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PHILOSOPHICAL IMPLICATIONS OF TARSKI’S WORK'!

PATRICK SUPPES

In his published work and even more in conversations, Tarski emphasized what
he thought were important philosophical aspects of his work. The English
translation of his more philosophical papers [56™] was dedicated to his teacher
Tadeusz Kotarbinski, and in informal discussions of philosophy he often referred
to the influence of Kotarbinski. Also, the influence of Le$niewski, his dissertation
adviser, is evident in his early papers. Moreover, some of his important papers of the
1930s were initially given to philosophical audiences. For example, the famous
monograph on the concept of truth ([33™], [35b]) was first given as two lectures to
the Logic Section of the Philosophical Society in Warsaw in 1930. Second, his paper
[33], which introduced the concepts of w-consistency and w-completeness as well as
the rule of infinite induction, was first given at the Second Conference of the Polish
Philosophical Society in Warsaw in 1927. Also [35¢] was based upon an address
given in 1934 to the conference for the Unity of Science in Prague; [36] and [36a]
summarize an address given at the [nternational Congress of Scientific Philosophy
in Paris in 19335, The article [44a] was published in a philosophical journal and
widely reprinted in philosophical texts. This list is of course not exhaustive but only
representative of Tarski’s philosophical interactions as reflected in lectures given to
philosophical audiences, which were later embodied in substantial papers. After
1945 almost all of Tarski’s publications and presentations are mathematical in
character with one or two minor exceptions. This division, occurring about 1945,
does not, however, indicate a loss of interest in philosophical questions but is a result
of Tarski’s moving to the Department of Mathematics at Berkeley. There he
assumed an important role in the development of logic within mathematics in the
United States.

As is evident to anyone who has read any significant part of Tarski’s published
writings, he was extraordinarily cautious and careful in giving any direct philo-
sophical interpretation of his work. In contrast, he was in conversation willing
to express a much wider range of philosophical opinions—1I know this from my
own experience and also from reports of colleagues. On the basis of his extensive
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publications in set theory, it might be expected that he would be a Platonist as far as
the foundations of mathematics are concerned—to my knowledge he never
committed himself in print on this issue. But certainly in conversation he often
expressed skepticism of Platonism and would set forth views that would be
congenial to formalism in the philosophy of mathematics and nominalism in general
philosophy.

I remember—but now not so well as I would like—the lecture he gave entitled
“Reflections on the present state of set theory” at the Fourth International Congress
for Logic, Methodology and Philosophy of Science in 1971 in Bucharest, Rumania.
(The lecture was never published.) On this formal occasion Tarski spoke in a more
general and speculative manner than he usually would in such circumstances. He
expressed a certain skepticism toward the more exotic results such as those on large
cardinals. On the other hand, he was firm in the view that elementary set theory
would occupy a permanent place in mathematics comparable to that of Euclidean
geometry.

Although Tarski was willing to express a number of general views about
philosophy in conversation, these views were not advanced in a systematic but
unwritten way in seminars, for example, where they could be dissected and argued
about. As far as I know, no one has a set of notes recording in paraphrase form
conversations about philosophy with Tarski. In any case, I certainly do not feel
competent myself to attempt anything like a systematic survey of Tarski’s unwritten
philosophical views. Perhaps someone will come forward to say more than I can
about this aspect of his thought.

I return now to the published work. Although Tarski has a great variety of
philosophical comments scattered throughout his writings, I shall confine myself to
four topics with respect to which his contributions are of central importance. The
first is the methodology of the deductive sciences (or metamathematics), the second
the theory of definition, the third semantics and the theory of models, and the fourth
the foundations of geometry.

§1. Methodology of the deductive sciences. Tarski’s most important contributions
to this topic are the articles [ 30c], [30e], [ 35a], and [36d ], as well as Chapter 6 of the
elementary textbook [41™] (although the textbook appeared in a shorter version
earlier 1in Polish [36™]). In [30c] Tarski axiomatizes for what I believe to be the first
time in the literature the metamathematical notion of consequence. Tarski then
defines with this concept available the standard notion of a deductive system as a set
of sentences which is identical to its set of consequences, and the notions of
equivalence, consistency, and completeness are introduced. Not all of these notions
that are introduced here were introduced first in their given form by Tarski, but this
early article is notable for putting on a clear axiomatic basis general concepts of
metamathematics, concepts that have been widely used in philosophical discussions
of logic and the foundations of various axiomatic systems.

Tarski begins [30e] with the remark that the methodology of the deductive
sciences has as its objects the various deductive disciplines, roughly in the same sense
that geometry has spatial entities as its objects of investigation. He makes the point
here, which he makes repeatedly, that metamathematical investigations are confined



82 PATRICK SUPPES

to deductive disciplines that have been formalized. In a certain sense 1t is fair to say
that formalization reached its height of sophistication 1n Tarski's work i the 1930s,
and work in metamathematics is not currently so explicitly formal in formulation.
There is one interesting philosophical remark in the final paragraph of the
Introduction to [30e]. Tarsk: remarks that the metamathematical results in this
article take no particular philosophical stand regarding the foundations of
mathematics. On the other hand, he remarks that his own attitude is sympathetic to
the writings of Lesniewski, which he would characterize as intuitionistic formal-
ism. Characteristically, Tarski also adds in a historical footnote in the English
translation [56™] that this sympathetic attitude toward Lesniewskr's views “does
not adequately reflect his present attitude”. This article uses the same primitives as
[30c], namely, the concept of a sentence and the concept of consequence. [n ad-
dition to the concepts of deductively closed systems and logically equivalent scts
of sentences, Tarski also investigales in this article finitely axiomatizable sets of
sentences. The latter part of [30e] contains one of the early extensive discussions in
the literature of various concepts of completeness.

The results in the two articles just canvassed are extended and deepened in the
two long articles [35a] and [36d], which together constitute the article entitled
Foundations of the calculus of systems in the English translation [56™].

The general exposition of the methodology of the deductive sciences in [41™] is of
a different character, but philosophically and conceptually of importance to Tarski
and to others in understanding his philosophical position. He gives in Chapter 6 of
this elementary textbook a systematic account of the deductive method, [t was for
many years the standard textbook account of the deductive method, and because it
has been translated into many languages it has had a very strong influence. To
recount the contents of the chapler is like ringing the changes on a highly familiar
story, which is just 4 testimony to the influence of the exposition. Tarski begins with
a discussion of the fundamental constituents of a deductive theory, namely, the
primitive and defined terms, and the axioms and theorems. In the second section he
presents a fragment of the geometry of congruence and uses this example to discuss
the concepts of model and interpretation of a deductive theory. In clear and simple
terms the standard concept of a model of an axiom system is characterized, as well as
the concept of interpreting one theory in terms of another.

Tarski's research and exposition in the characterization of deductive systems
contribute significantly to a line of investigation that began in the first half of the
nineteenth century with the work of Bolzano and received particular impetus in
research on the foundations of geometry in the latter part of the nineteenth century.
Especially notable is the general formulation by Pasch [1882] in his influential
treatise on geometry (translation taken from Nagel [ 1939]):

Indeed, if geometry is to be really deductive, the deduction must every-
where be independent of the meaning of geomelrical concepts, just as it
must be independent of the diagrams; only the relations specified in the
propositions and definitions employed may legitimately be taken into ac-
count. During the deduction it is useful and legitimate, but in no way nec-
essary, to think of the meanings of the terms; in fact, if it is necessary to
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do so, the inadequacy of the proof is made manifest. If, however, a theorem
is rigorously derived from a set of propositions—the basic set—the de-
duction has a value which goes beyond its original purpose. For if, on
replacing the geometric terms in the basic set of propositions by certain
other terms, true propositions are obtained, then corresponding replace-
ments may be made in the theorem; in this way we obtain new theorems as
consequences of the altered basic propositions without having to repeat the
proof.

Hilbert’s Grundlagen der Geometrie, first edition [ 1897], was written very much in the
spirit already well expressed by Pasch, and a similar “abstract” viewpoint toward
the foundations of geometry was also further developed by Oswald Veblen and his
collaborators just after the turn of the century. The systematic treatise on projective
geometry by Veblen and Young [1910] was influential. The first general meta-
mathematical investigations began about this time (Lowenheim [1915]) and with
the work of Godel and Tarski reached a new level of development. Tarski
acknowledged without any question the revolutionary and fundamental character
of Gddel’s results [1931] on consistency and completeness of any sufficiently rich
deductive systems.

It is possible to take an even longer historical perspective, by beginning with the
first extant discussion we have of any detail of the structure of a deductive science in
Aristotle’s Posterior analytics. At 76a31-77a4, for example, Aristotle distinguishes
in a clear way between hypotheses, postulates, and axioms, not that we would today
accept in exactly this form what Aristotle has to say. The point is that Tarski’s work
brings to a certain conclusion what can be regarded as a very long intellectual
tradition. The general theory of deductive systems is not now a very active area of
research.

Yet I do not mean to suggest that that tradition has ended. There is now a whole
new range of questions, generated especially in the last decade, about properties of
deductive systems that will take us into a new era. I have in mind such concepts as
that of complexity and that of a feasible computation, as two typical examples. (A
decision procedure, for instance, is feasible when it is bounded by a polynomial in the
length of an expression whose validity is to be decided. Tarski’s well-known decision
procedure for elementary algebra and geometry is strongly exponential.) Current
research will almost surely lead to a new range of methods and applications of the
methodology of the deductive sciences, which will be especially important to
computer science.

§2. Definitions and definability. The philosophical bent of Tarski’s writings, in
contrast to those of many mathematicians interested in the foundations of
mathematics, is well exemplified by his several papers on definability. A constructive
and characteristic passage of a general character, which forms the opening lines of
[31], is the following:

Mathematicians, in general, do not like to deal with the notion of de-
finability; their attitude toward this notion is one of distrust and reserve.
The reasons for this aversion are quite clear and understandable. To begin
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with, the meaning of the term ‘definable’ is not unambiguous: whether a
given notion is definable depends on the deductive system in which it is
studied, in particular, on the rules of definition which are adopted and on
the terms that are taken as primitive. It is thus possible to use the notion of
definability only in a relative sense. This fact has often been neglected in
mathematical considerations and has been the source of numerous con-
tradictions, of which the classical example is furnished by the well-known
antinomy of Richard. The distrust of mathematicians towards the notion
in question is reinforced by the current opinion that this notion is outside
the proper hmits of mathematics altogether. The problems of making its
meaning more precise, of removing the confusions and misunderstandings
connected with it, and of establishing its fundamental properties belong
to another branch of science—metamathematics. (Translation from 1983
revised edition of [56™])

In contrast, there is a long and continuous philosophical history of discussion of the
theory of definition, beginning at least with the complicated analysis of definitions
given in Aristotle’s Posterior analytics. Tarski’s [35¢] may rightly be regarded as the
first thorough metamathematical investigation of general questions on the defin-
ability of concepts. As Tarski remarks at the beginnng of this article, for all the
questions we ordinarily raise about deductive systems regarding axioms, theorems,
rules of inference and proof, there are corresponding questions to be raised about
concepts, for example, whether the primitive concepts or terms of the theory are
independent, what are appropriate rules of definition, what concepts are definable,
etc. I believe it is correct to say that the first person to provide a specific method for
showing that the primitive concepts of a deductive theory are independent was
Padoa [1902], [1903]. Roughly speaking, the method of Padoa is the following: one
proves a primitive concept is independent of the other concepts of a theory by giving
two models of the theory in which all of the other concepts are the same but the
concept in question is given two extensionally different interpretations. Padoa did
not really show why this method works, and one of Tarski’s purposesin [35¢] was to
give a theoretical justification. In this same article, Tarski also introduces, again [
believe for the first time in the literature, the concept of completeness of the
primitive concepts of a theory. Tarski defines a set of sentences as being complete
with respect to its primitive terms if it is impossible to construct another set of
sentences which is categorical and which is essentially richer than the given set with
respect to primitive concepts. I omit a precise spelling out of details here but recall
that a set of axioms is categorical if any two models are 1somorphic. Tarski
introduces the additional notion of monotransformability of a set of sentences. A set
of sentences is monotransformable if any two models of the sentences are related by
only one function establishing the isomorphism. Tarski then proves the important
theorem that every monotransformable set of sentences is complete with respect to
its primitive terms or concepts. What is important to note is that categoricity is not
sufficient for completeness in this sense. The simple example that Tarsk1 gives makes
clear why categoricity is not sufficient. Consider a categorical set of axioms for affine
geometry based on the single primitive concept of betweenness. The axioms are
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categorical, but we can certainly enlarge them by adding the standard notion of
congruence to obtain Euclidean geometry.

In the concluding paragraph of the article, Tarski uses this theorem to make some
interesting remarks about theoretical physics in relation to geometry. He supposes
that the axioms of geometry are fixed with respect to a specific frame of reference so
that the set of sentences of geometry is, as he puts it, monotransformable. He then
makes the point that there are two ways of building physics on top of geometry. One
would be to define the concepts of mechanics, for example, by means of geometrical
concepts. If this were possible, as he points out, then mechanics would simply be a
special chapter of geometry. As he also says, it seems unlikely that this is a feasible
approach to mechanics. In the second method, some specific concepts of mechanics
are taken as primitive concepts. Mechanics would remain independent as long as it
were not categorical, but once the axioms for mechanics became categorical, if we
could so extend them, then mechanics would once again be reduced to geometry. Of
course, as mechanics is ordinarily thought of, any adequate set of axioms is very far
from categorical and is applied to a great variety of different physical systems. On
the other hand, when we think of a global theory of gravitation as in the general
theory of relativity we do get the kind of reduction of mechanics to geometry that
Tarski referred to, although he does not mention this particular example. The
problem with this formulation is that we would ordinarily resist very much the
physical meaningfulness of fixing the frame of reference in geometry so as to obtain
a monotransformable system. The physically interesting results of building classical
physics on Euclidean geometry come from having the possibility of changing the
group of transformations under which the physical system is invariant from being
simply the group of similarities. There is a natural relativization of Tarski’s results in
this area, relativizing them to a given group of transformations, for example, the
concept of completeness for Euclidean geometry of the primitive concepts relative
to the group of similarities, but as far as I know, this somewhat wider concept was
not investigated by Tarski in any later writings.

Tarski does mention in an historical footnote added to [35¢] reference to Beth’s
important theorem [1953], which significantly strengthened Tarski’s earlier, much
less difficult results on Padoa’s method.

There is a tension 1n Tarski’s work on definition between syntactical methods as
in [35¢] and set-theoretical methods eliminating all syntactic considerations as in
[31], which is concerned with definable sets of real numbers. Over many years
Tarski was concerned to eliminate syntactical or metamathematical methods in
favor of purely mathematical or set-theoretical ones. The article [31] was one of the
first substantial efforts. The long monograph on cylindric algebras (in two parts,
[71™] and [85™]) with L. Henkin and J. D. Monk testifies to the pervasiveness of
this concern in many other parts of Tarski’s research.

§3. Semantics and the theory of modelis. In one way or another a large number of
Tarski’s papers deal with semantics, especially when we recognize that in one sense
all the papers on what we would now call the theory of models can be regarded
directly as contributions to semantics. Prior to the extensive work on the theory of
models in the late forties and early fifties, the important general semantic
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contributions of Tarskr’s were the monograph on truth [33™] and [35b], the article
on the concept of logical consequence [36g] and the long philosophical article on
the semantic conception of truth [44a]. It is surely the case that when philosophers
think of Tarski they think of his formal work on semantics, and especially his
definition of the concept of truth for formalized languages in terms of the concept of
satisfaction. Moreover, the precise definition Tarski gave of satisfaction is one of his
most original contributions, and it has played a key role in the subsequent theory of
models. I am sure it 1s also correct to say that Tarski felt that the definition of truth
was his important philosophical contribution. In another article in this collection,
Etchemendy [1988] discusses in some detail Tarskr’s concepts of truth and logical
consequence (see also Hodges [ 1986]). For this reason I shall not have much more to
say directly about these matters here, but concentrate on the theory of models in
relation to its impact on philosophy.

Although a number of people have contributed to the theory of models as
developed especially since about 1945, 1t seems clear that in terms of fundamental
conceptions and clarity of exposition, Tarski’s contributions have been very
important. It is not my purpose to review Tarski’s mathematical contributions to the
theory of models, which has been done with care by Vaught [1986] in another
article in this collection. What I want to stress is the importance the theory of models
has assumed in the expositions of logic and in much of the thinking of philosophers,
at least in a more formal way, about semantic aspects of logic and language more
generally.

Let me summarize in a very informal way what the theory of models is about and
the kind of problems it helped clarify in philosophy. The central thrust of the theory
of models is to study the mutual relations between sentences of formalized theories
and nonlinguistic mathematical systems in which the sentences of such theories
hold. When the axioms or valid sentences of a theory hold in such a system we call
the system a model of the theory. Every set of sentences determines a class of
mathematical systems that constitute the models of the set of sentences. In most
cases we take as the set of sentences the axioms of the theory being studied. Thus, in
familiar language, we are interested in studying the relation between the axioms of
the theory and all models of the theory. Of especially great interest has been the
study of the relation between syntactic properties of the axioms and structural
properties of the models of the theory.

A more purely philosophical example is the impact of the application of the
theory of models on modal logic, whose development from a formal standpoint was
primarily syntactical until the theory of models was used to develop the semantics in
a clear and explicit way. The semantic study of modal languages achieved perhaps
its first big impetus in Carnap [1947], but in his use of the notion of a state
description Carnap did not develop a concept of model and possible world that was
language independent. It was especially Kanger [1957a,b,c] and Kripke [1959],
[1963a,b] who were responsible for the model-theoretic analysis of modal logic. On
the other hand, Tarski’s study of the relation between modal logic and the algebra of
topology with McKinsey [44] marks an early anticipation of the application of the
theory of models to modal logic. In any case, the characteristically philosophical
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subject of modal logic 1s now dominated by semantical methods that in a general
form owe much to Tarski.

Although Tarski himself was skeptical about the application of systematic
semantical methods in the analysis of natural language, one entire conception of the
semantics of natural language is baptized as model-theoretic. The influence of
Tarski’s former student Richard Montague is well known (for a good overview see
Montague [1974]). The important point here is that again methods developed by
Tarski in the early 1950s have constituted the general methods used in the extensive
analysis of the semantics of natural language from a model-theoretic viewpoint. It
would certainly be generally agreed, I think, that a model-theoretic semantics of
natural language cannot in itself be entirely adequate. Psychological and com-
putational aspects of language must be considered in giving a fully adequate
account, but this is in no way to denigrate the importance that model-theoretic
semantics has assumed in the difficult effort to develop an adequate semantics for
natural language.

§4. Foundations of geometry. Tarski’s work in geometry has been described from
a mathematical standpoint in the article by Szczerba [1986] in this collection.
Although my remarks will overlap some with his, I want to emphasize the wide-
ranging philosophical implications of Tarski’s work in geometry. I have organized
my informal remarks under four headings: the primitive concepts of geometry, the
characterization of elementary geometry, metamathematical results in geometry,
and the Banach-Tarski paradox.

Geometric primitives. As I hope I made clear in §2, Tarski had a strong interest
in considering from a variety of viewpoints the primitive concepts of a theory.
Several of his papers in geometry focus on this particular question, but from
different viewpoints.

In [29] Tarski took up a theme begun in philosophical works of Whitehead
[1919] and Nicod [1924], which was to base geometry on the concept of a solid, or
as it is sometimes put, on volumes. The intuitive idea is to extract the geometrical
aspects of rigid bodies and to use the geometrical solid as the fundamental primitive
rather than the concept of a point. Tarski mentions the work of Whitehead and
Nicod but says explicitly that he omits a discussion of the philosophical aspects of
the problem. What he does that Whitehead and Nicod do not is to show in a
completely explicit mathematical way that by using the mereological notion of the
relation of part to whole, the only specifically geometrical concept needed is that of a
ball. Tarski mentions that this geometry is a special case of Whitehead’s method of
extensive abstraction.

Tarski returned to the theme of primitive notions for geometry on several
occasions. In [56b], written with E. W. Beth, it was shown that equilaterality is
sufficient as the only primitive of Euclidean geometry of dimension greater than or
equal to three. Tarski published in the same year some general results also on
primitive notions of Euclidean geometry in [ 56c]. A single three-term relation is the
smallest primitive basis for Euclidean geometry that can be found, because earlier in
ajoint article with Lindenbaum [ 36b] it was shown that no binary relations between
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points could even be defined in Euclidean geometry apart from the universal
relation, the empty relation, the identity relation, and the negation of the identity
relation. This is the kind of rather striking result of a metamathematical character
that could really not have been proved in any other way. It is also interesting to note
that the results are particular to Euclidean geometry, for Robb [1911], [1936]
showed that the four-dimensional geometry of special relativity can be based on a
single primitive binary relation having the meaning that one space-time point is after
another.

Elementary geometry. Hilbert had the important aim of eliminating where
possible the use of an axiom of continuity in geometry. No doubt, Hilbert regarded
the rest of his axioms as the purely geometrical ones, which were also elementary in
character, but Hilbert did not give a precise meaning to the intuitive concept he was
using. As far as I know, the first explicit definition of elementary geometry as the
geometry that can be formulated in first-order logic was given by Tarski ([48™],
[51], and [597). In [59] Tarski establishes the standard representation theorem for
any model of his axioms being isomorphic to a two-dimensional Cartesian space
over some real closed field. He also proves that the elementary Euclidean theory of
the plane is not finitely axiomatizable—in Tarski’s axiom system the completeness
of the theory comes from the first-order axiom schema of continuity. A number of
other results are to be found in [59]. The clarity of the exposition and the definitive
character of several of the results have made this article one of Tarski’s best-known
publications in the foundations of geometry.

Metamathematical results. Undoubtedly the most important and well-known
metamathematical result of Tarski’s in geometry is the proof that elementary
geometry is decidable [48™]. It is conceptually and philosophically surprising that
after the long history of geometry and the agony of teaching thousands of students
proofs i geometry, it turns out that there is in principle an algorithmic procedure
for deciding whether or not any statement of elementary Euclidean geometry is
valid. This is a result that would, I am sure, have been much appreciated in ancient
Alexandria with little, if any, explanation required once the proof was exhibited. Of
course, the decision procedure is not really one that can be directly applied in
practice. In fact, it is what is nowadays called nonfeasible, as already mentioned
above, but the existence of the procedure itself has many important consequences
which Tarski developed with his collaborators in various papers. It seems to me that
the philosophically important conclusion here, however, is that the positive results
for the decision problem in the case of such important and widely used theories as
that of elementary geometry and the elementary theory of the real numbers are in
themselves results of importance about the conceptual nature of mathematics—
they provide significant examples of theories with positive decision results, in
contrast to Godel’s negative results for elementary number theory. A natural
philosophical desire for simple finitistic results about familiar mathematics is
satisfied. Even if this philosophical tendency seems naive, it is closely connected in
its roots to the search for algorithms of computation in every developed domain of
mathematical or scientific problems. It may also be said that the actual results
contradict naive philosophical views about mathematics, for the naive view is surely
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that the concept of a natural number is more elementary than the concept of a real
number. Yet it is the theory of the former rather than the latter that is undecidable.

Tarski was concerned with other metamathematical questions directly relevant to
geometry. Some of the results on definability were mentioned above. He also
published a number of metamathematical results on affine geometry. Roughly
speaking, affine geometry is just the geometry that can be built out of the ternary
relation of betweenness. In [65a], written jointly with Szczerba, it is shown that the
theory of general affine geometry is incomplete, undecidable, and not finitely
axiomatizable. It was, I think, characteristic of Tarski that he very much liked
applying general metamathematical notions to particular, indeed often classical,
mathematical theories, of which geometry offers a large number of significant
examples.

The Banach-Tarski paradox. In [24d], written jointly with Banach, the celebrated
Banach-Tarski paradox was formulated, which leads to some of the most surprising
applications of the axiom of choice in the entire mathematical literature. Banach
and Tarski show that by using the axiom of choice a sphere of fixed radius may be
decomposed into a finite number of parts, and put together again in such a way as to
form two spheres with the given radius. More generally, they show that in three-
dimensional Euclidean space, two arbitrary bounded sets with interior points are
equivalent by finite decomposition; that is, the two sets may be decomposed into the
same finite number of disjoint parts with a one-one correspondence of congruence
between their respective parts. As the matter is often put, here is a clear case of
mathematics violating physical reality in the sense that we certainly do not believe
that anything like these decompositions can actually be carried out in real space.
The very existence of these paradoxical results has often been used in the past to
argue against the admissibility of the axiom of choice. That the Banach-Tarski
paradox is still a topic for active research in connection with a number of significant
open problems is to be seen in the publication of a recent book devoted entirely to it
(Wagon [1985]). In fact, one of the significant problems that is still open is one posed
by Tarski in 1925: is a circle (with its interior) equidecomposable with a square of
the same area?—shades of the ancient Greek problem, in new guise, of squaring
the circle.

§5. General remark. I would feel this partial survey of the philosophical
implications of Tarski’s work would be essentially incomplete if I did not try to
express in a general way an aspect of his work that is as important as any other. In
the various matters I have reviewed above I have, as is customary, concentrated on a
variety of substantive results. In Tarski’s case especially, it is at least as important to
emphasize the clarity of his writings. His extraordinary ability to organize the
exposition of complicated topics in a lucid way, reflected directly in the choice of
concepts, notation and sequences of topics, is what makes them seem easier than
they really are. More important, they serve as a vivid model of how foundational
matters should be talked about and written about. (Go6del’s papers constitute a
different, less formal but equally valuable model of clarity.) The second related point
is an empirical claim I would make. I will not try to substantiate it, but T think that T
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could. The kind of clarity that Tarski achieved has to a remarkable degree been
transmitted to his many students. One can almost recognize a former Tarski student
by the way in which he or she writes.

Clarity has not always been a virtue either praised or practiced by philosophers,
but this century more than any other has seen a continued concern for the clear
expression of philosophical ideas. Tarski is among those who have contributed the
most to this standard of clarity in logic, the foundations of mathematics, and related
disciplines.

REFERENCES

For publications by Tarski, see the Bibliography of Alfred Tarski, this JOURNAL, vol 51(1986), pp 913—
941 Publications of other authors are listed below

E W. BETH
[1953] On Padoa’s method n the theory of defimtion, Indagationes Mathematicae, vol 15, pp 330-
339
R. CARNAP
[1947] Meaning and necessity, University of Chicago Press, Chicago, Illinois
J ETCHEMENDY
[1988] Tarsk: on truth and logical consequence, this JOURNAL, vol 53, pp. 51-79
K. GobpEgL
[1931]1 Uber formal unentscheidbare Satze der Principia Mathematica und verwandte Systeme 1,
Monatshefte fiir Mathematik und Physik, vol. 38, pp 173-198, English translation in From
Frege to Godel: a source book in mathematical logic, 1879-1931 (J van Heyjenoort, editor),
Harvard University Press, Cambridge, Massachusetts, 1967, pp 596-616
D. HILBERT
[1897] Grundlagen der Geometrie, Teubner, Leipzig (7th ed , 1930).
W HobpGEs
[1986] Truthn a structure, Proceedings of the Aristotelian Society, New Series, vol 86,pp 135-151
S. KANGER
[1957a] Provability inlogic, Stockholm Studies in Philosophy, vol 1, Almqvist & Wiksell, Stockholm
[1957b] The morning star paradox, Theoria, vol 23, pp 1-11.
[1957c] A note on quantification and modahties, Theoria, vol 23, pp. 133-134
S KRrIpPKE
[1959] A completeness theorem in modal logic, this JOURNAL, vol 24, pp 1-14
[1963a] Semantical analysis of modal logic I: Normal modal propositional calculi, Zeitschrifs fiir
Mathematische Logik und Grundlagen der Mathematik, vol 9, pp 67-96.
[1963b] Semantical considerations on modal logics, Acta Philosophica Fennica, vol. 16, pp 83-94
L. LOWENHEIM
[1915] Uber Méglichkeiten im Relativkalkiil, Mathematische Annalen, vol 76, pp. 447-470.
R. MONTAGUE
[1974] Formal philosophy (R. Thomason, editor), Yale University Press, New Haven, Connecticut
E. NAGEL
[1939] The formation of modern conceptions of formal logic in the development of geometry, Osiris,
vol. 7, pp. 142-224.
J Nicop
[1924] La géométrie dans le monde semsible, Librairie Félix Alcan, Paris (reprint, Presses
Universitaires de France, Paris, 1962)
A. Papoa
[1902] Un nouveau systéme irréductible de postulats pour 'algébre, Comptes rendus du deuxiéme
congrés international des mathématiciens ( Paris, 1900), Gauthier-Villars, Paris, pp. 249-256.
[1903] Le probleme no. 2 de M. David Hilbert, L’Enseignement Mathématigue, vol. 5, pp. 85-91
M. PascH
[1882] Vorlesungen iiber neuere Geometrie, Springer-Verlag, Berlin (2nd ed., 1926).



PHILOSOPHICAL IMPLICATIONS OF TARSKI’S WORK 91

A. A.Ross
[1911] Optical geometry of motion: a new view of the theory of relativity, W. Heffer and Sons,
Cambridge.
[1936] Geometry of time and space, Cambridge University Press, Cambridge.
L W.SzczerBa
[1986] Tarski and geometry, this JOURNAL, vol. 51, pp. 907-912.
R. L. VAUGHT
[1986] Alfred Tarski's work in model theory, this JOURNAL, vol. 51, pp. 869-882.
O VeBLeNand ] W YounG
[1910] Projective geometry, Ginn, Boston, Massachusetts (2 vols., second 1918); reprint, Blaisdell,
New York, 1938.
S. WaGON
[1985] The Banach-Tarski paradox, Cambridge University Press, Cambridge.
A. N. WHITEHEAD
[1919] An enquiry concerning the principles of natural knowledge, Cambridge University Press,
Cambridge

DEPARTMENT OF PHILOSOPHY
STANFORD UNIVERSITY
STANFORD, CALIFORNIA 94305



