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ON THE NOTION OF INVARIANCE IN
CLASSICAL MECHANICS*

J- C. C. McKmisey T AND PATmICE SuprEs

1 Introduction

Trg notion of invariance is widely used in mathematics, but the theory
of invariance (in 2 given mathematical domain) is not ordinarily
presented in a logically clear way. Usually there is not even given a
reasonably precise characterisation of the class of mathematical entities
whose invariance is to be studied. The notion of invariance is also
important in theoretical physics, and has been much discussed since
the advent of relativity theory. In physics, even more than in
mathematics, a bewildering array of entites is classified as invariant
or not invariant. ‘Thus it is common to say that there is no satisfactory
Lorentz invariant notion of centre of mass, or that the equation
expressing Newton's second law of motion is Calilean invariant. In
the one case the existence of a certain kind of mathematical entity—a
function with certain specified properties—is denied, and in the other
case a linguistic entity—a certain equation—is said to have an invariance
property.

Just as confusing are some of the strange definitions of invariance.
For instance, in a recent issue of this Jeurnal C. W. Blair! approvingly
quotes the following :

By invariance, we mean the constancy of some complex entity or
object of thought while certain of its constituent clements or
associated quantities undergo change.

From a formal standpoint this definition is quite inadequate : it is
framed in a psychological terminology which is inappropriate in

* Received 5. xi. §3

1 It is with regret that we record the death of Professor McKinsey. John Charles
Chenoweth McKinsey was bom in Frankfort, Indiana, in 1908, He had a very
distinguished career and held the post of professer of philosophy at Stanford
University when he died. He contributed many important papers on mathematics
and logic. The present one was the last piece of work ke was engaged upon.

1 C.'W. Blair, * Some aspecs of the search for invariants °, this fournal, 1930, 1, 230

2 H. V. Craig, Vector and Tensor Analysis, New York, 1943, p. 7
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INVARIANCE IN CLASSICAL MECHANICS

physics ; and in addition involves the obviously vague notions of
constancy and change in time.*

In the present paper we do not attempt a rational reconstruction
of the noticn of invariance in geneml Our aim is :o illustrate by the
example of Galilean invariance in classical particle mechanics what
seems to be a general method of giving such an explication in particular
cases. We have chosen 2 domain of physics rather than of mathe-
matics, such a3 rcporegv for several reasons. In the first piac._, there
is greater need for clarification of the noticn of invariance in physics
because usage there is more comu ed than in mathematics. For
instance, the dictum of the mathematicians—that an entity is topo-
logically invariant if it is invariant under cne-to-one bi-continuous
transformations—appears much sharper than the corresponding
dictum of the physicists about invariance in classical mechanics.
This difference in s}iax’pness is due to the fact that mathematicians
know pretty well what they mean by a topological space, and when
they speak of transformations they are referring to transformations
which carry one topological space into another. Physicists, on the
other hand, have not reached an equal degree of clarity as to what
they mean by a system of classical mechanics, 'To achieve reasonable
clarity, we must restrict our discussion to branches of physics which
have been axiomatised in 2 precise way. In this paper we confine
our attention to classical particle meehanics,? since this branch of
physics is at once familiar, and relatively simple in its mathematical
structure. A very similar discussion, however, could be given for
relativistic particle mechanies,? and for classical rigid body mechanics.
Cn the other hand, we would not be prepared to discuss the notion of

* The usual procedure in the more carefully written matbematical ercarises is o
give an intuitve discussion of invariance, but o aveid explicit definition and wse of
the notion in formulating theorems. See, e.g. M. H. Stone, Linear Transformations
in Hi!bert Space, New York, 1932, pp. 83-85.

% The axjomatisation for classical particle mechanics of which we shall make use
is a trivial modification of one given by 1. C. C. Mci{msey, A. C. Sugarand P. Suppes,
* Axiomatic foundations of classical particle mechanics ', Journal of Rational Mechanics
and Apalysis, 1053, 2, 253.

% An axiomatisation of relativistic particle mechanics is given in H. Rubin and
P. Suppes, ‘ Transformations of systems of relativistic particle mechanics *, to appear
in the Pacific Journal of Mathematirs.

# An axiomarisation of classical rigid body mechanics, due to Ernest Adarus and
Herman Rubin, is to be given in B. Adams, ° Axiomatic foundations of classical
rigid body mechanics *, Dissertation, 1054, Stanford University, Stanford, California,
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o

invariance in thermodynamics, for instance, because so far as we know
this discipline has not yet been axiomatised in a sufficiently precise way.

Another reason for choosing a domain of physics rather than a
branch of mathematics is that the explication of the notion of invariance
for such a domain seems to have relevance to problems of empirical or
physical meaningfulness, as discussed by philosophers and physicists in
recent years. This question is considered in Section 4.

For an adequate explication of the notion of invariance for a given
domain—classical particle mechanics in this instance—three essential
questions need to be answered, and the attempt to answer them will
be our main concern,

First, what sort of entities are to be conceived of as being trans-
formed ? Incuitively, the proper answer seems to be: systems of
classical particle mechanics. A formal definition of the notion of
such systems is given in the next section. ‘

Secondly, what is the set (usually 2 group) of transformations being
considered ? A natural answer to this question is given in Section 2,
and an alternative is suggested in Section s.

Thirdly, what sort of entities are to be classified as invariant or not
invariant ? This question is treated in Section 3.

We remark that throughout this paper we use set-theoretical
rather than meta-mathematical methods. This choice has not been
acapricious one on our part, for, in our opinion, meta-mathematical
methods have not yet been successfully applied to any branch of
science—such as mechanics, optics, or thermodynamics—involving
substantial portions of classical analysis. We believe, moreover,
that the difficulties involved in applying meta-mathematical methods
to such disciplines are formidable.! In order to make such an applica-
tion, the formal language developed would have to be rich enough to
contain not merely the elementary arithmetic to be expected in
studies of the foundations of mathematics, but also such standard
mathematical disciplines as matrix theory, the differential and integral

1In fact, in our opinion, the emphasis by contemporary philosophers on the
linguistic or semantical approach is generally responsible for the lack of substantial
progress in the philosophy of science. Most of the precise discussions have been
restricted to languages with qualitative predicates only, and consequently to langvages
which are wholly inadequate to any complicated branch of science. Even a subject
as reladvely uncomplicated as the axiomatic foundadions of the theory of measure-
ment must use the notions and results of elementary mathematical analysis, which
is a discipline extremely tedious to handle in a2 formalised language.
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INVARIANCE INM CLASSICAL MECHANICS

calculus, and at least a good part of the theory of functions of a real
variable.

From a formal stan&pumt, the discussion of physical notions and
concepts by physicists is ordinarily an extremely o onfuszng mixture of
the set-theoretical an Amgm"t:c viewpoints.* This mixture can
probabiy be untangled only by adopting unequivocally one of the two

viewpoints ; and for the reasons already stated, we adopt the former.

2 Axioms and Peelim ninary Notions

By and large our mathematical notation is standard. We expiain

here some of the less fam *‘iaw notations used. We use the letter ‘N’
to denote the set of all positive integers. Iff is a one-to-one function
then f~1 is the fnverse of f: ie. for every x in the r.’iomaiq of f
FHf(x)) = % and for every y in the range of L ff 13} = p. Ifn
is & positive integer, (&, du . . . » G Is the ordered rz—mpfe whose
first mﬂmbc"- 18 4, whose s‘,cond member &5 45, 2nd so on. By a
vector we shall always mean here a three-dimensional vector : Le. an
ordered tr*nle of real numbers. If A and B are sets, then 4 X B,
the cartesian pmdw‘t of ﬁ and B, is the set of all ordered couples (4, b,
where ag 4 and ke B.

For derivatives we use 2 notation similar to one suggested by
MPnge* 2 If g is a function of any number of arguments, then Dyg is

_the derivative of g with respect to its Jast argument.  Thus if], for all
% and y,

g{x, v) = & + xp

&\
then Dy is the function such that, for all x and-y,
Dg(x, y) = 4x7°

(It happens that we never need to take deriva&ives except with respect:
to the last argumenis of functons; hence we need not introduce
notation for derivatives with respect to arbitrary arguments.) We
usually write * D?g* instead of * DDg’. Thus, with g as above, D%
is the function such that, for all x and y,
D2glx, y) = 12x)°
1 The same sort of confusion is prevalent in standard works on mathematics.
A good example is the usual trearment of poiyno:nials, which are ordinarily described
as "XP..ESSIGQS consisting partly of non-linguistic (!} entides : * A polynomial is an
expression of the form
@y 4 ax -+ ... apx”, where ay, gy, . . ., 4, ate numbers.’
2K. Menger, ‘Are variables necessary in calculus 7', American Mathematical
Monthly, 1949, %6, S0
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To answer the first of our three questions, we now introduce the
notion of a system of classical particle mechanics.

Definition 2 (1). T'is a sysiem of classical particle mechanics if, and
only if, there exist sets P and T, 2 function m whose domain of defini-

tion is P, 2 function s whose domain of defnition is the cartesian

product P x T, and a function f whose domain of definition is the
cartesian rnoduct P x T x N,such that I'= (P, T, m, 5, fy and the
foliowing axioms are satisfied :

{1} Pis finite and non-empty ;
(i) Tisan interval of real n *ngefs :
(i) if p is in Pand ¢isin T, then s(p, ¢) is 2 vector, and D% exists
at every pom of Px T
(iv) if p is in P, then mi p) is a pesm‘ ve real number ;
yifpisinPandeisin 7, then f{p, 1, 1), f(p. £, 2), . . o f(p, 8, ),
. . . are vectors such that the series
o

E.f(;pf 3, ,S‘j

i=1
i b 1 1 F'el aryent
is absolutely convergent ;

(vi) forallpin Pand tin T,
m{p)D{p, ) = Ef(fz £, 1)
P

Remark 2 (2). In the usual physical models of Definition 2 (1), we
take P to be a set of paricles, T to be a set of numbers measuring
elapsed times, and m, s, and f to be, respectively, the mass, position and

force functions : thus if p is in P, then m(p) is the numerical value of
themassof p ; if pisin Pand tisin T, then s{p, ¢) is a vector representing
the position of p at time ¢t; and if pisin P, ¢isin T, and i isin N
then f(p, ¢, i} is a vector representing the i* force acting on particle p
at time ¢£.

We shall denote by ‘@’ the set of all systems of classical particle
mechanics, and by ‘¥’ the union of all the first components of
members of @1 As we shall see, the introduction of the set & is very

1 It might appear at firse blush that the assumption that such a set & exists would
lead to a logical contradiction. Our discussion can easily be modified, however, so
as to allay such misgivings : chus we could consider only systems (P, T, m, s, f > of
classical particle mechanics where P was a subset of some fixed infinite set 4 (in which
case, of course, we should have V== A4). In this connection, see the remarks in
Appendix Hof J. C. C. McKinsey and A, Tarski, " The Algebra of topology ’, Annals
of Mathematics, 1944, 48, 141.

294



INVARIANCE IN CLASSICAL MECHANICS
usefil. It may be of some general interest to note that in special
cases one can often avoid difficult smeta-mathematical notions, such as

LRk 3

the notion of logic 1 consequence, by considering the set of all models
of t?'zs axiomatisation beirg investigeted. A simple example from
Boolean aige‘wz '} suffice to dlustrate this point. lf we define a
Boolean algebra as a system (K, +, ) satisfying certain axioms, then
we can replace the meta-mathematical theorem

The statement * For every x in K, x + x = &' is 2 logical con-
sequence of the axioms of Boolean algebra,
by the set-theoretical theorem :

For every Boolean algebra (K, 4, ), if x is any clement of K,

then » + » = .

An& L}f intro&uclng the set I of all Boolean al g@%ras one can define a
al correlate, for example, of such & more general meta~
al property as an equation’s being a ?ogzﬁai onsequence of
Boolean a}gebra. In an anzlogous way, in the next
use I systems of classical particle mechanics
in order to aveid meta-mathematical constructions.
We next introduce the notion of 2 Galilean carrier. Intuitively, 2
Galilean carrier corresponds to 2 tramformatgon of a system of particle
“mechanics from one inertial frame to another, where the units of
measurement remain unchanged. The nature of this correspondence
will be made clear in Definition 2 (5).
Defnition 2 (3). A Galilean carrier is an ordered sextuple {¢1, 2,
%, B, C, ), where ¢, is a one-to-one mapp mg of V on to itself, ¢, is
a one-to-one mapping of N on to itself, % is an orthogonal 3 by 3’
matrix, B and C are vectors, and « is 2 real number.
The proof of the following thecrem is almost immediate.
Theorem 2 (4). Let T=<(P, T, m, s, f> be 2 member of & (Le. 2
system of classical partm» mechanics} ; let 4 = {$y, ¢35, ¥, B, C, o)
be a Galilean carrier ; let ' be the set of all elements p’ of Vsuch that

for some p in P,

section we shall us

a1
<hi
é."

— A fe)
= 2110}
let T7 be the set of all real numbers ¢ such that, forsome tin T,
=4t

and let the functions m', 5', and §* be defined by the equations (for p’
295
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any element of P, ¢’ any element of T”, and i any element of N) :
(') = ml$73 (0]
S{p, ¢y =3[ p')t —e}' U+ ¢B+C
F@ i) = fld ) ¢ — o 7)) U

Then I = (P, T', w', &', f* is also 2 member of &,

The intended intuitive interpretation of the components of a
Galilean carrier {&;, $3. ¥, B, C, @) should be clear from the above
theorem. ¢, replaces the particles of a system by new particles with
similar mechanical properties; the introduction of this function is
justified in Remark 3 (5). $; renumbers the given forces. The
multiplication of s[¢,~*(p’), ¢ — ] by the orthogonal matrix %
amounts to a rotation, and possibly a reflection, of the co-ordinate
system. The vectors C and #B referred to in the equation defining ¢’
amount respectively to a translation, and the imposition of a uniform
velocity for the new co-ordinate system with respect to the old.
The equation

 =a4t¢
shifts the origin of time by an amount - «.

Definition 2 (5). If 4 is a Galilean carrier, then a function ¢ is
the Galilean transformaion corresponding to 4 if, and only if, for every I’
and I in &,

o(=1"

when, and only when, 4, I', and I'" are related as in Theorem 2 (4).
Moreovet, a function @ is called simply a Galilean transformation if it is
the Galilean transformation corresponding to scme carrier 4.

From Theorem 2 (4) it is seen that the domain of definition of
every Galilean transformation is & ; in addition, every such trans-
formation is a one-tc-one mapping of & on to itself.

It is readily verified that the set of all Galilean transformations is a
group. The well-known physical significance of this group leads us
to propose it as an answer to the second question raised in Section 1.

3 Invariant Notions

In the previous section we have answered the first two questions
raised in the Introduction : (1) we have defined systems of particle
mechanics, which are the entities to be transformed ; and (2) we have
defined the Galilean group of transformations with respect to which it
is physically reasonable to require invariance. We now answer the
third question, by presenting a definition of SCPM (System-of-
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INVARIANCE IN CLASSICAL MECHANICS

Classical-Parricle-Mechanics}—functions, which are the entities to be
classified as invariant or not invariant, Roughly spezking, an SCPM-
function is a function the domain of whose first argument is the set &
and whose remaining arguments are particles or instants of time,
The SCPM-functions which are of interest correspond to various
stanidard mechanical notions, such 25 mass, acceleration, and angular
momentum.

Definition 3 (1). Let u

» be non-negative integers. Then a
funccxun fis an SCPM-~funct vpe {u, vy} if, and only if, the
domain of definition eff consists {6+ v+ 1tuples<Dpy, . . .,
Bus b1y + « v bop, Where I'= Fy is a system of classical
particle mechanics, and p, belongs o Zand ¢ o T, fori=1,
s otandf=1,. . c,v

ey
H

Remark 3 (2). Inth pevu ase v’h-fc eu \ or v ; is zero, an SCPM—
function has no parz' ‘

3
i

, where Z"'=\P T, m.,,f}
anﬁﬁb longs to T.

The reader may wonder Why it is necessar}, in the definition of an
SCPM-function, to include I as the first "rgmem This is due to the
fact that the same real number can occur in the second component
(interpreted as measures of elapsed times} of many different systems of

. particle mechanics ; and similarly for the particles. Thus, for example,
we can have two systems I'=<(P, T, m, s, > and I'= (P, T', wt',
¢, f> of classical particle mechanics, and an entity p which belongs
both to P and to P, and such that m{p) = o' {p}.

t may be fele that the formally complicated notion of an SCPM-
function does not correspond to anything involved in the intuitive.
discussions by physicists of physical notions, and that accordingly we
have chosen the wrong set of entities to classify with respect to
invariance. However, we see no simpler way of making 2 rational
reconstruction which avoids a confused mixture of linguistic and
set-theoretical discourse.

Remark 3 (3). It will be noticed that we have made no restriction
on the range of values of an SCPM-function. Thus the values of
such a function may be real numbers, vectors, matrices, etc. In view
of this generality, we may in particular regard a relation as a special
kind of function, whose values are always either o or 1 : we conceive
of the relation as holding when, and only when, the function has the
value 1.
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Definition 3 (4). An SCPM-function f of type <u, v) is Galilean
invariant if, and only if, for every Galilean carrier 4 = (¢,, 45, ¥, B,
C, «), with @ the corresponding Galilean transformation, for every
I'=(P, T,m,s,f>in®, for p;, . . ., pu any elements of P, and for
i, .. . ¢ any elements of T,
f‘(py Ply ¢« @ oy Pm g};s s o o3 ge) =f(@(F}a é:(ﬁz), LI ¢1(_pu),

e T oy

The following are examples of Galilean invariant SCPM-functions :

(1) Mass : i.e. the SCPM-function g, of type <, o) such that, if
I'={P, T,m,s, |5 is any member of &, and if p belongs to P, then

(T p) = m(p)

(2) Distance between particles : ie. the SCPM-function p, of type
<2, 1) such that, if '= (P T, m,s,f> is any member of &, if p, and
ps belong to p, and if ¢ belongs to T, then

l""z(Fs Pis Pos t) = is{j}lv t) - S(Pz» t) l

(3) Magnitude of acceleration : i.e. the SCPM-function p; of type
<1, 1) such that, if I'= (P, T, m, 5, f> is any member of &, and if p is
inPandrisin T, then

us(l, p, t) = | Ds(p, 1)

On the other hand, the following SCPM—func:ons are not Galilean
invariant :

(4) Momentum : ie. the (vector-valued) SCPM-function g, of
type <1, 1) such that, if I'= (P, T, m, s, f is any member of &, and
ifpisin Pand tisin T, then

pa(T pr £) = m(p)Ds(p, )

(s) Centre of mass: ie. the SCPM-function pg of type <o, 1,
such that, if I'= (P, T, m, s, f> is any member of &, and if ¢ is any
element of T, then

E m(p)s(p, 1)

S

P
(6) Redness : ie. the SCPM-function u4 of type (1, 0), such that,
if I'= (P, T, m, s, f> is any member of @, and if p is in P, then
pe(I, p) = 1, if p is a red object,
pe(I, p) = o, otherwise
208
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Remark 3 (s). In connection with the SCPM-function pg, we
remark that Definition 2 (3} was inte rwqauy framed to keep such
non-mechanica! properties as redness from bamg Galilean invariant :
the intreduction of the function ¢, in Definition 2 (3) accomplishes
this end.

We also remark that although i, and u; are not Galilean invariant,
these ﬁmcnons enter mm mech nécai.'i imp relations which are

5
s
o
r
2
T
e
vy
Lwd
o+3
=
T

4 Invariance and Problems of ] {feam%gjumessi

During the past two decades, philosophers have been much
concerned with the problem of providing an adequate empiricist
criterion of meaning. The main p*oPcsals in this connection have
recently been reviewed and succinctly crizicised by Hbmpuﬁ Itis not
our purpose here again to summarise these proposed criteria. The
more recent literature on the subﬁe £, ‘mwever, indicates an increasing
awareness of the difficulty and complexity of the problem, especially
when one attempts to cope with any branch of science which makes
extensive use of mathematics : Philosophers now seldom hope to
reduce all the terms of such ‘advanced’ branches of science to
qualitative, directly observable predicates; and the tendency is
becoming prevalent to regard meaningfulness as 2 notion applicable

“only to a scientific theory as a whole.
This recent philosophical literature tends to give the impression
that all theoretical concepts which play 2 proper réle in a given theory
are equally meaningful. However, a vast literature of physics is at
variance with this view. For example, in discussing Galileo’s principle
of relativity, Weyl 2 says : '
Only the motions of bodies (point-masses) relative to one another
have an objective meaning,

and, also : ¢
A relation between world-points has an objective meaning if, and
only if, it is defined by such arithmetical relations between the

L We are grateful to Professor Donald Davidson for some helpful suggestions and
criticisms in connection with this section.

2 C. G. Hempel, ‘ Problems and changes in the empiricist critericn of meaning ',
Revue Internationale de Philosophie, 1950, no. 11, 41;  The concept of cognitive
significance : a reconsideration’, Proceedings of the American Academy of Arts and
Sciences, 1951, 8o, 61

5 H. Weyl, Space-Time-Matter, 4th ed.,, London, 1922, p. 152 % ibid., p. 155

299



J. C. C. McKINSEY AND PATRICK SUPPES

co-ordinates of the points as are invariant with respect to the
{Galilean) transformations.
Thus physicists are interested in providing, within a given discipline,
an internal classification of concepts according to their meaningfulness.

Moreover, in contrast to philosophers, physicists and mathe-
maticians (e.z. Weyl) propose to classify certain non-linguistic entities
as meaningful or meaningless. Fhilosophers who find this usage too
disturbing would do well to consider, not only the long tradition of
such usage in physics, but also the difficulty (mentioned in Section 1)
of formalising advanced branches of science.

Using the definitions of the previous section, we are in a position
to give a precise formulation of Weyl's intuitive notion of cbjective
meaning : an SCPM-function is mechanically meaningful only if it is
Galilean invariani (in the sense of Definition 3 (4)).

It may be remarked that the conditions which early logical
empiricists wished to impose on meaningfulness were so stringent,
that it is doubtful whether those philosophers would have regarded
the above criterion as a sufficient condition for mechanical meaning-
fulness. The nature of their objections may be illustrated by the
following example :

(7) Let g, be the SCPM-function of type {1, ¢ such that, if

I'={(P, T,m,s, f> is any member of &, and if p is in P, then

pq(l, p) = 1 if m{p) is rational,

sy, p) = o if m{p) is itrational.
The function p, is Galilean invariant, but early logical empiricists
would probably have regarded it as empirically meaningless on the
ground that no finite set of observations could determine whether
po(I, p) was 1 or o,

s Generalised Galilean Invariance

The physicist who is content to accept the criterion of mechanical
meaningfulness stated in Section 4 apparently commits himself to an
absolute system of units of measurement for mass, time, distance, and
force. On the other hand, the physicist or philosopher who regards
the adoption of a particular system of units as an arbitrary convention
without mechanical significance will probably prefer a criterion in
terms of the notion of generalised Galilean invariance ; the explanation
of this notion requires some developments similar to those of Sections
2 and 3.
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We begin by genmeralising the notion of 2 Galilean carrier.
Intuitively, a generalised Galilean carrier corresponds €0 a trans-
formation of 2 s ystem of particle mechanics from one inertial frame
to another, where the units of measuzrement may be changed.

Definition s {1). A generalised Galilean carvieris an ordered g-tuple
{dq, Bg, U, B, C,o': 8, v, &, where {dy, $,, %, B, C‘ cz) is a Galilean

carrier, 8 is a real number differenc from o, and y and & are positive
real numbers.

The following theoren is a generalisation of 2 ;4}

Theovem 5 (3} ¢ 5, f> be a member of @ e

4 ={d;, ¢, U, B,C e, 8, eneralised Gaiﬂ.,:m carrier : let

N Eal] . 3 .
P be the sec of all 2 ' of ¥ sach that, forsomes pin P,
by
4
5 N ] 5 < a
let T be the set of all real num ch that, for some tin T,

and let the functio ns wi ¢, and  be éﬁ,ﬁafi bv the equatzcm !@bz ?
any element of ', ¢’ any element of T,
1
P

Y. I
L VUL L LY o I S T
f@ggsf)_ z-{g'ﬁ { >! I i;j ]

Then IV = (P, T, w', § ,j "™ is also in &,

The intended intuitive interpretation of ¢y, ¢4, %, B, C, and « has
alreads y been given in Section 2. The introduction of 8 amounts to
changing the unit of tme in the rato 1 /’5 ; the introduction of ¥
amounts to changing the unit of mass in the ratio 1fy; and the
introduction of & amounts to ::ﬂmgmz che unit of distance in the ratic
1/8. These changes in the units of time, mass and distance, necessitate
(in order that Mewton’s Second Law remain true) that the unit of
force be changed in the ratic 82 /8.

It is now clear that {an Eogaus;y to 2 {5)} one can define the
generalised Galilean iransformation corvesponding to a given generalised
Galilean carrier. Morsover, one can define generalised Galilean
invariance analogously to the defmition of Galilean invatiance in

3 {4) (m the quaUCu,. of 3{4) it is necessary merely to replace
‘a4t by ‘a7 et
It may be noticed that the SCPM-functons g, pa, and p,
308
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Section 3, although they are Galilean invariant, are not generalised
Galilean invarianc. However, the following two examples, related
to 4y and u, are generalised Galilean invariant.

(8) Ratio of masses: ie. the SCPM-function pg of type (2, 0)
such that if I' = (P, T, m, s, [ is any member of &, and if p, and p,
are in B, then

{g:)

P )

w 7 = e
§ s(Fa pl; ?2} ??Z{pg}

(9) Ratio of distances between particles: ie. the SCPM-function
py of type {4, 1) such that, if I'= (P, T, m, 5, f> is any member of &,
and if py, pa, ps, and pe erein P, and ¢is in T, then

{s(py, &) — s(ps, 1) |

£ e K a-‘\_‘ph } § 25 !
5 1F o /] i) = 7 o
Bold s Puy Py Pas Pas b} ,[5{“?3, t} __ S(Pdn 2) !

if | s(ps, £) — s(ps, £) | = ©, and otherwise
#o(ls pus o s Pos t) = 1

If we want to regard the choice of units of measurement as an
arbitrary convention, we can replace the criterion of Section 4 by the
following : an SCPM-function is mechanically meaningful only if it is
generalised Galilean invariant.

We notice that under this new criterion the function p, ceases to be
mechanically meaningful. The stringent demands of the eatly
empiricists are still not satisfied, however ; for it is easy to construct a
function analogous to u, which does satisfy the new criterion.

(10} Let p;q be the SCPM-function of type (2, 0) such that, if
I'=(P, T,m,s, fis any member of &, and if p, and p; are in P, then

(p1)

5“10(? s Pus Pe,) = I, if:l@ is rational,

is irrational.

7z — : m@ﬁ
watd Py pa) = O, afm(Pz}

In conclusion we should like to state two questions which arise in
connection with the above analysis :

First, can the above criterion be strengthened so as to make pyq
and similar functions mechanicaily meaningless ?

Secondly, is it possible to axiomatise mechanics in such a way that
every SCPM-function definable in terms of the primitives is generalised
Galilean invariant ?

Stanford University,

Stanford, California, U.S.A.
302



