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Abstract. Five different kinds of derivation are examined. The first are measurement rep-
resentations, the second are regression-type models, the third are non-Markov observable
models with process assumptions. The fourth are discrete Markov models with unob-
servable variables playing a theoretical role, and finally, the fifth return to the classical
derivation of differential equations so characteristic of the physical sciences. Also discussed
are some general issues raised by these various methods of derivation. I touch at least
briefly on questions of axiomatization, the use of theoretical or unobservable variables,
and the 1elative impoitance of measurement procedures.

There 1s a long tradition in the physical sciences of de-
riving from qualitative or quantitative empirical assump-
tions differential equations that govein, at least in ap-
proximation, a great variety ot physical phenomena The
derivations of some of these equations, for example, the
Navier-Stokes equations for hydrocdynamical fluids, are
among the most important conceptual analyses in the
history of physics. The derivation of classical differential
equations in the physical sciences is also of great im-
portance in a workaday environment, where particular
equations are derived to model particular circumstances,
which in themselves may be of consideiable practical
importance, but are not of universal scientific interest.
What is central and important to the applications of
physical theories to empirical phenomena 1s the long and
robust tradition of such derivations.

Corresponding methods are not as well developed for
the social sciences, and it is evident enough by a glance
at principal publications in the social sciences in which
models are proposed and tested, that the derivation of
differential equations does not dominate in any sense the
derivation of models in the social sciences.

In this paper I examine five different kinds of derivation.
The first are measurement representations, the second
are regression-type models, the third are non-Markov ob-
servable models with process assumptions. The fourth
are discrete Markov models with unobservable variables
playing a theoretical role, and finally, the fifth return to
the classical derivation of differential equations so char-
acteristic of the physical sciences.

At the end of the paper I will also discuss some ot the gen-
cral 1ssues raised by these various methods of derivation.
I touch at least briefly on questions of axiomatization,
the use of theoretical or unobservable variables, and tlie
1elative importance of measurement procedures.

MEASUREMENT REPRESENTATIONS

[n almost all scientific disciplines, it is understood that
there can be neither precise control nor prediction of phe-
nomena without measurement. In disciplines, especially
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1n the social sciences, that do not have a long tradition of
quantitative theory, the formulation of a theory of mea-
suement can play a central role in scientific investiga-
tion We can describe this general activity as a deriva-
tion ol measurement models where, when it is done from
a tundamental standpoint, 1t has the following character.
Qualitative empirical relations and operations that can
be handled in an explicit way experimentally form the
basis of a qualitative axiomatic theory of measurement
proceduies From an experimental or empirical stand-
point the problem is to show to what extent the axioms
postulated can actually be tested experimentally. From
a foimal standpoint on the other hand, the central task
15 to show that the axioms are formally adequate, that is,
that a numerical measurement representation can be de-
rved lor any realization of the qualitative relations and
[unctions that are the basis of the empirical axioms. The
general subject has a long history and development which
1 shall not attempt to describe here. I shall concentrate
1ather on a simple but significant example, namely, the
efforts to understand qualitative probability orderings.
For both reasons of psychological interest as reflected in
the empirical study of beliets and decisions and for nor-
mative reasons connected with Bayesian approaches to
statistics, the theory of qualilative probability relations
has now a rather sophisticated development. To give a
sense of how measurement representations are set up and
studied I cousider this one example, which sets aside any
question of the measurenient of utility and concentrates
entirely on the nieasurement of subjective probability.

Let © be a nonempty sel and let & be an algebra of
events on {2, l.e., an algebra ol sets on 2. Let > be a
qualitative ordering on . The interpretation of A > B
for two events A and B is that A is at least as probable
as B. A (finitely additive) probability measure P on &
is strictly agreeing with the 1elation > if and only if, for
any two events A and B in S

P(A) = P(B)iff A = B.

A variety ol conditions that guarantee the existence of
a strictly agieeing measuie is known. Without attempt-
ing a precise classification, the sets of conditions are of
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the following sorts: {i) sufficient but not necessary condi-
tions for existence of a unique measure when the algebra
of events 15 mfinite { Koopman, 1940; Savage, 1954; Sup-
pes, 1956); (1) sufficient but not necessary conditions for
uniqueness whei the algebra of events is finite or infinite
(Luce, 1967); sufficient but not necessary conditions for
unigueness when the algebra of events is finite (Suppes,
1969); (1v) necessary znd suilicient conditions for exis-
tence of a not necessarily nnique: measure when the alge-
bra of events 1s finite (Kraft, Pratt, & Seidenberg, 1959;
Scott, 1964; Tversky, 1967). A rather detailed discus-
sion of these various sets of conditions 15 10 be tound n
Chapters 5 and 9 of Krantz, Luce, Suppes, and Tversky
{1971).

A large literature which continnes still shows that it s
difficult to give simple necessary and sufficiert ualitative
conditions just in terms of events. On the other hand,
simplification is relatively easy if we introduce some aux-
iliary concepts. In the present case the mavi s from
an algebra of events to an algebra ot extended mdicator
functions for the events. By this latter concept we mean
the following. As before, let £ he the set ot possible out-
comes and let  be an algebra of events on 0, 1.e.. T is
a noneinply family of subsets of 0, and 15 closed under
complemnentation and union, i.e., if 4 15 m §, -4, the
complemnent of A with respect to {3, isin ¥, and if A and
B are in ¥ then AU B is 1n 9. Let A° be the indica-
tor function (or characteristic function) of event A, This
means that 4° is a function defined on £ such that for
any w m £,

o v _J1ilwed
A(“’)‘{o i wg A

The algebra 9~ of extended indicator [unctions 1elative
to T is then just the smallest semigroup {under lunction
addition) containing the indieator functions of all events
in 3. In other words, 9% 15 the ntersection of all sets
with the property that if 4 is in & then A% 1sin 3", and
it A® and " are n 97, then A* + B* is in §*. [t is easy
to show that any function A* in 3* is an integer-valued
function defined on 0 1t is the extension from indicator
funclions to integer-valued functions that justifies calliug
the elements ol J* extended indicator functions.

The qualitative probability ordering must be extended
from G to 9+, and the intuitive justification of this ex-
tension must e considered. Let A" and A* be two ex-
tended indicator functions in ¥*. Then, to have A= = A~
is to have the expected value of A" equal to or greater
than the expected value of B*. As should be clear, ex-
tended indhcator functions are just random variables of
a restiicbed sort. The qualitative comparison is now not
one about the probahle occurrences of events, hut aboul,
the expected value of certain restricted random variables.
Thendicator lunctions themselves form, of course, a still
moie vestricted class of random variables, hut qualita-
tive compaiison of their expected values is concepiually
identical to qualitative comparison of the probable oc-
currences of events.

The axioms aie embodied in the definition of a quali-
tative algebia ol extended indicator functions. Several

pomts of notation need to be poted. First, (¢ and §°
are the indicator or characteristic functions of the set {2
of possible outcomes and the empty set @), respectiveiy.
Second, the notation nA* for a function in ™ is just the
standard notatioe for the (functionai} sum of A* with
itself n tunes. Third, the same notation is used for the
ordering relation © and 97, Liccause the one on ¥ is an
extenson of the oue on 3t for 4 and B in Q,

Ax B A% > B

Finally, the strict ordeiing relation > is defined in the
usual way: A" > B*ill A* > B* and not B* > A°,

DEFINITION. Lef £ be a nonempty set, let T be an al-
gebra of suts on (Y, and let = be a binary relatrion on
5", the wiychre of extended ndicator funchions relative
to ¥, Then the qualdfalive algibra (Q,57, %) 15 qualita-
tively satisfactory of and only if the following amoms are
satisfied for every A", 8", and C¥ wm O

Agtom 1. The relation = 15 a week ordering of %
Aziom 2, ¢ > {5,

Aziom 5. A* > §°,

Amom [ A* > B 1J A"+ = B+ C%

Aziom & If A* > B* then for every C* and D* in §°
there 15 a positwe mtuger 1 such that

nA"+C*=nB*}+ 05,

These axioms should seemn famniliar from the Literature
on qualitative probability. Note that Axiom 4 is the ad-
ditivity axiom that closely 1esembles de Finetti's addi-
tivity axiom for events: I[f ANC = BNC = @, then
A» Byff AUC > BUC. As we move from events Lo ex-

tended indicator functions, functional addition replaces
anion of sets. What is formally of unportance about Ll

move 18 seen already in the exact foimulation of Axiom
4. The additivity of the extended indicator [unctions is
unconditional-—there is no restriction coiresponding to
ANC = BNC = 8. The ahsence ol tlus 1estriction
has far-reaching formal consequences i penmiting us to
apply without any real modification the general tieory
of extensive measurement.

THEQREM. Let Q be o nonemply set. let X be an al-
gebra of sets on (1, and lel > be a binary relation on .
Then o necessary and sufficient condition that there eanst
@ stmctly agreewng probabibty measure on 3 1 that there
= an extension of > from Q to I° such thal the quali-
tatwve algebra of cxlended aedicater functions (Q,97.2)
15 quelidatindy sutegfectory. Morcover, the erpectation
function on I* 15 unigue.

There is not room to give the proof hete which is given
in Suppes and Zanotti (1976) wlheie much of the preced-
ing discussion also is formulated. The important thing
about the theorem is that its prool uses my a straight-
forward way standard results in the general theory of
extensive measutement. Extension to the case ol condi-
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tional probability is to be found in Suppes and Zanotti
(1982).

Once the theorem is available we then have reduced the
qualitative probability ordering of events to the famil-
iar theory of what are often called elementary or simple
random variables.

REGRESSION-TYPE MODELS

To 1llustrate the ideas, I examine an analysis of the causes
of the levels of consumption 1n terms of individual dis-
posable income 1n a given population. In this kind of
analysis, typical of regression analysis, there is no claim
that the amount of disposable income is the only cause
of the level of consumption, but almost everyone would
expect it to be a principal cause. The interesting ques-
tion is whether present consumption is influenced by past
disposable income.

To examine some models, let

¢t = consumption 1n time period ¢
by individual or household 2
d,y = disposable income of : in period ¢,

and for aggregation of n individuals, let

n
C = Z Cu
=1
and
n
.Dt = Zd't'
=1

(For a good discussion of such aggregation and other
methodological aspects of the models considered in this
section, see Malinvaud (1966, ch. 4).)

In terms of the notation defined, an obvious linear model
is

-
Clz(IOZI)(t—r)/),_,.+c+q (1)
=1
where ao and e are constants, O(f — 7) 15 a constant for
period { — 7 and ¢, is the ctior teim for period ¢ In
the usual probabilistic formulation it is assumed that the
expectation ol ¢ 1s ze1o.

A classic study by Friedman (1957) of annual data on
consumption and disposable income for heads of house-
hold 1n the Umted States for the period 1905-1951 but

excluding the wal years vields the following numerical
version of (1)

Cr=0.29D, 4 0.19D,_, 4+ 0 {3D,_, + 0.09D,_s
+0.060,_4 +0.04D_5 —4  (2)

The point in the present context 1s that much empirical
economics natutally uses as models the obvious sort of
linear regression niodel excmplified by equations (1) and
(2). It is almost never clanned that such models are
an exact account ol the phenomena m question. The
point is Lo sustam the argument that a fair amount of

the variation in the phenomena is accounted for by such
a linear regression model.

The right way to think about regression models in my
view is that they are the beginning point of an analysis,
not the end. On the other hand, they are often successful
in accounting for a high percentage of the variation in the

phenomena and therefoie the seaich for more detailed
models is tor inany purposes not as nnpoitant as it might

appear to be.

NON-MARKOVIAN OBSERVABLE MODELS WITH
PROCESS ASSUMPTIONS

The linear learning model that I actually use as an exam-
ple here 1s one that has been widely used in mathematical
psychology and also in the development of control pro-
cesses 1n engineering. 1 will describe the model from a
conceptual standpoint in terms of the learning of an or-
gamsm, Also it 1s assumed that the situation is one of
discrete trials rather than continuous time but the gen-
eralization to continuous time 1s also of 1nterest

For sumplicity, let us assume that on every tiial the o1-
ganism can make exactly one of two 1esponses, A or As,
and after each response it receives a reinforcement, E, or
E, of one of the two possible responses A learning pa-
rameter 6, which is a real number such that 0 < 6 < 1,
describes the rate of leaining 1n a manner to be made
definite 1n a moment. A possible 1ealization of the the-
ory is an ordered triple X = (X, P,0) of the following
soit X 1s the set of all sequences or ordered pairs such
that the first inember of each pair 1s an element of some
set A and the second member an element of some set
B, where A and B each have two elements. Intuitively,
the set A represents the two possible responses and the
set B the two possible reinforcements. P is a probability

measure on the o-algebra of cylinde1 sets ot X', and #is a
real nuniber as alicady described. To define the models

of the theorv, we need a certamn amount of notation. Let
A, be the event of 1esponse A, on trial n; £, , the event
of remloicement E; on tnial n, where 2, ) = 1,2, and for =
m X let v, be the equivalence class of all sequences in X
wlhich are identical with z through trial n. We may then
characlerize the theory by the following set-theoretical
definition.

A trple X= (X, P,0) s a linear learning model 1f and
only 1f the following two azroms are satisfied:

Al If P(E. o Avytnay) > 0then
P(A, 41 | Byn AvinZaor) = (1 — 8)P(Ain|@a1) + 0.
A2 I P(E ,AyaZn-) > 0 and e # ) then
P(At,n-f-l’E],nAz‘,nl'n—l) = (1 - G)P(A,vn].‘l‘"_l),

As is clear fiom the two axioms, this linear response the-
oty is intuitively very simple. The fiist axiom just says
that when a response is remnforced, the probability of
making that response on the next trial is increased by
a simple linear t1ansformation. The second axiom says
that it some other response is reinforced, the piobability
of making the response is decreased by a second linear
tiansformation. These linear learning models are examn-
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ples of chawmns of infinite order, so called because the de-
pendence on the past does not terminate after some fixed
time or fixed number of trials. Still, we find it very nat-
ural for a variety of reasons to think in terms of Markov
processes, with the present state absorbing all needed
information about the past, and so a definite effort has

been made to redefine the concept of state for such chains
of infinite order as linear learning models. When the rein-

forcement occurring on trial n is probabilistically depen-
dent at most on the immediately preceding response on
that trial, then the 1esponse probabilities can be taken as
the states, and it 1s easy to show-—under the restriction
stated—that the process 1s Markov. Extensive examples
of this Markovian approach are developed, as well as the
general theory, in Norman (1972). However, even for the
following simple Markov reinforcement schedule, this ap-
proach will not work.

Let P(Ey,;) = v, and

n+1

Then the Markovian approach of Norman will not work,
as is easy to show. To get to a Markov model we must
enlarge the set of psychological concepts. This kind of
model is discussed in the next section. The properties
of this linear learning model are studied extensively in
Estes and Suppes (1959a) The model 1s generalized to
a continuum of responses in Suppes (1959).

Here is a simple asymptotic result taken from Estes and
Suppes (1959a), to illustrate the soil of testable quanti-
ties that are derived for a given schedule of reinforcement
or feedback. Let 7, (v) be the piobability that reinforc-
ing event Ej will occur on trial n given that response 4,
occurred v trials earher. Then

lim P(A;.) = )
nee " 1=mn(v) +ma(v)

MARKOV MODELS WITH UNOBSERVABLLE THEO-
RETICAL VARIABLES

The fundamental theory of conditic;ning I develop briefly
1s a variant of stimulus-sampling theory first formulated
by Estes (1950). The axioms are stated formally in Estes

and Suppes (1959b, 1974). Here I g1ve only an informal
statement.

Conditioning Azioms

Cl. On every trial each stimulus element 1s conditioned
to at most one response.

C2. If a strmulus element 1s sampled on a tral, 1t be-
comes conditroned with probability ¢ to the response (if
any) that s remforced on that (rial; 1f 1t is already con-
ditioned to that response, it remains so.

C3. If no remnforcement occurs on a tral, there s no
change wm conditroning on that trial

C4. Stimulus elements that are not sampled on a gwen
trial do not change thewr conditioning on that trial.

C5. The probability ¢ that a sampled stimulus element
will be conditioned to a reinforced response is independent
of the trial number and the preceding pattern of events.

Sampling Azioms

S1. Fach avaiable stimulus element 1s sampled with a
probability that 15 independent of the sampling of any
other avadable element.

S2. Guwen the set of stumulus elements avaiable for sam-
pling on a trial, the probability of sampling a given ele-
ment 15 independent of the trial number and the preceding
pattern of events.

Response Azioms

R1. The probability of a gwen response 1s the propor-
tion of sampled stvmulus elements conditioned to that re-
sponse, gwen that at least one such conditioned element
15 sampled.

R2. If no sample stumulus element s conditioned, then
there 1s a probability p, that response 1 will occur.

R3. The guessing probabilrity p, of response i, when the
sampled stimulus element 1s not conditioned, 1s indepen-
dent of the trial number and the preceding pattern of
events.

There are two important remarks in the present context
to make about these axioms. Particular models that are
derived from these axioms have two essential features.
First 1s the Markov character of the sequence of state
of conditioning random variables. We can represent the

state of conditioning by an appropriate random variable
or in many instances, we can do tlus by a random variable

that simply represents the numbe of stimuli conditioned
to each response. In either case these random variables
will satisfy Markov assumptions which can be rigorously
derived from the explicit formulation of the theory.

The second feature is that the observation of the actual
stimulus elements sampled or the observation of the con-
ditioning relations that obtain is not possible. Both of
these concepts are theoretical in the ordinary applica-
tions of the theory, and play throughout the analysis of
experiments a theoretical role. This is not to say that
in a more enlarged theory and in a more physiological
setting one might attempt to make direcl observations.
This is to some extent the main business of many neuro-
physiologists. But as such a theory is ordinarnly applied
in psychology these concepts do not represent observable
variables.

Another important remark of a different sort is that the
kind of theory just formulated in terms of conditioning—
a language especially sympathetic to current work in neu-
rophysiology, can be replaced by language more sympa-
thetic to the interests and concepts of many cognitive
scientists. In this case we replace the concept of condi-
tioning by that of a strategy where a strategy consists
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of a class of hypotheses. I shall not work out that cor-
respondence here but it is a familiar one and the real
question 1s which kind of language a given scientist finds
most suggestive for use in experimental investigations.
Without spelling things out explicitly, the parallel anal-
ysis in Figure 1 of the conditioning model and of the
hypothesis model shows how congruent they are in 1ep-
resenting the same sequence of events. Of course we can
no more observe the hypothesis being used by a subjoct
than we can observe the state of conditioning. (It is also
important to recognize that subjects’ abilities to verbal-

1ze strategies of any complexity or subtlety aie rather
limited.)

Qualitative Process

State of Stimuli Stimuh
Conditioning ™ presented = ampled ™

> [Feriomamn] > e o
Ing

Hypothesis Model

Current

3 Situation Hypothesis
Strategy presented > sampled m>

i Reinforcement 2 New
Information Strategy

FIG. 1. Similar structure of conditioning and hypothesis
models ot learning

The general theorem that is proved in Estes and Suppes
(1974) 1s this.

THEOREM If a stimulus sampling model has an ex-
perimenter’s schedule of reinforcement that 1s dependent
only on a fized finite number of preceding trials, then
there 1s a sequence of random variables combiuing the re-
nforcement schedule and state of conditroming such that
this sequence of random variables 1s a finite-state Markov
chan.

(In stating the theorem I have omutted the technical no-
tation which has a rather direct intuitive mcaning. The
reader 1s referred to Estes and Suppes (1974) for details.)

CONTINUOUS MODELS

I mentioned at the beginning the importance ol the
derivation of differential equations n the phvsical sci-
ences and in a wide range of applications 11 eugineering,.
Such derivations of differential equations also play a role
in the social sciences, more in economics thau elsewhere,
but there are a variety of examples of dilferential equa-
tions, and their derivation from cmpitical assuinptions

or principles, mn psyclhology and sociology I want to
give one example liere from my own work in educational
psychology. The example also exhibits several features
characteristic of the use of differential equations in the
physical sciences. For example, the underlying phenom-
ena are discrete but for purposes of analysis 1t 1s reason-
able to derive a differential equation for the continuous
approximation.

Underlying the particular application considered here
is the desiie to be able to predict student progress in
a course, particularly a course that is computer-based,
and in addition individualized. Classic evaluation of a
new curriculum 1n the schools has an important unsat-
isfactory feature. This is the evaluation by comparing
pretests and posttests with an analysis of post-test grade
placement distributions as a function of pretest distri-
bution and exposure to the new curriculum. The un-
satisfactory part 1s the wait-and-see approach required.
In contrast, 1t is a characteristic feature of the physical
sciences to continually seek for models that predict phe-
nomena and that can be used for control purposes as in
engineering. It 1s such an approach to analysis of student
progress 1n a curiiculum that I want to consider here. [
summarize reseaich that has taken place over many years
beginming with Suppes, Fletcher, and Zanotti (1976)

Let us assume as already indicated that the student 1s
progressing individually through a course, and let I(t)
be the total information piesented to the student up to
time t. I say here total information but we could also give

a formulation 1n terms of skuls and think of the devel-
opment procedurally rather than declaratively. Let y(t)

be the students course position at tine ¢. Note that for
simplification of notation [ have omitted a subscript for
a particular student. It 1s undeistood that the notation
used here applies onlv to an 1ndividual student not to
averages of students. The stochastic averaging involved
is averaging over the varietv of skills or infoimation pre-
sented to the student to 1efer to his mean position and
mean information. I shall not make these stochastic as-
sumptions explicit any fuither, because only the mean
theory for the individual student will be developed here.

The first asswnption is that the process 1s additive using
for simplicity of concept a discrete variable n We may
write the additivity assumption as follows:

Additive: I(n)—=1(n—-1)=a, (1)
which we can then expiess in teims of derivative as in

(2)

(a3
i) na n @

with the proper expression for continuous time shown as
equation (3)
ity 1
-2 )
It~ t

We then make the second stiong assumption that the
position in the coutse 1s proportional to the infoimation
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introduced, that is

y(t) ~ (). 4)
Combining (3) and (4) we have equation (3)
i 1
oMY o

which we then integrate to obtain equation (6)
lny(t)=klilnt+inb, (6)

which we may express as equation (7), so that y(¢) is a
power function of t:

y(t) = bt*. (7)

We liave extensively applied this power function to the
analysis of student data from courses in elementary
mathematics and reading that are computer based. This
analysis has been going on for a number of years at Com-
puter Curriculum Corporation. I show here in Figute 2
the data for a student in elementary mathematics and
the theoretical power function where only the coefficient
b and the exponent k are estimated, and similarly for
another student as shown in Figure 3 for an elementary
course in reading. The grade placement shown on the
ordinate of each figure gives a sense of the achievement
level of the student. On the abscissa is shown the amount
of time spent at the computer by the student. An inter-
esting fact about these curves 1s that they extend over a

3891

3794

3 69+

359 MCS
Student 953

3 494
3394
329
3194
309
299+

2894

Grade placement

279}
2694
2594
249
239J

229

very considerable amount of time both in terms of com-
puter time but also 1n terms of calendar time, which is
for a major part of the school year.

We have gone on to use this analysis to estimate individ-
ual student trajectories on the basis of the first several
months of the school year and to predict what the stu-
dents will gain in grade placement in a given subject
during the school year. On the basis of this prediction
intervention can be made as necessary. [ shall not try to
describe the character of that intervention here, but just
emphasize it 1s important to pass from data analysis to
prediction 1n order to take full advantage of the oppor-
tunities, and to fulfill the original intention for which the
theory was developed, namely to give a predictive-control
feature to the introduction of a new curriculum.

SOME GENERAL ISSUES

Axiomatics. It has been remarked on a variety of occa-
sions that use of axiomatic methods is more commeon in
the social sciences than in the physical sciences. This re-
mark has usually been mildly pejorative in spirit. What
I have tried to emphasize here is the derivation and for-
mulation of a variety of models rather than the pure use
of axiomatic methods as reflected in the explicit and pre-
cise statement of general theories. The exumple I gave for
measurement exeinplifies of course the axiomatic method
in pure form. In contrast, the last example, in which a
power function is derived for predicting student progress
in a course, 1s not really axiomatic in form but 1s in

219
4 100 200 300 400 500

700 800 300 1000 1100

Tima on computsr

FIG. 2. Comparison of observed and theoretical individual

student trajectory in computer-based cleinentary-school

mathematics course,
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Student 958

3324
gz
3 72
J 624
3524
342*
a2

Grade placement

a 224
3124
3024
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% 800 800 00 1100

Tima on computer

FIG. 3. Comparison of observed and theoretical individual

student trajectory in computer-based elementary-school

reading course:.

the spirit of classical derivations of differential equations
where some pariicular assuinptions ale made that form
the basis for the derivation. The pomnt here 1s that the
empirical assumptions from wlich the differential equa-
tions are derived are not elevated to the status of axioms
of a general theory. The distinction 1 have in mind is not
one that is important to make comnpletely precise but it
is {amiliar enough in the physical sciences. Presented
with a new physical situation, as for example the motion
of a robotic arm, it is important to derive the equations
of motion from the given physical constiraints, but we
do not ordinarily think of the staiement of the physical
assumptions peculiar to the particular robot arm being
studied as having the status of axioms. 1 think the same
thing is true of several of the madels | have discussed
here. We would not want to think of the kind of deriva-
tions I have talked about as exemplifying the axiomatic
method in any pure form. Above all, there is really no
process of actual derivation from; axioms in the case of
the linear regression model discussed and this is charac-
teristic of many applications of linear regression though
by no means all.

Tt is also importani to recognize Lhere is a long tradi-
tion of heginning with something fairly close to Lthe sny-
face, fairly phenomenological in spirit, and then later at-
tempting to derive the phenomenological equations from
sorne more fundamental assumpltions, ‘I'his is done iu
Estes and Suppes (1939b) lov the Jincar learniug mod-
els discussed above by assuming that the sampled stim-
uli asymptotically approach infinity with some restrictive

assumptious on how {his approach Lakes place. The lin-
ear learning maodel can then be derved in the lnuit lroin
the stimulus sampling model. But tluis kind of founda-
tional investigation, important as it is, is not the focus
here and is not as important probably for rost scien-
tific purposes as having available 2 vanety of methods
for deriving models thal can be fairly directly tested.

Use of uyobscrvible theoretical variables In contrast to
the last remark about axiomatics, I also want to em-
phasize the importance I attach to getting theory helow
the phenomenological surface. A long history of develop-
ments in physics indicates the importance of this. The
same would seem to be true of models in the social sci-
ences. In terms of the kind of examples I have discussed
drawn from learning and cognition, it is evident that our
scientific thinking will go bevoud jusl observable data al-
most naturally, It also seems very likely that the internal
mechanisms and the associated theoretical concepts that
characterize the mechanisms will he unobseivable in de-
tail for the indefinite future if not forever m the case of
most human learning and cogmtion. Any prograin for the
elimination of uncbservable tlieoretical variables would
seem to me Lo be completely mistaken, and coutrary to
almost all the deeper developiients in piesent-day sci-
entific psychology, not to speak of the important role of
assumptions about the unverified and often unveiifizble
assumptions about individual choices and preferences in
neo-classical economic theory.
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Importance of measurement. On the other hand, it 1s imn-
portant to stress the importance of measurement in the

social sciences where procedures do not have the long
history of development they have had in the physical sci-
ences. | gave at the beginning just one example, the
measurement of subjective degree of belief, or subjec-
tive probability. But in all of the social sciences prob-
lems ol measurement are present and the theory needs
continnal development. It is also important to realize
that often these developments are not simply in terms
of phenomenological variables but are in terms of theo-
retical concepts as well. Perhaps the most salient one is
the concept of utility in decision making, which is widely
used in economics and psychology. The axioms of utility,
or of expected utility, as usually stated, are not directly
observable and the concept of an individual’s utility func-
tion must be assigned a theoretical status. This does not
mean that the measurement of this theoretical concept 1s
not of great importance, for from the theory of its mea-
surement many observable consequences can be denved.

Just because of the relatively recent development of
methods of measurement in the social sciences, the the-
ory of inrasurement continues to be of great importance
and will undoubtedly continue to flourish, and especially,
be the source of the derivation of many models in the so-
cial sciences. On the other hand, I would not want to
give a sense that the derivation of models in the social
sciences can 1n any sense be reduced simply to problenis
of measwiement. Theories of measurement are impor-
tant, but they are in no sense the whole story.

What [ have tried to give a sense of in this paper 1s
the plutality of methods that should be used and should
be available to the social scientist deriving models. It
would seem to me to be a piece of folly to argue that one
method is better than another, tor the contexts of use
are sufficiently varied and 11ch 1 differentiation.
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