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NON-MARKOVIAN CAUSALITY IN 
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THEOREMS ON TRANSITIVITY 

ABSTRACT. The author argues for the importance of non-Markovian causality in the 
social sciences because Markovian conditions often cannot be satisfied. Two theorems 
giving conditions for non-Markovian causes to be transitive are proved. Applications of 
non-Markovian causality in psychology and economics are outlined. 

When we consider familiar observable properties of a physical object 
we postulate almost without thinking that these properties are deter­
mined by the particular atomic structure of the object at the moment of 
observation. If we know the current atomic structure we firmly believe 
that it is not necessary to know anything about the history of the object. 
It may well be that in many practical instances this assumption is a 
theoretical one that we cannot put into practice, but it is a deep and 
important theoretical assumption about the Markovian character of the 
physical world. It is a standard theoretical move in physics to postulate 
a concept of state such that if we know the state of a system at a given 
time we need know nothing about the system at any earlier time in order 
to analyze and predict its future behavior. This radical Markovian 
truncation of the past is one of the most essential general concepts in 
the physical sciences. 

It is an important methodological and scientific question to what 
extent a similar viewpoint can be made to work in the social sciences. I 
have deliberately not said that it was a general philosophical issue. The 
reason for this omission is obvious. It is reasonable to believe that a 
person's beliefs and actions at a given time are determined by the 
current encoding of his past experience in his central nervous system 
and by the current state of the many chemical substances in his body at 
the present instant, together with the current circumstances of his 
environment. Almost none of us accept a philosophical view of action 
at a distance across time so that an event that occurred in the past 
directly affects an action taking place now. In the present instance, 
however, our philosophical views although perhaps correct in general 
principle are too complacent and do not readily form a basis in many 
areas for serious scientific endeavor. The difficulty is easy to describe. 
We are not able to give a theory or description of the current state of a 
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person, or more generally of a society, with sufficient accuracy and 
detail to be of much direct use in scientific analysis of any personal or 
social phenomenon of interest. 

The scientific problem is that of being able to postulate detailed 
internal states that have essential properties of uniformity across many 
different situations. The great success of the physical sciences has 
depended upon the structural identity of substances, at least in relation 
to the pbenomenological properties we have as yet investigated with 
any thoroughness. In essential ways, aU atoms of a given kind, for 
example, hydrogen, mercury, etc., are identical in structure, or there 
are in almost all circumstances a very small number of variants. In 
contrast, it seems a plausible negative thesis that in the case of persons 
nothing like such uniformity of structure holds for the properties we 
consider essential, for example, the internal psychological structure of a 
person's memory, feelings, etc. There is much to support such a 
negative thesis at the present time and, therefore, reasons to be 
skeptical that a powerful and scientifically useful concept of state can be 
introduced in ways that render the postulated processes of a person or a 
social group Markovian in character. 

Whatever the status of the general conceptual argument I have been 
trying to give, the empirical evidence on the kinds of models that are 
actually used in the social sciences very much supports my thesis. What 
1 want to do in the remainder of this article is to explore various aspects 
of this non-Markovian kind of analysis, and to speculate on its con­
sequences for theory construction. 

To begin with, I show that transitivity of probabilistic causality does 
not depend upon a Markov condition although, as has been shown by 
Eells and Sober (1983), such a Markov condition is sufficient even 
though too restrictive. It is easy to want to hold that any reasonable 
theory of causality should be transitive in character, that is, if A is a 
cause of B and B is a cause of C, then A should be a cause of C. As we 
shall see, this is a characteristic feature of a wide class of non-Markov­
ian processes. It would be disturbing for the theory of non-Markovian 
causality if this were not so. In the second section, I in fact turn to 
examples of such processes, drawn from psychology, in particular from 
learning theory. The third section considers examples of such processes 
familiar from econometrics. 

To avoid any misunderstanding in the examples that foltow, I note 
that by Markov condition I mean first-order Markov condition. We can, 
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of course, have a second-order or a third-order Markov condition 
especially in the case of discrete trials or time periods, but the basic 
intuition about states, and the familiar use of the concept in physics, is 
certainly only in terms of first-order Markov processes. In some of the 
examples, only a finite segment of the past is included, but that is usually 
for purposes of practical simplification. Further refinements and more 
accurate analysis can be obtained by further extension into the past. 

1. TRANSITIVITY OF NON-MARKOVIAN CAUSES 

In Suppes (1970) I gave a specific counterexample to show that 
probabilistic causation need not be transitive. For the purposes of this 
discussion I have in mind my definition of prima facie cause. Event B t• is 
a prima facie cause of event At if and only if (i) t' < t - these subscripts 
refer, of course, to time of occurrence of an event, (ii) P(B,,) > 0, and 
(iii) P(At I B t ,) > P(At). Eells and Sober (1983), as already mentioned, 
showed that a Markov condition is sufficient to guarantee transitivity of 
prima facie causes, as just defined. To facilitate comparison with their 
proof I use the same letters for causes as they do: C", is a prima facie 
cause of Fr" which is itself a prima facie cause of E" with t" < t' < t. 
Hereafter I drop the time subscript since it plays no role in the proof. As 
for other notation, juxtaposition of letters standing for events denotes 
intersection and a bar over such a letter denotes complementation. 

THEOREM 1. Given 

- (i) P(FI C) > P(FI C), 
(ii) P(E I F) > P(E I F), 

(iii) P(E I Fe) ~ P(E I FC) and P(E I FC) ~ P(E I FC), 

with P(FC), P(FC), P(FC), P(FC) > O. 
Then 

P(E I C) > P(E I C). 

Before giving the proof, note that condition (iii) replaces the Markov 
condition. Cause C can directly affect the occurrence of E (strict 
inequalit:' in (iii». Equality in both conjuncts of (iii) is just the 
first-order Markov condition. I label (iii) the principle of remote causes, 
for in the natural temporal interpretation, C is remote in time from E 
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rather than contiguous. The name does not say as much as it should, for 
it is also important that C act on E in the same positive way that it acts 
onF. 

Proof. We have at once from the theorem on total probability 

. (1) P(E I C) = P(E I FC)P(F I C) + P(E I FC)P(F I C) 

and 

(2) P(EI C) = P(EI FC)P(FI C)+ P(EIFC)P(FI C). 

From 0) and (ii) 

(3) P(E I F)(P(F I C) - P(F I C» + P(E I F)(P(F I C) 
- P(F\ C»>O. 

Using now P(FI C) = 1-P(FI C) and P(FI C) = 1-P(FI C), we 
obtain from (3) 

(4) P(E I F)(P(F I C) - P(F I C» + P(E i F)(P(F I C) 
- P(FI C» >0, 

and so rearranging (4) 

(5) P(E I F)P(F I C) + P(E I F)P(F I C) 
> P(E I F)P(F I C) + P(E I F)P(F I C). 

It follows easily from (iii) that 

(6) P(E I FC) ~ P(E I F) ~ P(E IFC) 

and 

(7) P(E I FC) ~ P(E I F) ~ P(E PC). 

From (5)-(7) we infer 

(8) P(EIFC)P(FI C)+P(EiFC)P(FI C) 
> P(E I FC)P(F I C) + P(E I FC)P(F I C). 

From (1), (2), and (8) we have at once, as desired, 

P(EI C» P(Ei C). 

It is immediately obvious that the counterexample to transitivity given 
earlier by me (Suppes 1970, p. 58) does not satisfy condition (iii). It is 
also easy to show that (iii) is sufficient but not neeessary fOf transitivity. 
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Eells and Sober (1983) also prove a theorem involving several 
intermediary causes. The event C causes each of tbe events Fi and they 
in turn cause E. Their Markov condition in this case can be generalized 
in a similar fashion - see (III) of Theorem 2 below. For comparison, I 
again use their notation. Let Fh ••• , F,. be the intermediate causes; 
then each K" i = 1, ... ,2'\ is the intersection of all the Fj's or their 
complements. Eells and Sober call the Ki's specifications. The notation 
Kji is for the specification of the Fs excepting Fj. Then for each j, 
i = 1, ... , 2,,-1. 

THEOREM 2. If 

(I) P(Fj I C) > P(Fj I C), 
(II) P(B I Kj,Fj) > P(E I Kjifj), 

for j = 1, ... , n 
for j = 1, ... , n, i = 1, ... , 2,.-1 

(III) P(E I KiC) ~ P(B I Kl:), for i = 1, ... , 2 n 

with P(K;C), P(KiC) > 0, 

(IV) The Fj's are mutually independent conditional on C and also 
conditional on C, 

then 
P(EI C) > P(B\ C). 

Proof. The proof consists of showing that (III), together with (I), (II), 
and (IV), imply the Markov case already established by Eells and Sober. 
More explicitly, let (III') be: 

(111') P(E I KiC) = P(B I KiC) for i = 1, ... ,2". 

Eells and Sober prove that (I), (II), (111'), and (IV) imply the conclusion 
of Theorem 2. 

The important step in the reduction is to prove 

(1) P(B I KiC) ~ P(B I K i ) ~ P(E I KiC}, i = 1, ... ,2". 

but, as was already seen in similar fashion in the proof of Theorem 1, we 
have for each i: 

(2) P(E I K,) = P(E I K,C)P( elK;) + P(E I KiC}P( elK,), 
but since P( elK,), P( C I K i ) ~ 0 and P( elK,) + P( C I Ki ) = 1 we infer 
(1) from (2) and (III). 
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Now let 

(3) 

And let 
(4) 

aj = P(~IC) 
ii; = P(~I~) 
bi = P(FJIC) 
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b; = P(J) I C), for j = 1, ... , n. 

Sj = peE I KiC) 
S; = P(EI K;C), for i 1, ... ,2". 

Then, with the obvious extensions of this notation, we have: 

(5) peE I C) = at ... anSI + at .•. a,.S2 + ... + iii ..• a,.s2n, 

and 

(6) peE I C) = bl ••• brasl + b1 ••• b,.S2 + ... + bl ••• bn8211, 

where Kl = Fl ... Fn , K2 = Fl ... P"" ... , K 2 n = PI'·· Fno 
Now define 

(7) sT = iT peE I Ki)' 

Define P*(E I C) to be P(B I C) with each Si replaced by sT, and define 
similarly P*(EI C). Thus 

(8) P*(EI C) = al ... a,.sT + ... + al ... iins!n 

and 

(9) P*(E I C) = b1 ••• bns1 + ... + hI ... bn~ n. 

First, in view of (1), we have at once 

(to) peE I C) ~ P*(E I C), 

since all terms of peE I C) are nonnegative. Similarly 

(11) P*(EI C) ~ P(EI q. 
But Eells and Sober's theorem is just: 

(12) P*(E I C) > P*(E I C), 

where the Markov assumption is incorporated in (8) and (9), 
From (10}-(12) we have at once the desired result: 

(13) peE I C) > peE I C). 
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2. NON-MARKOVIAN LEARNING MODELS 

To illustrate various specific points about causality, I shaH draw on the 
theory of linear learning models already used for similar purposes in my 
1970 monograph. Although I shan not dwell on the many applications 
of these models, they have been used extensively in psychology and 
more recently in control theory, especially by a number of Russian 
mathematicians and scientists. 

For simplicity, let us assume that on every trial the organism can 
make exactly one of two responses, A 1 or A 2 , and after each response it 
receives a reinforcement, or~, of one of the two possible 
responses. A learning parameter 8, which is a real number such that 
o < 8 =e;; 1, describes the rate of learning in a manner to be made definite 
in a moment. A possible realization of the theory is an ordered triple 
X = (X, P, 8) of the following sort. X is the set of all sequences or 
ordered pairs such that the first member of each pair is an element of 
some set A and the second member an element of some set B~ where A 
and B each have two elements. Intuitively, the set A represents the two 
possible responses and the set B the two possible reinforcements. P is a 
probability measure on the u-algebra of cylinder sets of X, and 8 is a 
real number as already described. To define the models of the theory, 
we need a certain amount of notation. Let Ai,n be the event of response 
Ai on trial n; Ej,n the event of reinforcement E on trial n, where i, 
j = 1, 2; and for x in X let Xn be the equivalence class of all sequences 
in X which are identical with x through trial n. We may then 
characterize the theory by the following set-theoretical definition. 

A triple X = (X, P, 8) is a linear learning model if and only if the 
follOWing two axioms are satisfied: 

Al If P(Ei,nAi',nXn-l) > 0 then 
P(Ai,n+ll Ei,nAi',nXn-l) (1- 8)P(A j ,n I Xn-l) + 8. 

A2 If P(E"nAfnXn-l) > 0 and i 1- j then 
P(A i •n+1 IE i,nAi',nXn-l) (1- 8)P(Ai•n I Xn-l)' 

As is clear from the two axioms, this linear response theory is intuitively 
very simple. The first axiom just says that when a response is reinforced, 
the probability of making that response on the next trial is increased by 
a simple linear transformation. The second axiom says that if some 
other response is reinforced, the probability of making the response is 
decreased by a second linear transformation. 
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The theoretical models of the theory of linear learning are deter­
mined by three types of parameters. First, a numerical value for the 
learning parameter 8 must be selected; second, the initial probability of 
an At response must be selected, that is, the probability P(A1,1); and 
third, a reinforcement schedule must be chosen. 

To illustrate various ideas, let us pick a Markov reinforcement 
schedule with P(Et,t) = "I, and 

n+l 
n El E2 

El a 1- a 
E2 1-/3 13 

Also, let P(A1, 1) = Pl. 
Let a = 'Y = PI = 0.5, and let 13 = 0.25. Then it is easy to show 

P(E1,2\ E2,1) > P(E1,2\ E 1,t) 
P(A1,31 E 1,2) > P(A1,31 E2,2), 

but transitivity fails, for 

P(A1,31 E 2 ,1) < P(A1,31 E 1,1)' 

It is easy to see that condition (iii) of Theorem 1 fails, for 

P(A1,3\ E 1,2E2,.) < P(A1,31 E 1,2E l,I)' 

In this example, the Markov reinforcement schedule upsets the expec­
te<1 transitivity, but there is a certain additional oddity present. In most 
applications of this kind of theory we do not tend to think in terms of 
one reinforcement causing another. Note that if we chaJ)ge parameters 
a and 13 to: a=;:{3 = 0.75, then we have the transitive chain: E 1,1 is a 
prima facie cause of E 1,2, E 1,2 is a prima facie cause of A t ,3, and also, 
B1,1 is a prima facie cause of A t ,3' 

A more interesting point about causality in the linear learning model 
as formulated is that if we consider the entire temporal sequence of 
reinforcements preceding a response, then the preceding responses are 
all rendered causally irrelevant, even though for many reinforcement 
schedules Ai,n-l is a prima facie cause of Ai,fa, for i = 1,2. On the other 
hand, it is e~sy to generalize the theory so that this causal irrelevance is 
removed. The change in probability of a response following a rein­
forcement of that response also depends on whether that response 
actually occurred just before the reinforcement. This generalization 
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also bas a body of experiments to support it. Once it is made, preceding 
responses as wen as reinforcements are genuine causes within the 
theory, as so modified. 

The linear learning models I have been discussing are examples of 
chains of infinite order, so called because the dependence on the past 
does not terminate after some fixed time or fixed number of trials. Still, 
we find it very natural for a variety of reasons to think in terms of 
Markov processes, with the present state absorbing aU needed in­
formation about the past, and so a definite effort has been made to 
redefine the concept of state for such chains of infinite order as linear 
learning models. When the reinforcement occurring on trial n is 
probabilistically dependent at most on the immediately preceding 
response on that trial, then the response probabilities can be taken as 
the states, and it is easy to show - under the restriction stated - that the 
process is Markov. Extensive examples of this Markovian approach are 
developed, as well as the general theory, in Norman (1972). However, 
even for the simple Markov reinforcement schedule introduced above, 
this approach will not work. 

A more fundamental approach to "reducing" a linear learning model 
to a Markov one is to enlarge the set of psychological concepts. This 
reduction has been done by Estes and Suppes (1959) by introducing 
concepts of stimulus sampling theory. The past history of the organism 
is rendered superfluous when the current state of conditioning is given. 
This state gives the conditioning relation of each stimulus to each 
response. The history of the learning that led to the current condition­
ing state is irrelevant to predictions of future responses. 

For a certain class of phenomena such stimulus sampling models, 
which can also be described in terms of sampling hypotheses and having 
strategies with no change in the mathematics, can lead to a very 
satisfactory view of psychological phenomena. Unfortunately not even 
most cognitive experiments involving learning, let alone real-world 
learning, can be adequately dealt with by stimulus-sampling theory. 
Detailed analysis reverts to chains of infinite order. Correspondingly 
the systematic study of psychological causes in the real world must use, 
in a wide variety of cases, a non-Markovian setup. 

3. ECONOMETRICS 

Some of the most thoroughly studied empirical cases of nonMarkovian 
causality are to be found in econometrics. Most weather forecasts are 
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not made on the basis of a single set of simultaneous observations but 
from a set of observations extended in time. This is even more the case 
in economics where the causal data used in an analysis ordinarily extend 
back considerably further in time. 

To illustrate the ideas, especially in a way that relates to the previous 
section, I examine an analysis of the causes of the levels of consumption 
in terms of individual disposable income in a given population. In this 
sort of analysis there is no claim that the amount of disposable income is 
the only cause of the level of consumption of individuals or households, 
but almost everyone would expect it to be a principal cause. The 
interesting question is whether present consumption is influenced by 
past disposable income. We also might expect such past influence would 
be stronger in the case of self-employed persons than in the case of 
wage-earners, although we shall not explore this idea. 

To examine some models, let 

Cit = consumption in time period t by individual or house­
hold i 

d.t = disposable income of i in period t, 

and for aggregation of n individuals, let 

and 

(For a good discussion of such aggregation and other methodological 
aspects of the models considered in this section, see Malinvaud (1966, 
ch.4).) 

Then an obvious linear model is: 

(1) =ao 

where ao and e are constants, b( t - T) is a constant for t - 'T and 
Et is the error term for period t. In the usual probabilistic formulation it 
is assumed that the expectation of E, is zero. A natural specialization of 
(1) is to assume that the influence of disposable income on current 
consumption fades exponentially with time, and so we set 
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(2) b(t- T) = bT
• 

If we take the period of t and T to be one year, a variety of empirical 
studies show that the influence of the past as reflected in the linear 
model of (1), or (1) augmented by (2), is significant. 

For example, a classic study by Friedman (1957) of annual data on 
consumption and disposable income for heads of household in the 
United States for the period 1905-1951 but excluding the war years 
yields the following numerical version of (1): 

(2) Ct = O.29Dt + O.19Dt - 1 + O.13Dt- 2 + O.09D,-3 + O.06D,-4 
+ O.04Dt - 5 - 4. 

According to (2) about 30% of an increase in income would be used for 
additional consumption in the current year, but it would be five years 
before more than 90% was so used. Defense of the validity of (2) is not 
my concern. The point in the present context is to show that workaday 
empirical economics is often non-Markovian in character, and no 
effective method of changing the situation seems even remotely in 
sight. 

The issue of validity here is not, however, purely academic. A 
traditional view of consumers is that changes in real income are quickly 
translated into changes of consumption. Following out this "quick­
adaptation" assumption, it is argued that income changes brought 
about by tax changes are a significant countercyclical force for stabil­
ization of the economy. The other main view, reflected in the data of 
(2), is the life cycle/permanent income hypothesis. This hypothesis is 
that consumers slowly alter their consumption with changes of income, 
and the rate of change depends on their perception of the extent to 
which the income change is temporary. Extensions of (2) and sub­
stantial microeconomic household data bearing on the alternative 
hypothesis are to be found in Hall and Mishkin (1982). 

I also note that extensive recent theoretical discussion of causality in 
econometrics by Granger (1969), Sims (1972), and others is in a 
non-Markovian framework. More explicitly, let (X" Y,) be a stochastic 
process with t = ... - 1, 0, 1, . .. Granger defines "Y does not cause 
X" as: the (minimum mean square error) linear predictor of Xt+l based 
on X" X,-h ... , Y" ¥,-h ... is identical to the linear predictor based 
on the X-process alone, Le., X" X,-h .... 
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Philosophical views of causality - at least if it is intended for them to 
be relevant to theoretical and empirical work in the social sciences -
must not be restricted to the dominant Markovian conceptions of 
causality that have played such a central role in physics. 
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