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J. C. C. M C K I N S E Y  and P A T R I C K  SUPPES l 

PHILOSOPHY ANID THE AXIOMATIC FOUNDATION§ 
OF PHYSICS 

During  the past two years the Philosophy Faculty of Stanford University 
has devoted some time to investigations of the axiomatic  foundations of 
various branches of physics. In  the present  communication we propose to 
give a brief, relatively non-technical account of the  nature of this work, 
and  to explain its relevance to more  general problems in  the philosophy of 
science 1). 

By an axiomatization of a  branch of empirical science, or of a branch of 
mathematics, we mean  here a definition of a set-theoretical predicate- 
usually, of a predicate applying to ordered  n-tuples (for some fixed n). 
Thus, in  our understanding of the term, the following definition constitutes 
an axiomatization of the theory of simple ordering. 

Definition 1. I’ is a simple ordering if and  only ìf there  exists a set K 
and  a  binary  relation R such that T = <K, R> ( ie . ,  r is the ordered 
couple whose first member is K and  whose  second  member is R )  and  such 
that for  all x ,   y ,  and L: (i) if < x , y > ~ R ,  then X E K  and ~ E K ;  (ii) if 
X E K  and ~ E K ,  then  either <x,y>eR or <y,x>&R; (iii) if < x , y > ~ R  
and <y,z>eR, then <X,Z>ER; ( h )  if < x , y > ~ R  and <y,x>eR, 
then  x=y. 

We may remark that, when a discipline is axiomatized in this  manner, 
the theorems of the discipline become theorems of set theory. Thus  the 
following is a  theorem of set theory regarding  the defined predicate “is a 
simple ordering”: If <K, R> is a  simple  ordering  and x E K ,  then 
<x,x> E R. 

In  addition  to terms of the lower predicate calculus (“and”,  “there 
exist”, etc.),  an axiomatization may contain  both  primitive and defined 
terms of set theory. Thus Definition 1 contains the primitive terms “set” 
and “E” of set theory, as well as the terms “ordered couple” and “binary 
relation”, whose definitions within skt theory are well known. Similarly, 

We are  grateful to Professor Donald H. Davidson for  some  helpful sug- 
gestions and criticisms. 
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an axiomatization may contain such  defined  terms  of  set theory as ‘(real 
number”, “continuous function”, and “convergent series”. But it is essential 
that  an axiomatization not contain terms  of  everyday language which 
belong neither to the lower predicate calculus nor to set  theory - thus we 
do not consider something an axiomatization if it contains such terms as 
“observation” and “information”. Some of the “axiom systems” which have 
been  proposed 2)  for branches of empirical science violate this canon - 
and even in such a  manner that  it is not easily  seen  how they could be 
transformed into axiomatizations in our sense of the word. 

As we have implied  above,  we mean by an axiomatization of a branch of 
empirical science  exactly the same kind of set-theoretical definition that we 
have in mind when  we  speak of an axiomatization of a branch of mathematics. 
To illustrate this point, and  to provide an example for some general remarks 
we  wish to make later, we  give  now an axiomatization for classical particle 
mechanics  which  was  developed by us in collaboration with Dr A. C. 
Sugar 3). We  choose  this particular example  because of the familiarity of 
the subject matter, and  the relative simplicity of the set-theoretical entities 
involved;  some remarks regarding the intended physical interpretation of 
the terms  employed  will  be found immediately  following the definition. 

Definition 2. r is a system of classical particle mechanics if and 
only if there exist sets P and T ,  and  functions m, s and f ,  such  that 
T=CP,T,m,s, f>,  and: (i) P is finite  and  non-empty; ( G )  T is an 
interval of real numbers; (iii) m is a  unary  function,  whose  domain of 
definition is P, and  whose  values are positive real numbers; (iv) s is  a 
binary  function  whose  domain of definition is the  Cartesian  product of 
P and T (i.e., the set of all ordered  couples <p, t >, where p &  P and 
 ET), and  whose  values  are  three-dimensional  vectors; (v) f is a ternary 
function  whose  domain of definition is the  Cartesian  product of P, T and 
the set of all positive  integers,  and  whose  values are three-dimensional 
vectors; (vi)  for  any p in P and t in T ,  the  infinite series (of vectors) 

2) See, for  example, H. J. Bhabha’s paper, “On the  postulational basis of the 
theory of elementary  particles” (Reviews of Modern Physics, vol. 21 (1949), pp. 
451-462), where “Postulate 2” is the following: “A function Y ,  called  the  wave 
function, whose value is  defined at  all points of a space-like surface, exists  such 
that  it provides the  maximum possible  amount of information which can  be 
obtained by observation about  the  state of the physical system”  (our italics). 
3) The  axiomatization  given is essentially the  same (except that  here we 

restrict ourselves to three-dimensional systems) as that given in  a  paper by Dr. 
Sugar  and us: “Axiomatic foundations of classical particle mechanics”, to appear 
in  the journal of Rational  Mechanics  and Analysis. 
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às absolutely  convergent; (vii) for any p in P and t in T ,  the second 
derivative ( (d2/dtz)s(p, t )  ) of the  junction s exists and satisfies the equa- 
tion 

~ ( P ) ( d ? / w s ( w ) =  i - l  2 f(P>t,i) .  

l n  the intended physical interpretation, a system <p, T, m,s, f >  of 
classical particle mechanics  will be such that: ( 1) P is a set of particles 
(which would ordinarily be  conceived either as small bodies, or as the 
centers of mass of bodies) ; (2 )  T is a set of real numbers measuring elapsed 
times (in terms of some unit of time and measured from some  origin of 
b e ) '  ; (3 )  for all p in P ,  m ( p )  is the numerical value of the mass of p ;  
(4) for all p in P and t in T ,  s( p ,  t )  is a vector giving the position of p at 
time t ;  and ( 5 )  for all p in P and t in T, and for i any  positive integer, 
/(p, t ,  i) is a vector  giving the components (parallel  to  the axes of the 
coordinate system) of the ith force acting on p at time t. ( In  physical 
interpretations the ordering of the applied forces can be arbitrary: thus it 
is not of any interest that / ( p ,  t ,  1) is the first, and f ( p ,  t ,  2) is the second,, 
force acting on p at time t ;  it is important only that f ( p ,  t ,  1 )  and f($, 4 2 )  
may be distinct.) 

I t  is well known that set  theory can b,e formalized within the lower 
predicate calculus.  Moreover, all the terms occurring in Definition 2 are 
either already terms of the lower predicate calculus or are definable within 
set theory. Hence Definition 2 could provide a formalization of the theory 
of classical particle mechanics within the lower predicate calculus. 

I t  may  be  remarked,  however, that  for some  purposes it might be  desirable 
to provide independent formalizations of various branches of  physics, 
without going through set  theory. Such independent formalizations would 
be useful  €or the treatment of certain problems-for example, the problem 
of establishing  meta-theorems relating the statements provable in one 
formalized branch of physics to those provable in another. Up to the 
present  time,  however, we have not been  concerned with such "meta- 
physical"  problems, and have found  it unnecessar), to develop  such 
independent formalizations. 

We turn now to  some  observations and remarks intended to indicate the 
usefulness  of the axiomatic method for the philosophy of science in general. 

In the first place, it may be noticed that our axiomatization of classical 
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particle mechanics provides a specific illustration of some general remarks 
which have been made by philosophers about scientific theories. For 
example, the thesis, which is part of the doctrine of conventionalism, that 
certain assumptions are  made  in empirical science for purposes purely of 
formal convenience, is illustrated by condition (ii) of Definition 2: from 
the point of view of what is empirically testable, this condition could be 
replaced by the weaker assumption that T is a set of real  numbers which 
contains  all the  rational numbers of some interval; but this weaker assump- 
tion would be  mathematically inconvenient. 

The  attempt to derive from Definition 2 the expected theorems about 
systems of particle mechanics makes it strikingly apparent  that  the usual 
formulations of mechanics employ sentential connectives of a non-extensional 
sort: thus it is ordinarily said that  the center of mass of a system of particles 
moves as if all the mass were  concent7ated there, and  the resultant of all 
the forces acted there;  and a particle is said to be in a conservative field of 
force if the work done in moving it  around  any possible closed path is 
zero. The controversial character of the extensive literature  on  modal logic 
and subjunctive conditionals, on the other  hand, makes it desirable to 
develop theoretical physics within the framework of extensional logic. In 
the cases  we have considered so far,  it appears that these non-extensional 
locutions can  be avoided 4)  by considering families of systems of the type in 
.question, which are related to each other in an  appropriate way. Moreover, 
we do  not see  any other way of avoiding such locutions. 

Axiomatic presentation of various branches of science also throws light 
on  the meaning of reductionism s), which is usually characterized  along 
the following lines: one  branch of empirical science is said to be reducible 
to  another if the laws of the first branch  are consequences of those of the 
second. A classical example is the reduction of thermodynamics to statistical 
mechanics. Questions regarding reducibility cannot  be  put  in a very sharp 
form when we attempt to base our discussions on the formulations of 
science currently received. In  the usual formulations of thermodynamics, 
€or example, no clear-cut distinction is made between experimental  fact 
and theoretical assumption, and it is not even apparent  what is to be 
regarded as the set-theoretical character of a system of thermodynamics. 

4) For an extensional  treatment of the  center of mass, see  McKinsey, Sugar 
and Suppes, op. cit., Theorem 3. 

6 )  A general discussion of the  meaning of reduction is to be found in Ernest 
Nagel’s paper:  “The  meaning of reduction  in  the  natural sciences”, in Science 
a n d  Civilization, edited by R. C. Stauffer,  Madison,  Wisconsin, 1949. 

52 



PHILOSOPHY AND THE AXIOMATIC FOUNDATIONS OF PHYSICS 

On the  other  hand, as soon as we have an axiomatic analysis of two branches 
of theoretical physics, the question whether one of them is reducible to  the 
other  can  be  formulated in a clear way, and  in some cases‘ definitively 
answered. For example, a student of ours, Mr. Ernest Adams, has shown 
that classical rigid body mechanics is in one definite sense reducible to 
classical particle mechanics: using our axiomatization of classical particle 
mechanics, he has defined the notion of a system of pseudo-rigid body 
mechanics, where by a pseudo-rigid body is meant  (intuitively) a finite set 
of particles whose mutual distances remain  invariant  throughout  time; he 
has  then  proved that for every  system of rigid body mechanics 6) there exists 
a system of pseudo-rigid body mechanics which in a suitable sense is 
isomorphic to it.  Without  an axiomatic analysis it is impossible to show in a 
similarly precise way that thermodynamics is reducible to statistical mechanics. 

Closely connected with the  problem of reduction is the question of how 
a “classical” theory dealhg with a certain  domain of phenomena is related 
to a “modern” theory of the same phenomena. For example, one  obtains a 
precise understanding of the relationship between classical particlemechanics 
and relativistic particle mechanics (in  the sense of the special theory of 
relativity) by comparing  the  axiomatization given in this paper  with an 
axiomatization of relativistic particle mechanics given by Professor Herman 
Rubin  and one of the  authors 7 ) .  

Axiomatic analysis of physics, in addition  to clarifying various standard 
phiIosophica1 problems, often suggests new problems which are interesting 
to the philosopher, and could not otherwise be easily formulated. For 
example, in view of the lack of agreement  among various authors so far as 
regards their  treatment of Newton’s Third Law, one is puzzled whether to 
include this law as one of the conditions in Definition 2. The problem  then 
arises, whether every  system in  the sense of Definition 2 is a subsystem of a 
system which satisfies the  Third Law. The answer to this question turns 
out to be affirmative S) -which to a considerable extent justifies the 
omission of the law from the conditions of Definition 2. A second example 
is the problem of determining the set S of transformations which always 
carry systems of particle mechanics into systems of particle mechanics. It 
can be shown that every Galilean  transformation belongs to S, as do 
changes in  the units of measurement; moreover, every member of S which 

6) The  axiomatization of classical  rigid  body  mechanics used in this con- 

7) In “Transformations of systems of relativistic  particle  mechanics”, sub- 

s) See McKinsey,  Sugar  and Suppes, op. cit., Theorem 8 .  

. .. 

nection is due  jointly  to  Mr.  Adams  and  Professor Herman Rubin. 

mitted to the Pacific Journal of Mathematics. 
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satisfies a certain weak  hypothesis  is  expressible .as a product of Galilean 
transformations and changes of units 9).  

In  conclusion we should  like to urge that, aside from these  various  special 
arguments in favor of the axiomatization of science, such a program 
possesses for the philosopher the intrinsic value of enabling him to know 
what  he is talking about when he speaks of one or  another branch of science. 
We can, for instance, hardly be said to understand what we mean by 
classical particle mechanics until we know what are the fundamental terms 
and laws of this discipline- and one way of knowing  this  is to give the 
science an axiomatic foundation. 

Stanford University 
STANFORD, California 

9) See J. C. C. McKinsey and Patrick Suppes, “Transformations of systems 
of classical partide mechanics”, to appear in the Journal of Rational Mechanics 
and Analysis. 
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