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Abstract. Five different kinds of derivation are exarmned. The first are measurement rep­
resentations, the second are regression-type models, the third are non-Markov observable 
models with process assumptions. The fourth are discrete Markov models with unob­
servable van abies playing a theoretical role, and finally, the fifth return to the classical 
den vat !On of differential equations so characteristic of the physIcal sciences. Also discussed 
are some general issues raised by these various methods of derivation. I touch at least 
briefly on questions ofaxiomatization, the use of theoretical or unobservable variables, 
and the lelatlve imp01tance of measurement procedures. 

There IS a long traciJtion 111 the phYSIcal SCIences of de­
riving from qualitative or quantItative empirIcdJ assump­
tions differential equatIOns that govelll, at least in ap­
proximation, a great vanety of physical phenomena The 
derivations of some of these equations, fO! example, the 
Navier-Stokes equations for hydrodynamical fhuds, are 
among the most important conceptual analyses in the 
history of physics. The derIvation of classical dIfferential 
equations in the phYSical sciences is also of great Im­
portance in a workaday environment, where particular 
equations are derived to model particular circumstances, 
which in themselves may be of consldelable practIcal 
importance, but are not of universal SCIentIfIc interest. 
What is central and Important to the applicatIOns of 
physical theories to empirical phenomena IS the long and 
robust tradition of such derivatIOns. 

Corresponding methods are not as well developed for 
the social sciences, and it is eVident enough by a glance 
at principal publications in the social suences in which 
models are proposed and tested, that the derivation of 
differential equations does not dominate in any sense the 
derivation of models in the social sciences. 

In this paper I examine five difFerent kinds of derivation. 
The first are measurement representat.ions, the second 
are regression-type models, the t.hird are non-Markov ob­
servable models with process assumptIOns. The fourth 
are discrete Markov models with unobservable variables 
playing a theoretical role, and fll1a.lIy, the fifth return to 
the classical derivation of differential equations so char­
acteristic of the phYSical sciences. 

At Lhe end of the p<lper I will also discuss some ot the gCll­
('I al 1""lIeS raIsed by these various methods of derIvation. 
J tOllch at least briefly on questions ofaxiomatization, 
the L1~e of theoretical or unobservable variables, and the 
lel<l! iw' importance of measurement procedures. 

MEASlTREMENT REPRESENTATIONS 

In almo:;t, all scientific disciplines, it is understood that 
there can be llelther precise control nor prediction of phe­
nomella WIthout measurement. In disciplines, especially 
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111 the so('ted sciences, that do not have a long tradition of 
quantitatIve theory, the formulation of a theory of mea­
SUI elllent can play a central role in scientific investiga­
tIOn We can describe this general activity as a deriva­
tIOU 01 measurement models where, when it is done from 
a fundamental standpoint, It has the following character. 
QualitatIve empirical relations and operations that can 
be handled in an explicit way experimentally form the 
basis of a qualItative axiomatic theory of measurement 
plOced UJ es From an experimental or empirical stand­
point the problem is to show to what extent the axioms 
postulated can actually be tested experimentally. From 
a fot mal standpoint on the other hand, the central task 
IS to ~ho\V t.hat the axioms are formally adequate, that is, 
that a tlumenca.l measurement representation can be de­
rIved 101 any realization of the qualitative relatIOns and 
functions that are the basis of the empirical axioms. The 
general subject has a long history and development which 
I shall not attempt to describe here. I shall concentrate 
I ather on a simple but significant example, namely, the 
efforts to undelstand qualitative probability ordermgs. 
For both reasons of psychological 111terest as reflected 111 
the empirical study ot beliefs and deCISIOns and for nor­
mative reasons connected With Bayesian approaches to 
statistiCS, the theory of qualita.tive probability relatIOns 
ha.s now a rather sophisticated development. To give a 
sense of how measurement r('pl'esentations are set up and 
studied I conSider thiS one example, winch sets aside any 
question of the measurement of utility and concentrates 
entirely on the measurement of subjective probability. 

Let n be a nonempty set and let 8' be an algebra of 
events on n, i.e., all algebra 01 sets on n. Let t be a 
qualitative ordering OIl 8'. The interpretation of A t B 
for two events A and B is that A is at least as probable 
as B. A (finitely additive) probability measure P on 8' 
is stl'lcily ngrecing Wlth the lelation t if and only if, for 
any two events A and B in 8'. 

P(A) t P(B) iff A t B. 

A vanety 01 conditIon:; that guarantee the existence of 
a strictly agleemg meaSUle is known. Without attempt­
ing a pleClSC c1dssiflcatloll. the sets of conditions are of 
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the following sorts: 0) sufficient but not necessary condi­
tions for existence of a UnIque measure when the algebra 
of events IS InfinIte (Koopman, 1940; Savage, 1954; Sup­
pes, 1956); (11) sufficient hut not necessary conditions for 
uniqueness when the algebra of events is finite or infinite 
(Luce, 1967); sufficIent but not necessary conditions for 
uniqueness when the of events is finite (Suppes, 
1969); (IV) necessaty and sufficient conditions for exis­
tence of a not necessarily UnIque measure when the 
bra of events IS finite (Kraft, & SCldenbelg, 1959; 
Scott, 1964; Tversky, 1967). A rathel detaIled diSCUS­
SIOn of these various sets of condItions IS to be found In 
Chapters 5 and 9 of Krantz, Luce, Suppes, and Tversky 
(1971 ). 

A literature which contmues still shows that it IS 
difficult to give simple necessary and sufficIent quahtdtlve 
conditions Just in terms of events. On the other hand, 
simplification is relatively easy If we mtroduce some aux­
iliary concepts. In the present case the move 1<; from 
an algebra of events to an algebra of extended mdicator 
functions for the events. By thIs latter concept we mean 
the following. As before, let n be the set of pOt>slble out­
comes and let ~ be an algebra of events on n. I.e .. ~ is 
a nonempty family of subsets of n. and IS dosed undel 
complementation and union, i.e., jf A IS Il1 ~, ....,A, the 
complement of A with respect to n, is in ~. and If A and 
B are in ~ then AU B is In 8". Let AC be the Indica­
tor function (or characteristic functIon) of event A. This 
means that AC is a function defined on n such that for 
any WIn n, 

AC(w) = { 1 if wE A 
o if W ¢ A. 

The algebra ~* of extended indicator functions lelative 
to S' is then just the smallest semi group function 
addition) containing the indicator functIOns of all events 
in S'. In other words, ~ .. IS the mtersectlOn of all sets 
with the property that if A is ill ~ then AC IS in '.J*, and 
Ii A* and fl'" nre l1l 8"*, then A* B'" is in 8"*. It is ea::,y 

to show that any functIOn A* in ~* is an integer-value~1 
function defined on n It is the extension from indicator 
functions to integer-valued functions that justifies calling 
the elements of ':J* extended indicator functions. 

The qualItative probability ordering must be extended 
from 8" to 8"*, and the intUItive justification of this ex­
tensIOn must be considered. Let A'" and B* be two ex­
tended indicator functions in ~". Then, to have A" t B'" 
is to have the expected value of A* equal to or greater 
than the expected value of B*. As should be clear, ex­
tended indIcator functIOns are just random variables of 
a l"f'stt Ided sort. The qualitative comparison is now not 
one about the plobable occurrences of events, but about 
the expected value of certain restricted random variables. 
The mclicatOl {unctIOns themselves form, of course, a still 
mOlP restnctecl class of random variables, but qualita­
tIve compalison of their expected values is conceptually 
identIcal to qualitative comparison of the probable oc­
currences of events. 

The axioms ate embodied in the definition of a qualI­
tatIve algel)la of extended indicator functions. Several 

POInts of notation need to be noted. First, nc and 0c 

are the indicator or characteristic functions of the set n 
of pOSSIble outcomes and the empty set 0, respectively. 
Second, the notation nA* for a function in ~* is just the 
standard notation for the (functional) sum of A* with 
itself 12 times. Third, the same notation is used for the 
ordering relation ~ and ~*, because the one on ~* is an 
extenSIOn of the One on ~: for A and B in 8", 

A t B iff ACt Be. 

Finally, the strict relation >- is defined in the 
usual way: A* >- B* iff A* t B* and not B* t A*. 

DEFINITION. Let n be a nonempty set, let S' be an al­
gebra of sets on n, and let t be a bmary relatzon on 
~*, the algebra of extended mdzcator functzons relative 
to~. Then the quahtatJve algebra (n, ~*, zs qualita­
tively satisfactory If and only 1f the following axzoms are 
satisfied for every A*, B*, dnd C* m ~*: 

Axwm 1. The relatwn t zs a weak ordenng of~*; 

Axiom 3. A* 0c
, 

Axzom 4. A* t B* lfJ A* + C* t B* + C*; 

Axiom 5. If A" >- B* then fo'r every C* and D* m ~* 
there. 1<; a posdzve zntegc1' n such that 

nA* + C* t nB'" + D*. 

These axioms should seem familIar from the literature 
on qualitative probability. Note that Axiom 4 is the ad­
ditivity axiom that tesembles de Finetti's addi­
tIvity aXIOm for events: rr A n C = B n C 0, then 
A t B ziT AU C t B U C. As we move from events to ex­
tended indicator functIOns, functional addition replaces 
union of sets. What is formally of unport.allce about 1,111:; 

move is seen already in the exact fOlll1ulation of Axiom 
4. The additivity of the extended l11(iJcalor functions is 
unconditional-there is no restriction (01 re~pollding to 
An C = B n C = 0. The absence 01 tillS lE'stnctIOn 
has far-reaching formal consequences III pelllllLt.ing us to 
apply without any real modification the general theory 
of extensive measurement. 

THEOREM. Let n be a nonempty sP.i. let ~ be an al­
gebra of sets on n, and let t be a blllary relatIOn 0/1 ~. 
Then a necessary and sufJiczent con(i1tIO/1 that the..re.. ea."tst 
({ st7'1Ctly agreemg probabddlJ measure 011 ':J /'" that there 
III an extension of t f1'Om ~ to ~* Silch thai the q1tali­

tatzve algebra of extended wdzcatol' jltllci?Ol1s (n, ~*. 
1S qualttatzvely satzsfact01'Y. Morwver. tht e.rpectat?On 
functwn on ~* zs umque. 

There is not room to give the proof hele which it> given 
In Suppes and Zanotti (1976) whele much of the preced­
ing discussion also is formulated. The 1l11IJOl tant thing 
a,bout the theorem is that its prool UhCt> In a straight­
forward way standa.rd results in thc general theory of 
extensive measurement. ExtenSIOn to the caf>e ot condi-
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tional probability is to be found In Suppes and Zanotti 
(1982). 

Once the theorem is available we then have reduced the 
qualitative probability ordering of events to the famil­
iar theory of what are often called elementary or simple 
random variables. 

REGRESSION-TYPE MODELS 

To Illustrate the ideas, I examine an analysis of t.he callses 
of the levels of consumption In terms of individual dis­
posable income In a gIven population. In tIllS kll1d of 
analysIs, typical of regression analysis, there is no claIm 
that the amount of disposable income is the only cause 
of the level of consumption, but almost everyone would 
expE'ct it to be a prinCIpal cause. The interestmg, ques­
tion is whether present consumption is influenced by past 
dIsposable income. 

To examIne some models, let 

e,t = consumption In time period 
by IndiVIdual or household z 

d,t = disposable income of z in penod t, 

and fOl aggregation of n Individuals, let 

and 

(For a good diSCUSSIOn of such aggregation and other 
methodologIcal aspects of the models considered in this 
section, see Malinvaud (1966, ch. 4).) 

In terms of the notation defined, an obvIOUS linear model 
is 

T 

G't ;:::: (fa L h(t - r)J)I_T + 6 + Et (1) 
T=! 

where (ta and e (lie (Onstant'>, h(t - T) IS a constant for 
period t - T and Et is the ('t I or telm for period t. In 
the usual probabilisti( formulation it is assumed that the 
expectation of Ct IS zelO. 

A classic study by Frif'dtllcHi (1957) of annual data on 
consumption and clJ~posable illcome for heads of house­
holdll1 the Umted St.atf's for t.he period 190.5-1951 but 
excludmg the wal years vwld:-, the following numerical 
version of (l)' 

c, == 0.29Dt + O.l()f)I_l + 0 t:3DI_ 2 + 0.09Dt_ 3 

+O.O()/){_4 + O.04Dt _ 5 - 4 (2) 

The point in the PICSC'Ill context tS that much empirical 
economics natlllally lIses d<; 1l1Odf'ls the obvious sort of 
linear regre:;;stol1 model ('xcmph rl<'c1 by equations (1) and 
(2). It is almost never CL'lIlIWd that such models are 
an exact account 01 the plwllomena 111 question. The 
point is to sustalll the (llgUlll<'llt that a fair amount of 

the vanation m the phenomena is accounted for by such 
a linear regression model. 

The right way to think a.bout regression models in my 
view is that they ale the beginmng POlllt of an analysis, 
not the end. On the other hand, they are often successful 
in accounting for a high percentage of the variation in the 
phenomena and t.here±01e the sealch for more detailed 
models is tor lllany purposes not as llnpOl tant as it might 
appear to be. 

NON-MARKOVIAN OBSERVABLE MODELS WITH 
PROCESS ASSUMPTIONS 

The lInear learning model that I actually use as an exam­
ple here IS one that has been WIdely used in mathematical 
psychology and also in the development of control pro­
cesses III engmeenng. I WIll describe the model from a 
conceptual standpoint in terms of the learnll1g of an or­
gamsm. AISD it IS assumed that the SItuatIOn is one of 
dIscrete tnals rather than contll1UOUS time but the gen­
erahzatlOn to contll1uous tIme IS also of mterest 

For sllnpliClt)', let us assume that on every tual the 01-
ganism can make exactly one of two lesponses, Al or A2, 

and after each response it receIves a relllforcement, EI or 
E2 of one of the two possible responses A learnll1g pa­
rameter B, which is a real number such that 0 < B :::; 1, 
describes the rate of leallling III a manner to be made 
definite III a moment. A possible lealization of the the­
ory is an ordered triple X = (X, P, B) ot the followll1g 
Sal t X IS the set of all sequences or ordeled pairs '3uch 
that the first member of each pair IS an element of some 
set A and the second member an element of some set 
B, where A and B each have two elements. IntUItIvely, 
the set A represents the two possible responses and the 
set B the two possible reInforcements. P is a probability 
measure on the a-algebra of cylindeI sets ot X, and 0 is a 
leal number as allcc1c1y described. To define the models 
of the theon" we 11C'f'C1 a certaIn amount ot notatIOn. Let 
A"n be the f'vent of lcsponse A, on tnal n; EJ,n the event 
of reltliOI ('('mf'nt EJ on tnal n, where 1,) = 1,2, and for x 
111 X let ./'" be the f'qlllvalence class of all sequen('e~ m X 
whICh a re IdentICal WI th x through tnal n. We may then 
characterize the theory by the followlIlg set-theoretical 
defillitlOl1. 

A fl'lple .1'= (X, P, B) 18 a 1m ear leamzng model 1f and 
only 1/ tlu followzng two a.1:zoms are satzsjied: 

A1 If P(E"nA",Il.l'n-d > 0 then 
P(A"n+tlE"nA",nxn-t} = (1 - B)P(A"nlxn-d + e. 

A2 I I P(E"nA",n.tn-I) > 0 and z =1= J then 
P(A"n+l!EJ•nA.',l1.'Vn-d = (1 - B)P(A"nl.Tn-t). 

As is cleM flam the two axioms, this linear response the­
Oly is Il1tUlttvely very simple. The filst aXIOm just says 
t.lia,j when a response is remforced, the probablhty of 
makll1g that response on the next trIal is increased by 
d :;imple lillf'c1l' tlansformation. The second axiom says 
that if ~ol1le other response is reinforced, the plObability 
of milking the response is decreased by a second linear 
t.la,llSfolll1atioll. Tlwse linear learning models are exam-
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pIes of chams of mjinzte order, so called because the de­
pendence on the past does not terminate after some fixed 
time or fixed number of trials. Still, we find it very nat­
ural for a variety of reasons to think in terms of Markov 
processes, with' the present state absorbing all needed 
information about the past, and so a definite effort has 
been made to redefine the concept of state for such chains 
of infinite order as hnear learmng models. When the rein-
forcement occurring on trIal n is probdbilistically depen­
dent at most on the ImmedIately preceding response on 
that trial, then the iesponse probabilities can be taken as 
the states, and it IS easy to show-under the restriction 
stated-that the process IS Markov. Extensive examples 
of this Markovian approach are developed, as well as the 
general theory, in Norman (1972). However, even for the 
following simple Markov reinforcement schedule, this ap­
proach will not work. 

Let P(E1,d = " and 

n + 1 
n EI E2 
E1 0: 1 - 0: 

E2 1 - f3 f3 

Then the MarkovIan approach of Norman will not work, 
as is easy to show. To get to a Markov model we must 
enlarge the set of psychological concepts. This kind of 
model is discussed in the next section. The properties 
of this linear learmng model are studied extensively in 
Estes and Suppes (1959a) The model IS generalized to 
a continuum of responses in Suppes (19.59). 

Here is a simple asymptotiC result taken from Estes and 
Suppes (1959a), to illustrate the SOlL of testable quanti­
ties that are derived for a given schedule of reinforcement 
or feedback. Let 7rJ ,k( 11) be the plObability that reinforc­
ing event Ek will occur on trial 11 given that response AJ 

occurred II tnals earlIer. Then 

lim P(A 1 n) = 7r21(11) 
n .... oo ' 1- 7r ll(II)+ 7r2t{11) 

MARKOV MODELS WITH UNOBSERVABLE THEO­
RETICAL VARIABLES 

\ 
The fundamental theory of conditioning I develop briefly 
IS a variant of stimulus-sampling theory first formulated 
by Estes (1950). The aXIOms are stated formc1.11y in Estes 
and Suppes (1959b. 1974). Here I give only an informal 
statement. 

Condztzonmg Axwms 

C1. On every tnal each stzmullls dement IS cOII(btioned 
to at most one response. 

C2. If a stzmulus element zs sampled on a tnal, zt be­
comes condztwned with p1'obabihty c to the response (if 
any) that zs reznforced on that trwl; If It is already con­
ditzoned to that response, xl remams so. 

C3. If no reznforcement occm's Oil a tnal, there zs no 
change m condztwnzng on that iT/al 

C4. Stimulus elements that are not sampled on a gwen 
trwl do not change thez1' condztwnzng on that trzal. 

C5. The probability c that a sampled stzmulus element 
wzll be conditzoned to a reinforced response zs zndependent 
of the trzal number and the precedzng pattern of events. 

Samphng Axzoms 

S1. Each avazlable stzmulus element zs sampled wzth a 
probabzlzty that zs zndependent of the samplzng of any 
othe1' aVa1lable element. 

S2. Gwen the set of stzmulus elements avazlable for sam­
plzng on a trtal, the p1'Obabilzty of samplzng a given ele­
ment zs mdependent of the trial number and the precedzng 
pattern of events. 

Response AxlOms 

RI. The probabzlzty of a gwen response zs the propor­
tzon of sampled stzmulus elements condztwned to that re­
sponse, gwen that at least one such condztzoned element 
IS sampled. 

R2. If no sample stzmulus element zs condztlOned, then 
there Z5 a p1'Obabzlzty p, that response z wzll occur. 

R3. The guesszng pl'obabzlzty p, of response i, when the 
sampled stwmlus element zs not condztzoned, zs indepen­
dent of the trwl number and the precedzng pattern of 
events. 

There are two important remarks in the present context 
to make about these aXIOms. Particular models that are 
derIved from these axioms have two essential features. 
First IS the Markov character of the sequence of state 
of condi tioning random variables. We can represent the 
state of conditionmg by an appropriate random vari.able 
or in many instances, we can do t.lllS by ii, random vanable 
that simply represents the numbei of st.imuli conditioned 
to each response. In either case these random variables 
will satisfy Markov assumptions which can be rigorously 
derived from the explicit formulation of the theory. 

The second feature is that the observation of the actual 
stimulus elements sampled or the observation of the con­
ditioning relations that obtain is not possible. Both of 
these concepts are theoretical in the ordinary applica­
tions of the theory, and play throughout the analysis of 
experiments a theoretical role. This is not to say that 
in a more enlarged theory and in a more physiological 
set.ting one might attempt to make direct observations. 
This is to some extent the main business of many neuro­
physiologists. But as such a theory is ordinarIly applied 
in psychology these concepts do not represent observable 
va.riables. 

Another important remark of a diffelent sort is that the 
kind of theory just formulated in terms of conditioning­
a language especially sympathetic to current work in neu­
rophysiology, can be replaced by language more sympa­
thetic to the interests and concepts of many cognitive 
scientists. In this case we replace the concept of concli­
tioning by th~t of a strategy where a strategy consists 
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of a class of hypotheses. I shall not work out that cor­
respondence here but it is a familiar one and the real 
question IS which kind of language a given SCIentIst finds 
most suggestive for use in experimental investigations. 
Without spellIng things out explicitly, the parallel anal­
ysis in Figure 1 of the conditioning model and of the 
hypothesIs model shows how congruent they ale ill J<'p­
resentmg the same sequence of events. Of course we (an 
no more observe the hypothesis being llsed by a sub lect 
than we can observe the state of conditioning. (It is also 
important to recogmze that subjects' abilitIes to verbal­
Ize strategIes of any complexity or subtlety ale rather 
lImited.) 

Qualitative Process 

State of Stimuli Stimuh 
Conditioning'" presented ~ sampled"" Response' 

~ I Reinforcement I ~ New S!ate of 
Conditioning 

HypotheSis Model 

Current ~ Situation HypothesIs 
Strategy presented ~ sampled ~I Response I 

FIG. 1. Similar structure of conditioning and hypothesis 
models of learning 

The general theorem that is proved in Este5 and SuppeR 
(1974) IS this. 

THEOREM If a stzmulus samphng model ha~ all e./:­
perimenter's schedule of 1'elnforcement that I~ depwdcnt 
only on a fixed finzte number of p/'ecedlllfj [l'Ia/s. thell 
there zs a sequence of random vartables combull ng ihe /'e­
mforcement schedule and state of condztwlIl1Ig ~lIch that 
this sequence of random vanables 18 a filli/e-slalc Li!a/",ov 
cham. 

(In stating the theorem I have omItted the technical no­
tation which has a rather direct intuitive I1lccluing. The 
reader IS referred to Estes and Suppes (H)74) for details.) 

CONTINUOUS MODELS 

I mentioned at the beginning the importance 01 I,he 
derIvation of differential equatiolli:> I n the phvslCa I sci­
ences and in a wide range of applications III ellglllcel iug. 
Such derivatIOns of differential equ<1tlons aho plcly cl role 
in the social sciences, more in economics than elsewhf're, 
but there are a variety of examples ot differential equa­
tIOns, and their derivation from C'lllPiIical asslImpt.ions 

or principles, III psychology and sociology want. to 
give one e'Xample here from my own work in educatIOnal 
psychology. The example also exhIbits several features 
characterIstic of the use of differential equatIOns in the 
phYSIcal sc lences. For example, the underlying phenom­
ena are discrete but for purposes of analysis It IS reason­
able to derIve a differential equation for the continuous 
approximation. 

Underlying the particular application considered here 
is the desile to be d.ble to predict student progress III 

a course, particularly d. course that is computer-based, 
and in addItion 111divlduallzed. Classic evaluatIOn of a 
new curriculum 111 the schools has an important unsat­
isfactory feature. This is the evaluation by comparing 
pretests and posttests wIth an analysis of post-test grade 
placement distrIbutIOns as a function of pretest distri­
bution and exposure to the new curriculum. The un­
satisfactory part IS the wait-and-see approach required. 
In contrast, It is a characteristic feature of the physical 
sciences to continually seek for models that predict phe­
nomena and that can be used for control purposes as in 
engineering. It IS such an approach to analYSIS of student 
progress 111 a cun Iculum that I want to considel here. I 
summarize resealch that has taken place over many years 
beginnIng wIth Suppes, Fletcher, and Zanotti (1976) 

Let us assume as already Indicated that the student IS 
progressing indIVIdually through a course, and let I(t) 
be the total information piesented to the student up to 
time t. I say here total m,Jormatzon but we could also gIVe 
a formulation In terms of skzlls and think of the devel­
opment procedurally rather than dPclcllaiIvely. Let y(t) 
be the students course PORltlOl1 at. time t. Note that for 
simplificatIOn of notatIOn I have omitted a subscnpt for 
a particular student.. It IS 1I ndel st ood that the notatIOn 
used here applies onlv to an Iildivldual student not to 
averages of students. The stochastic averaging involved 
is averaging over the vanetv of skills or mfOlmatlOn pre­
sented to the studf'nt to lefer to hIS mean positIOn and 
mean information. I shall not. make these .,tochastic as­
sumptions explicit any flU ther, because only the mean 
theory for the indi\ Idual st.udent \ ... 111 be developed here. 

The first assumpt.ion is that the plocess IS additIve using 
for simplicity of cOllcept cl dIscrete varIablf' n We may 
write the additivity assumptIOn as follows: 

Additive': [(/I) - /(11 - 1) = 0:, (1) 

which we can then c>xpless ill tel t1IS of derivative as in 
(2) 

j(n) 

1('/1 ) flO: 
(2) 

with the proper expressIOn for continuous time shown as 
equation (3) 

j(l) 
lft) = - (3) 

We then make the :;econd stlOng assumptIOn that the 
position in the COLllse IS proportional to the mfOlmation 
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introduced, that is 

y(t) ~ I(t). 

Combining (3) and (4) we have equation (5) 

y(t) 1 
y(t) ~ t' 

which we then integrate to obtain equatIOn (6) 

in yet) k In t + in b, 

(4) 

(5) 

(6) 

which we may express as equation (7), so that yet} is a 
power function of t: 

yet) = btk. (7) 

We have extensively applied this power functIOn to the 
analysis of student data from courses in elementary 
mathematIcs and reading that are computer based. This 
analYSIS has been gomg on for a number of years at Com­
puter Curriculum Corporation. I show here in Figme 2 
the data for a student in elementary mathematlcs and 
the theoretical power function where only the coeffiCIent 
b and the exponent k are estimated, and SImilarly fOl 
another student as shown in Figure 3 for an elementary 
course in reading. The grade placement shown on the 
ordinate of each figure gives a sense of the achievement 
level of the student. On the abscissa is shown the amount 
of time spent at the computer by the student. An mter­
esting fact about these curves IS that they extend over a 
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very considerable amount of time both in terms of com· 
puter time but also m terms of calendar time, which is 
for a major part of the school year. 

We have gone on to use this analysis to estimate individ· 
ual student trajectories on the basis of the first several 
months of the school year and to predict what the stu· 
dents wIll gain in grade placement in a given subject 
during the school year. On the basis of this prediction 
intervention can be made as necessary. I shall not try to 
describe the character of that intervention here, but just 
emphasize it IS important to pass from data analysis to 
predictIOn m order to take full advantage of the oppor­
tunities, and to fulfill the original mtention for which the 
theory was developed, namely to give a predictive-control 
feature to the introduction of a new curriculum. 

SOME GENERAL ISSUES 

AxiomatJcs. It has been remarked on a variety of occa­
sions that use ofaxiomatlc methods is more common in 
the SOCIal SCIences than in the physical sciences. This re­
mark has usually been mildly pejoratIve in spmt. What 
r have tl'led to emphaSIze here is the derivation and for­
mulation of a variety of models rather than the pure use 
of axiomatic methods as reflected in the explicit and pre­
cise statement of general theories. The example I gave for 
measurement exemplifies of course the axiomatic method 
in pure form. In contrast, the last example, in which a 
power function is derived for predicting student progress 
in a course, IS not really axiomatic in form but IS in 

Time on computer 

FIG. 2. Comparison of observed and theoretical individual 
student trajectory in computer-based elementary-school 

mathematicR rOUl'Rf'. 
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FIG. 3. Comparison of observed and theoretical individual 
student trajectory in computer-based elementary-school 

reading course. 

the spirit of classical dE'l'lVatlOl1S of differential equations 
where some particular assumptions ale made that form 
the basis for the derivatlOn. The pomt here IS that the 
empirical assumptions flom wluch the differential equa­
tions are derived are not elevated to the status of axioms 
of a general theory. The dist.inctlOn I have in mind is not 
one that is important to make completely precise but it 
is familiar enough in the physical sciences. Presented 
with a new physical situation, as for example the motion 
of a robotic arm, it is important to derive the equations 
of motion from the gIven physical constraints, but we 
do not ordinarily think of t.he statement. of the physical 
assumptions peculiar to the particular robot arm being 
studied as having the &tatus of a.xioms. I think the same 
thing is true of sever;'1! of the models I have discussed 
here. We would not want to think of the kind of deriva­
tions I have talked a.bout as exemplifying the axiomatic 
method in any pure form. Above an, there is really no 
process of actual detivation from axioms in the case of 
the linear regresslOl1 model discussed and this is charac­
teristic of many applicat.lons of linf'ar regression though 
by no means all. 

It is also important to recognize Liwre is a long tradi­
tion of beginning with somet.hing tc\iriy close to the sur­
face, fairly phenomenological in splfit, and then later at­
tempting to derivf' thE" phenomenological equations from 
some more fundamcntdl aR~:HImptions. This is done in 
Estes and Suppes (1959b) for the linef'll' learning mod­
els discussed above by abstlll1iul!, that the sampled stim­
uli asymptotically approach infll1ity 'vvith some restrictive 

assumptiou:; on how thls approach takes place. The lin­
ear learning model can then be derIved in the hmit trom 
the stimulus sampling model. But t.illS kind of founda­
tional investigation, important as it is, is not the focus 
here and is not as important probably for most scien­
tIfic purposes as having available a vanety of methods 
for deriving models that can be fairly directly tested. 

Use of unobservable theoretical vanables In contrast to 
the last remark about axiomatics, I also want to em­
phasize the importance I attach to getting theory below 
the phenomenological surface. A long history of develop­
ments in physics indicates the importance of this. The 
same would seem to be true of models in the SOClal sci­
ences. In terms of the kind of examples I ha.ve discussed 
drawn from learning and cognition, it is evident. that our 
scientific thinking will go beyond just observable data al­
most naturally. It also seems very likely that the internal 
mechanisms and the associated tl1f'oretical concepts that 
characterize the mechanisms will be unobsel vable in de­
tail for the indefinite future if not forever 111 the case of 
most human learning and cogllltion. Any program for the 
elimination of ullobservable theoretical variables would 
seem to me to be completely mistaken, and contrary to 
almost all the developments in ptesent-day SCI­

entific psychology, not to speak of the Important role of 
assumptions about the unverified and often unvelifiable 
assumptions about individual choices and preferences in 
neo-classical economic theory. 
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Importance of measurement. On the other hand, it IS im- Friedman, M. (1957). A Theory of the Consumptzon 
portant to stress the importance of measurement in the Functwn. NatIOnal Bureau of Economic New 

socIal sciences where procedures do not have the long 
history of development they have had in the physical SCI­

ences. I gave at the beginning just one example, the 
measurement of subjective degree of belief, or subjec­
tIve probability. But in all of the social sciences prob­
lems ot measurement are present and the theory needs 
contmual development. It is also important to reahze 
that. often these developments are not simply in terms 
of phenomenological variables but are m terms of theo­
retical concepts as well. Perhaps the most sahent one is 
the concept of utiilty in decision making, which is WIdely 
used in economics and psychology. The aXIOms of utility, 
or of expected utility, as usually stated, are not directly 
observable and the concept of an individual's utilityfunc­
tion must be assigned a theoretical status. This does not 
mean that the measurement of this theoretical concept IS 

not of great Importance, for from the theory of its mea­
surement many observable consequences can be derIved. 

Just because of the relatively recent development of 
methods of measurement in the social sciences, the the­
ory of measurement continues to be of great Importance 
and wlil undoubtedly contmue to flourish, and especially, 
be the source of the derivation of many models in the so­
cIa.! sciences. On the other hand, I would not wa.nt to 
gIve a sense that the derivation of models in the SOCIal 
sCiences can III any sense be reduced SImply to problem::, 
of measmement. Theories of measurement are impor­
tant, but they are in no sense the whole story. 

What I have tried to give a sense of in this papel 18 

the plUlahty of methods that should be used and should 
be available to the social scientist deriving models. It. 
would seem to me to be a piece' of folly to argue that one 
method is better than another, for the contexts of use 
are sufficiently vaned and 11ch III differentJation. 
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