PATRICK SUPPES AND MARIO ZANOTTI

ON USING RANDOM RELATIONS TO GENERATE UPPER
AND LOWER PROBABILITIES

For a variety of reasons there has been considerable interest in upper and
lower probabilities as a generalization of ordinary probability. Perhaps the
most evident way to motivate this generalization is to think of the upper and
lower probabilities of an event as expressing bounds on the probability of the
event. The most interesting case conceptually is the assignment of a lower
probability of zero and an upper probability of one to express maximum
ignorance.

Simplification of standard probability spaces is given by random variables
that map one space into another and usually simpler space. For example, if
we flip a coin a hundred times, the sample space describing the possible
outcome of each flip consists of 2!°° points, but by using the random
variable that simply counts the number of heads in each sequence of a
hundred flips we can construct a new space that contains only 101 points.
Moreover, the random variable generates in a direct fashion the appropriate
probability measure on the new space.

What we set forth in this paper is a similar method for generating upper
and lower probabilities by means of random relations. The generalization is a
natural one; we simply pass from functions to relations, and the multivalued
character of the relations leads in an obvious way to upper and lower
probabilities.

The generalization from random variables to random relations also
provides a method for introducing a distinction between indeterminacy and
uncertainty that we believe is new in the literature. Both of these concepts
are defined in a purely set-theoretical way and thus do not depend, as they
often do in informal discussions, on explicit probability considerations.
Random variables, it should be noted, possess uncertainty but not indeter-
minacy. In this sense, the concept of indeterminacy is a generalization that
goes strictly beyond ordinary probability theory, and thus provides a means
of expressing the intuitions of those philosophers who are not satisfied with a
purely probabilistic notion of indeterminacy.

Section I is devoted to set-theoretical concepts. The initial developments
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are standard and follow familiar ideas in the set-theoretical approach to
relations and operations on relations (see Suppes, 1972, chap. 3). On the
other hand, to achieve the appropriate set-theoretical version of a lower
probability, we introduce the notion of lower image, which is not standard in
the set-theoretical literature and is, as far as we know, introduced as an
explicit concept for the first time in this paper. It is interesting to note that
the upper and lower images introduced in Section I have set-theoretical
properties that are essentially complete analogues of the properties of upper
and lower probabilities.

In Section Il we turn to upper and lower probabilities and state a
fundamental representation theorem showing how those upper and lower
probabilities generated by random relations can always be intrinsically
characterized in terms of capacities of infinite order. Here and in other parts
of the paper, basic theorems are stated but no proofs are given. They will be
published elsewhere in a more detailed and extended technical development.

There is no single concept of upper or lower conditional probability, in the
sense that there is a single conditional probability concept corresponding to a
given probability measure. We consider in Section II the two most obvious
candidates and show that the property of being a capacity of infinite order is
preserved by them. Finally, we examine informally some of the difficulties of
using Bayes’ theorem in a direct way in this generalized setup. These
difficulties show that, in spite of the intuitive appeal of the use of upper and
lower probabilities to express ignorance, there are subtle problems in
developing an intuitively reasonable theory of inference.

I. SET-THEORETICAL UPPER AND LOWER IMAGES

Let X and Y be two nonempty sets. Then the set R(X,Y) is the set of all
(binary) relationsR C X X Y. We shall also occasionally refer to such a relation
R as a multivalued mapping from X into Y. It is obvious that R(X,Y) is a
Boolean algebra under the operations of intersection, union and comple-
mentation.

The domain of a relation R is defined as

1) 2(R) = {x: @¥)xRy)},
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and the notion of range is defined similarly,
(2) AR) = {y: Ax)xRy)}.

The domain function & may also be thought of as a mapping from R(X, Y)
to the power set, (X), of X, and the range function as a mapping from
R(X, Y) to 2(Y).

Because of the symmetry in the domain and range mappings, we list
explicitly only the properties of the domain mapping:

3) 2(f) = @, where @ is the empty set, which is also the empty
relation,

) 9(U) = X, where U= X X Y is the universal relation,

(5)  2@R,UR)=92(R,)VD(R,), for R,,R,ERE,Y),

©) 2R NR)CIR:)NZR,),

©)) 2R~ 2Z(R;)C 2(R, ~R,), where ~ is set difference.

For several purposes it is convenient to have a restricted form of
complementation: For R € R(X, Y) the complement —R is with respect to
XXY,ie.,

(8) —R=(XXY)~R,

the complement of A C X is X ~ A4, and the complement of BC Yis Y ~ B.
Thus —(R) =X ~<(R). The point to note is that unrestricted comple-
mentation of sets is of no interest in the present context, i.e., it is of no
interest to have the complementation of R €R(X, Y) and & (R) relative to
the same universe.

We next turn to some familiar operations on relations, or on relations and
sets. The converse or inverse of a relation is defined as

(9  R={0x):xRy}.

This notion is, of course, the relational generalization of function inverse.
Familiar properties for R, R, and R, in R(X, Y) are these:

(10) R=R,

(11) R,NR,=R,NR,,
(12) R, UR,=R,UR,,
(13) R, ~R,=R,~R,.
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The notion of a relation’s domain being restricted to a given set is defined as
(14 R IA=RNAXAR)).

Thus if R={(1.2),(1,5),(2,c),(3,b)} and 4 = {2,3}, then R | A= {(2,¢),(3,b)}.
Elementary properties of the restriction operation are these:

(15) IfACBthenR|ACRI|B,

(16) RIANB)=R|4)NRI|B),

(I7)  RIAUVB)=RI|4)URIB),

(18) R|A~B)=R|4)~R|B).

We next turn to two concepts that are especially important for subsequent
developments, The first, R“4, is ordinarily called the image of A under the
relation R, but, for reasons that will soon be made clear, we shall call it the

upper image of A under R. The definition is simple in terms of restriction and
range.

(199 R“4=22(R14),
but more suggestive is the equivalence
(20) y€ER“A iff (FxYxRy and x€A4).

Now let us define, for immediate comparison, the less standard notation of

lower image, introduced in analogy to the relation between upper and lower
probabilities:

2n P (A) =1 - P*4).
Thus, we have
{(22) R.A=—(R“—A).

The ‘outside’ complementation of (22) is with respect to Y, and the ‘inside’
one with respect to X. In order to have, again in analogy to the case of upper
and lower probabilities, the inequality corresponding to

(23)  PA)<P*4),
we need for the range of R to be Y, and in the case of the inverse image, the
range of R to be X.

(24) If @#@R)=Y then R,.ACR“A.
If #@®)>=X then R.,BCR“B.
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This restriction is a natural one, for it corresponds to a multivalued mapping
having all of X as its domain, a point that is expanded on below.

The familiar superadditive and subadditive properties of upper and lower
probabilities are expressed in the inequalities: For4 N B = 9,

(25)  P(A) +P(B) <P (A VUB)SP¥AUB)P*A) + PX(B).
As the relational analogue we have:

(26) R.A)VR.B)YCR, (AVUB),

(27)  R“(4UB)=(R“A) U (R“B),

and (26) and (27) are not restricted to A N B = (. Some other properties
of the upper and lower images of a set are the following:

(28)  RUANB)=(R.A)N(R.B),
29) RUNB)C(R“A)N(RB),
(30) IfACB then R“ACR“B,
31) [IfACB then R.ACR.B,
(32) R.O=R“0=0,

(33) RX=R“X= Z(R).

Note that in (33) #(R) plays the role of the universe in the image sample
space. On the basis of (28) the lower image is a homomorphism with respect .
to the intersection of sets, and on the basis of (27) the upper image is such a
mapping with respect to the union of sets.

We now turn to relations between Boolean algebras on X and Y. Given
R € R(X, Y) and a Boolean algebra.4 of subsets of ¥, the class

34) Ce={A: ACX&(AB)BE A &R . B=A)}
is a m-system of subsets of X, i.e., it is closed under intersection, and the class
(35) ®*={4:ACX&(IBXBEAB&R“B=4)}

is a family of subsets of X closed under union. The classes ¢/, and $* are said
to be induced from A4 by R.If R is a function from X to Y, then ¢ and ¥™*
are Boolean algebrasand €, = 6*.

It is clear that %, and €* each generate Boolean algebras on X, by adding
closure under complementation. We have the following:
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THEOREM 1. Let A(% ) and .4 4*) be the Boolean algebras on X generated
by %, and é*, respectively. Then

(36)  H(6,)=A(€*).

We next introduce the concept of a measurable relation, which is a natural
generalization of the standard concept of measurable function, Recall first
that a measurable space (X, #) consists of a nonempty set X and a Boolean
algebra of subsets of X. Given two measurable spaces (X,#,) and (Y, 4;), a
relation R € R (X,Y) is said to be (&, )-measurable if R, 4, and R* 4,
are contained in .#,, Here extension of the upper and lower image notation
to families of sets is obvious;e.g.,

(37) R.#={4:ACX&ABXBE# &R B=A)).

We have then the following theorem.

THEOREM 2. in order that R € # (X, Y) be (8,48, )-measurable it suffices
that either R, %, C #, or R“ 4, C 4.

We conclude this section by defining the concepts of uncertainty and
indeterminacy for random relations. The intuitive content of these two
notions is discussed near the beginning of the next section.

Given R, and R, in R (X, Y), we say that R, is less certain than R, iff
the domain of R, is a proper subset of the domain of R, i.e., 2(R,) C 2(R,),
and we say that R, is less determined than R, iff

(6)) Ry“{x}CR,*“{x} forall xE2Z(R, NR,);

(ii) R,“{x} CR,"{x} forsome x€EZ(R; NR,).

We illustrate these fundamental comparative ideas of uncertainty and
indeterminacy by a simple example that is just barely complex enough to
provide a basis for meaningful distinctions. Suppose we have two coins, one
new and one badly worn. We flip them together and record in our sample
space representation the outcome for the new coin followed by the outcome
for the worn coin. Thus

X ={hh, ht, th, 1t},
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and the outcome At, for example, means that the new coin came up ‘heads’
and the worn coin ‘tails’. Suppose next that we are only interested in the
number of heads. Thus

Y=1{0, 1,2}

Now suppose, and this is the crucial assumption, that we can easily misread
the face of the worn coin, but do not make any mistakes about the face of
the new coin. This essential aspect of the situation is represented by the
relation R (or multivalued map) from X to Y. R“{hh} ={1, 2}, because the
second & could be read as ¢, R“{ht} = {1, 2}, R“{th} = {0, 1} and R*“{rt}
= {0, 1}. Now let us compare with R the standard random variable, say, S, that
counts correctly the number of heads in any outcome. The relation S is then,
of course, a function: $*“{hh} =2, etc. Note now that Z(R) = %(5)= X, and
A(R)=2A(S) =Y. Thus according to the definitions given R and S are
equivalent in uncertainty, but R is less determined than S, for

(i) S“x}CR“{x} forallxinl,
(ii) S*“{hh} C R*{hh}.
On the other hand, suppose we know that the observed number of heads is
Oor 1. Let 4 ={0, 1}. Then we generate two new relations
R, =R N(Z(R) X A),
S =S N(Z(S) X A),
and we see at once that

AR,) =R(S1) =4,

and thus we can assert: R and S are less certain than S;. At the same time,
§and §, are equivalent in indeterminacy, and R is less determined than R, .
This trivial example of coin flipping can intuitively illustrate several
important conceptual points about the concepts of uncertainty and indeter-
minacy we have introduced.
(i) The reduction of uncertainty in going from the relation R or §
to Sy, corresponds to conditionalizing on a known event in the ordinary
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probability theory of events. Moreover, there is a simple set-theoretical way
of showing this restriction in terms of the notation introduced in (14),
namely,

R, =Rl 4,

Sy=S14.

(ii) For 2 strict Bayesian there is no indeterminacy, for he would postulate
a prior probability of misreading the worn coin, and thereby obtain a
standard random variable, i.e., function, mapping X into Y. The concept of
indeterminacy is a concept for those who hold that not all sources of error,
lack of certain knowledge, etc., are to be covered by a probability
distribution, but may be expressed in other ways, in particular, by random
relations as generalizations of random variables, and by the resulting concepts
of upper and lower probabilities. Without trying to give a conclusive
argument, we feel there are good grounds for believing that maximum
indeterminacy as defined here, ie., P, (4)=0 and P*(4) =1, rather than
something like a uniform prior distribution, is a more natural way to express
maximum ignorance about the true state of affairs in a wide variety of
situations.

(iii) Two random variables, i.e., measurable functions, from X to
Y — arbitrary X and Y, not just the examples given above — are equivalent in
determinacy and are in fact maximally determinate. Thus, if fis a measurable
function from X to Y, there is no relation R from X to Y such that fis less
determined than R. This result is another way of stating that only random
relations that are strict generalizations of random variables possess indeter-
minacy.

In one respect, our trivial example has one unfortunate feature. The most
appealing applications of the concept of indeterminacy permit continual
reduction of the indeterminacy by experimentation. This feature is not salient
in the above example, so we think it useful to introduce a second example,
also trivial, but possessing this reduction feature.

Suppose someone is about to flip a coin that we have not seen. The
context is such that we have three different hypotheses about the coin:
H, — it has heads on one side and tails on the other; H, — both sides are
heads; H; — both sides are tails. Let #= {H,, H,,H3}. The sample space of
possible observations is £ = {A, ¢}. It is not entirely obvious how to construct
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the appropriate space X for a problem of this kind. The usual statistical
approach is to take the product space £ X 5, but to express the appropriate
indeterminacy about the hypotheses this does not work out. What we use
instead is the space 2" of functions from # to 2, but we delete from this
space the functions ruled out as impossible by the hypotheses, and thus we
have left the two functions: fy(Hy)=h, fi(H.)=h, fi(H3) =1t and f,(H;)
=t, f(Hy)=h, f,(H3)=t, so that X = {f;, fo}. We now define on X three
random variables R;, R,, and R; with’R; corresponding to H;. The random
variable R; counts the number of heads in each point of X according to
hypothesis H;. We then take as our random relation

R=R1 URz UR3.

It is then easy to check that R*“{f;} =R“{f,}={0, 1}, where Y ={0, 1},
and thus R has maximal indeterminacy, which expresses our maximal
ignorance about the true hypothesis.

II. UPPER AND LOWER PROBABILITIES

We show in this section how, given a probability space, a random relation
generates an upper and lower probability on the image space. Here and in
what follows we use only finite additivity, and also in our earlier definition of
measurability we assume only Boolean algebras of sets, not o-algebras closed
under denumerable unions. The extension of measurability and of the
probability space to countable closure is direct and requires only minor
technical changes in our formulation.,

Given a measurable space (Y, 4,), a probability space Z= (X, #,, P), and
a (4,, #,)-measurable relation R €R (X, Y), we define for 4 € 4,

(38)  P(A)=P(R.A)
P*(A) = P(R“A).
We call the pair (P,, P*) a Dempsterian functional (generated by 2 and R)
after Dempster (1967).
Our first trivial example to illustrate indeterminacy may also be used to

illustrate the definitions embodied in (32). Let both the new and the worn
coin be fair, then the probability of each atom in X is .25. In the case of
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Y ={0, 1, 2}, we have then, e.g.,
P*({2})=P(R"{2})
= P({hh, ht})
= .5,
and

P, ({21 = AR.{2})

= P(—(R*~{2})
=1-PR"5{2D)
=1-PR"0,1))
=1—P{hh, hut,th,tt})
-0

By similar analysis, £,({0}) =P ,({1}) = 0, and P*({0}) =.5, P*((1}) = 1.

More generally, if (¥, #) is a measurable space, a pair (P, P*) of
real-valued functions defined on 4 is said to be an upper-lower functional iff
P, (Y)=P*(Y)=1,forevery 4 in #, P (A) > 0, and inequality (25) holds for
disjoint sets A and B in . It is obvious that every Dempsterian functional is
an upper-lower functional. The converse is, of course, false.

An upper-lower functional (P, P*) on a measurable space (Y, %) is said to
be a capacity of order n iff the following conditions are satisfied for all
A Ay, ... Ayin@:

()  PyA)—ZPANA)+IP(ANANAY+ -
i if

+(=1)"P(ANA; N"--NA,)>0,
(ii) P¥A)=1—P,(—A).

Obviously, if (P, P¥) is a capacity of order n, then it is a capacity of order
m < n. In addition, we say that (Py, P*)is a capacity of infinite order if it is a
capacity of order n for all n=1. The concept of capacity is thoroughly
studied by Choquet (1955). We have two fundamental theorems relating
Dempsterian functionals and capacities of infinite order.
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THEOREM 3. Given a measurable space (Y,%,), a probability space
X =(X, Ay, P), and a ($B,, B, )-measurable relation R € (X, Y), then the
Dempsterian functional (P,,P*) generated by X and R is a capacity of
infinite order. ’

THEOREM 4. Given a measurable space (Y,#,) and an upper-lower
functional (P, P) that is a capacity of infinite order on the space, then there
is a probability space * =(X, #,,P) and a random relation R € R(X, Y)
such that (P, P*) is a Dempsterian functional generated by Z and R.

These two theorems taken together provide a fundamental representation
theorem for upper-lower probability functionals (Ps, P*). In order for such a
functional to have been generated from an underlying probability space by a
random relation it is necessary and sufficient that it be a capacity of infinite
order.

It is worth noting that significant classes of upper and lower probabilities
are not capacities of infinite order. For instance, let 2 be a nonempty set of
probability measures on a measurable space (X, .3). Define for each A in #

P (4)= inf P(A)
Py

PHa4) = glép?P(A),

then in general the upperlower functional (P, P*) will not be a capacity of
infinite order, and thus cannot be generated by a random relation on a
probability space.

As a second example, the upper and lower probabilities that are
constructed in the theory of approximate measurement developed in Suppes
(1974) are in general not even capacities of order two. Thus the upper and
lower probabilities arising from approximations in measurement are about as
far from being capacities of infinite order as it is possible to be.

Conditionalization. We now turn to the upper and lower analogues of
conditional probability. The first and perhaps most fundamental point to
note is that there is not one single concept corresponding to ordinary
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conditicnal probability. Following Dempsier (1967), we define the Demp-
sterian upper-lower conditional probabilities as follows, for P*(4) #0,

PH(B | A) = P*(B N A)[P*(4)
(9) {P*(B |4)=1 — P(~B | A),

and the geometric upper-lower conditional probabilities by

{P*(B | 4)=P(B|4)
(0)  \px@|a)=1-P,(-8B|4).

It is easy to give examples that show that Dempsterian and geometric
upper-lower conditional probabilities are not the same. The name geometric is
used because of properties shared with the classical concept of geometric
probability.

Both of these methods of conditionalizing preserve the Dempsterian or
capacity property of an upper-lower functional. More explicitly, we have the
following theorem.

THECREM 5. Given a measurable space (X,#) and an upperlower
functional (P, P¥) that is a capacity of infinite order on the space, then
either the Dempsterian or geometric conditionals, as defined by (38) and (39)
are also capacities of infinite order on the space,

These two different conditionals can be generated by natural random
relations — the existence of some such random relations is guaranteed by
Theorems 4 and 5.

We shall not set out the details here, but it can be shown that the random
relation generating the geometrical upper-lower conditional probabilities can
reduce uncertainty but not indeterminacy. In contrast, the random relation
generating the Dempsterian conditional can reduce both uncertainty and
indeterminacy.

Given these two different conditionals, it is natural to ask which one
should be used for inference. Dempster (1967, 1968) has developed a theory
of inference around his concept, but it has been sharply criticized and above
all does not seem to be based on intuitively appealing principles that have a
clear and straightforward statement.
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We are not prepared to offer an alternative in the present framework, but
we want to conclude by pointing out why a simple generalization of Bayes’
theorem will not work for upper and lower probabilities, and why the theory
of inference for such probabilities is a good deal more difficult and subtle
than it might seem to bé upon casual inspection. For reference we state
Bayes’ theorem in both an upper and a lower form, and we suppose a finite
set of hypotheses Hy, ..., H,, and evidence E as events — a more compli-
cated formulation is not needed in the present context.

(41) P (H]E)=P (E|H)P (H)P (E),
(42)  P*(H;| E) = P*(E | H)P*(H;)|P*(E).

First, in the case of either (41) or (42) we ordinarily cannot compute the
denominator, so we have to retreat to a proportionality statement, which in
itself is not too serious.

Second, and far more serious, even if we ignore the denominator, given the
prior P (H;) and P*(H;) and the likelihood, which in many cases is a
probability, P(E | H;)= PXE | H;), we cannot compute the conditional upper
or lower probabilities for other than individual hypotheses. For example,
given P (H,| E) and P (H,| E), we cannot compute P, ({H,, H,} | E), for ali
we know within the framework of (41) is that the lower conditional prob-
ability is super-additive, and thus satisfies inequality (25) rather than an
equality. Similar remarks apply to the upper conditional probability.

Third, let us restrict ourselves drastically to the posterior for individual
hypotheses, and the conceptually interesting case of maximum ignorance, i.e.,
with P, (H;) =0 and P*(H;) = 1. Then (41) will get us nowhere because the
right-hand side is equal to zero. In the case of (42) we are reduced to the
likelihood principle, i.e.,

PX(H; | E) = PXE | Hy),

and we have made no use of indeterminacy or the apparatus of upper and
lower probabilities.

Fourth, we have no conceptual basis for selecting (41) or (42), which lead
to different results, even if the objections already stated, which we think are
overwhelming, are overcome.
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We have only quickly surveyed the obvious problems. Others will occur to
the reader. We hope soon to be able to propose an alternative approach that
combines Bayes’ theorem and the appealing use of upper and lower
probabilities to express ignorance, and at the same time is not subject to the
difficulties listed above.

Stanford University
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