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STAXFORD v~IVI-:RSITY 

The predominant current opmwn appears to be that it is scarcely 
pos::;iblc to set up criteria of empirical meanillgfulne&'i for ind,ividuul 
~btements. What is required, it is said, is an analysis of theories taken 
it;; a whole. There is ·even some skepticism regarding this, and it hns 
been romantically suggested that the entire fabric of experience and 
language must be considered and taken into account in any cOllstructioll 
of g;()neral categories of meaning· or analyticity. What I have to say 
maims no contribution to the· attempt to find a geneml criterion of 
meaning applicable to arbitrary statements. Rather I am concerned to 
(~xen1plify a general method that will yield specific positive for 
specific branches of science. 

A brief !1nalysis of two simple examples \v-lll indicate the sort of thing 
I have in mind. Consider the statement: 

I This rcse:J.1"<.,h was supported b par~ by the Group Psychology Br:mch of the 
OiTicc of Nayal Research. I am indebted to G. Kreisel for severa! helpful comments 

of this article. [Editorial Note: This paper was separately invited 
,1"I'"<Tp,..41 at the Symposium on Measurement.1 
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(i) The mass of the .sun is greater than 106• 

lf a physicist were asked if (i) is true or false, he would most likely 
reply that it depends on \vhat unit of mass is implicitly understood in 
uttering (i). On the other hand, if we were to ask him about the truth 
of the sentence: 

(ii) The mass of the sun is at least ten times greater than that of the earth, 

he would, "ithout any reservation about units of measurement, state 
that (ii) is true, _ and perhaps even add that its truth is known to every 
schoolboy. Now my main point is that we may insist that our systematic 
language of physics (or of any other empirical science) has no hidden 
references to units of measurement. The numerals occurring in the 
hmguage arC understood to be designating "pure" numbers. An excel­
lent example of a physical treatise written without reference to units is 
provided by the first two books of Newton's Principia. (Units are in­
troduced in the consideration of data in Book III, and occasionally in 
examples in the earlier books.) Newton avoids any commitment to 
units of measurement by speaking of one quantity being proportional to 
another or standing in a certain ratio to it. Thus he formulates his fa­
mous second law of motion: 

The change of motion is proportional to the motive force impressed; and is 
made in the direction of the right line in which that force is impressed. (Cl1jori 
edition, p. 13.) 

Systematic reasons for adopting Newton's viewpoint as the fund~~­
mental one are given in later sections. My only concern at the moment 
is to establish that adoption of this viewpoint does not represent a gro;;:g 
viohttion of the use of physical concepts and language by physicist.q. It 
seems obvious that, in using a unitlesslanguage, ,\Ye would not findocca­
sion to .use (i), for there would be no conceivable way of establishing its 
truth or falsity, either by empirical observation or logical argument. In 

. contrast, (ii) would be acceptable. Yet it is difficult to see how to de­
velop a simple and natural syntactical or seman tical criterion within, 
say, a formal language for expressing the results of measurement:.; of 
mass, which would rule out sentences like (i) and admit sentences like 
(ii). The central purpose of this paper is to explore some of the possi­
bilities for classifying as meaningless well-formed sentences like (i), or, 
more exactly, the analogues of (i) in a fOl'nUlli.l'led htaguo.ge. FormulillLt~ 

tion of a certain portion of the unitlcs,'l language of physicists is not 
absolutely necessary for expressing the ideas I want to put forth, hut 
it is essential to a clear y;orking out of details. :\'£oreovo1', exact 
formal construction seems to pose some interesting problems which could 
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licarcely be stated for a natural language. In the final section, the pos­
liihility ili explored of interpreting this formalized language in terms of a 
three-valued logic of truth, falsity, and meaninglessness. 

!:\VAlUANCE AND I\IEANINGI"UI..i"lESS 

In eOllllcctioll with any mca"urcd property of Ull or sct of 
(Ihjects, it may be asked how unique is the number a;;;;igncd to measure 
the property. For example, the mass of a pebble may be measured in 
grams or pounds. The number a.<;sigl1ed to measure mass is unique once 
:t unit has been chosen. A more technical way of putting this is that 
the measurement of masS is unique tip to a similarity transformation.:! 
The measurement of temperature in °0 or OF has different charaderi$­
tics. Here an origin as well as a unit is arbitrarily cho:-;en: technically 
:-;peuking, the measurement of temperature is unique up to a linear trans­
fonnation_z Other formally different kinds of measurement are exem­
plified by the measurement of probability, which i..'l absolutely unique 
(unique up to the identity tranl>formation), and (2) the ordillulmcasurc­
lIlent of such physical properties as hardness of minerals, or such psycho­
I()~ieal properties us intelligence and racial prejudice. Ordinal measure­
ments are commonly said to be unique up to a monotone-increasing 
tmnsformation.4 

Use of these different kinds of tmnsformations is basic to the main 
idea of this paper. An empirical hypothesis, or any sh:,tcment in fact, 
whieh uses numerical quantities is empirically meaningful only if its 
tmth value is invariant under the appropriate transformatim.h'i of the 
numerical quantitie$ involved. As an example, SUP;JOSC t1 psychologist 
hM an ordinal mea.<iure of LQ., and he thinks that scores Sea) on a cer-

2 A real-valued function ¢ is 3. similarity tmnsfor=tion if there is a positive num­
h.-r a such tlw.t for every rt'.:.J number x 

.p(x) ca. 

In transforming from pounds to gm.'11S, for instance, the muitiplicative factor a is 
-153_0. 

'A real-valued function", is a linear transformation if there are numbers a and (3 

wit,h '" > 0 such that for every number x 

</>(x) = ca + p. 

In tr~tnsforming from Centrigrade to Fahrenheit degrees of temper:l.turc, for insta.'lce, 
€X = % and .e ~ 32_ 

, A real-valued function q, is a monotone increasing transformation if, for any two 
numbers x and y, if x < y, then </>(x) < <t>(y). Such transformations are also called 
order-preserving. 
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tain new test T have ordinal significance in ranking the intellectu!l.l !l.bil­
.ity of people. Suppose further that he is able to obtain the ages A(a) 
of his subjects. The question then is: Should he regard the following 
hypothesis as empirically meaningful? 

Ilypothesis 1. For any subjects a and b if S(a)/A(a) < S(b)/A(b), 
then LQ. (a) < LQ. (b). 

From the standpoint of the invariance characterization of empiric~l 
menning, the anRwer is negative. To sec this, let LQ. (a) 2:: LQ. (b), let 
.tl(a) 7, A(b) = 12, Sea) = 3, S(b) = 7. Make no traih'lformntion:-: 
on the LQ. data; and make no trn,nsfQTIllations on the age data. .I.lul. 
let q:, be a monotone-increasing transformation which carries 3 .into (j 

and 7 into itself. Then we have' '. 

but 

and the truth yalue of Hypothesis 1 is not invariant under q:,. 
The empirically significant thing about the transformation character­

istic of a quantity is that it expresses in precise form how unique is the 
s.tmctural isomorphism between the empirical operations used to obtain 
a giyen measurement and the corresponding arithmetical operations or 
relations. If, for example, the empirical operation is simply that of 01'-:­

dering a set of objects according to some characteristic, then the corre­
sponding arithmetical relation is that of less than (or greater than),und 
::my two functions which map the objects into numbers irl a manner pre­

the empirical ordering are adequate. More exactly, a function 
f is adequate if, and only if, for any two objects a and b in the set, a 
stands in the given empirical relation to b if and only if 

f(a) < feb)!' 

It is then easy to show that, if fl and f2 are adequate in this scns~, 
then they are related by a monotone-increasing Only 
those arithmetical operations and relatiom; which are invarw.nt unde!' 
monotone-increasing transformations have any empirical significance in 
this situation. 

The kny Dotion referred to in the last sentence is that of irrmrirtnec. 
In order to make the notion of invariance or the related notion of mco,I!­

completely precise, ,ve can do one of two things: set up all 

G For l'impEeHy we s>l".:' cunsider here only the arithmcti(~nJ relation <. There is 
no otll('1" reason fOl" excluding >. 
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exaet set-theoretical framework for our discussion (e.g., for classical 
mechanics, see [1]), or formalize a language adequate to express empiric-al 
hypothc;.;cs and faces involving numerical quantities. Here we .shall 
formalize a simple language for expressin;::; th;: ,:><c;; of rr.ass meaSlire­
mcnts. It should be clear that the method of approach is applicable to 
:iny other kind of measurement, or combinatiuns thereof. 

EJIPIRICAL j.\'1EANINGFULNESS IJ.~ THE ~\NGUAGE L.II 

To avoid many familiar details, \ve shall usc as a bas~s the formal 
language of Tarski's monograph [2Jenri<;tledby individual variables 
'a', '//, 'c', "', 'aI', 'bI ', 'CI', "', the ·individual constants: 01, "',010, 

\\'hieh designate ten, not necessarily <:iistinct, physical objects, and the 
Dia;;s term 'm', where 'mea)' designatcsq. real number, the mass of a. The 
values of the individual variables are physical objects. The numerical 
\"ariables are 'x', 'y', 'z', "', 'Xl', 'YI', 'ZI" .... Tarski's numerical con­
stants are: 1,0, -1. INc shall include, for purposes of examples, numer­
ical constants for the positive and negative integers less than 100 in 
absolute value. The operation signs are those for addition and multi­
[llieation. vVe also include the standard sign for exponentiation with 
the fixed base 2. A term is any arithmetically meaningful expre:ssion 
built up from this notation in the usual manner. (We omit an exact 
definition.) Thus the following are terms: mea), 5·m(a) + 3, 2 + 1, 
:c + 3,2". Our two relation symbols :1re the usual sign of equality and 
the greater than sign. An atomic formula is t4~n a,n expression of the 
form 

(ex = (3), (ex> (3) 

whcre a and f3 are terms with the restriction in the C:1$C of (ex > (3) that 
u and f3 are both numerical terms, that is, neither ex nor f3 i;; an ~lldivid­
Hal variable or constant. Wben no confusion will result, parcnthese;; are 
omitted. Formulas are cor:.;:;tnlcted from atomic formulas by means of 
sl!!ltential connectives and quantifiers. The symbol' -' is used for 
negation; the ampersand '&r for conjunction; the symbol 'v' for dis­
jllIletion (to be read 'or'); the arrow '-,,' for implication (to be read 
'if ... then .. .'); the double arrow 'i-r' for equivalence (to be read 
'if and only if'); the reverse 'a' is the existential quantifier; and the up­
sidc down 'V' the universal quantifier. Thus the following are formulas: 
(ax)(m(a) = x), (3:x)(3:y)(x > y), 0 > x -" m(b) > x. We also use 
the standard symbol' r=' for negating an equality. A formula is a sentence 
if it contains no free variables, that is, every occurrence of a variable is 
bound by some quantifier. 
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Sentel1Ces are trite or false, but unlike the sitU$,tion In the language of 
monograph (2], the truth or falsity of many sentences in the 

language Lil1' constructed here depends on empirical observation and 
contingent fact. For example, the truth of the sentence: 

(1) (aa)(Vb)«(, ;if a ~ mea) :> 5<m(b)) 

is a matter of physics; not arithmetic. . 
Ptlrsuing now in more detal1 the remarks in the first section, the ill. 

ttlitive basis for our classification of certain formulas of EM as empirically 
iriealringiess may be brought out by considering the simple ,sentence: 

(2) 

must first be emphasized that in the language L:r,.!; the numeral '4' 
occurring in Sentence 2 it "pure" number. is no COll-

explicit or implicit, that '4' stands for '4 g', '4 lb', or the like, 
IS to be clearly understood that no unit of raass is assumed in the prim-

notation of L,11'• \Vith this understanding in it is obviol1~ 
that no expcl'iment \vith apparatus for determining the masscs ofphy:-i­
cal objects could determine the truth or falsity of Sentence 2. It j;; 

equally obvious that no mathenuttical argument cat:1 settle this question, 
On the other hand, it is clear that sentences like: 

(3) 

or 

(4) 

which are concerned with numerical relations between the masse" of 
certain objects can be determined as true or false on basi'l of expcri­
nl€nt Without prior determination of a unit of ma&<;. 

seems to me that the use of "pure" numerals in LM is more fUlHh­
mental than the tu~e of what 'we may term "unitized numerals". The 
justification of this view is that the determination of units and an appre­
ciHtion of their empirical significance comes after, not before, the invci<­
vl,,"'''lVU of questions of invariance and meaningfulness. Tnc distinction 
bet,Yoen Sentence 2 and the other three Sentences 1, 3, and 4 is that thc 
latter scntences remain true (or false) under any specification of nllit::, 
In other words, the truth value of these sentences is indepcndcnt of the 
arbitrary choice of u. ullit. Paraphrasing \V cyl, we may say: r. only thc 
numerical masses of bodies relative to one another have an objedit'e meanin:!, 

• IYeyJ's or1!1;inal sr.n\"['1f,:,t is with respect to Galileo'R principlo of relativity. 
"Only the motions of bodies (point-masses) relative to OIle another have all obj"':­
tive menning." (See [31.) 
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My claim regarding fundamentals may be supported by ari axiomatic, 
operational analysis of any actual experimental procedure for measuring 
lila,;". Most such procedures may be analyzed in terms of three fonnal 
notion:>: the set A of physical objects, a binary operation Q compal'i­
!'CHI, and a binary operation * of combination. The formal task is to 
",how that under the intended empirical interpretation the triple ~ = 

(A, Q, ill) has SUch properties that it muy be pl:oved tho.t there c:-;ists a 
rcal·valned function In defined on A such that for any a and b in ... { 

(i) aQb if and only if In(a) 5 meb), 

(ii) m(a '" b) = InCa) In(b). 

The empirically arbitrary character of the cJJ.oice of a unit is 
!i:ihcd by showing that the functional composition of any similarity 
trullsformation if> with the function In yields a function if> 0 m.which 
:d>io sati;:;fies (i) and (ii), where 0 is the operation of functional compo­
:-iition.1 

We may think of such an operational analysis as supporting the choice 
of hl:[, where the term 'm" of LM designates a numerical representing 
function satisfying (i) and (ii). Roughly speaking, because this repre­
;;enting function is only unique up to a similarity transformation, we 
Lhf'll expect any sentence to be empirically meaningful in L!r[ if and only 
if its truth value is the same when 'm'is replaced by any expression 
whieh designates multiplication of the representing function by a posi­
tive number. However, there are certain ·difficulties '.vith deciding ex­
aeUy how to make this intuitive definition of empirical meaningfulness 
preeise. For example, if the definition applies to any sentences, then we 
have the somewhat paradoxical result that Sentence 2 and its negation 
am hoth empirically meaningless, but their disjunction' 

(il) 

i,.; mcallin~,'-rul, since it is always true. 
To facilitate our attempts to meet this problem, we nrst need to intra­

olleo the scmantical notion of a model of L;v[. For simplicity in denning 
the notion of model, and without any loss of generality, we shall from 
this point on consider LM as not having any individual constants that 
(k'Signate physical objects. 

On this basis, a model 'ill. of L."f is an ordered triplc (@5, m.), where 

7 An axiomatic analysis in terms of these ideas may be found in til. However, 
the :m;tly:;is 6<ivcn in [41 may be criticized on several empirical counts; for example, 
Ll", set "1 mu:,t be infinire. 
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(i) e is the usual system of real numbers under the operations of addi­
tion, multiplication, and exponentiation with the base 2, and the 
tron less than with the appropriate numbers corresponding to their 
numerical designations in LM ; 8 

(ii) A is a finite, nonempty set; 
(iii) III is a function on A ,vruch takes positive real numbers as values. 

The intended interpretation of A is as a set of physical objects whose 
masses are being deterlI'ined; the function :m is meant to be a possible 
numerical function used to represent experimental result.'>. "Ve as:mme 
·the semantical notion of sati~faction and suppose it to be understood 
under what conditions a sentence of LM is said to be saiisfied in a model 
9JL Roughly speaking, a sentence S of LM is satisfied in m (9, A, In) 
if S is true when the purely arithmetical symbols of S are given the usual 
iuterprctution in terms of @5, when the individual variables occurring in 
S range over the set A, and when the symbol 'm', if it occurs in IS 

taken to designate the function m. 

We say that a sentence of is arithmetically true if it is satisfied ill 
every model of LJ[. And we deal with the arithmetical truth of formulas 
with free variables by considering the truth of their clmrures. By the 
closure of a formula we mean the sentence resulting from the formula 
by adding sufficient universal quantifiers to bind all free variables in the 
formula. Thus '(Va)(m(a) > 0)' is the closure of 'mea) > Q', and isa!so 
the closure of itself. 

these notions, we may define meaningfulness by means of the 
following pair of definitions. 

Definition 1. An atomic formula S of LM is empirically meaningful 
if and only if the closure of the form'ula 

a > 0 ~ (S ~ Sea)) 

is arithmetically true for every numerical term a, where Sea) results from S 
by replacing any occurrence of 'm' in S by the term a, foll!Yl1Jed In} the mulli­
plication sign, foll!Yl1Jed by 'm',9 If, for example, 

S 'mea} > m(b)' 

a = '(2 + 1)" 

S Technicsl details ubout e ure omitted_ Ch!l,raeterization of of the purely 
ll.rithmet.ical part or L.'f are familiar from the literature. 

• In this definition :tnd subsequently we follow, without explicit discussi'ln, certain 
tL"e-n1cntion cor;.Y/'cnt~I}';'1. 7~, ·,vpuld be diversionary to go into thcSC·COIlVc!'ltions, :tnd 
it ~{'em~ any serious confusion will result from not being compietGly explieit 
on this mther minor point. 
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then 
Sea) = '(2 + l)·m(a) > (2 + l)·m(b)'. 

Definition 2. .11 formula S of LM is empirically meaningful in sense A 
if and only if each atomic formula occurring in S is itself empirically rnean­
inyJul in lhe sense of Definition 1. 

It is clear on the basis of Definitions 1 and 2 that Sentence ;5 is not 
empirically meaningful in sense A .. 

On the other hand, there is a certain logical difficulty, "ithin ordinary 
two-valued logic, besetting the set of true fonnulm; \vhieh are me~1.ning­
flit in sense A. Following Tarski [5], a set of formulas i" a deductive 
s,l/.~l(;m if and only jf the scI, is closed under the relation of logical conse­
quence, that a formula which is a logical consequence of fu'ly subset 
of formulas in the given set must also ·be in the set. Clearly it is most 
desirable to have the set of meaningful true formulas about any phe­
nomenon bo a deductive system, but we have for the present case the 
fo\iowing llcgativo result. 

Theorem 1. The set of formulas of L J [ which are meaningful in sense 
A and whm;e closures are tnw is not a deductive system. 

Proof: The true sontence: 

(Vx)(x > 2 -'> X > 1) 

j" meaningful in sense A, but the following logical consequence of it is not; 

m(ol) > 2 -'> meod > 1, 

for the two atomic sentences 'meOt) > 2' and 'm(ol) > l' are both mean­
ingless in the sense of Definitiol1 1. 

To he sure, there are some grounds for maintaining that !ormc:las th'-1.t 
arc empirically meaningless may play an essential deductive role ill em­
piricalsdellce, but prima facie it is cortainty desirable to eliminate them 
if possible . 

.'\. second objection to Definition 1 is that, by considering numerical 
a rather than similarity transformations, we have in effect re­

stricted om-selves to a denumerable number of similarity transformations 
beeause the number of such terms in LM is denumerable. The intuitive 
idea of invariance with respect to all similarity transformations may be 
I:aught by a definition of meaningfulness which uses the concept of two 
models of being related by a similarity transformation. (The opera­
tion 0 referred to in the definition is that of functional composition.) 



138 MEASUREMEN'T: DEFINITIONS AND THEORIES 

Definition 3. Let 9Jl1 = (@5, AI, JDI) and IDlz = (@5, A z, mz) be two 
modcl.s of LJl• Then WCI'and IDl2 are related by a similarity tran·<;fol'matian 
if and only if: 

(i) Al = Az. 
(ii) There is a similarity transformation tf> such tluit 

tf> 0 rot = JDz. 

Using these notions, we may replace Definitions 1 and 2 by the follow­
ing: 

Definition 4., A formula S of LA{ is empirically meaningful in sense 
B if and only if S is satisfied in a model IDl of LA{ when and only whr:n i 1 f~ 
.~atisfied in every model of LA{ related to IDl by a similarity transform~:Uon. 

Unfortunately, we have for meaningfulness in sense B a result analo­
gous to Theorem 1. 

Theorem 2. Let IDl be a model of LA{. Then the set of all formula.'l 
which are meaningful in sense B and which are satisfied in IDe is not a deduc­
tive system. 

Proof: Consider the two sentences: 

(1) 

(2) 

(Ya)(Yb}(a= b -- (m(a) = 2 -- m(b) = 2» 

(Ya)(Yb)(a = b). 

It is easy to verify that Sentences 1 and 2 are satisfied· in any model 
whose set A has exactly one element, and are meaningful ii1 sense fl, 
yet they have as a logical consequence the sentence: 

(3) (Ya)(Yb)(m(a) = 2 -- m(b) = 2) 

which is not meaningful in sense R That this is so may be seen' by 
considering a model with at leaSt two objects with different ma~s!:"'l. Let 
A = (Ob ozL and let IDlI == (@5, A, JDI) be such that mI(od 2 mod 
IllZ(OZ) = 3, and let IDlz = (@5, A, m2) be related to IDll by the similur­
ity transformation q:.(x) = 2x. Thus JD2(OI) = 4 and IU2(OZ) = G. It 
is then easily checked that Sentence 3is satisfied in IDlz but not in ~ml' 

The negative result of these two theorems indicates the difficulties of 
eliminl1.ting the a.ppearance of (~mpiricaUy meaningless ff'IT'.f'lIts ia 
valid arguments ,yUh meaningful premh;;es. We return to tili" po\J,t ill 
the next section in connection with consideration of a thrcc-vuhl"(l 

On the other httnd, we do have the positive result for both ,~{'n:-:e:.: of 
meaningfi.tlness that the set of meaningful formulas is it Boole:m 
more exactly, the set of such formulas under the appropriute cquivlllell(:H 
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relation is sueh an a.lgebra. Here we carry out the construction only for 
sense B. We consider the theory of iloolel1n algebras as based on six 
primitive notions: the nonempty set B of clements; the operation + of 
addition which cOITcsponds to the sentential connective 'or'; the opera­
tion . of multiplication which corresponds to the connective 'and'; the 
op(~ratioll i of complementation which corrc."iponds to negation; the zero 
dement 0, which cOt'l'e.",pmtus to till:) H(l't of logically invalid fO!'Inulm'; 
!md the ullit clement 1, which corresponds to the Bet of logically valid 
formulas. We omit stating familiar postulates on these notions which a 
Boolean algebra must satisfy. 

Let E be the set of formulas which are empirically meaningful in 
Sell!'ie B. \Ve define the equivalence class of a formula S in E as follows: 
[8} is lhe set of all formulas S' in E which are satisfied in exactly the same 
models IDt of LM as S is. Let E be the set of all such equivalence classes; 
obviou!'ily E is a partition of E. The zero element 0 is the set of formulas 
ill E which are satisfied in no model of L.Il ; the unit element 1 is the set 
of formulas in E which are satisfied in all models of L.~t. If Sand Tare 
in B, then (8] + [T] is the set of aU formulas in E which III 

the models of L.tt in which either S or T is satisfied. If Sand T are in E, 
then [8]· [T] is the set of all formulas in E which are satisfied in those 
models in which both Sand T are satisfied. Finally if S is in E, then 

is the set of formulas which are satisfied in a model if and only if S 
h'i i;O: satisfied in the model. On the basis of these definitions, it is 
stm.ightforward but tedious to prove the following: 

Theorem 3. The S1JSte7n (E, +, " -, 0, I) is a Boolean algebra. 
(The proof is omitted.) 

I intcrpretthis theorem as sho'wing that the set of meaningful formulas 
ill sense B of LM has a logical structure identical with that of classical 
logic. In connection with other systems of measurement, for which the 
set ,of transformations referred to in the analogue of Definition 3 is not 
tL ~t'Oup" this classical Boolean structure docs not necessarily result. 

Exponentiation was introduced into LM deliberately to illustrate the 
~msitivity of the dccidability of meaningfulness to the of L.lt. 

The problem of decidability for the arithmetical language of Tarski's 
monograph mentioned earlier is open when his language is augmented 
l?y notation for e~'Pollentiation to a fixed base. It seems uulikely that 
t.he decidability of meaningfulness in L.~t ean he solved without solving 
thi!'i more general problem. If L11£ is \veakened by deleting exponentia­
tiou to the base 2, then it easily foUO\\,::; from Tarski's well-known result 
I hat meaningfulness is decidable. On the other hand, if LJf is strength­
ened to include sufficient elementary number theory to yield undecidabil-
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ity of whether, for instance, a given term designates zero, then meaning­
fulness is not decidable, for the meaningfulness of formulas of the form 
mea) = t, where t is a numerical term, \yould not be decidable. 

A THREE~ VALUED LOGIC FOR LM 

Since sentences like '(Va)(m(a) > 2)' of LllJ: cannot be determined as 
true or false on the basis either of logical argument or of empirical ob­
servation, it is natural to ask what are the consequences of assigning 
them the truth value meaningless, which we designate by 'p.', and reserv­
ing the values truth andfalsily for meaningful sentences, which we desig­
nate by 'T' and 'F' respectively. The first thing to be noticed is that 
meaningfulness in sense B does not lead to a truth-functional logic ill 
these three values. This may be seen by considering two examples. 
The component sentences of the sentence: 

(aa) (m(a) = 1) V - (aa) (m(a) = 1) 

have the value p. but the whole sentence is meaningful in sense Band 
has the value T. On the other hand, the component sentences of : 

(aa)(m(a) = 1) V (ab)(m(b) = 2) 

have the value p. and so docs the whole sentence. Thus these two exam­
ples taken together show that disjunction is not truth-functional for a 
three-value logic of meaningfulness in sense B. 

The state of affairs for meaningfulness in sense A is much better: it 
docs lead to a truth-functional logic in the three values T, F, and p.. 
The appropriate truth tables arc easily found by using the simple obser­
vation that a formula has the value f.J. if any well-formed part of it has 
that value. Thus as the tables for negation and conjunction we have: 

8 -8 & T F 

T F T T F 

F T F F F 

Tables for the sentential connectives of disjunction, implication, and 
equivalence follow at once from the standard definitions of these con-
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Ilcctives in tcrms of negation and conjunction. On the other hand, it 
is obvious that this three-valued logic is not functionally complcte with 
respect to negation and conjulletion. For example, we cannot define in 
terms of these two connective:'; a unary connective which assigns the 
value J.L to formulas having the value T. 

I3esetting meaningfulness ill sense A is the negative result of Theo­
rem 1. Thi!-i difficulty we shall meet head on hy proposing a revision of 
the definition ~Jf the semantical notion of logical consequence. How­
ever, before turning to this definition, it wilt be advantageous to give a 
model-theoretic definition of meaningfulness which combines the virtues 
of sense .11 and sense B. 

J)efinition 5. A formula S of LM is empirically meaningful in sense C 
if and only if every atomic formula occurring in S is meaningful in sense B. 

It is easily verified that the truth tables just given are satisfied ·when 
the value J.L signifies meaninglessness in sense C. ::\Ioreover, the exact 
analogue of the Boolean structure theorem for sense B (Theorem 3) can 
be proved for sense C. 

To meet the difficulty of having formulas which are meaningless in 
sense C be logical consequences of formulas which are meaningful ill 
sen:;e C, a revision of the standard definition of log£cal consequence is 
proposed. For this purpose we need to widen the notion of a model to 
that; of a possible real-ization of hM. A model of LllI requires t;hat the 
arithmetical symbols be interpreted in terms of the usual system of real 
!lumbers, but no such restriction is imposed on a possible realization. 
For example, any domain of individuals and any two binary operations 
on this domain provide a possible realization of the operation symbols 
of addition and multiplication. Details of the exact definition of a pos­
sible realization are familiar from the literature and \Yill not be given 
here. This notion is used to define that of logical consequence, nnmely, 
:t formuh S of L.'V[ is a logical consequence of a set A of formulas of L],,[ 
if S is satisfied in every possible realization in which all formulas in A 
an; ,,:.:.tisfied. 'vVe may then define: 

Definition 6. Let S be a formula and A a set of formulas of L1v[. Then 
S 'i8 a rneaningfullogical consequence of A if and only if S is a logical con­
sequence of .'1 and S is meaningful in sense C whenever every formula in A 
i.~meaningful in sense C. 

The central problem in connection with this definition is to give rules 
of inference for which it may be established that, if A is a set of formulas 
meaningful in sense C, then S is a meaningful logical consequence of A 
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if and only if S is derivable from A by use of the rules of inference.lo 

For this purpose, we may consider anyone of several systems of natural 
deduction. The eight essential rules are: rule for introducing premises; 
rule for tautological implications; rule of conditional proof (the deduc­
tion theorem); rule of universal specification (or instantiation); ntle of 
universal generalization; rule of existential specification; rule of existen­
tial generalization; and rule governing identities.ll To these eight rules 
we add the general restriction that every line of a derivation must be a 
formula meaningful in sense C. This means, for instance, that in deriv­
ing a formula by universal specification from another formula we must 
check that the result of the specification is meaningfuL This restriction 
entails that the modified rules of inference are finitary in character only 
if there is a decision procedure for meaningfulness in sense C. Remarks 
on this problem were made at the end of the previous section. Because 
we have modified the rules of inference only by restricting them to mean­
ingful formulas, it follmys easily from results in the literature Oil the 
soundness of standard rules of inference that: 

Theorem 4. Let A be a set of formulas meaningful in sense C. If a 
fonnula S is derivable from A by use of the rules of inference .'5ubject to lhe 
general restriction jU.'5t stated, then S is a meaningful logical consequence 
of A. 

Of considerable more difficulty is the converse question of complete­
ness, namely, d()es being a meaningful logical consequence of a set of 
meaningful formulas imply derivability by the'restricted rules? The 
following considerations suggest that the ans\yer may be affirmative to 
this question. Let LM* be a second language which differs from h~[ in 
the following single respect: the one-place function symbol 'm' is re­
placed by the two-place function symbol 'r', where both argumcllt 
places are filled by indiyidualvariables or constants. ,,!'he intuitive in­
terpretation of the. formula 'r(a, b) = x' is that the numerical ratio of 
the mass of a to the mas.''! of b is the real number x, that is, 

rea, b) = m(a)/m(b). 

Clearly every formula in LM* is meaningful with respect to our intui,­
tive criterion of invariance. (The practical objection to L,l[* is that 

10 Although two kinds of variables are used in L.u. we may eaSily modify LM tu 
become a theory with stlUldard Cormalization in first-order predicate logi<: tUlJLt.hu" 
consider only modification of standard rules of inferenec- forfirst-order predicate 
logic. 

U By various devices this Jist can be reduced, but that is not important for ollr 

present purposes. E."position of systems of natural deduction which essentially use 
these eight rules is to be found in [6J, [7J, lUld [8}. 
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:o;Udl a ratio langtiage is Wiou!'! to work with and does not conform to 
ordinary practice in theoretical physiCl:;.) No restrictions ou the rilles 
of inference arc requirE-'<l for LM* and,consequcntly, the usual complete­
lIC5.-l rL'liult holds. The'suggestion is to use translatability of meaningful 
fOI"l11ul:1."$ of LMillto L,w:* to prove completeness of inferences from mean­
ingful formulas of LM • The possible pitfall of this. line of reasoning is 
tllUt tt'u,llslutnbility l'cquirtl.'!4 cCl"tain ul"ith11lctieul opcl'atious which arc 
pl'(,l,ervcd in every model but not neces:5arily in every po~ible realization 
of I.M • 

Cert~tin aspects of this. construction of a three-valued logic for L.ll 

seem worthy of remark. In the first place, the construction has assumed 
thl'Oughout use of a two-valued logic in the informal metalanguage of 
L.;[. In particular, ordinary two-valued logic is. used in deciding if a 
given sentence of LJ.l is satisfied in a given model of LM • On the other 
hand, the relation between sets of empirical data on mass measurements 
und modds of L},f is one-many. The empirical content of the data is 
expre...G8Cd not by a particular modeL.1Jat by an appropriate equivalence 
class of models. Con.'lequently, serrfunces of L.v which are not invariant 
ill tmth value (ill the two-valued sense) over these equivalence classes 
do 1I0t have allY clear empirical meaning even though they have a per­
fectly definite meaning relative to anyone model. Thus it seems to me 
that to call a formula like 'mea) = 5' empirically meaningless is no abuse 
of ordinary ideas of meaningfuln~, and in this particular situation ac­
cord., well with our physical intuitions. If this is granted, the important 
conclusion to be drawn is that, for the language LM , the three-valued 
logic constructed is intuitively more natural than the ordinary two­
valued one . 
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