(») (or in a2 common
notation: s,) is the n* rerm of the sequence 5. A sequence of positive
integers is a sequence all of whose terms are positive integers.

Let s be a sequence of real numbers. Then the T]ij‘[;lu s, = k if and only
if for everyv € > 0, there is an integer N such that for all integers
nif n > N then

s, — k| < €.

Definition 4. Let 5 be a sequence and let % be the family of all sub-
sets of R(s), the range of s. Let t be the function defined on % X w where
w is the set of all positive integers, such that for all 4 in F,

A, m)=Kl{izi=n ks, €A}

We call the number (4, n)/n the relative frequency of A in the first n
terms of s. If the limit of the function 7(A4, »n)/n exists, then this limit is
the fimiting relative frequency of A4 in s.

Theorem 2. Let 5 be a sequence and % an algebra of events on R(s)
such that if A € F# then the limiting relative frequency of A in s exists.
[.et P be the function defined on # such that for every A in 2%

P(A) = Jig W)

Then (R(s), F, P) is a finitely additive prababiliry space.

The proof of Theorem 2 requires more argument than the proof of
Theorem 1, but it is straightforward in terms of standard facts about the
limits of sequences and will be omitted here,

I emphasize that to have a realistic relative-frequency theory, the
conditions of Theorem 2 need to be strengthened. Many sequences
satisfy the hypothesis of Theorem 2 and thus generate a finitely additive
probahility space, but we would not at all be willing to accept them as
falling within the framework of what we intuitively consider to ‘be
probabilistic pheaomena. For example, the deterministic sequence con-
sisting of alternating 1’s and O's would satisfy Theorem 2 and the event
of a 1 occurring would be 1/2, and the event of a 0 occurring, 1/2; but,
clearly, no reasonable notion of probability in an intuitive sense would
admit such a sequence. The point of the present discussion, however,
1s not disturbed by this aspect of things. 1 am interested only in how we
formulate a formal relation between a relative-frequency theory and the
notion of probability space embodied in Definition 2.

I turn now to a brief exposition of the subjective theory of probability
and the way in which it formally provides an interpretation of Definition
2. 1 shall restrict my analysis of the subjective theory to a simple exam-
ple to avoid technical complexities. The spirit of the axioms embodied

Ty i e i
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in the definition given below places restraints on qualitative judgments
of probability, which on the one hand seem intuitively sensible and on
the other hand seem sufficient to guarantee the existence of a numerical
probability measure in the sense of Definition 2. The subjective aspect
enters directly in the sense that the qualitative relation is meant to reflect
the qualitative judgments of subjective probability: 4 = 8 if and only
it 4 is judged subjectively at least as probable as B,

Definition 5. A structure 2" = (X, %, =) is a finite qualitative prob-
ability structure with equivalent atoms if and only if X is a finite set, %
is an algebra of events on X, = is a binary relation on %, and the follow-
ing axioms are satisfied for every A, B, and C in % :

1. The relation = is a weak ordering of F ;

2 fANC=¢and BN C=¢,thenA =R ifand only if A U C =

BuUC;

3.4A=d;

4. Notd = X;

5.If A = B then there is a C in F such that A= B UCand B U

C=A.
The first four axioms are standard axioms that originate with de Finetti
(the symbol ¢ stands for the empty set); the fifth axiom is the structural
axiom that implies the equivalence of the atoms; the exact theorem that
can be proved is the following:

Theorem 3. Let # = (X, %, =) be a finite qualitative subjective
probability structure with equivalent atoms. Then there exists a prob-
ability measure P in the sense of Definition 2 such that for every A and
Bin%#

P(4) = P(B) ifand only if A = B.
Moreover, there are at most two equivalence classes of atomic events
in #; and if there are two rather than one, one of these contains the
empty event.

The proof of this theorem I shall omit.2

It is not my purpose in this paper to defend any one of the three
views of probability T have sketched above. Rather, in the present con-
text I want to distinguish the three classical views sketched above from
the propensity interpretation advocated by Popper on the grounds that
I do not see what the corresponding theorem for the propensity inter-
pretation is. 1 have gone to some length to make this point, because 1
think it is an important one about the propensity interpretation. I very
much agree with Popper that there is much that is attractive in the idea
of probability as propensity. What I find difficult to envisage, and what
I find missing in his own discussions of the propensity interpretation, is
the more explicit formal characterization of the propensity interpretation
that permits us to prove a theorem like Theorem 1, 2 or 3. Until an inter-
pretation of probability is given sufficient systematic definiteness to
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permit the proof of such a theorem, it seems fair to say that it is still at a
presystematic level, and no clear concept has as yet been explicated.

Popper tells us in PI that he was especially led to the propensity
concept by the problem of interpreting the use of probability in quantum
theory. He felt that the Bohr-Heisenberg interpretation was inextricably
bound up with the subjectivistic interpretation of probability. On the
other hand, the difficulty of the relative-frequency theory lay in providing
an appropriate straightforward interpretation of the probability of singular
events. A number of his remarks in this connection seem to me sensible,
as for example, his insistence that the so-called “problem of the reduction
of the wave packet is a problem inherent in every probabilistic theory,
and not special to any particular interpretation.

There are a number of tantalizing remarks about the propensity
view in PI. In several places Popper compares propensities to forces
in Newtonian physics. As he puts it, “there is an analogy between the
idea of propensities and that of forces.” However, 1 would again raise
the same question [ have been raising. Already in the case of Newtonian
forces there are explicit formal laws that these forces are required to
obey: the laws of addition of forces and alsc the more special laws for
internal forces in a system of particle mechanics; namely, the law that
the force exerted by one particle on another be equal and opposite, and
also the law that the direction of these two internal forces be along the
line connecting the position of the two particles. I find no systematic
iaws whatsoever that the propensity interpretation is to satisfy, except
the formal laws of probability already embodied in Definition 2,

In other passages, Popper indicates the close relation between the
propensity interpretation and the relative-frequency interpretation, but
again 1 would want to press the point and ask if there is indeed a formal
difference between the two and, if so, what it is.

Of the three views I have sketched above, the relative-frequency
and subjective views each provide a sharply defined formal theory that
does lead to an interpretation in the formal sense of the axioms of Defini-
tion 2. The classical theory also provides such an interpretation, but it is
weaker and less interesting.

Toward the close of P{, Popper says the following:

... what [ propose is a new physical hypothesis (or perhaps a metaphysical
hypothesis) analogous to the hypothesis of Newtonian forces. It is the hypo-
thesis that every experimental arrangement (and therefore every state of a
system) generates physical prepensities which can be tested by frequencies.
This hypothesis is testable, and it is corroborated by certain quantum exper-
iments. The two-slit experiment, for example, may be said to be something
like a crucial experiment between the purely statistical and the propensity
interpretation of probability, and to decide the issue against the purely
statistical interpretation.
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What troubles me about this passage is the vagueness of his new physical
hypothesis in contrast to the sharpness of formulation of the hypothesis
of Newtonian forces. From what he says it is also not clear how the two-
slit experiment provides a crucial experiment between the relative-
frequency and propensity interpretations. Indeed, [ have found it difficult
to try to infer what formal properties the propensity interpretation is
supposed to have from consideration of the two-slit experiment.

Let me sum up the situation as I see it in three points.

I. Much of what Popper says about the use of probability in quan-
tum mechanics and the way he has used the idea of propensity to say
these things seem eminently sensible to me.

2. 1 find the systematic case for the propensity interpretation badly
worked out and not at all in a state comparable to that of the classical,
relative-frequency or subjective interpretations.

3. I recognize at the same time that the subjective theory, especially
in its simply providing a qualitative ordering relation, has not provided
an interpretation at a very deep level. I do not wish to defend the ad-
equacy of the subjective interpretation in any fundamental way. It does
stand in sharp contrast, however, to the propensity interpretation be-
cause there does exist a systematic body of analysis and resulting
theorems that can be proved about the subjective view. Until such an
analysis and resulting theorems are produced for the propensity inter-
pretation, I find it impossible to embark upon a more thoroughgoing
critique.

2. Quantum Mechanics as a Statistical Theory

Popper has written extensively on the conceptual nature of quan-
fum mechanics. I shall not cite here the many references, for these are
available in the general bibliography. I agree with much of what he has
had to say about quantum mechanics as a statistical theory. He has had
many sane and sensible things to say in his analyses and criticisms of
the doctrines advanced by physicists. Our points of agreement are too
many to enumerate, although I cannot help mentioning my pleasure in
his recent article on Birkhoff and von Neumann’s interpretation of quan-
tum mechanics.? He points out the conceptual inadequacy of the argu-
ment given in Birkhoff and von Neumann’s famous article in a way that
is perhaps the ciearest of anything I have seen in print. I shall not review
the details of the argument here, but note that he shows how unsatis-
factory is their claim that quantum mechanics uses a nondistributive
lattice. [t is not the result that is so unsatisfactory, but the total lack of
serious argument for their position.

I could list other points of agreement, but the more constructive



24. PROBABILITY IN QUANTUM MECHANICS 769

and useful thing is to focus on the major issues where 1 find myself in
disagreement with Popper, or where 1 do not think he has pushed hard
enough or dealt as yet sufficiently explicitly with matters of central
importance.

The central theme of what 1 want to say can be posed as a question.
Is indeed quantum mechanics a genuinely statistical theory? By this, 1
do not question whether there are many statistical aspects of quantum
mechanics, but rather, cdn gquantum mechanics as a theory be regarded
as a statistical theory in the way that classical statistical mechanics,
population genetics or theories of mental testing are statistical theories?
It seems to me that much in Popper’s writings indicates that he would
want to make this claim. I shall not try to document the many places
where he discusses these matters, but 1 would refer the reader especially
to his recent article, “Quantum Mechanics Without ‘The Observer'.”!
In this article Popper sets forth 13 theses about quantum mechanics. It
is not possible to examine each of these theses and to comment on them,
especially as to how each thesis relates to the view of quantum mechanics
as a statistical theory. 1 shall begin by concentrating on the interpretation
of the Heisenberg uncertainty relations, and then go on from there to
problems about probability that are not explicitly treated by Popper.

To begin with, if cne starts from the idea that quantum mechanics
is a statistical theory, as Popper evidently does, a first point of peculiarity
about the Heisenberg principle needs to be mentioned. The principle
asserts that the product of the standard deviations of two noncommuting
variables is always greater than some positive constant, In the particular
example of position and momentum it is asserted that the products of
the standard deviations of the position and momentum of a particle at a
given time are always greater than a certain fixed constant, which is
positive. A statement of this kind can be derived in many classical theo-
ries. In fact, it will be true in any classical theory in which we are dealing
with a nondegenerate joint distribution of at least two random variables.
Nearly the first thing we would want to do is ask about a closer relation
between the two variables. We would want information about the covaria-
tion of the two random variables and their possible causal relation —that
causal relation either being between the variables or due to 2 common
cause. The standard statistical way in which these matters are studied
would be in terms of looking at the covariance or the correlation of the
two variables. (Because the notion of correlation is familiar in a wide
range of scientific disciplines, let us deal with the correlation and recall
that the correlation of two random variables is defined as the covariance
divided by the product of the standard deviations.) Given that the product
of the standard deviations is greater than some fixed constant, we can
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still produce examples in which the correlation has the entire range from
—1 to 1; in particular, examples for which the correlation between the
values of the random variables is 1, and also cases for which the correla-
tion of the random variables is 0. From a general statistical viewpoint,
it is often more important and almost always at least as important to
know whether the random variables are independent or highly correlated
as it is to know that the product of their standard deviations is greater
than some constant. When Popper talks about quantum mechanics as a
statistical theory, he is talking, it seems to me, with that surprise evinced
by those who look at quantum mechanics from the standpoint of classical
physics —surprise that the theory brings within its purview certain sta-
tistical relations and denies at the theoretical level the determinism so
characteristic of classical physics. Looked at from the standpoint of
standard statistical theories, the surprise about quantum mechanics is
rather different. The first glance would be something like the one 1 have
sketched. The surprise is that natural questions are not asked or dis-
cussed. Popper’s own neglect of these standard questions of covariation
or correlation is a reflection that he has not really taken seriously as yet
the rethinking of quantum mechanics as a statistical theory. What Heisen-
berg, for example, has had to say about these matters would make the
hair of any right-thinking statistician stand on end.

I emphasize the importance of these guestions of correlation. If,
for example, the Heisenberg uncertainty relation is satisfied by position
and momentum in a given direction at a given time, we would be enor-
mously surprised if the correlation between position and momentum
were one. This would indicate a deterministic relation between the two
that would be most disturbing to most physicists. I stress, however, that
such a model is mathematically consistent with the Heisenberg relations.
This is an obvious and elementary fact of statistics. It is of course not
my claim that such an interpretation is consistent with the actual em-
pirical data of quantum mechanics or with the theory taken in a larger
framework than that of the simple statement of the Heisenberg principle.

That physicists and Popper as well do not really take seriously their
claim that quantum mechanics is a statistical theory is evident from the
complete absence of discussion of the problems of correlation just raised.
In Popper’s case, I suspect that he has simply been caught up in the dis-
cussions of physicists and has tried to respond in a direct way to the many
kinds of things they have had to say: he has not looked at the probiems
from the standpoint of a genuine statistical theory.

Let me now turn to the second part of my remarks in this connection.
There are good reasons why the questioﬁs I have raised are not raised.
There are many ways of explaining what the reason for failure is. The
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essential idea, however, is that quantum mechanics is not a standard
statistical theory —it is a peculiar, mystifying, and as yet, poorly under-
stood radical departure from the standard methodology of probability
and statistics, There is as yet no uniform agreement on how the proba-
bilistic aspects or statistical aspects of quantum mechanics should be
formulated. But it is widely agreed that there are unusual problems that
must be dealt with and that do not arise in standard statistical theories of
the sort I mentioned earlier. In fact, the kind of problems [ now want to
raise do not, so far as I know, exist in any other scientific theories of any
scientific discipline.

The difficulty is that when the standard formalism of quantum me-
chanics is used the joint distribution of noncommuting random variables
turns out not to be a proper joint distribution in the classical sense of
probability. These ideas have been discussed now by a good many people,
and I shall not quote chapter and verse here. [ am sure that Popper is
familiar with several of these discussions, although I have been a littie
surprised not to find more explicit comment on these matters in his own
writings. I do think the difficulties raised by the nonexistence of joint
distributions within the framework of the standard formalism are the
most direct challenge to a straightforward interpretation of quantum
mechanics as a standard statistical theory.

To have a concrete instance in front of us, 1 give an example that I
computed some years ago,” but I emphasize that these matters have
been discussed by many people and general proofs of the impossibility
of having proper joint distributions within the classical framework have
been given by several people.

Consider the momentum and position random variables P and Q.
The characteristic function ¢(t, u) is defined by:

(1 e, v) = E(ewrma),

Using the Hilbert space formulation, let (i, r) be the inner product of
a state with itself. Following the usual formalism, the expectation E(R)
of an operator R when the quantum mechanical system is in state i is
simply (s, Ry). In view of (1) the characteristic function ¢ (i, v) for the
joint distribution of P and Q is given by:

(2) ‘P(“’ v) — ('b’ el(uj:+ N}lp).
We then have from (1) and (2) by Fourier inversion:

(3) f(,P, q) = %ﬂ_sz f’c e_;(up+[-q)(lp, el(u;;+L-q)¢} du dv.

For canonically conjugate operators P and O, i.e., PO — QP =#/i, it
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may be shown that (2) simplifies to®
elu, v) =f P (q - %hu) ey (q + é—ﬁu) dq
and so by Fourier inversion
_ b *(_l)( l)
(4) fp. q) warll q zfm e Py q+2hu du.

As is well known in probability theory not every characteristic func-
tion determines a proper probability distribution, and this is the difficulty
with (4). (The expression given by (4) for the joint density was first
proposed by Wigner [1932] and the derivation just sketched follows
Moyal [1949].7)

Let us now look at a simple example, the harmonic oscillator in the
ground state and also in the first excited state.

Ground State. The potential energy is given by

Vix)= lKﬂ

and the time-independent wave equation is

h* d*g(x)

e = e qub(x) Ey(x).

The solution of this equation in terms of Hermite polynomials is familiar
from the literature. In the lowest energy state H,

a \12 i
(5) Yilx) = (ﬂ,uz) EXp (_Eazxz)o
where
Km
a® = Py
Thus
(6) w,‘r)f — ;.al_z e~ ®irt

which is a normal density with mean zero and variance o?= 1/2a"
=Hh/2 VKm.

We now apply (4) and (5) to obtain the joint distribution of momen-
tum and position. For convenience of calculation, we replace p by the
propagation vector k = pffi. We have at once:
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p— L * — E —hu ( L‘
f(k,x)-zn_fnj; (x 2)6 nb.r+2)du

3o ) for [l )
1 a —anga 2 k?
:’Zr(wﬂ)e £ "’[ 4(a/2)'~']

il
= — €Xp ax——z.

T (44

First Excited State. We have from the literature
4a3 1/2 ]
Px) = (W) X exp (—Eazxz).

whence

fr ()2 = \/_3 x2eg—arx?

m

Applying now (4) and (5), and again replacing p by the propagation
vector k = pfh, we have:

0 10= G [~ o s (3 oo

Integrating (7) we obtain

flk, x) = ‘:exp( a2x2—§>]( 2 2+E*%),

and the function f(k, x) is negative for those values of k and x such that

2
a’x? +k—<-;~

which means that f (%, x) is not a proper joint density.

To my mind the problems posed by this elementary example and
others like it, as well as general results about the impossibility of having
a joint distribution, constitute the really central question of how to treat
quantum mechanics as a statistical theory. This is not the proper place
to examine possible viewpoints or to review some of the few proposals
that have been made; for example, that by Margenau and his collaborators
to adopt the special joint distribution that makes noncommuting random
variables independent. What I consider important in the present context
is to bring to the surface the deep-running nature of the difficulties of
interpreting quantum mechanics as a standard statistical theory.

The thirteenth and last thesis of QM is “‘the peculiarity of quantum
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mechanics is the principle of the superposition of wave amplitudes —a
kind of probabilistic dependence . . . that apparently has no parallel in
classical probability theory.” It is also part of this last thesis to say that
both classical physics and quantum physics are indeterministic. What
1 would urge upon Popper is not the view of the peculiarity of quantum
mechanics in terms of the principle of the superposition of wave ampli-
tudes, but rather, the peculiarity of quantum mechanics as a nonstandard
statistical theory. Given the wide applicability in all ordinary domains
of science of the standard statistical theory and methodology, it is sur-
prising and intellectually unsettling to encounter the fundamental diffi-
culties that seem to be present in quantunt mechanics. These difficulties
disturb a much deeper level of scientific methodology than do any mere
issues of determinism.

In my judgment, these formal difficuities of interpreting quantum
mechanics as a standard statistical theory will turn out to be the most
revolutionary aspect of the theory. My own historical sense is that these
difficulties will come to play the same fundamental role in the foundations
of physics and probability that the three classical problems of the Greeks.
have played in the foundations of mathematics. We now all accept that
we cannot trisect an angle or find a square whose area is equivalent to
that of a given circle by elementary means. I do not think we have as
yet digested in any deep and serious way the profcund ramifications of
the nonstandard statistical character of quantum mechanics.
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