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INTRGDUCTION

The predominant current opinion appears to be that it is scarcely
possible o set up criteria of empirical meaningfulness for individual
statements. What is required, it is said, is an analysis of theories taken
as a whole. There is.even some skepticism regarding this, and it hus
been romantically suggested that the entire fabric of experience and
language must be considered and taken into aceount in any constructiou
of general categories of meaning or analyticity. What I have to say
makes no contribution to the. attempt to find a general criterion of
meanning apphcable to arbitrary statements. Rather T am concerned to
exemplify a general method that will yield specific positive criteria for
specific branches of seience. '

A bricf analysis of two simple examples will indicate the sort of thing
[ have in mind. Consider the statement:

t This research was supported iz part by the Group Psychology Branch of the
Office of Naval Research. I am indebted to G. Kreisel for severa! helpful comments
on an earlier draft of this article. [Editorial Nofe: This paper was separately invited
and was not delivered at the Symposium on Measurement.]
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-130 MEASUREMENT: DEFINITIONS AND THEORIES
@) The mass of the sun is grealer than 108,

If a physicist were asked if (i) is true or false, he would most likely
reply that it depends on what unit of mass is implicitly understood in
uttering (1). On the other hand if we were to ask him about the truth
of the snntence

(1) The mass of the sun is at least ten times greater than that of the earth,

he would, without any reservation about units of measuremeni, state
that (ii) is true, and perhaps even add that its truth is known to every
schoolboy. Now my main point is that we may insist that our systematic
language of physics (or of any other empirical science) has no hidden
references to units of measurement. The numerals occurring in the
language are understood to be designating “pure” numbers. An excel-
lent example of a physical treatise written without reference to units is
provided by the first two books of Newton’s Principia. (Units are in-
troduced in the consideration of data in Book III, and occasionally in
examples in the carlier books.) Newton avoids any commitment to
units of measurement by speaking of one quantity being proportional to
another or standing in a certain ratio to it. Thus he formulates his fa-
mous second law of motion:

The change of motion is proportional to the motive force impressed; and is

made in the direction of the right line in which that foree is impressed. (Cajori
edition, p. 13.)

sttomatxc reasons for adopting Newton’s viewpoint as the funda-
mental one are given in later sections. My only concern at the moment,
is to establish that adoption of this viewpoint does not represent a gross
violation of the use of physieal concepts and language by physicists, It
seems obvious that, in using a unitless language, we would not find ocea-
sion to use (i), for there would be no conceivable way of establishing its
truth or falsity, either by empirical observation or logical argument. In
_contrast, (i) would be acceptable. Yet it is difficult to see how to de-
velop a simple -and natural syntaetical or semantical criterion within,
say, a formal language for expressing the results of measurements of
masgs, which would rule out sentences like (1) and admit scntenees like
(11). The central purpose of this paper is to explore some of the possi-
bilities for classifying as meaningless well-formed sentences like (i), or,
more exactly, the analogues of (i) in a formalized langunge, Formalizu-
tion of o certain portion of the unitless langunge of physicists is not
absolutely necessary for expressing the ideas I want to put forth, but
it is essential fo a clear working out of details. Moreover, the exact
formal construction scems to pose some interesting problems whmh could
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searccly be stated for a natural language. In the final section, the pos-
sibility is explored of interpreting this formalized language in torms of a
threc-valued logic of truth, falsity, and meaninglessness.

INVARIANCE AND MEANINGFULNESS

~ In conncection with any measured property of un object, or sei of
objeets, 1t may be asked how unique is the number assigned to measure
the property. For example, the mass of a pebble may be measured in
grams or pounds. The number assigned to measure mass is unique once
a unit -has been chosen. A more technical way of putting this is that
the measurement of mass is unique up to a similarity transformation.?
The measurement of temperature in °C or °T has different characteris-
tics. Ilere an origin as well as a unit is arbitrarily chosen: technically
speaking, the measurement of temperatiire is unique up to a linear trans-
formation.®  Other formally different kinds of measurement are exem-
~plified by (1; the measurement of probability, which is absolutely unique
{unique up to the identity transformation), and {2) the ordinal measure-
iment, of such physieal properties as hardness of minerals, or such psycho-
logical properties as intelligence and racial prejudice. Ordinal measure-
nients are commonly saild to be unique up to a monctone-increasing
transformation.? )

Use of these different kinds of transformations is basic to the main
iden of this paper. An empirical hypothesis, or any statement n faet,
which uses numerical quantities is empirically meaningful only if its
truth value is mvariant under the appropriate transformations of the
numerical quantities lovolved. As an example, suppose o psychologist
hus an ordinal measure of 1.Q., and he thinks that scores S{a) on a cer-

2 A real-valued function ¢ is a similarity transformation if there s a positive num-

her a such that for every real number z
¢(z) = azx.

Tu tinnsforming from pounds to grams, for instance, the muliiplicaiive facior « is
153.6. ‘

3 A real-valucd function ¢ is a linear transformation if there are numbers o and 8
with & > 0 such that for every number x

¢(x) = ax + 8.

In transforming from Centrigrade to Fahrenheit degrees of temperature, for instance,
a = 3% and g = 32.

1 A real-valued function ¢ is a monotone increasing transformation if, for any two
numbers z and ¥, if £ < y, then ¢{z) < &{y). Such trznsformations are also called
order-preserving.
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tain new test T have ordiné.l significance in ranking the intellectual abil-
/ity of people. Suppose further that he is able to obtain the ages A(a)

of his subjects. The question then is: Should he regard the following

hypothesis as empirically meaningful?

Hypothesis 1. For any subjects a and b if 8(a)/A(a) < S®/AD),
then 1Q. (a) < 1.Q. (b).

From the standpoint of the invariance characterization of empirical -

meaning, the answer is negative. To see this, let 1.Q. (2) > LQ. (), let
A{@) =7, A(b) = 12, S(a) 3, 8(®) = 7. Make no transformations
on the 1.Q. data, and make no transformutlons on the age data. Bul
let ¢ be a monotone—mcreasmrr tmnsformatmn whmh carries - '3 mto 6
and 7 into itself. Tn;‘*} we have
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and the truth value of Hypothesis 1 is not invariant under ¢.

The empirically significant thing about the transformation character-
istic of a quantity is that it expresses in precise form how unique is the
structural isomorphism between the empirical operations used to obtain
a given measurement and the corresponding arithmetical operations or
relations. If, for example, the empirical operation is simply that of or-
dering a set of objects according to some characteristic, then the corre-
sponding arithmetical relation is that of less than (or greater th.m), and
any two functions which map the objects into numbers in a manner pre-
serving the empirical ordering are adequate. More exactly, a function

f is adequate if, and only if, for any two objects ¢ and b in the set, @

stands in the given emplncal relation to b if and only if
f(a) < 1)

It is then easy to show that, if fi and f5 are adequate in this sense,
then they are related by a monotone-inereasing tmnsfor:nat ion. Only

those arithmetical operatiens and relations which are invariant under

meonotone-increasing transformations have any empirical significance in
this situation. :

The key notion referred to in the last sentence is that of invariance
In order to make the notion of invariance or the related notion of mean-
ingfulness completely precise, we can do one of two things: set up an

5 ar Sim{ﬁicity we ¢h 01 consider herc only the arithmetieal relation <, There is
no other reason for excluding >.
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exact set-theoretical framework for our discussion (e.g., for classical
mechanies, see [1]), or formalize a language adequate to express empirieal
hypotheses and facts involving numerical quantities. Ilere we shall
formalize a simple Janguage for expressing the czts of mnss measure-
nients. It should be clear that the method of approach is applicable to

any other kind of measurement, or combinations thereof. ‘

EMPIRICAL MEANINGFULNESS IN THE LANGUAGE Ly,

To avoid many familiar details, we shall usc as a basis the formal
language of Tarski’s m(_mograph [2] enriched by individual variables
S, -, fay, by ‘e, o -, the ‘individua.l constants: oy, - - -, 010,
which deawnate ten, not necessarlly d~stmct phvsm‘xl objects, and the
mass term ‘m’, where ‘m(a)’ designatesa real number, the mass of a. The
values of the individual variables are physical objects. The numerical
variables are ‘z’, %y, ‘2, -- -, ‘z)’, ‘y1’, ‘21, - --. Tarski's numerical con-
stants are: 1, 0, —1. We shall include, for purposes of examples, numer-
icul constants for the positive and negative integers less than 100 in
absolute value.. The operation signs are those for addition and multi-
nlication. We also include the standard sign for exponentiation with
the fixed base 2. A lerm is any arlthmetlca.lly meaningful expression
built up irom this notation in the usual manner. (We omit an exact
definition.) Thus the following are terms: m(a), 5-m(a) + 3, 2 + 1,
<+ 3,25, Our two relation symbols are the usual sign of equality cmd
the greater than sign. An alomic formula is then ap expression of the
form

(a=8), (a>§8)

where « and 8 are terms with the restriction in the casc of (e > 8) that
« and 8 arc both numerical terms, that is, neither « nor 8 is an Individ-
ual variable or constant. When no confusion will result, parcm;heses are
oniitted. Formulas are constructed from atomic formulas by means of
sentential connectives and quantxﬁers. The symbol ‘—~’ is used for
negation; the ampersand ‘&’ for conjunction; the symbol “v’ for dis-
junction (to be read ‘or’); the arrow ‘—’ for implication (to be read
4f ... . then . . .7); the double arrow ‘=’ for equivalence (to be read
‘if and only if’); the reverse “d’ is the existential quantifier; and the up-
side down ‘V’ the universal quantifier. Thus the following are formulas:
xe)om(a) = z), (Hx)Hy)(x > ¥), 0 >z — m@) > z. We also use
the standard symbol ‘7’ for negating an equality. A formula is a sentence
if it contains no free variables, that is, every occurrence of a variable is
bound by some quantifier. '
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Senteices are true or false, but unlike the situation in the language of
Tarski’s monhograph [2], the truth or falsity of many sentences in the
Ianguage Iy constructed here depends on empirical observation and
contingent fact. For example, the truth of the sentence:

(1) {Tay(¥b)(b # a — ma) > a<m(b))

is a miatter of phv:.lcs not arithmetic.

Pursuing now in more detail the remarks in the first bCCLlOIl the -
tuitive basis for our elassification of certain formulas of Ly, as empirically
meaningless may be brought out by considering the simple sentenee:

(2) m(oy) = 4.

It must first be emphasized that in the language Ly, the numeral ‘4’
occurring in Sentence 2 designates a “pure” number.‘ There is no con-
vention, explicit or implicit, that 4’ stands for ‘4 &', ‘4 Ib', or the like.
It is to be elearly understood that no unit of mass is a.ssumed in the prim-
itive notation of Ly. With this understanding in mind, it is obvious
~ that no experiment with apparatus for determining the masses of physi-
cal objects could determine the truth or falsity of Sentence 2. It is
cqually obvious that no mathematica! argument can settle this question,
On the other hand, it is clear that sentences like:

®3) m(oy) > m(os)
or
€] m(ag) = 5-m(04)

which are concerned with numerical relations between the masses of
certain objects can be determined as true or false on the basis of experi-
ment without prior determination of a unit of mass.

It séems to me that the use of “pure” numerals in Ly is more fundo-
mental than the ttse of what we may term “unitized numerals’”. The
justification of this view is that the determination of units and an appre-

ciation of their empirical significance cormes after, not before, the inves-
tigation of questions of invariance and meaningfulness. The distinction
between Sentence 2 and the other three Sentences 1, 3, and 4 is that the
latter sentences remain true (or false) under any specification of units.
In other words, the truth value of these sentences is independent of the
arbitrary choice of o unit. Paraphrasing Weyl, we may say:® only the
numerical messes of bodies relative to one another have an objective meaning.

8 Wexl's original statement is with respect to Galileo’s principle of relativity,
“Only the motions of bodies {point-masses) relative to one another have an ohjec-
tive meaning.” (See {31.)
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My claim regarding fundamentals may be supported by an’ axiomalic,
operational analysis of any actual experimenial procedure for measuring
mass.  Most such procedures may be analyzed in terms of three formal
notions: the set 4 of physical objects, a binary operation @ of compari-
son, and a binary operation * of combination. The formal task is to
show that under the intended empirical interpretation the triple 9 =
{1, Q, #) has such properties that it may be proved that there exists a
real-valued function m defined on 4 such that for any @ and # in o

{i) 2% if and only If m(a) < m(®),

() mia*b) = m(a) + m(bh).

The empirically arbitrary character of the choice of a unit is estab-
ished by showing that the functional composition of any similarity
transformation ¢ with the fupetion m yields a function ¢ o mx which
also satisfies (1) and (ii), where o is the operation of funetional compo-
sition”

We may think of such an opemtmnal analysis as supporting the choice
of Ly, where the term ‘m* of Ly designates a numerical representing
funetion satisfying (i) and (ii). Roughly speaking, because this repre-
senting function 1s only unique up to a similarity transformation, we
then expect any sentence to be empirically meaningful in Ly if and only
if its fruth value is the same when ‘m’ is replaced by any expression
which designates multiplication of the representing funetion by a posi-
tive number. However, there are certain difficulties with deciding ex-
actly how to make this intuitive definition of empirical meaningfulness
precise.  For example, if the definition applies to any sentences, then we
have the somewhat paradoxical result that Sentence 2 and its negation
arc both empirically meaningless, buf their disjunction:

G

i» meaningful, since it is always true.

"o facilitate our attempts to meet this problem, we first need to intre-
duce the semantical notion of a model of L. TFor simuplicity in defining
the notion of model, and without any loss of generality, we shaii from
this point on eonsider Lzr as not having any individual constants that
designate physical objects.

On this basis, 2 model M of Lyr is an ordered friple (&, 4, m), where

m(oy). = 4 v m{o,) # 4

e

¥ A axiomatic analysis in terms of these ideas may be found in {4]. However,
the analysis given in {4] may be eriticized on several Pmnmual counts; for example,
tiie set 4 must be infinite.
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(i) S is the usnal system of real numbers under the operations of addi-
tion, multiplication, and exponentiation with the base 2, and the rela-
tion less than with the appropriate numbers corresponding to their
numerical designations in Lyr;

(i) A4 is a finite, nonempty set;

(iii) m is a function on 4 which takes positive real numbers as values.
The intended interpretation of A is as a set of physical objects whose
masses are being determined; the function m is meant to be a possible
numerical function used to represent experimental results. We assume
-the semantical notion of safisfaction and suppose it to be understood
under what conditions a sentence of Lyr is said to he satidfied in o model
M. Roughly speaking, a sentence S of Ly is satisfied in M = (S, 4, m}
?f S is true "vhm "“r‘ "ureiy °"ith1netica.1 sym.bols of S are given the ustad

S ra,nge over the seb A and when ul e svmbol m’, If it cecurs in ﬁ
taken to designate the function m,

We say that a sentence of Ly is arithmetically true if it is satisfied in
every model of Lyr. And we deal with the arithmetical truth of formulas
with free variables by considering the truth of their closures. By the
closure of a formula we mean the sentence resulting from the formula
by adding sufficient universal quantifiers to bind all free variables in the
formula. Thus ‘(Va)(m(a) > 0)’ is the closure of ‘m(a) > ¢, and is also
the closure of itself.

Using these notions, we may define moanmfrfulness by means of the
following pair of definitions.

Definition 1. An atomic formula S of Ly ts empirically meaningful
if and only if the closure of the formula

a>0 — (S < Sla)

18 arithmetically true for every numerical term o, where S(a) resulls from S
by replacing any occurrence of ‘m’ in S by the term «, followed by the mudli-
plication sign, followed by ‘m’® i, for example,

S = ‘m{ay > m@®)y
a="'2+1),

* Technieal detalls about & are omitled. Charasterization of models of the purcly
arithmetical part of Lar arve familiar from the literature,

? In this definition and subsequently we follow, without explivit discus
use-mention conventisne. Thwonld be diversionary to go into these-conver
it scems unlikely any serinas confusion will result from net being compietely explictt
on this rather minor point.

inn, certain
tinns, nnd
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.

then
Sla) = (2 4 Y)y-m(a) > (2 + )-m).

Definition 2. A formula S of Lyr 1s empirically meaningful in sense A
if and only if cach atomee formula occurring in S 15 tisclf empirically mean-
ingful 1 the sensc of Definalion 1.

It is clear on the basis of Definitions § and 2 that Sentence 5 is nos
empirically ineaningful in sense A.

Ou the other hand, theve is a certain logical difficulty, within ordinary
two-valued logle, besetting the set of true formuias which are meaning-
ful In sense 4. Tollowing Tarska (3], a sct of formulas s a deductive
sysiem if and only if the set is closed under the relation of logical conse-
gquence, that is, a formula which 15 a logical consequence of any subset
of formulzas in the given set must also be in the set. Clearly it is most
desirable to have the set of meaningful true formulas about any phe-
nomenon be a deduetive systerm, but we have for the present case the
foliowing nezative result.

Theorem 1. The set of formulas of Ly which are meangngful in sease
A and whose closures are true 15 not a deduclive system.

Proef: The true sentence:
(¥r)(z > 2 — x> 1)
s meaningful in sense A, but the following logical consequence of it is not:
m(oy) > 2 — m(oy) > 1,

for the two atomic sentences ‘m{o;) > 2" and ‘m{o;) > ¥ are both mean-
ingless In the sense of Definition 1.

To be sure, there are some grounds for maintaining that formnuias that
are empirically meaningless may play an essential deductive role in em-
pirical science, but prima facie 1t is certainly desirable to eliminate them
il possible. , :

A second objection to Definition 1 is that, by considering numerical
{erms « rather than similarity transformartions, we have in effect re-
siristed ourselves to a denumerable number of similarity transformations
because the number of such terms in Ly s denumerable. The intuitive
iden of invariance with respect to all similarity transformations may be
eaught by a definition of meaningfulness which uses the concept of two
models of Lir being related by a similarity transformation. (The opera-

ion o referred to in the definition is that of functional composition.)
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Definition 3. Let M, = (G, 4,, my) and My = (&, A2, my) be liwo
models of Lar. Then MYy and Mg are related by a similarily transformation
if and only 1f: : : ;

Q) A = 4o, |
(1) Thercisa szmzlarzty transformatwn ¢ such that

¢ Om; = my.

Using these notions, we may repla.ce Definitions 1 and 2 by the follow-
lﬂc’ :

Definition £. A formula S of Lar 18 empirically meamngful n sense
B if and only if S is satisfied tn a model M of Ly when and only whexn 777
satisfied in every model of L velated to M by a snmlarzt y transforsazii

Unfortunately, we have for meanmgfulness in sense B a result analo-
gous to Theorcm 1.

Theorem 2. Let M be a model of Lyr. Then the set of oll formulas
which are meaningful in sense B and which are satisfied in Tt is not a deduc-
tive system.

Proof: Consider the two sentences:
0y (Vo) (¥Vb)(a = b — (m(a) = 2 — m(b) = 2))
(2) (Va)(vb){a = b).

It is easy to verify that Sentences 1 and 2 are satisfied- in any model
whose set 4 has exactly one element, and are meaningful in sensc 5B,
vet they have as a logical consequence the sentence:

3) (Va)(VD)(m(a) = 2 — m(b) = 2)

which is not meaningful in sense B. That this is so may be seen by
considering a model with at least {wo objects with differen® masses. Tet
A = {61, 05}, and let I = (&, A, m,) be such that m(e;) = 2
" my(ee) = 3, and let My = (&, A, ms) be related to M, by the sim
ity transformation ¢(z) = 2z. Thus ms(o) = 4 and my(es) = 6. It
is then easily checked that Sentence 3 is satisfied in TN, but not in ;.
The negative result of these two theorems indicates the difficulties of
eliminating the appearance of empirieally meaningless sfxterments i
valid arguments with meaningful premises. We return to thix mmd in
the next section in connection with consideration of a three-val i
On the other hand, we do have the positive result for both =cnxes s of
meaningfulness that the set of meaningful formuins is a Boolean aluebra;
more exactly, the set of such formulas under the appropriate cquividenes
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relation is such an algebra. Here we carry out the construction only for
sense B, We consider the theory of Boolean algebras as based on six
primitive notions: the nonempty set B of elements; the operation + of
addition which corresponds to the sentential connective ‘or’; the opera-
tiou - of multiplication which corresponds to the connective ‘and’; the
vperation £ of complementation which corresponds to negation; the zero
clement 0, which corresponds to the set of logically invalid foriaulas;
and the unit element 1, which corresponds to the set of logically valid
formulas. We omit stating familiar posnula.l:es ou these notions which a
Boolean algebra must satisfy.

Let £ be the set of formulas which are empirically meaningful in
sense B, We define the equivalence elass of a formula S in £ as follows:
(5] 1s the set of all formulas 8 in £ which are salisfied in exactly the same
models D of Layr as 8 7s. Let E be the set of all such equivalence classes;
obvicusly E is a partition of E. The zero element 0 is the set of formulas
in £ which are satisfied in no model of Ly, ; the unit element 1 is the set
of formulas in £ which are satisfied in all models of Ly, If S and 7 are
in £, then [S] 4= 7] is the set of all formulas in E which are satisfied in
the models of Ly in which either S or T is satisfied. If Sand T arein E,
then [S]-[T1] is the set of all formulas in £ which are satisfied in tho:e
models in which both S and T are satisfied. Finally if S is in E, then
is the set of formulas which are satisfied in a model if and only if 8
is ;0 satisfied in the model. On the basis of these definitions, it is
straightforward but tedious to prove the following:

i

Theorem 3. The system (E, 4, -, =, 0, 1) is a Beolcan algebra.
(The proof is omitted.)

I interpret this theorem as showing that the set of meaningful formulas
in sense B of Lar has a logical structure identical with that of classical
logie. In connection with other systems of measurement for which the
seb of transformations referred to in the analogue of Definition 3 is not
a group, this classical Boolean structure does not necessarily result.

Exponentiation was introduced into Ly, deliberately to illustrate:the
sensitivity of the decidability of meaningfuluess to the strength of Las.
The problem of decidability for the arithmetical language of Tarski's
monograph mentioned earlier is open when his language is augmented
hy notation for exponentiation to a fixed base. It scems unlikely that

the deeidability of meaningfulness in Lyr ean be solved without solving
this more general problem. If Ly is weakened by deleting exponentia-
tion to the base 2, then it easily follows from Tarski’s well-known resulg
that meaningfulness is decidable. On the other hand, if Zyr is strength-
cned to inelude sufficient elementary number theory to yield undecidabil-
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ity of whether, for instance, a given term designates zero, then meaning-
fulness is not decidable, for the meaningfulness of formulas of the form
m(a) = t, where t is a numerical term, would not be decidable.

A THREE-VALUED LOGIC FOR L;

Since sentences like ‘(Va)(m(a) > 2)’ of Ly cannot be determined as
true or false on the basis either of logical argument or of empirical ob-
servation, it is natural to ask what are the consequences of assigning
them the truth value meaningless, which we designate by ‘u’, and rescrv-
ing the values truth and falsity for meaningful sentences, which we desig-
nate by ‘77 and ‘/” respectively. The first thing to be noticed is that
meaningfulness in sense B does not lead to a truth-functional logic
these three values. This may be seen by considering two e*(amples
The component sentences of the sentence:

(Ha)(m(a) = 1) v —(Ha)(m(a) = 1)

have the value u but the whole sentence is meaningful in sense B and
has the value 7.- On the other hand, the component sentences of :

(Ha)(m(a) = 1) v (@b)(m(b) = 2)

have the value g and so docs the whole sentence. Thus these two exam-
ples taken together show that disjunction is not truth- functlona,l for a
three-value logic of mean1n0'fulness in sense B.

The state of affairs for meaningfulness in sense A is much better: it
does lead to a truth-functional logic in the three values T, F, and p.
The appropriate truth tables are easily found by using the simple obscr-
vation that a formula has the value p if any well-formed part of it has
that value. Thus as the tables for negation and conjunction we have:

S -8 & T r i
T F T T F I
F T F F F I
© B B © © ©

Tables for the sentential conmectives of disjunction, implication, and
equivalence follow at ouce from the standard definitions of these con-
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ncetives in terms of negation and conjunction. On the other hand, it
is obvious that this three-valued logic is not functionally complete with
respeet to negation and conjunction. Tor example, we cannot define in
terms of these two counectives a unary conncetive which assigns the
value g to formulas having the value 7. ‘

Besetting meaningfuluess in sense 4 is the negative result of Theo-
rem 1. This difficulty we shall meet head on by proposing a revision of
the definition of the semantical notion of logical consequence. How-
ever, before turning to this definition, it will be advantageous to give a
model-theoretic definition of meaningfulness which combines the virtues
of scnse 4 and sense B.

Definition 5. A formula S of Ly is empirically meaningful in sense C
if and only if every atomic formula occurring in S 18 meaningful tn sensz B.

It is easily verified that the truth tables just given are satisfied when
the value p signifies meaninglessness in sense €. Moreover, the exact
analogue of the Boolean structure theorem for sense B (Theorem 3) can
be proved for sense C.

To meet the difficulty of having formulas which are meaningless in
sense €' be logieal consequences of formulas which are meaningful in
sense ), a revision of the standard definition of logical consequence is
proposed. Tor this purpose we need to widen the notion of a model to
that of a possible realization of Lyr. A model of Ly requires that the
arithmetical symbols be interpreted in terms of the usual system of real
uumbers, but no such restriction is imposed on a possible realization.
FFor example, any domain of individuals and any two binary operations
on this domain provide a possible realization of the operation symbols
of addition and multiplication. Details of the exact definition of a pos-
sible realization are familiar from the literature and will not be given
here. This notion is used to define that of logleal consequence, namely,
a formula S of Ly is a logical consequence of a set 4 of formulas of Ly
if S is satisfied in every possible realization in which all formulas in 4
arc sutisfied. We may then define:

Definition 6. Let 8 be a formula and A a set of formulas of Ly, Then
S is a meaningful logical consequence of 4 if and only if S 1s a logical con-
sequence of A and S 1s meaningful in sense € whenever every formula in 4
s meantngful in sense C.

The eentral problem in connection with this definition is to give rules 7
of inférence for which it may be established that, if 4 is a set of formulas
meaningful in sense €, then S is a meaningful logical consequence of 4
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if and only if S is derivable from A by use of the rules of inference.!?
For this purpose, we may consider any one of several systems of natural
deduction. - The eight essential rules are: rule for introducing premises;
rule for tautological implications; rule of conditional proof (the dedue-
tion theorem); rule of universal specification (or instantiation); rule of
universal generalization; rule of existential specification; rule of existen-
tial generalization; and rule governing identities.!! To these eight rules
we add the general restriction that every line of a derivation must be a
formula meaningful in sense C. This means, for instance, that in deriv-
ing o formula by universal specification from another formula we must
check that the result of the specification is meaningful. This restriction
entails that the modified rules of inference are finitary in character only
if there is a decision procedure for meaningfulness in sense C. Remarks
on this problem were made at the end of the previous section. Because
we have modified the rules of inference only by restricting them to mean-
ingful formulas, it follows easily from results in ‘the literature on the
soundness of standard rules of inference that:

Theorem 4. Let A be a set of formulas meaningful in sense C. If a
Sformula 8 s dertvable from A by use of the rules of inference subject to !ie

general restriction just stated, then S is a meaningful logical conscquence
of A.

Of considerable more diffculty is the converse question of complete-
ness, namely, does being a meaningful logical consequence of a sct of
meaningful formulas imply derivability by the -restricted rules? The
following considerations suggest that the answer may be affirmative to
this question. Let La* be a second language which differs from L,; in
the following single respect: the one-place function symbol ‘m’ is re-
placed by the two-place function symbol ‘~’, where both argument
places are filled by individual variables or constants. The intuitive in-
terpretation of the formula ‘r(a, b) = z’ is that the numerica! ratio «f
the mass of a to the mass of b is the real number =, that is,

(e, b) = m(a)/m(b).

Clearly every formula in Ljr* is meaningful with respect to our intui-
tive criterion of invariance. (The practical objection to Lz * is that

® Although two kinds of variables are used in Ly, we may easily modify Lar to
become a theory with standard formalization in first-order predicate logic and thus
consider only modifieation of standard rules of inferenee for first-order predicate
logic. . ’

u By various devices this list can be reduced, but that is not important for our
present purposes. Exposition of systems of natural deduction which essentially use
these eight rules is to be found in {6], {7], and [8].
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such a ratio language is tedious to work with and does not conform to
ordinary practice in theoretical physics.) No restrictions on the rules
of inferenee are required for Ly * and, consequently, the usual complete-
ness result holds. The suggestion is to use translatability of meaningful
formulas of Ly into Lar* to prove completeness of inferences from mean-
iugful formulas of Lar.. The possible: pitfall of this line of reasoning is
thut translatability requires cortain arithimetienl operations which are
preserved in every model but not necessarily in every possible realization
of LM.

Certain aspeets of this construction of a thxee—valued logic for Lys
seem worthy of remark. In the first place, the construction has assumed
throughout use of a two-valued logic in the informal metalanguage of
L. In particular, ordinary two-valued logic is used in deciding if a
aiven sentence of Lyr is satisfied in a given model of Ly,. On the other
land, the relation between sets of empirical data on mass measurements
andd models of Ly is one—many. The empirical content of the data is
expressed not by a particular model bat by an appropriate equivalence
class of models. Consequently, semtences of Lyr which are not invariant
in truth value (in the two-valued sense) over these equn‘alcncc classes
clo not have any clear empirieal meaning even though they have a per-
feetly definite meaning relative to any one model. Thus it seems to me
that to call a formula like ‘m(a) = 5’ empirically meaningless is no abuse
of ordinary ideas of meaningfuiness, and in this particular situation ac-
cords well with our physical intuitions.. If this is granted, the important
conclusion to be drawn is that, for the language Ly, the three-valued
logic construeted is intuitively more natural than the ordinary two-
valued one.
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