MEASUREMENT THEORY AND
ENGINEERING

Patrick Suppes

1 INTRODUCTION

A conceptual analysis of measurement can properly begin by formulating the two
fundamental problems of any measurement procedure. The first problem is that
of representation, justifying the assignment of numbers to objects or phenomena.
What we must show is that the structure of a set of phenomena under certain em-
pirical operations and relations is the same as the structure of some set of numbers
under corresponding arithmetical operations and relations. Solution of the repre-
sentation problem for a theory of measurement does not completely lay bare the
structure of the theory, for there is often a formal difference between the kind of
assignment of numbers arising from different procedures of measurement. This is
the second fundamental problem, determining the scale type of a given procedure.
The scale type is based on the proof of an invariance theorem for the represen-
tation. This is another way of stating the second fundamental problem. In this
introduction we expand on this general viewpoint. Section 2 then focuses on four
types of measurement that exemplify, in the simple mathematical setting of finite
equally-spaced models, the detailed nature of the representation and invariance
theorem.

Section 3 considers in greater detail the important case of extensive measure-
ment, with special attention to qualitative approximation with upper and lower
measures. Section 4 develops a fairly general qualitative theory of the probability
of error. Section 5 contains brief remarks on several topics of general interest that
could not be covered in detail.

1.1 Numerical representation

A representation of something is an image, model, or reproduction of that thing.
References to representations are familiar and frequent in ordinary discourse. Some
typical instances are these:

Sleep is a certain image and representation of death.

The Play is a representation of a world I once knew well.
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In some cases we can think of a representation as improving our understanding
of the object represented. Many of us certainly understand the proportions of
a building better — especially the layout of the interior — after examining its
architectural drawings.

The formal or mathematical theory of representation has as its primary goal
such an enrichment of the understanding, although there are other goals of rep-
resentation of nearly as great importance — for instance, the use of numerical
representations of measurement procedures to make computations more efficient.

Before turning to isomorphism of models of a theory as the general formal
approach to representation, it is important to characterize two models or structures
of a theory being isomorphic. Roughly speaking, two models of a theory are
isomorphic when they exhibit the same structure from the standpoint of the basic
concepts of the theory. The point of the formal definition of isomorphism for a
particular theory is to make this notion of same structure precise. It is to be
emphasized, however, that the definition of isomorphism of models of a theory
is not dependent on the detailed nature of the theory, but is in fact sufficiently
independent often to be termed ‘axiom-free’. The use of the phrase ‘axiom-free’
indicates that the definition of isomorphism depends only on the set-theoretical
character of models of a theory. Thus two theories whose models have the same
set-theoretical character, but whose substantive axioms are quite different, would
use the same definition of isomorphism.

These ideas may be made more definite by giving the definition of isomorphism
for algebras.

Here a structure (A,0,7!,e) is an algebra if A is a nonempty set, o is a binary
operation from A x A to A, e is an element of A, and ~! is a unary operation from
A to A.

DEFINITION 1. An algebra 2 = (A, 0,7 e) is isomorphic to an algebra ' =
(A',o' 7Y ¢') if and only if there is a function f such that

(i) the domain of f is A and the range of [ is A’,

(ii) f 1is a one-one function,

)
)
(iii) if a and b arein A, then f(aob) = f(a) o f(b),
(iv) if a isin A, then f(a™') = f(a)™",

)

fle) =

(v

When we ask ourselves whether or not two distinct objects have the same structure,
we obviously ask relative to some set of concepts under which the objects fall. Tt
is an easy matter to show that the relation of isomorphism just defined is an
equivalence relation among algebras, i.e., it is reflexive, symmetric, and transitive.
As a rather interesting example, we might consider two distinct but isomorphic
groups which have application in the theory of measurement. Let one group be
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the additive group of integers. In this case, the set A is the set of all integers, the
operation o is the operation of addition, the inverse operation ~! is the negative
operation, and the identity element e is 0. As the second group, isomorphic to
the first, consider the multiplicative group of all integer powers of 2. In this case,
the set A’ is the set of all numbers that are equal to 2 to some integer power, the
operation o’ is the operation of multiplication, the inverse operation is the standard
reciprocal operation, i.e., the inverse of x is 1/x, and the identity element is the
integer 1. To establish the isomorphism of the two groups 2 = (A, +, —,0) and
A = (A',-,71,1), we may use the function f such that for every integer n in the
set A
f(n)=2"

Then it is easy to check that the range of f is A’, that f is one-one, and
fmon) = f(m+mn)=2"""=2".2" = f(m)- f(n) = f(m) o' f(n)
faT)=fm =27 = o= f)7Y,

and
f(0)=2"=1.

It should be apparent that the same isomorphism between additive and mul-
tiplicative groups is possible if we let the set of objects of the additive group be
the set of all real numbers, positive or negative, and the set of objects of the
multiplicative group be the set of all positive real numbers. From the standpoint
of the theory of measurement, this isomorphism is of interest primarily because
it means that there is no mathematical basis for choosing between additive and
multiplicative representations.

In attempting to characterize the nature of the models of a theory, the notion of
isomorphism enters in a central way. Perhaps the best and strongest characteriza-
tion of the models of a theory is expressed in terms of a significant representation
theorem. As outlined informally earlier, by a representation theorem for a theory
the following is meant. A certain class of models of a theory, distinguished for some
intuitively clear conceptual reason, is shown to exemplify within isomorphism ev-
ery model of the theory. More precisely, let 9T be the set of all models of a theory,
and let B be some distinguished subset of 9. A representation theorem for 91
with respect to % would consist of the assertion that given any model M in 9t
there exists a model in 9B isomorphic to M. In other words, from the standpoint
of the theory every possible variation of model is exemplified within the restricted
set B. It should be apparent that a trivial representation theorem can always be
proved by taking % = 91. A representation theorem is just as interesting as the
intuitive significance of the class B of models and no more so.

Homomorphism of models. In many cases within pure mathematics a repre-
sentation theorem in terms of isomorphism of models turns out to be less interest-
ing than a representation theorem in terms of the weaker notion of homomorphism.
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A good example of this sort is provided by theories of measurement, and the gen-
eralization from isomorphism to homomorphism can be illustrated in this context.
When we consider general practices of measurement it is evident that in terms
of the structural notion of isomorphism we would, roughly speaking, think of the
isomorphism as being established between an empirical model of the theory of
measurement and a numerical model. By an empirical model we mean a model
in which the basic set is a set of empirical objects and by a numerical model one
in which the basic set is a set of numbers. However, a slightly more detailed
examination of the question indicates that difficulties about isomorphism quickly
arise. In all too many cases of measurement, distinct physical objects are assigned
the same number, and thus the one-one relationship required for isomorphism of
models does not hold. Fortunately, this is the only respect in which we must
change the general notion, in order to obtain an adequate account for theories of
measurement of the relation between empirical and numerical models. The gen-
eral notion of homomorphism is designed to accommodate exactly this situation.
To obtain the formal definition of homomorphism for two algebras as previously
defined, we need only drop the requirement that the function establishing the iso-
morphism be one-one. When this function is many-one but not one-one, we have
a homomorphism that is not an isomorphism.

1.2 Invariance in theories of measurement

In connection with any measured property of an object, or set of objects, it may be
asked how unique is the number assigned to measure the property. For example,
the mass of a pebble may be measured in grams or pounds. The number assigned
to measure mass is unique once a unit has been chosen.

The measurement of temperature in °C or °F has different characteristics. Here
an origin as well as a unit is arbitrarily chosen. Other formally different kinds
of measurement are exemplified by (1) the measurement of probability, which is
absolutely unique, and (2) the ordinal measurement of such physical properties
as hardness of minerals, or such psychological properties as intelligence and racial
prejudice.

Use of these different kinds of transformations is basic to the main idea of this
chapter. An empirical hypothesis, or any statement in fact, which uses numerical
quantities is empirically meaningful only if its truth value is invariant under the
appropriate transformations of the numerical quantities involved. As an example,
suppose a psychologist has an ordinal measure of 1.QQ., and he thinks that scores
S(a) on a certain new test 7" have ordinal significance in ranking the intellectual
ability of people. Suppose further that he is able to obtain the ages A(a) of his
subjects. The question then is: Should he regard the following hypothesis as
empirically meaningful?

HYPOTHESIS 1. For any subjects a and b, if S(a)/A(a) < S(b)/A(D), then
LQ.(a) < 1.Q.(b).
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From the standpoint of the invariance characterization of empirical meaning, the
answer is negative. To see this, let 1.Q.(a) > 1.Q.(b), let A(a) = 7, A(b) = 12,
S(a) = 3, S(b) = 7. Make no transformations on the I.Q. data, and make no
transformations on the age data. But let ¢ be an increasing transformation which
carries 3 into 6 and 7 into itself. Then we have

3_T7
7 12’
but
7

> i
12

>

and the truth value of Hypothesis 1 is not invariant under ¢.

The empirically significant thing about the transformation characteristic of a
quantity is that it expresses in precise form how unique the structural isomorphism
is between the empirical operations used to obtain a given measurement and the
corresponding arithmetical operations or relations. If, for example, the empirical
operation is simply that of ordering a set of objects according to some character-
istic, then the corresponding arithmetical relation is that of less than (or greater
than), and any two functions which map the objects into numbers in a manner
preserving the empirical ordering are adequate.

It is then easy to show that, if f; and f; are adequate in this sense, then they are
related by a monotone-increasing transformation. Only those arithmetical opera-
tions and relations which are invariant under monotone-increasing transformations
have any empirical significance in this situation.

A representation theorem should ordinarily be accompanied by a matching in-
variance theorem stating the degree to which a representation of a structure is
unique. In the mathematically simple and direct cases it is easy to identify the
group as some well-known group of transformations. For more complicated struc-
tures, for example, structures that satisfy the axioms of a scientific theory, it may
be necessary to introduce more complex apparatus, but the objective is the same,
to wit, to characterize meaningful concepts in terms of invariance.

One note to avoid confusion: it is when the concepts are given in terms of the
representation, for example, a numerical representation in the case of measure-
ment, or representation in terms of Cartesian coordinates in the case of geometry,
that the test for invariance is needed. When purely qualitative relations are given,
which are defined in terms of the qualitative primitives of a theory, for example,
those of Euclidean geometry, then it follows at once that the defined relations are
invariant and therefore meaningful. On the other hand, the great importance of
the representations is the reduction in computations and notation they achieve, as
well as understanding of structure. This makes it imperative that we have a clear
conception of invariance and meaningfulness for representations which may be,
in appearance, rather far removed from the qualitative structures that constitute
models of the theory.
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1.8 Scales of measurement

Counting is an example of an absolute scale. The number of members of a given
collection of objects is determined uniquely. There is no arbitrary choice of a unit
or zero to be made. In contrast, the measurement of mass or weight is an example
of a ratio scale. Any empirical procedure for measuring mass does not determine
the unit of mass. The choice of a unit is an empirically arbitrary decision made by
an individual or group of individuals. Of course, once a unit of measurement has
been chosen, such as the gram or pound, the numerical mass of every other object
in the universe is uniquely determined. Another way of stating this is to say that
the measurement of mass is unique up to multiplication by a positive constant.
(The technical use of ‘up to’ will become clear later.) The measurement of distance
is a second example of measurement of this sort. The ratio of the distance between
Palo Alto and San Francisco to the distance between Washington and New York
is the same whether the measurement is made in miles or kilometers.

To avoid certain common misunderstandings, amplification is needed of the
claim that no empirical procedure for measuring mass determines the unit of mass.
A chemist, measuring a sample of a certain ferric salt on an equal-arm balance
with a standard series of metric weights, might find this claim surprising, for
he might suppose that the selection of a standard series of metric weights had
fixed as part of his empirical procedure one gram as the unit of measurement.
There are at least two lines of argument that should prove effective in convincing
the chemist that his supposition was incorrect. In the first place, it would be
pertinent to point out that exactly the same information could be expressed by
converting this final measurement into a measurement in pounds or ounces. To
express the measurement in this latter form, no further empirical operations with
the equal-arm balance would have to be performed. But, it must be admitted,
the chemist could well reply that, although no further empirical operations had
to be performed with the present balance, the use of the conversion factor from
grams to pounds entails appealing to empirical operations previously performed
by some Bureau of Standards in determining the conversion factor. An analysis of
his retort takes us to the second line of argument, which goes deeper and is more
fundamental. To begin with, his appeal to previous empirical operations on other
balances may be turned back on him, for to justify labeling his measurement with
his given standard series as a measurement in grams, appeal must also be made
to previously performed empirical operations, namely, those which constituted the
calibration of his series of weights as a standard metric series. The important
point is that the empirical operations performed by the chemist himself establish
no more or less than the ratio of the mass of the ferric salt sample to a subset
of weights in his standard series. And the same kind of ratio statement may be
made about the empirical operations that led to the calibration of his standard
series by the technicians of the firm which produced the series. In other words,
the statement by the chemist:
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(1) This sample of ferric salt weighs 1.679 grams

may be replaced by the statement:

(2) The ratio of the mass of this sample of ferric salt to the gram weight of my
standard series is 1.679, and the manufacturer of my series has certified that
the ratio of my gram weight to the standard kilogram mass of platinum-
iridium alloy at the International Bureau of Weights and Measures, near
Paris, is .0010000.

The measurement of temperature is an example of a third formally distinct kind
of measurement mentioned earlier. An empirical procedure for measuring tem-
perature by use of a thermometer determines neither a unit nor an origin. In
this sort of measurement the ratio of any two intervals is independent of the unit
and zero point of measurement. For obvious reasons, measurements of this kind
are called interval scales. Examples other than measurement of temperature are
measurements of temporal dates, linear position, or cardinal utility.

In terms of the notion of absolute, ratio, and interval scales we may formulate the
second fundamental problem for any exact analysis of a procedure of measurement:
determine the scale type of the measurements resulting from applying the procedure.

The general notion of a scale is not something we need to define in an exact
manner for subsequent developments. For the purpose of systematizing some of
the discussion of the uniqueness problem, we may define a scale as a class of
measurement procedures having the same transformation properties. Examples of
three different scales have already been mentioned, namely, counting as an absolute
scale, measurement of mass as a ratio scale, and measurement of temperature as
an interval scale.

Moh’s hardness scale, according to which minerals are ranked in regard to hard-
ness as determined by a scratch test, and the Beaufort wind scale, whereby the
strength of a wind is classified as calm, light air, light breeze, etc., are examples of
a fourth, weak kind of scale. The social sciences abound with such ordinal scales,
the significance of which is discussed below.

Numbers are also sometimes used for pure classification. For example, in some
states the first number on an automobile license indicates the county in which
the owner lives. The assignment of numbers in accordance with such a scale is
arbitrary except for the assignment of the same number to people in the same
county, and distinct numbers to people in distinct counties. This weakest scale is
one where numbers are used simply to name an object or person. The assignment
is arbitrary. Draft numbers and the numbers of football or soccer players are
examples. Such scales are usually called nominal scales.

We have distinguished, in an intuitive fashion, five types of scales. We will
in the following pages primarily confine our discussion to an analysis of the first
four. They are not, however, the only scales of measurement, and we shall upon
occasion mention others.

We now want to characterize each of these five scales in terms of their transfor-
mation properties. For future reference each of the five transformations mentioned
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is formally defined. To begin with, an absolute scale is unique up to the identity
transformation.

DEFINITION 2. The identity transformation on the set of real numbers is the
function f such that for every real number x, f(x) = x.

So far, counting has been our only example of an absolute scale.
A ratio scale is unique up to a similarity transformation.

DEFINITION 3. Let f be a real-valued function whose domain is the set of real
numbers. Then f is a similarity transformation if and only if there exists a positive
real number a such that for every real number x

f(z) = ax.

Measurement of mass and of distance have been our two examples of ratio scales.
An interval scale is unique up to a linear transformation.

DEFINITION 4. Let f be a real-valued function whose domain is the set of real
numbers. Then f is a linear transformation if and only if there is a positive number
a and a number B such that for every number x

f(z) = az + .

If in the measurement of temperature we wish to convert x in degrees Fahrenheit
to Celsius we use the linear transformation defined by v = 2 and 3 = —15%. That
is,

5 5 160
=—(r—-32)=—ox— —.
y=glz—32)=go-

Obviously every similarity transformation is a linear transformation with g = 0.
An ordinal scale is unique up to a monotone transformation.

DEFINITION 5. Let f be a real-valued function whose domain is some set of real
numbers. Then f is a monotone transformation if and only if f is a monotone-
increasing transformation or a monotone-decreasing transformation, i.e., if x <y
then f(x) < f(y) — monotone increasing, and if x < y then f(z) > f(y) —
monotone decreasing.

The classificatory analysis of this section is summarized in Table 1.

2 FINITE EQUALLY SPACED MODELS OF MEASUREMENT

In this section some of the simplest nontrivial examples of measurement structures
are considered first. The basic sets of objects or stimuli will in all cases be finite,
and the adequacy of the elementary axioms for various structures depends heavily
on this finiteness. In addition to their finiteness, the distinguishing characteristic
of the structures considered is that the objects are equally spaced in an appropri-
ate sense along the continuum, so to speak, of the property being measured. The
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Table 1. Classification of scales and measurement

Scale Transformation Properties | Examples
Absolute | Identity Counting, relative frequency
Ratio Similarity Mass, distance, electric
(Multiplication by a current, voltage
positive number)
Interval Linear (multiplication Temperature, potential
by a positive number energy, linear position,
and addition of an cardinal utility
arbitrary number)
Ordinal | Monotone or monotone Moh’s scale, Beaufort wind
increasing scale, qualitative
preferences
Nominal | 1-1 Phone numbers, Social
Security numbers

restrictions of finiteness and equal spacing enormously simplify the mathematics
of measurement, but it is fortunately not the case that the simplification is accom-
panied by a total separation from realistic empirical applications. Finiteness and
equal spacing are characteristic properties of many standard scales, for example,
the ordinary ruler, the set of standard weights used with an equal-arm balance
in the laboratory, or almost any of the familiar gauges for measuring pressure,
temperature, or electric current.

2.1 FExtensive measurement

The axioms of extensive measurement are developed in this section with three
specific interpretations in mind. One is for the measurement of mass on an equal-
arm balance, one is for the measurement of length of rigid rods, and one is for
the measurement of subjective probabilities. Other interpretations are certainly
possible, but detailed remarks are restricted to these three.

From a formal standpoint the basic structures are triples (2, F, >) where Q is a
nonempty set, F is a family of subsets of {2 and the relation > is a binary relation
on F. By using subsets of € as objects, we avoid the need for a separate primitive
concept of concatenation. As a general structural condition, it shall be required
that F be an algebra of sets on 2, which is just to require that F be nonempty
and be closed under union and complementation of sets, i.e., if A and B are in F
then AU B and —A are also in F.

The intended interpretation of the primitive concepts for the three cases men-
tioned is fairly obvious. In the case of mass, €2 is a set of physical objects, and for
two subsets A and B, A > B if and only if the set A of objects is judged at least as
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heavy as the set B. It is probably worth emphasizing that several different uses of
the equal-arm balance are appropriate for reaching a judgment of comparison. For
example, if A = {a,b} and B = {a, c} it will not be possible literally to put A on
one pan of the balance and simultaneously B on the other, because the object a is
a member of both sets. But we can make the comparison in at least two different
ways. One is just to compare the nonoverlapping parts of the two subsets, which in
the present case just comes down to the comparison of b and ¢. A rather different
empirical procedure that even eliminates the need for the balance to be equal arm
is to first just balance A with sand on the other pan (or possibly water; but in
either case, sand or water in small containers), and then to compare B with this
fixed amount of sand. Given the standard meaning of the set-theoretical opera-
tions of intersection, union, and complementation, no additional interpretation of
these operations is required, even of union of sets, which serves as the operation
of concatenation.

In the case of the rigid rods, the set €2 is just the collection of rods, and A = B
if and only if the set A of rods, when laid end to end in a straight line, is judged
longer than the set B of rods also so laid out. Variations on exactly how this
qualitative comparison of length is to be made can easily be supplied.

In the case of subjective probabilities or objective propensities, the set {2 is the
set of possible outcomes of the experiment or empirical situation being considered.
The subsets of 2 in F are just events in the ordinary sense of probability concepts,
and A = B if and only if A is judged at least as probable as B.

Axioms for extensive measurement, subject to the two restrictions of finitude
and equal spacing, are given in the following definition. In the definition, and
subsequently, we use the standard definitions for equivalence &~ in terms of a weak
ordering and also of a strict ordering. The definitions are just these: A ~ B if and
only if A > B and B > A; A > B if and only if A = B, and not B = A. Also 0 is
the symbol for the empty set.

DEFINITION 6. A structure & = (Q,F, =) is a finite, equally spaced extensive
structure if and only if Q is a finite set, F is an algebra of sets on ), and the
following azioms are satisfied for every A, B, and C in F:

1. The relation = is a weak ordering of F;

2. IfANC =0 and BNC =10, then A= B if and only if AUC = BUC;
3. A= 0;

4. Not () = Q;

5. If A > B then there is a C in F such that A~ BUC.

From the standpoint of the standard ideas about the measurement of mass or
length, it would be natural to strengthen Axiom 3 to assert that if A # (), then A =
(), but because this is not required for the representation theorem and is unduly
restrictive in the case of probabilities, the weaker axiom seems more appropriate.
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In stating the representation theorem, we use the notion of an additive measure
i from F to the real numbers, i.e., a function p such that, for any A and B in F,

iii. if AN B =10 then u(AU B) = u(A) + u(B).

THEOREM 1. Let Q = (Q,F, =) be a finite, equally spaced extensive structure.
Then there exists an additive measure p such that for every A and B in F

w(A) > w(B)if and only if A = B.

Moreover, all singleton sets fall into at most two equivalence classes in F'; if there
are two, one of these equivalence classes contains the empty set.

The elementary proof of this theorem and some of the preceding discussion is to
be found in Suppes [1969, pp. 4-8].

THEOREM 2. Let A = (A, F,>) be a finite, equally spaced extensive structure.
Then a numerical representation of 2 is invariant under the group of similarity
transformations of Table 1.

It is important to point out that, for all three of the empirical interpretations of
the primitive concepts used in the theory of extensive measurement characterized
in Definition 1, many important empirical procedures required for each interpre-
tation are missing. Students in elementary engineering or physics laboratories are
taught many details about measuring mass, or weight if you will, with equal-arm
balances, or length with measuring rods or tapes. But even these details are inad-
equate as an account of fundamental measurement. For such measurement must
be used at an earlier stage to validate the standard weights or rods used by the
students. The empirical procedures are much more elaborate for creating a set of
standard weights, for example. The axioms of Definition 1 come into play in creat-
ing ‘equal’ standard weights or checking that a given set of standard weights does
seem satisfactory. I say ‘catedseem’ deliberately, for there is no natural end to the
empirical investigation of standard measurement procedures or instrumentation
in physics or other sciences. The art of creating good measuring instruments is
a complicated and subtle one, certainly so at the frontier of many sciences. Such
art, I have argued repeatedly in previous publications, cannot be adequately de-
scribed in a manual, but requires an apprenticeship of training, many components
of which are nonverbal. Can you imagine, for example, becoming a good tennis
player by just reading a book about it or listening to a few lectures? The same
is true of any laboratory or manufacturing set of skills required to produce good
measurement instruments.
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2.2 Difference measurement

Referring to the distinction between extensive and intensive properties discussed
earlier, I could easily make a case for entitling this subsection intensive measure-
ment, for it is characteristic of difference measurement that no operation cor-
responding to addition is present, and no meaningful combination of objects or
stimuli is postulated for the difference structures.

As before, the basic set of objects or stimuli will be nonempty and finite, but
in the case of difference structures the relation on the set will be a quaternary
one. I denote the basic set of objects by A and the quaternary relation by >=. The
idea behind the quaternary relation > is that ab > cd holds when and only when
the qualitative (algebraic) difference between a and b is at least as great as that
between ¢ and d. In the case of similarity judgments, for example, the relation
> would hold when the subject in a psychological experiment judged that the
similarity between a and b was at least as great as the similarity between ¢ and d,
due account being taken of the algebraic sign of the difference. The inclusion of
the algebraic difference requires some care in interpretation; for example, in many
similarity experiments a natural algebraic sign is not attached to the similarity.
Instances that satisfy the present requirement are judgments of utility or of pitch
or of intensity of sound; in fact, any kind of judgments in which the subject will
recognize and accept that the judgments naturally lie along a one-dimensional
continuum.

We define for the quaternary relation > just as for a binary relation, > and ~:

ab > cd if and only if not cd > ab,
ab = cd if and only if ab > c¢d and cd > ab.

It is also convenient to have at hand certain elementary definitions of the binary
relation of strict precedence or preference and the relation ~ of indifference or
indistinguishability. These definitions are the following.

a > b if and only if ab > aa. (1)

a ~ b if and only if ab = ba. (2)

In order to express the equal-spacing part of our assumptions, we need one addi-
tional definition, namely, the definition that requires that adjacent objects in the
ordering be equally spaced. For this purpose we introduce the definition of the
binary relation J. This binary relation is just that of immediate predecessor.

aJb if and only if @ = b and for all ¢ in A if a > ¢, then either b~ c or b > c.

(3)
I now turn to the definition of finite equal-difference structures. The axioms given
follow those given by Suppes and Zinnes [1963].
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DEFINITION 7. A quaternary structure 2 = (A, >) is a finite, equally spaced
difference structure if and only if A is a finite set and the following axioms are
satisfied for every a,b,c and d in A:

1. The relation »= is a weak ordering of A X A;
If ab > cd, then ac = bd,
If ab > cd, then dc = ba;

Ll

If aJb and cJd, then ab ~ cd.

Keeping in mind the empirical interpretations mentioned already, it is easy to
grasp the intuitive interpretation of each axiom. The first axiom just requires that
the quaternary relation = be a weak ordering in terms of the qualitative differ-
ence between objects or stimuli. Axiom 2 is the most powerful and fundamental
axiom in many ways. It expresses a simple necessary property of the intended
interpretation of the relation =. Axiom 3 just expresses a necessary algebraic fact
about the differences. Notice that Axioms 1-3 are necessary axioms. Only Axiom
4 is sufficient but not necessary; it relates J to the quaternary relation ~. The
intuitive idea of this axiom is that if a stands in the relation J to b, and ¢ stands
in the relation J to d, then the difference between a and b is judged to be the same
as the difference between ¢ and d, due account being taken of algebraic sign.
From these four axioms we can prove the following representation theorem.
(Proofs of Theorems 3-8 in this section are given in [Suppes, 2002, Ch. 3-4].)

THEOREM 3. Let A = (A, >) be a finite, equally spaced difference structure.
Then there exists a real-valued function @ on A such that for every a,b,c, and d
mn A

¢(a) = ¢(b) = ¢(c) — ¢(d) if and only if ab = cd.

The matching invariance theorem is the following.

THEOREM 4. Let A = (A, =) be a finite, equally spaced difference structure.
Then a numerical representation of 2 is invariant under the group of linear trans-
formations of Table 1.

Upon casual inspection it might be supposed that the first three axioms of
Definition 7 would characterize all finite-difference structures for which a numerical
representation could be found. However, Scott and Suppes [1958] showed that the
theory of all representable finite difference structures is not characterized by these
three axioms and indeed cannot be characterized by any simple finite list of axioms.

On the other hand, it might be thought that with the addition of the non-
neccessary Axiom 4 it would be difficult to satisfy the axioms, because an arbitrary
collection of stimuli or objects would not. However, if the stimuli being studied
lie on a continuum, then it will be possible to select a standard sequence that will
satisfy the axioms, just as is done in the case of selecting a standard set of weights
for use on an equal-arm balance.
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2.8 Bisection measurement

Relational structures closely related to the finite difference structures are bisection
structures 2 = (A, B) where B is a ternary relation on the finite set A with the
interpretation that B(a, b, ¢) if and only if b is the midpoint of the interval between
a and ¢. The method of bisection has a long history in psychophysics, but it is
important to emphasize that satisfaction of the axioms given below requires no
assumptions of an underlying physical measurement. All we need is the intuitive
idea of a qualitative continuum, and even that is not needed for formal purposes.
After the fundamental psychological measurement in terms of the method of bisec-
tion has been made, it is desirable when possible to find a computationally simple
psychophysical function relating physical measurements of the same magnitude to
the psychological measurements.

The axioms given below for the method of bisection imply a number of checks
that should be satisfied before it is asserted that a numerical representing function
exists, but these checks have often been ignored in the experimental literature
that reports use of the method of bisection. For the simplest set of axioms and
definitions, we take both the bisection relation B and the ordering relation - as
primitive, but it is easy to eliminate = by definition. We use the binary relation
J as defined earlier (Equation 3).

DEFINITION 8. A structure 2 = (A, =, B) is a finite, equally spaced bisection
structure if and only if the set A is finite and the following axioms are satisfied
for every a,a’,b,c, and ¢’ in A:

1. The relation = is a weak ordering of A;
2. If B(abc) and B(abc') then ¢ = ¢';

3. If B(abc) and B(a'be) then a =~ a’;

4. If B(abe) then a = b and b = ¢;

5. If aJb and bJc then B(abc);

6. If B(abc) and o’ Ja and c¢Jc' then B(a’bc’).

The intuitive interpretation of the axioms is relatively transparent. The first axiom
is already familiar. Axioms 2 and 3 require uniqueness of the endpoints up to
equivalence, which clearly separates bisection from betweenness. Axiom 4 relates
the ternary bisection relation and the binary ordering relation in a natural way,
although it imposes a formal constraint on the bisection relation which would often
be omitted. Inclusion of this order property as part of the relation B simplifies the
axioms. Axiom 5 is a strong assumption of equal spacing, and Axiom 6 expresses
an additional feature of this equal spacing. In view of the axioms given earlier for
difference structures, it is somewhat surprising that Axiom 6 can be shown to be
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independent of Axiom 5, but it is easy to give a model of Axioms 1-5 to show that
this is the case. For we can take a model with

B(abc) if and only if aJb and bJc

and satisfy all of the first five axioms.
The representation theorem assumes the following form.

THEOREM 5. Let 2 = (A, =, B) be a finite equally spaced bisection structure.
Then there exists a real-valued function ¢ defined on A such that for every a,b,
and ¢ in A

(i) @(a) > o(b) if and only if a = b,
(ii) 2p(b) = p(a) + ¢(c) and p(a) > p(b) > ¢(c) if and only if B(a,b,c).

The matching invariance theorem is the following:

THEOREM 6. Let A = (A, =, B) be a finite bisection structure. Then a numer-
ical representation of A is invariant under the group of linear transformations of
Table 1.

2.4 Conjoint measurement

In many kinds of experimental or observational environments, it turns out to be
the case that the measurement of a single magnitude or property is not feasible or
theoretically interesting. What is of interest is the joint measurement of several
properties simultaneously. In this case we consider axioms for additive conjoint
measurement. The intended representation is that we use ordered pairs of objects
or stimuli. The first members of the pairs are drawn from one set and consequently
represent one kind of property or magnitude. The second members of the pairs are
objects drawn from a second set representing a different magnitude or property.
Given the ordered-pair structure, we shall only require judgments of whether or
not one pair jointly has more of the ‘conjoined’ attribute than a second pair.

It is easy to give examples of interpretations for which this way of looking at
ordered pairs is natural. Suppose we are asked to judge the capabilities of indi-
viduals to assume a position of leadership in an organization. What we are given
about the individuals are evaluations of their technical knowledge on an ordinal
scale and a charisma measure on an ordinal scale. Thus for each individual we can
say how he compares on each scale with any other individual. The problem is to
make judgments as between the individuals in terms of their overall capabilities.
The axioms given below indicate the kind of further conjoint ordinal conditions
that are sufficient to guarantee finite equally spaced conjoint measurement, where
in this case the equal spacing is along each dimension.

As a second example, a pair (a,p) can represent a tone with intensity a and
frequency p, and the problem is to judge which of two tones sounds louder. Thus
the subject judges (a,p) = (b,q) if and only if tone (a,p) seems at least as loud
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as (b,q). Other examples from disciplines as widely separated as economics and
physics are easily given, and are discussed in considerable detail in Krantz et al.
[1971, Ch. 6].

It is to be stressed that the additivity representation sought in this section is a
special case. Generalizations of additivity are discussed in the reference just cited.
It is also to be noted that the restriction in this section to ordered pairs rather
than ordered n-tuples is not essential.

Before turning to the axioms of (additive) conjoint measurement, we need a
couple of elementary definitions that permit us to define ordering relations on the
individual components. On the basis of axioms on the ordering relations between
pairs, we shall be able to prove that these ordering relations on the components
are also weak orderings. In the following elementary definitions A is the set of
first components and A, the set of second components. Thus, when reference is
made to an ordered pair (a,p), it is understood that a is in A; and p is in As.

a > b if and only if for all p in Ay, (a,p) = (b, p). (4)

In terms of this relation we define a > b and a ~ b in the usual fashion. Also, a
similar definition is needed for the second component.

p = ¢ if and only if for all a in Ay, (a,p) = (a,q). (5)

We also use the notation already introduced for the relation = on A; X Ay, namely,
(a,p) = (b,q) if and only if not (b,q) *= (a,p), and (a,p) = (b,q) if and only if
(a,p) = (b,q) and (b,q) = (a,p). The axioms for additive conjoint measurement
in the finite, equally spaced case are embodied in the following definition.

DEFINITION 9. A structure (A1, A, =) is a finite, equally spaced additive con-
joint structure if and only if the sets A1 and Ao are finite and the following axioms
are satisfied for every a and b in Ay and every p and q in As:

1. The relation = is a weak ordering on Ay X As;
2. If (a,p) = (b,p) then (a,q) = (b,q);
3. If (a,p) = (a,q) then (b,p) = (b, q);
4. If aJb and pJq then (a,q) =~ (b,p).

The intuitive content of the four axioms of Definition 9 is apparent, but requires
some discussion. Axiom 1, of course, is the familiar requirement of a weak ordering.
Axioms 2 and 3 express an independence condition of one component from the
other. Thus Axiom 2 says that if the pair (a,p) is at least as great as the pair
(b, p) then the same relationship holds when p is replaced by any other members
q of As, and Axiom 3 says the same thing about the second component. Axiom
4 is sufficient but not necessary. It states the equal-spacing assumption, and
corresponds closely to the corresponding axiom for finite, equally spaced difference
structures.
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It might be thought the monotonicity assumption that if (a,p) =~ (b,¢) and
a > b, then ¢ > p, also needs to be assumed as an axiom, but this additional
assumption is not necessary: it can be proved from the first four axioms alone.

The statement of the representation theorem, to which we now turn, assumes
exactly the expected form. The only thing to note is that the two real-valued
functions on each component are welded together by the same unit. This is re-
flected by the common change of unit a in the theorem, but a different origin is
permitted.

THEOREM 7. Let (A1, Aa, ) be a finite, equally spaced additive conjoint struc-
ture. Then there exist real-valued funtions @1 and o on Ay and Ag respectively
such that for a and b in Ay and p and q in As

p1(a) + ¢2(q) > p1(b) + w2(p) if and only if (a,q) = (b, p).

It is worth noting that the next invariance theorem (Theorem 8) has a natural
geometrical interpretation. If we think of the functions ¢ and p mapping pairs
into the Cartesian plane, then the uniqueness theorem says that in the standard
geometrical sense, any change of scale must be uniform in every direction, but the
origin can be translated by a different distance along the different axes.

THEOREM 8. Let (A1, As, =) be a nontrivial finite equally spaced additive con-
joint structure. Then a numerical representation (1, ¢2) is invariant up to the
group of pairs (f1, f2) of linear tranformations of (¢1,p2), but with the restriction
that f1 and fo have a common multiplicative constant, i.e., there are numbers a, 3,
and vy such that

fropr =ap + B and fa 0 vy = aps + 7.

(The requirement in the theorem that the structure be nontrivial is just that both
Ay and As each have two distinct elements that are not equivalent under the
ordering.)

3 EXTENSION AND APPROXIMATION OF EXTENSIVE
MEASUREMENT

3.1 Ezxtension of the finite case

We start with three primitives: a nonempty set A, a binary relation =~ on A, and
a closed binary operation o that maps A x A into A. The interpretation is: A is a
set of objects or entities that exhibit the attribute in question; a 77 b holds if and
only if a exhibits, in some prescribed qualitative fashion, at least as much of the
attribute as b; and a o b is an object in A that is obtained by concatenating (or
composing) a and b in some prescribed, systematic fashion. An example is weight
measurement (see Kisch [1965] for a detailed history of methods and equipment)
in which the elements of A are material objects; a = b is established by placing
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a and b on the two pans of an equal-arm pan balance and observing which pan
drops; and aob means that a and b are both placed in the same pan with a beneath
b.

As previously, we write a ~ b if and only if @ 77 b and b 77 a; and a > b if and
only if a 7z b and not (b - a).
DEFINITION 10. Let A be a nonempty set, = a binary relation on A, and o a
closed binary operation on A. The triple (A, 7, o) is a closed extensive structure
iff the following four azioms are satisfied for all a, b, ¢, d € A:
= is a reflexive, transitive, and

~

(i) Weak order: (A, 7o) is a weak order, i.e.,
connected relation.

(ii) Weak associativity: ao (boc) =~ (aob)oc.
(iii) Monotonicity: a b iffaoccmbociff coaz cob.

(iv) Archimedean: If a = b, then for any c¢,d € A, there exists a positive integer
n such that na o ¢ 7~ nb o d, where na is defined inductively as: la = a,
(n+1)a =naoa.

The structure is called positive if, in addition, it satisfies

(v) Positivity: aob > a.

THEOREM 9. Let A be a nonempty set, 2= a binary relation on A, and o a closed
binary operation on A. Then (A, =, o) is a closed extensive structure iff there

)’ o~

exists a real-valued function ¢ on A(¢ : A — Re) such that for all a,b,€ A

(1) a Z b iff ¢(a) = ¢(b);
(ii) ¢(acb) = ¢(a) + ¢(b).

Another function ¢ satisfies (i) and (ii) iff there exists o > 0 such that ¢’ = ag.
The structure is positive iff for all a € A, ¢(a) > 0.

The axioms of Definition 10 and the proof of Theorem 9 are taken from Krantz
et al. [1971, Ch. 3].

3.2 Qualitative approximation with upper and lower measures and
transitive indistinguishability

The psychological consideration of thresholds below, for which perceptual or other
comparative judgments are difficult, if not impossible, was initiated by Fechner
[1860/1966]. An important early mathematical analysis was given by Wiener
[1921]. Much of the modern literature begins with Luce’s definition [1956] of a
semiorder, which was axiomatized as a single binary relation in the finite case by
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Scott and Suppes [1958]. Some of the most significant contributions have been by
Falmagne [1971; 1974; 1977; 1985].

The probabilistic analysis of thresholds dates at least from works of Thurstone
[1927a; 1927b]. Falmagne [1976; 1978] has also been a central contributor to this
approach, with a number of other papers written with colleagues: Falmagne and
Iverson [1979], Falmagne et al. [1979], and Iverson and Falmagne [1985]. An
extensive review of all this literature is given in Suppes et al. [1989, Ch. 16].

Almost all of the work referred to assumes that the indistinguishability of simi-
lar events, objects, or stimuli is a nontransitive relation. The implicit assumption
is that with many different discriminating observations, many initially indistin-
guishable events may be separated. Here the opposite is the starting point and
the reason for the use of the word “transitive” in the title. It is a consequence of
the axioms introduced that indistinguishability is an equivalence relation, and so,
transitive. The remainder of this section draws heavily on Suppes [2006].

In the previous section I reviewed briefly extensive measurement focused on the
construction of a finite standard ratio-scale representation. The basis for transitive
indistinguishability is now easy to explain. An object weighed is assigned to a
unique minimal interval, for example, one between 1.9 g and 2.0 g. The binary
relation of two objects, a and b, not part of the standard sequence, being equivalent
in weight, a ~ b, is that they be assigned to the same minimal interval in the
standard sequence. This relation is obviously an equivalence relation, i.e., reflexive,
symmetric, and transitive, but in the system of approximation developed, these
properties are not directly testable, but rather consequences of weighing operations
with standard already “calibrated” sets of weights.

So, in the notation used later, an object assigned to the minimal interval (1.9
g, 2.0 g) is said to have, as an approximation, upper measure (of weight) w*(a) =
2.0 g and lower measure w,(a) = 1.9 g. In practice, for all but the most refined
procedures of measurement, no statistical analysis of having weight in such a
minimal interval is given. In the cases when the minimal interval of the standard
sequence is just on the borderline of instrument performance a statistical analysis
can be given for repeated measurements.

The ordinary practice is not completely in accord with my use of a minimal
interval and thereby the assignment of an upper and a lower bound as the appro-
priate approximate measurement. But what is done is closely and simply related.
As taught in elementary physics courses, to express a measurement as “accurate
to 0.1 g”, for example, the measurement is written as 1.9 + 0.1 g. What is usually
recommended in practice is to use two adjacent minimal intervals to reduce un-
certainty and to express the measurement itself as a single number. The axioms
given in Section 3 could easily be changed to accommodate this use of two adjacent
rather than one minimal interval.

This same + notation is also widely used to express the statistical standard
error of repeated measurements. It is conceptually important here to retain both
upper and lower measures, for the foundational view formalized in the axioms is
that no finer measurement than that of a minimal interval is available in the given
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circumstances. And no theoretical construction of a probability distribution for
location within the minimal interval makes much scientific sense. The point being
emphasized is that the formalization given is meant to be a step closer to much,
but certainly not all, actual practice of measurement when a fixed standard-scale
representation is available.

As a matter of terminology, what I have called a finite equally spaced extensive
structure, could just as well be called a finite standard-sequence extensive struc-
ture. The terminology of standard sequences is familiar in the literature on the
foundations of measurement. This language suggests the useful term standard sets
for the sets of weights forming a standard sequence.

For subsequent use it is important to note that for two sets of standard weights
A and B, if they are not equivalent in weight then the minimum difference possible
between them is the weight of one atomic set. More exactly, the ordered pair of
sets (A, B) is a minimal pair of standard sets if u(A) — p(B) = p(one atomic
set), i.e., their difference is actually the minimum for nonequivalent standard sets.
Note that if (A4, B) is a minimal pair, A > B. The equivalence of such pairs is a
useful notion to define. Two minimal pairs (A, B) and (A", B) are equivalent if
w(A) = u(A") and pu(B) = u(B'). Here are three observations that are pertinent
to later discussions.

(1) If (A, B) and (C, D) are minimal pairs, then p(A) — u(B) = u(C) — (D).

(2) Obviously the ordering relation = can be extended to minimal pairs (A, B)
and (C, D):
(4,B) = (C, D) iff A = C,

which we could have used earlier to define equivalent minimal pairs.
(3) The empty set ) is a standard set.

Assuming now a finite equally spaced extensive structure (also referred to as a
finite standard sequence), additional axioms are given for measuring approximately
any physical object in the range of the standard sequence. The primitive concepts
are now

(i) a set Q of objects,
(ii) a nonempty family F of subsets of Q,
(iii) a subset S of 2, whose elements form a finite standard sequence,
)

(iv) a subset W of objects to be measured, i.e., W = F|W — {0} is the family of
all nonempty subsets of W. (The notation F|W means that the family F of
subsets is restricted to subsets of W.)

(v) a binary relation %= on F, but not assumed to be a weak ordering of W.
This is proved later. As before, we define: Wy = Wy iff W7 = W5 and not
Wy = W1. Also, Wy =~ Wy iff W7 = Wy and Wy = W7,



Measurement Theory and Engineering 845

If (S1,952) is a minimal pair and S; = W > Sy, then (S7,52) is said to be a
minimal pair for W1, and also Wy is said to have a minimal pair.

DEFINITION 11. A structure Q@ = (Q,F,S,W, =) is an approzimate extensive
structure with a finite standard sequence if and only if W is a nonempty finite set,
W C F|W is the family of all nonempty subsets of W, and the following axioms
are satisfied for all Sy, So, S35 and Sy in F|S and all W1 and Wy inW:

1. (S, FI|S, =) is a finite equally spaced extensive structure;
2. 5NW =0 and SUW = Q;
Wi = Wa or Wa = Wi;

Ll

If Wy = Sy = Wy then Wy = Wa;

5. If Sy = Wy = Sy then Sy = Sa;

6. Wy =Sy or Sy = Wy;

7. If (S1,0) is a minimal pair then Wy = S1;

8. If WinWy=0, Sy = Wy = Sy, S3 = Wy = Sy and S1 N S3 =0, then

51U53>—W1UW2>-SQUS4§

9. If W1 N Wy = () then there are standard sets S and Sy such that Sq NSy =
@, S1 = Wy and Sy - Way;

10. If Wy = Wy then there is a standard set S1 such that Wy »= S1 = Ws;

11. Wy has a minimal pair of standard sets.

Some comments on these axioms are appropriate. Axiom 1 just brings the
structure of standard sets within the approximation framework. Axiom 2 requires
no overlap of objects between those in S, calibrated for standard sets, and those
in W, objects to be weighed. Axiom 3 is the only axiom expressed purely in
terms of weighed objects, without tests using standard weights. Its requirement
of connectedness of = for W is familiar. Axioms 4-11 then formulate testable
assumptions that are sufficient to justify approximate measurement of weights
falling within the range of standard sets. Because both sets S and W are finite,
each axiom can be directly tested on an equal-arm balance. Axiom 4 provides the
test for Wy being strictly heavier than W5, namely find an S; such that W; >
Sy and S = Wy, Axiom 5 states a transitivity condition, so to speak, on the
relationship between standard sets and weighed sets or objects. If S; is heavier
than W7 and W is heavier than Ss, then it must be the case that S is heavier
than S5. Axiom 6 excludes any weighed object W7 being of exactly the same
weight as any standard set. Weaker forms of this axiom are possible, but with
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attending complications of the test conditions. The axiom is similar to familiar
“forced-choice” axioms in the measurement of beliefs or actions. Axiom 7 requires
that any weighed object W; be heavier than any minimal positive standard set 7.
This axiom permits an equal-arm balance or comparable device to not be sensitive
to any positive weight smaller than a minimal standard set. Axiom 8 is obviously
the generalization to approximate measurement of the usual qualitative axiom of
addition exemplified in Axiom 2 of Definition 1. Axiom 9 guarantees that given
disjoint sets Wi and Ws to be weighed, disjoint standard sets that are least upper
bounds, S; for W7 and Sy for Ws, can be found that are also disjoint. This does
not follow from other axioms, because if W; U W5 = W, the union of the disjoint
least upper bounds, S; U Sy can be one atomic standard set larger than a least
upper bound of W itself, so S must be enlarged to cover this case. The possibilities
are made explicit in Theorem 12. Axiom 10 is a test for W; to be strictly heavier
than W5, and the test is, of course, relative to the coarseness of the standard sets.
Axiom 11 guarantees that any objects, or set of objects, to be weighed fall within
the range of the standard sets by having a minimal pair of standard sets, i.e., a
discrete least upper bound and a discrete greatest lower bound among standard
sets.

A sample of elementary theorems are stated first, with a focus on the transitivity
of relations > and = between sets of objects to be weighed.

THEOREM 10. If Wi = Ws and Wy = W3 then W1 = Ws.

The next theorem shows that the equivalence relation ~ for standard sets has
the congruence property for > on the set S x W.

THEOREM 11. If Sy =~ Sy and S1 = Wy then Sy = Wj.

The next theorem asserts the testable criterion for Wi and Ws being indistin-
guishable.

THEOREM 12. Wy =~ W5 if and only if W1 and Wy have equivalent minimal
pairs.
By similar methods, we may prove a closely related result.

THEOREM 13. Let (S1,52) be a minimal pair for Wy, and (Ss, S4) be such a pair
for Ws. Then

Wi = Wy iff S1 = Ss.

We are now in a position to assert the transitivity of the indistinguishability of
weights.

THEOREM 14. If W1 ~ W2 and W2 ~ W3 then W1 ~ W3.

The importance of the next theorem for determining the approximation that
holds under addition of two disjoint sets W7 and W5 of objects to be weighed is
brought out in the discussion following the theorem.

THEOREM 15. If Wy N Wy = (), then there exist standard sets Si, S;, S and S)
such that S1 NSy =51 NS, =5NS =8 NS5,=0, and
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(i) (S1,S51) is a minimal pair for Wy,
(i1) (S2,S%) is a minimal pair for Wa,

(#i) (S1 U S2, 81 USY) and (S U Sa,S1 U Sy) are equivalent minimal pairs for
Wi UWs, or (S1USS, S1USSY) and (S7US2,57USS) are equivalent minimal
pairs for Wi U Ws.

In adding the approximate weight of two collections of physical objects, from
weighing them individually, the approximate result does not enable us to infer
which one of the two disjuncts formulated in Theorem 15 holds. These two dis-
juncts describe two adjacent but different minimal intervals. But there is one
important feature to note. Addition does not increase the interval of approxima-
tion after addition. So, in Theorem 15, when we are given W7 and Ws, without
further information we do not know in which minimal interval W U W5 lies, but,
as the disjunctive conclusion of the axiom asserts, it is just one of two adjacent
minimal intervals, and by making the comparison empirically, we can determine
which.

The disjunctive clause (iii) of Theorem 15 and the assumption of exactness,
i.e., no approximation, in the measurement of the standard sequence itself, mark
a difference from the discussions and results on approximation in several different
places in Foundations of Measurement [Krantz et al., 1971, Vol.I, Sections 2.2.2,
3.10.3, 4.4.4, and 5.4.3; Suppes et al., 1989, Vol. II, Section 16.6.2; Luce et al.,
1990, Vol. III, Sections 19.5.4 and 21.8.2]. In fact, the standard concept of a pair
(u*, px) of upper and lower measures, useful as measures of approximation, is not
introduced anywhere in the three volumes of Foundations of Measurement. The
definition of such a pair (u*, p.) follows in form that given earlier for a measure
1
DEFINITION 12. Let Q be a nonempty set and F a nonempty family of subsets
of Q closed under intersection and union, and let (u*, p«) be a pair of real-valued
functions defined on F. Then the structure (0, F, (u*, ps)) is an upper-lower
measure structure if and only if the following axioms are satisfied for every A and

Bin F:
L pa(0) = p(0) = 0;
2. 1t (A) > pa(A) > 0;
3. If AD B then p«(A) > p.(B) and p*(A) > p*(B);
4. If ANB =0, then p.(A)+p«(B) < p(AUB) < p*(AUB) < p*(A)+p*(B).
The concept of a pair (u*, 1) of upper and lower measures is not new. It goes
back at least to the use of inner and outer measures in analysis in the latter part of

the nineteenth century by Carathedory [1917/1948] and others. Use in probability
goes back at least to Koopman [1940a; 1940b).
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The representation of approximate measurement is explicitly given in terms
of upper and lower measures. Theorem 15, or something roughly equivalent, is
needed to establish the subadditive and superadditive properties of the upper and
lower measures. These properties are formulated explicitly in part (v) of the next
theorem.

THEOREM 16. (Representation Theorem) Let = (Q, F, S, W, =) be an approz-
imate extensive structure with a finite standard sequence. Then there is a measure
w on F|S satisfying Theorem 1, and an upper-and-lower measure pair (1, i) on
F|SUW such that for any S1 and Ss in F|S and Wy and Wo in W:

(i) 11+ (S1) = p(S1) = w*(S1);

(i) If (S1,S1) is a minimal pair for Wy, then p(S1) = p*(W1) > p.(Wy) =
(51

(iii) p.(Wy) > 0;
(iv) if Wi 2 Wy, then ., (Wh) «(W3) and p* (W) > p*(Wa);

>
(v) if Wi N Wy =0 then pu,(W1) + pe(Wa) < (W1 U W) < p* (W UW,) <
(W) + p*(Wa).

Comparison of the inequalities of clause (v) of the theorem just proved with
the two disjunctive qualitative possibilities expressed in Theorem 15 suggest that
a tighter bound can be proved, and this is the case. The inequalities in clause (v)
can be tightened to (v’) by the insertion of the term p*(W7) + p.(W2) which is
justified by Theorem 15.

COROLLARY 1.

(V) pse(W1) 4 pe (W2) < e (W1 U Wa) < (W) + s (W)
<t (Wi UWa) < p*(Wh) + e (Wa).

I have not stated an invariance result for Theorem 16, for the obvious one
follows from this part of Theorem 1. But there is a different related considera-
tion of greater interest. The minimal interval of the finite standard sequence S
= (S, F, =) that is a part of any structure of approximate extensive measurement,
as characterized by Definition 11, fixes the qualitative empirical precision of the
empirical measurements. Now consider a second finite standard sequence 7 for
measuring the same property of the subsets of W, and let (T7,7}) be the minimal
interval of 7. Then, unlike the conventional acceptance of a unit of extensive mea-
surement, in the case of approximate measurement, we have a directly qualitative
comparison of precision given by the empirical ratio of (S1,S7) to (71,77). For
example, the “scale” I regularly use to weigh myself has a minimum interval of
0.25 1b, but another one I use less often has a minimum interval of 0.1 kg. Since 1
kg = 2.20 lb, the ratio of 0.25 1b to 0.1 kg is .25/.22, which is, to two decimals, 1.14.
So the standard sequence calibrated in the metric system is slightly more precise,
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although both “scales” provide minimum intervals beyond the precision ordinarily
observed or recorded for most purposes. Any further refinement of either one is of
little or no interest for the purpose of measuring body weight.

Similar examples are easily given for measurement of length using different finite
standard sequences. Moreover, the approximate theory developed here in terms of
upper and lower measures can easily be extended by the same methods to differ-
ence measurement, bisection measurement, and conjoint measurement, and with
somewhat more difficulty to several dimensions, e.g., affine or Euclidean geometry.
Not surprisingly, applications of upper and lower measures have been most applied
to approximate measurement of subjective probability. A comprehensive review
and analysis is given by Walley [1991]. My own earlier contribution, Suppes [1974],
uses upper and lower probabilities, but with nontransitive indistinguishability.

The focus here has been on approximate measurement, but a very different
theory of upper and lower probabilities can be derived from a direct set-theoretical
generalization from random variables as random functions to random relations.
An indication of the theoretical difference is that the upper and lower measures
derived from random relations by Suppes and Zanotti [1977] are capacities of
infinite order in the sense of Choquet [1953]. In contrast, the upper and lower
measures considered here for approximate measurement are not even capacities
of order two. Clearly, the sense of approximation introduced here and in Suppes
[1974] is in no sense the only possibility.

4 QUALITATIVE PROBABILITY DISTRIBUTIONS OF ERROR

In the standard theory of fundamental extensive measurement, qualitative axioms
are formulated that lead to a numerical assignment unique up to a positive sim-
ilarity transformation. The central idea of the theory of random quantities is to
replace the numerical assignment by a random-variable assignment. This means
that each object is assigned a random variable. In the case of extensive quantities,
the expectation of the random variable replaces the usual numerical assignment,
and the distribution of the random variable reflects the variability of the property
in question, which could be intrinsic to the object or environment, or due to instru-
mental errors of observation. In any case, the existence and use of distributions
with positive variances is almost universal in the actual practice of measurement
in most domains of science.

It is a widespread complaint about the standard foundations-of-measurement
literature that too little has been written that combines the qualitative structural
analysis of measurement procedures and the analysis of variability or error. In
view of the extraordinarily large number of papers that have been written about
the foundations of the theory of error, which go back to the eighteenth century
with fundamental work already by Simpson, Lagrange, and Laplace, followed by
the important contributions of Gauss, it is surprising that the two kinds of analysis
have not often been combined. Part of the reason is the fact that, in all of this long
history, the literature on the theory of errors has been intrinsically quantitative
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in character. Specific distributional results have usually been the objective of
the analysis, and the assumptions leading to such results have been formulated
in quantitative probabilistic terms. This quantitative framework is also assumed
in the important series of papers by Falmagne and his collaborators on random-
variable representations for interval, conjoint, and extensive measurement (see
Falmagne [1976; 1978; 1979; 1980; 1985]; Falmagne and Iverson [1979]; Iverson
and Falmagne [1985]).

The work reported here combines in one analysis the qualitative structures
characteristic of the foundations of measurement and the probabilistic structures
characteristic of the theory of error or the theory of variability. Details are given
in Suppes and Zanotti [1992], and Suppes et al. [1989, Ch. 16].

The approach to the distribution of the representing random variables of an
object consists of developing, in the usual style of the theory of measurement,
qualitative axioms concerning the moments of the distribution, which are repre-
sented as expectations of powers of the representing numerical random variable.
The first natural question is whether or not there can be a well-defined qualitative
procedure for measuring the moments. This is discussed in Section 4.1, Section
4.2 presents the qualitative primitive concepts and Section 4.3 the axiom system
and the representation theorem.

4.1 Variability as measured by moments

Before giving the formal developments, we address the measurement of moments
from a qualitative standpoint. We outline here one approach without any claim
that it is the only way to conceive of the problem. In fact, we believe that the
pluralism of approaches to measuring probability is matched by that for measuring
moments, for reasons that are obvious given the close connection between the two.

The one approach we outline here corresponds to the limiting relative-frequency
characterization of probability, which we formulate here somewhat informally. Let
s be an infinite sequence of independent trials with the outcome on each trial being
heads or tails. Let H (i) be the number of heads on the first ¢ trials of s,

P(heads) = lim H(%)/i,
11— 00
with the provision that the limit exists and that the sequence s satisfies certain
conditions of randomness that need not be analyzed here. In practice, of course,
only a finite initial segment of any such sequence is realized as a statistical sample.
However, ordinarily in the case of probability, the empirical procedure encompasses
several steps. In the approach given here, the first step is to use the limiting
relative-frequency characterization. The second step is to produce and analyze a
finite sample with appropriate statistical methods.

Our approach to empirical measurement of qualitative moments covers the first
step but not the second of giving detailed statistical methods. Thus, let ag be
an object of small mass of which we have many accurate replicas — so we are
assuming here that the variability in ag and its replicas, af, j = 1,2, ... are
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negligible. Then we use replicas of ag to qualitatively weigh an object a. On each
trial, we force an equivalence, as is customary in classical physics. Thus, on each
trial ¢, we have

a~ {a(()l), a(()2), e aémi)}.

The set shown on the right we symbolize as m;ag. Then, as in the case of proba-
bility, we characterize a”, the nth qualitative raw moment of a, by

but, in practice, we use a finite number of trials and use the estimate a":

1J
~Nn n
a Nf,g m; ag,
Ji=

and so also only estimate a finite number of moments. It is not to the point here
to spell out the statistical procedures for estimating a™. Our objective is only
to outline how one can approach empirical determination of the qualitative raw
moments.

There is one important observation to deal with. The observed data, summa-
rized in the integers mi, mg, ..., m;, on which the computation of the moments
is based, also constitute a histogram of the distribution. Why not estimate the
distribution directly? When a distribution of a particular form is postulated, there
need be no conflict in the two methods, and the histogram can be of further use
in testing goodness of fit.

The reason for working with the raw moments is theoretical rather than empiri-
cal or statistical. Various distributions can be qualitatively characterized in terms
of their raw moments in a relatively simply way, as the examples to be considered
show. Furthermore, general qualitative conditions on the moments are given in
the Representation Theorem. Alternative qualitative approaches to characterizing
distributions undoubtedly exist and as they are developed may well supersede the
one used here.

We now turn to the formal developments. In proving the representation theorem
for random extensive quantities we apply a well-known theorem of Hausdorff [1923]
on the one-dimensional moment problem for a finite interval.

HAUSDORFF’S THEOREM. Let pg, p1, f2, --- be a sequence of real
numbers. Then a necessary and sufficient condition that there exist a
unique probability distribution F' on [0, 1] such that ., is the nth raw
moment of the distribution F', that is to say,

1
,un:/t"dF, n=0,1,2,..., (6)
0

1s that po = 1 and all the following inequalities hold:
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k k
Hv — (1>:ul/+l+ <2)1U‘V+2+"'+(1)k:u’l/+k’ >0f07’ k},l/:()’ 1,2, ... (7)
A standard terminology is that a sequence of numbers p,, n =0, 1, 2, ... is

completely monotonic iff Inequalities (2) are satisfied, in more compact binomial
notation p¥(1—pu)* >0, for k, v =0, 2, ... (for detailed analysis of many related
results on the problem of moments, see Shohat and Tamarkin [1943]).

It is important to note that we do not need an additional separate specification
of the domain of definition of the probability distribution in Hausdorff’s theorem.
The necessary and sufficient conditions expressed in the Inequalities (2) guarantee
that all the moments lie in the interval [0, 1], and so this may be taken to be the
domain of the probability distribution without further assumption.

4.2 Qualitative primitives for moments

The idea, then, is to provide a qualitative axiomatization of the moments for
which a qualitative analogue of Inequalities (2) obtains and then to show that the
qualitative moments have a numerical representation that permits one to invoke
Hausdorff’s theorem. Thus, the qualitative structure begins first with a set G of
objects. These are the physical objects or entities to which we expect ultimately
to associate random variables. More precisely, we expect to represent the selected
extensive attribute of each object by a random variable. However, in order to get
at the random variables, we must generate from G a set of entities that we can
think of as corresponding to the raw moments and mixed moments of the objects
in G. To do that, we must suppose that there is an operation - of combining so that
we can generate elements a” = @™~ ! - a, which from a qualitative point of view,
will be thought of as corresponding to the raw moments of a. It is appropriate
to think of this operation as an operation of multiplication, but it corresponds
to multiplication of random variables, not to multiplication of real numbers. We
shall assume as axioms that the operation is associative and commutative, but
that is should not be assumed to be distributive with respect to disjoint union
(which corresponds to numerical addition) can be seen from a random-variable
counterexample, given in Gruzewska [1954].

We turn now to the explicit definition of a semigroup that contains the associa-
tive and commutative axioms of multiplication.

DEFINITION 13. Let A be a nonempty set, G a nonempty set, - a binary operation
on A and 1 an element of G. Then A = (A, G, -, 1) is a commutative semigroup
with identity 1 generated by G iff the following axioms are satisfied for every a, b,
and c in G and s and t in A:

1. If a € G, then a € A.

2. Ifs, t€ A, then (s-t) € A.
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3. Any member of A can be generated by a finite number of applications of
Azioms 1—2 from elements of G. (A is the set of finite strings with alphabet
G.)

4. a-(b-c)=(a-b)-ec

5. a-b=0b-a.

6. 1-a=a.

Note that, because of the associativity axiom, we omit parentheses from here
on. Note, further, that, on the basis of Axiom 3 we think of elements of A as
finite strings of elements of G. Intuitively the elements of A are qualitative mixed
moments. Furthermore, because the product operation - is associative and com-
mutative, we can always write the mixed moments in a standard form involving
powers of the generators. For example, a-a-a-c-a-b-c = a*-b-c? This
expression is interpreted as the qualitative mixed moment consisting of the fourth
raw moment of a times the first one of b times the second one of ¢. We denote this
semigroup by A.

Our last primitive is a qualitative ordering of moments. As usual, we will denote
it by —. The first question concerns the domain of this relation. For purposes of
extensive measurement, it is useful to assume that the domain is all finite subsets
from the elements of the semigroup A. We may state this as a formal definition:

DEFINITION 14. Let A be a nonempty set and 7~ a binary relation on F, the
family of all finite subsets of A. Then A = (A, F, ) is a weak extensive structure
iff the following axioms are satisfied for every B, C', and D in F:

1. The relation 7 is a weak ordering of F.
2.IfBNnD=CnND=0, then B Ciff BUDZ CUD.
3. If B# @, then B = @.

Superficially the structure just defined looks like a familiar structure of quali-
tative probability, but in fact it is not. The reason is that because A is an infinite
set, we cannot assume JF is closed under complementation, because that would
violate the assumption that the subsets in F are finite.

An important conceptual point is that we do require the ordering in magni-
tude of different raw moments. One standard empirical interpretation of what
it means to say that the second raw moment, a?, is less than the first, a', was
outlined previously. A formal point, appropriate to make at this stage, is to con-
trast the uniqueness result we anticipate for the representation theorem with the
usual uniqueness up to a similarity (i.e., multiplication by a positive constant) for
extensive measurement. We have, in the present setup, not only the extensive op-
eration but also the semigroup multiplication for forming moments; therefore, the
uniqueness result is absolute (i.e., uniqueness in the sense of the identity function).



854 Patrick Suppes

Given this strict uniqueness, the magnitude comparison of ¢ and a” for any nat-
ural numbers m and n is not a theoretical problem. It is of course apparent that
any procedure for measurement of moments, fundamental or derived, will need to
satisfy such strict uniqueness requirements in order to apply Hausdorff’s or other
related theorems in the theory of moments.

Within &, we may define what it means to have n disjoint copies of B € F:

1B=1B
(n+1)B~nBUDB,

where nBNB’ = @, and B’ ~ B and ~ is the equivalence relation defined in terms
of the basic ordering 7~ on F. Axiom 3, of Definition 15, which follows, will simply
be the assumption that such a B’ always exists, and so nB is defined for each n.
It is essential to note that this standard extensive or additive recursive definition
is quite distinct from the one for moments a™ given earlier.

4.8 Axiom system for qualitative moments

The goal is to provide axioms on the qualitative raw moments such that we can
prove that object a can be represented by a random variable X,, and the nth raw
moment a” is represented by the nth power of X, (i.e., by X).

For convenience, we shall assume the structures we are dealing with are bounded
in two senses. First, the set G of objects will have a largest element 1, which
intuitively means that the expectation of the random variables associated with
the elements of a will not exceed that of 1. Moreover, we will normalize things
so that the expectation associated with X; is 1. This normalization shows up in
the axiomatization as 1 acting as the identity element of the semigroup. Second,
because of the condition arising from the Hausdorff theorem, this choice means
that all of the raw moments are decreasing in powers of n (i.e., if m < n, then
a™ = a™). Obviously the theory can be developed so that the masses are greater
than 1, and the moments become larger with increasing n. This is the natural
theory when the probability distribution is defined on the positive real line. Here,
the exponential notation for qualitative moments a” is intuitively clear, but it is
desirable to have the following formal recursive definition:

aozl,

a’ = an—l .

a?
in order to have a clear interpretation of a°.
Before giving the axiom system, we must discuss more fully the issue of what
will constitute a qualitative analogue of Hausdorfl’s condition, Inequality (2).
We have only an operation corresponding to addition and not to subtraction
in the qualitative system; thus, for k, an even number, we rewrite this inequality
solely in terms of addition as follows:
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k k
1207 + 9 Ho+2 + -+ Ho+k > 1 Ho+1 + -+ klffl/+(k—1)7 (8)

and a corresponding inequality for the case in which k is odd. In the qualitative
system, the analogue to Inequality (3) must be written in terms of union of sets
as follows for k even:

a, U (5) a’t2U- .Uttt (lf) a’ttu. U ke, (9)

When £k is odd,

ay U <§) a’T2U. - Ukart D = <

There are several remarks to be made about this pair of inequalities. First of all,
we can infer that, for a < 1, as opposed to a ~ 1, the moments are a strictly
decreasing sequence (i.e., a” = a”*!). Second, the meaning of such terms as
(g)al’*z was recursively defined earlier, with the recursion justified by Axiom 3
below. It is easy then to see that the unions indicated in Inequalities (2) and (5)
are of disjoint sets. On the basis of the earlier terminology, we can then introduce
the following definition. A qualitative sequence a, a', a?, a?, ... is qualitatively

completely monotonic iff Inequalities (4) and (5) are satisfied.
DEFINITION 15. A structure A = (A, ¥, G, 7, -, 1) is a random extensive

’ A
structure with independent objects — the elements of G — iff the following axioms
are satisfied for a in G, s and t in A, k, m, m’, n, and n’ natural numbers, and

B and C in F:

k

1>a”+1 U---uatk, (10)

1. The structure (A, F, 72) is a weak extensive structure.

2. The structure (A, G, -, 1) is a commutative semigroup with identity
1 generated by G.

3. There is a C' in F such that C' ~C and C'NB =0 .

4. Archimedean. If B = C, then for any D in F there is an n such that
nB 7, nCUD.

5. Independence. Let mixed moments s and t have no common objects:
a. If ml 7z ns and m'l 7 n't, then mm/'1 7z nn/(s - t).
b. If m1 2 ns and m'1 3 n't, then mm/1 2 nn'(s-1).
6. The sequence a®, a', a?, ... of qualitative raw moments is qualitatively com-

pletely monotonic.

The content of Axiom 1 is familiar. What is new here is, first of all, Axiom 2,
in which the commutative semigroup, as mentioned earlier, is used to represent
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the mixed moments of a collection of objects. Axiom 3 is needed in order to make
the recursive definition of (n 4 1)B well defined as given earlier. The special form
of the Archimedean axiom is the one needed when there is no solvability axiom,
as discussed in Section 3.2.1 of Krantz et al. [1971]. The dual form of Axiom
5 is just what is needed to prove the independence of the moments of different
objects, which means that the mixed moments factor in terms of expectation.
Note that it is symmetric in 7 and . The notation used in Axiom 5 involves
both disjoint unions, as in m1, and the product notation for mixed moments, as
in (s-t). Axiom 6 formulates the qualitative analogue of Hausdorff’s necessary
and sufficient condition as discussed above.

THEOREM 17. (Representation Theorem) Let A = (4, F, G, =, -, 1) be a

random extensive structure with independent objects. Then there exists a family
{Xpg, B € F} of real-valued random variables such that:

(i) every object a in G is represented by a random variable X, whose distribution
is on [0, 1] and is uniquely determined by its moments;

(ii) the random wvariables {X,, a € G} are independent;
(iti) for each a and b in G with probability one

Xab=Xg Xb;

(iv) E(Xp) =2 E(X¢), iff B7 C;

(v) if BNC = @, then Xpuc = Xp + Xo;
(vi) if B #0, then E(Xp) > 0;
(vit) E(X¥) =1 for every n.

Moreover, any function ¢ from Re to Re such that {p(Xp), B € F}, satisfies
(i)—(vii) is the identity function.

If we specialize the axioms of Definition 15 to qualitative assertions about distri-
butions of a particular form, we can replace Axiom 6 on the complete monotonicity
of the sequence of qualitative moments of an object by much simpler conditions.
In fact, we know of no simpler qualitative way of characterizing distributions of
a given form than by such qualitative axioms on the moments. The following
corollary concerns such a characterization of the uniform, Bernoulli, and beta
distributions on [0, 1], where the beta distribution is restricted to integer-valued
parameters o and [3.

COROLLARY 2. (Corollary to Representation Theorem) Let A = (4, F, G,
=, -, 1) be a structure satisfying Azioms 1-5 of Definition 15, and, for any a in

~)

G, assume a 3 1.
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1. If the moments of an object a for n > 1 satisfy
(n+1)a™ ~ 2a,

then X, is uniformly distributed on [0, 1].

II. If the moments of an object a for n > 1 satisfy
a” ~ a,

then X, has a Bernoulli distribution on [0, 1].

III. If the moments of an object a for n > 1 satisfy

(a4 B+n)a" ~ (a+mn)a",
where o and B are positive integers, then X, has a beta distribution on [0, 1].

Note that a Bernoulli distribution on X, implies that all the probability weight
is attached to the end points of the interval, so that, if p is the parameter of the
distribution, as in standard notation, then

EX,)=(1-p)-0+p-1=np.

We remark informally that some other standard distributions with different do-
mains may also be characterized qualitatively in terms of moments. For example,
the normal distribution on (—oo, co) with mean equal to zero and variance equal
to one is characterized as follows:

aowl,
a1~®,
a? ~ 1,

a?"t) ~ (2n 4+ 1)a®" forn > 1.

5 CONCLUDING REMARKS

There are several topics not adequately covered in the preceding pages that I would
like to mention briefly.

Geometric generalizations. The approximate extensive measurement meth-
ods of Section 3, in fact, even the finite equally-spaced measurement models of
Section 2, have natural geometric generalizations. And not just to Euclidean ge-
ometry. Equal-spacing models can easily be given for spherical geometry, or the
rather different example of affine geometry. The approximations of extensive mea-
surement by upper and lower measurement can fit in well as a framework for
spatial measurements in geometry and physics. The details are somewhat more
complicated, but the conceptual viewpoint is easily generalized to n-dimensional
geometries of various types, especially those used in scientific and engineering data
analysis.
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More on approximation. Section 3 was mainly concerned with a particular
sort of approximation, but the subject is much broader than what could be de-
veloped in detail here. Perhaps most missing is any attempt to survey the large
and complex literature in statistics on measurement errors of all kinds. Matters
of importance range from the standard introduction in linear regression models of
normally distributed errors with zero mean to the estimation of prediction errors
in nonlinear models. In much of this work, the framework is quantitative and the
theory of measuring the errors themselves is not developed, but assumed without
comment.

Of course, the limits of accurate measurement are stressed, especially in quan-
tum mechanics. The 19th century ideal of ever better approximations of the mea-
surement of physical quantities has been replaced by such theoretical results as
the Heisenberg uncertainty relations, and, more generally, by the realization that
measurement imvolves physical interaction between instrument and object being
measured. The disturbances of such interactions block the road to ideally exact
measurements of any continuous quantity.

Sections 3 and 4 display the tension that naturally arises if too unified an ap-
proach to approximation is taken. The results of Section 3 are in terms of upper
and lower measures. In contrast the rather elaborate qualitative theory of distribu-
tions of error in Section 4 is focused entirely on results stated in terms of standard
probability measures. How are these two approaches to be reconciled? There are
several ways of answering. First, the upper and lower measures of Section 3 are,
in a sense already mentioned there, pre-statistical. The upper and lower measures
introduced are not standard at all, for example, in the elementary introductions of
errors and their measurement in student lab manuals in physics, chemistry or most
engineering subjects. The intention here is to provide a conceptual foundation for
what is often unspoken in these matters. A naive student may ask, “What does
it mean to report a weight measurement as 4.7 = -1 gm?” The answer can be
simple, or as complicated as the axiomatic analysis of Section 3. And Section 3
offers only part of the complicated answer. Manufacturers’ reports of the accuracy
of the instruments they sell, psychologists’ study of human errors, and always the
disturbing effects of interactions with the environment, which may not even be
labeled as errors, all these and still other sources as well, add to the complexity of
the total picture.

Section 4 does provide a different take on errors. It addresses the problem of
providing a foundation, based on qualitative axioms, of various probability distri-
butions widely used in statistical analysis of data. This is one way, important for
the systematic development of measurement theory, to give an axiomatic under-
pinning for these familiar distributions, and to see how they naturally arise from
qualitative principles.

References to the literature. The numerous articles and books on the theory
of measurement published in the 20th century are spread over many different scien-
tific and engineering fields. A large collection of references focused on foundational
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questions can be found in the three-volume work Foundations of Measurement (ref-
erenced here as Krantz et al., [1971], Vol. I; Suppes et al., [1989], Vol. II; Luce et
al., [1990], Vol. III). The list of references in these three volumes occupies many
pages at the end of each volume. (This work was reprinted in paperback by Dover
Publications, New York, in 2007.)
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