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6 Maximizing Freedom of
Decision: an Axiomatic
Analysis

Patrick Suppes*®

In many decision situations that individuals face it seems reasonable
from either a philosophical or a personal psychological standpoint to
concentrate on maximizing subsequent freedom of choice rather than
current expected utility. It may be argued against this view that a
sufficiently rich decision framework will take account of the utility of
such second-order effects as future freedom of decision, properly
discounted, of course. But I am deeply sceptical of such ali-encom-
passing utility functions. Most of the time if we maximize in any
evident way at all it is in some local and fragmentary fashion. John
Stuart Mill’s classic but weak defence of liberty of thought, feeling
and public opinion in utilitarian terms is another reason for scepti-
cism about an unrestricted application of the maxim to maximize
expected utility. Above all, what empirical studies of individual
decision-making we have do not support any grand thesis about
maximizing behaviour. The studies too are about local and fragmen-
tary decisions: buying certain goods, betting on horses, buying lottery
tickets, choosing a medical treatment, etc.

These arguments are meant to support the view that on various
kinds of occasions it is natural in a straightforward way to be more
interested in maximizing future freedom of decision than current
expected utility. An axiomatic analysis of such a concept of freedom is
given in Section 1. Section 2 then examines a number of different
maximizing principles that satisfy the axioms. These various models
correspond to giving various psychological models for what is going
on when utility is maximized. Just as in the case of utility, so in the

* It is a pleasure to dedicate this chapter to Kenneth Arrow, from whom I have learned
a lot. Our friendship goes back more than thirty years. I am indebted to Peter Hammond
for several helpful suggestions.
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244 Maximizing Freedom of Decision

case of freedom, the existence of such a variety of models does not in
any way entail that any one of them gives a correct analysis of the
concept of freedom. Rather, the different models capture, at least
partially, different aspects of the concept of freedom. Section 3 is
concerned with problems of aggregation and Section 4 deals with
questions of approximation in terms of upper and lower measures.
The developments in these two sections are given a less detailed
treatment. )

1 AXIOMS ON FREEDOM

1.1 Basic coneepts

The axiomatic analysis is based on familiar decision concepts:

D —the set of acts or decisions
% —an algebra of sets on D
> —an ordering relation on subsets of acts, as explained below

The algebra 2, closed under union and complementation, is assumed
to be finite, although the set D need not be. I call a triple (D,2,>) a
finite potential decision structure. A generalization eliminating this
and some other restrictions is given in Section 4. Note that no set C of
consequences has been explicitly introduced, just as has no set of
possible states of nature. These could be added in a standard manner,
but are not needed here.

The intended interpretation of the ordering relation > should be
evident. Let A and B be two sets of acts that are members of &. Then
A =B if and only if A is at least as free as B, or, equivalent, A is no
more constrained than B.

As a matter of notation, @ is the empty set.

1.2 Axioms
The axioms are standard in the theory of extensive measurement.
From a formal standpoint they embody a structure that can also serve

for qualitative probability.

Definition 1: A finite potential decision structure (D,2,>) is a
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Jreedom structure if and only if the following five axioms are
satisfied for any subsets A, B and C of acts in 9:

1. The relation > is a weak ordering of 2

2. Az0

3. Not@>D

4. If AnNC=@ and BNC=@ then A>B if and only if
AyCz=ByUC

5. If A=B then there is a C in 2 such that A>ByC and
BUC=A

To exhibit explicitly the simplicity of the axioms, they have been
formulated only in terms of the primitive concepts. Axiom 5, for
example, could have been formulated in the obvious way in terms of
the equivalence relation ~ defined as:

AxBiff AzBand BZA

Axioms 1-4 are familiar from the theory of qualitative probability,
although here the formal set-up is different. The sets A, B, etc. are not
events, but sets of decisions. The fifth axiom is a simple but strong
solvability axiom.

Following Suppes (1969, pp. 7-8), we may prove the following:

Theorem I: Let (D,2,2) be a freedom structure. Then there
exists a numerical representation function & defined on & such
that for A and B in 2:

1. I(A)=zO(B)iff A=B

2. if A(\B=@ then G(A( B)=03(A)+3(B)

3. 9(D)>0

and the function & is unique up to a positive similarity transfor-
mation. Moreover, there are at most two equivalence classes of
unit sets of decisions, and if there are two rather than one, one
equivalence class contains as a member the empty set.

The strong solvability axiom, Axiom 5, is the source of the strong
representation of equivalence classes of unit sets of decisions.

2 MODELS OF THE AXIOMS

To illustrate the variety of ways we can think about freedom of
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decision as characterized by the axioms of Definition 1, I examine
three different models of the axioms in this section, and also two
important possible realizations that do not satisfy the axioms. The
description of the models is sufficiently detailed only to give a clear
indication of their nature. Completing the details is a routine formal
matter. I emphasize again a point made in the introduction. The
models considered are not meant to provide adequate reduction of the
concept of freedom to some other concept. Just as we are not satisfied
with such a reduction of utility, so it is also unlikely we shall find a
satisfactory reduction of freedom.

To avoid the severe restrictions of the strong solvability axiom, we
shall require the models to satisfy only the first four axioms, which are
necessary for any numerical representation function as defined in
Theorem 1. The models that do satisfy Axiom 5 will be remarked
upon.

I begin, however, with an important example that does not satisfy
Axioms 1-4. The true-blue maximizer of expected utility would just
prefer set A of decisions over B if A has the higher maximum:

A>B ifffgax E(f)?jr_srllzax E(f), 6.1)
where E(f) is the expected utility of decision f. Of course, I have not
given here any axioms for expected utility, but in this model as in
others to be considered I assume such developments can be easily
given along standard lines. The utility maximizer obviously is elimi-
nating the concept of freedom to hold on to the single concept of

maximizing expected utility. But this model does rot satisfy Axiom 4
of Definition 1, for we could have

max E(f)>max E(f)
feA feB

but
max E(f)>max E(f)
feC A

and so we would have
A>Band A C=B|)C

contrary to Axiom 4.
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This maximizing of expected utility in a set is close to the axiomatic
theory of preference for flexibility developed by Kreps (1979), even
though his theory is essentially ordinal. In the notation used here, his
two important qualitative axioms are:

1. IfA2B,then A>=B
2. If A~ AUB, then for any C, AYC=aA(BC

It is easy to show that both of these axioms are consequences of
Axioms 1-4, but they are weaker. In particular, Axioms 1, 2, 3, and
Kreps’s two axioms do not imply Axiom 4. The model of expected
utility just given proves this, for his two axioms are satisfied by this
model, as are Axioms 1-3. Kreps’s aim is to preserve much of the
theory of expected utility; mine is not. I think our intuitive conception
of freedom supports a strong additivity axiom like Axiom 4.

It should also be noted that the model of maximizing expected
utility in a set can for the purposes here be taken to be simply an
ordinal preference. The points made above all follow from purely
ordinal considerations.

I turn now to medels that do satisfy Axioms 14,

2.1 Benthamite maximizer

The simple social model of utility that originates with Bentham can
also be applied to freedom—we add the expected utilities of the
decisions in a set:

A>BiffY E(f)=Y E() (6.2)
SEA JeB

It is easy to see that (6.2) satisfies Axiom 4, as well as Axioms 1 and 2.
Axiom 3 will be satisfied by any non-trivial example. Application of
this model would require an act of psychological imagination in order
to estimate the expected utility of each decision-—of course, the
standard axioms for expected utility ordinarily require this anyway.
One psychological example of (6.2) of some interest is posed by the
classical dilemma of wealthy bondage often described in novels and
plays. Would a person rather have few choices but a life of luxury, or
many choices of a modest nature? Expected utility maximizers will
retort that they too can deal with the situation, but the natural
language of description for such situations is luxury v. freedom. Note
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that the Benthamite maximizer can be pushed from luxury to free-
dom, so to speak, by offering him sufficient choices.

2.2 Cardinality maximizer

A simple approach to freedom or liberty is just to insist always on
maximizing the number of decision options available. Let K(A) be the
cardinality of the set A. This model is then defined by:

A>Biff K(A)>K(B) (6.3)

Note also that Axiom 5 is satisfied by this model. Despite its
simplicity there is a powerful implicit defence of it by Hayek (1960,
pp. 32-4) in his discussion of freedom of action. He points out the
importance of having not only the intellectual freedoms of speech,
belief, etc. but also the freedom to do things—e.g., to change our
skills, our habits or our tastes. Restrictive codification of these
matters is an essential characteristic of many authoritarian societies.
Just because we do not have—and in principle perhaps will never
have—the proper methods for predicting the development of new
ways of doing things, we should favour an increase in the range of
freedom as reflected in the cardinality model. Do not, for example,
support any legislation that limits individual choices of any kind ‘for
any purposes not involving harm to others’, as Mill phrases the issue
(1975, pp. 12-13).

2.3 Qua-maximizer

There are many individuals who are primarily concerned about
freedom in a particular domain, and therefore want the widest
possible range of freedom but only gua civil liberties, qua economic
choices or qua something else. Here I represent the domain with
respect to which maximization is restricted by the set C, and we may
also use the explicit terminology maximizer qua C:

A>B iff K(ANC)=>K(BNC) 6.4)

Note that Axiom 5 is satisfied by (6.4), just as it was by (6.3), for if
A ={f}, then ANC s either a unit set or the empty set, and so in terms_
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of cardinality there are at most two equivalence classes of unit sets.

Closely related to the gua-maximizer model is a qua-libertarian
model that does not satisfy Axiom 4. Consider the case of a libertarian
primarily concerned with civil liberties. Freedom of decision is for
him an all-or-nothing affair. Either the full set C of civil-liberty
options—right to political dissent, right to publish pornography,
etc.—are present in the available set A, or they are not. More
formally, we define:

AzBiff CcAornot CcB (6.5)
To show that (6.5) does not satisfy Axiom 4, suppose A > B, so that
CcAand not CcB
But in contrast
CcAyCand C<B|C
$0

AC~BYC

3 AGGREGATION OF FREEDOM PREFERENCES

Given that individual freedom preferences are measured on a ratic
scale, as implied by Theorem 1, an apparently straightforward ap-
proach to aggregation is obvious. Fix a common unit for all indivi-
duals, which may be done in several different ways, even if the set D is
different for each individual. The standard axioms of additive con-
joint measurement provide the proper qualitative underpinning for
such an analysis (see, for example, Krantz et al. 1971, Chapter 6). But
the standard objections to such direct comparisons of individual
freedom preferences still obtain, even when individual measurements
are on a ratio scale. - ‘

On the other hand, once individual measurements of freedom
preference are measured on a ratio scale, we have a possibility for
aggregation in the spirit of dimensional analysis. The fundamental
attitude in physics is that
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1. most physical quantities are extensive—i.e., form a ratio scale,
and thus are additive within a given dimension, but
2. different dimensions combine multiplicatively in physical
laws.

Familiar mechanical examples come to mind at once: Newton’s
second law, the law of conservation of energy, the law of conservation
of angular momentum, and many non-mechanical laws as well (for
example, those of thermodynamics or electromagnetic theory)—in all
these cases what was said about ratio scales applies to the various
components of vector quantities.

Economists and other social scientists are properly wary of taking
over concepts from physics in any blanket fashion. And it is certainly
true that dimensional analysis has thus far been applied almost
exclusively in the physical sciences (for a detailed analysis of the
situation, see Krantz et al. 1971, Chapter 10). All the same, if we think
of each individual as an independent dimension, it is at least worth
examining a dimensionally invariant rule of aggregating individual
freedom preferences. Let A, be a set of acts available to individual i. In
preference among n-tuples (A=(A,,...,A,) of sets of acts tor the n
individuals. Let a, be the freedom measure of set A, for individual i.
Then we define the social freedom preference relation A>B as
follows:

ASBiff /7 @@ > IT by

=1 ' 1=1 (6'6)
Moreover, we may go on to define the numerical value of the n-tuple
A as a by:

a=MHap ' 6.7

This multiplicative rule of aggregation obviously implies a weak
ordering of the possible n-tuples of sets of acts for the n individuals.
Thereby it provides a procedure of social preference for freedom. The
multiplicative formulation of (6.6) is the same as the well-known
Nash (1950) solution for co-operative games, when y,=y, for all i and
j. The form of (6.6) is the same as that for utility differences in
Theorem 7 of Roberts (1980, p. 433), although the original source for
the ideas here was, as already indicated, dimensional analysis.
Roberts imposes a strong additional condition of anonymity, essen-
tially equivalence under permutation of individuals, to get the expo-



Patrick Suppes 251

nents the same —i.e., y,=y, for all  and j. Another similar approach is
to be found in Kaneko and Nakamura (1979), who introduce a
distinguished alternative which represents one of the worst states for
all individuals in the society.

A quite different approach is available from the theory of measure-
ment, especially the theory of polynomial conjoint measurement
(Krantz et al. 1971, Chapter 7). Of course, this theory also imposes
interpercomparability conditions, but in a different form—-1 am
transforming the standard theory of multiplicative conjoint measure-
ment to serve the purposes at hand. The standard theory begins by
assuming a weak ordering of the vectors A. For purposes of social
aggregation this ordering needs to be constructed, but even then the
qualitative axioms underlying (6.6) with y,=y, must be very strong.
For example, assume as has been done already that individual
components are weakly ordered. Let there be N individuals. Then in
general for vectors A and B we have

A>B, for CeN,
A,<B,; for CeN,

13

A =B, for CeN,

with ¥, N, and N, forming a partition of N, but with some cells
possibly empty. If N, and N, are both non-empty, we will need to
require the solvability condition that there is a jin N, such that with A;
replaced by A or there is a j in N, such that with B, replaced by B;

AxB

(This is not the only form of solvability that could be used.) I shall not
pursue further the axioms of multiplicative conjoint measurement, for
a general defence of their suitability would require arguments beyond
the scope of this article.

4 APPROXIMATE MEASUREMENT OF FREEDOM

The unduly strong solvability axiom (Axiom 5) of Definition 1 can be
restricted to the construction of an equally-spaced standard sequence,
and the measurement of freedom in general sets of decisions can be
approximated in terms of members of the finite standard sequence —
very similar to what is done in measuring mass on an equal-arm
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balance with a standard set of weights. The axioms are essentially
those given in Suppes (1974), but the representation theorem is
generalized to the case of a ratio scale.

To the basic concepts of Definition 1 we need add only a second
algebra & of sets of decisions (‘% for standard). We also remove the
restriction that 2 be finite. We then have the following simple
modification of Definition 1.

Definition 2: A structure (D,9,%,>) is a finite approximate
freedom structure if and only if the following axioms are satisfied
for every subset A, B and C of acts in & and every subset Uand V
of acts in &:

Axioms 1-4. Same as Axioms 1-4 of Definition 1

Axiom 5. & is a finite subalgebra of 9

Axiom 6. IfU#Q then U>0O

Axiom 7. If U=V then there is a W in % such that
Ux=V{W,

The finiteness condition, which replaces a standard Archimedean
axiom, is now explicitly formulated as Axiom 5. The important
generalization is that the set 2 may now be either finite or infinite.
The strong solvability of Definition 1 is now replaced by an axiom of
the same form, but one which applies only to the standard subalgebra
&. As is obvious, Axiom 6 is not really needed, but it formulates a
reasonable methodological requirement for a set of standards. Axiom
6, in conjunction with Axiom 7, guarantees that every minimal
element of the standard subalgebra & has positive measure —here U
is minimal in & (with respect to >) iff U#0 and there is no V#0 in
& such that U>V. A minimal open interval (U,U’) of & is such that
U’>U and U'—U is equivalent under > to a minimal element of &.

The generalization of Theorem 1 is now expressed in terms of upper
and lower measures having the following properties for elements A
and B of 2:

I. m (A)=0
II. m (D)=m*D)>0
1. If AN\B=¢ then

m(A)+m (B)<m (AUB)<m, (A)+m*B)<m*(AUB)
<m*(A)+m*(B)

From these properties we may also show that
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m(A)+m*(T1A)=m(D)

Corresponding to the numerical function ¢ of Theorem I, we have an
additive measure m, and on the standard sequence &, we expect to
have

m(U)=m (U)=m*(U)

for every U in &.

The following theorem is the intended generalization of Theorem 1.
The proof is easily constructed from the closely related preoof in
Suppes (1974).

Theorem 2: Let (D,9,%,2) be a finite approximate freedom
structure. Then

1. there exists an additive measure m on &, unique up to a
positive similarity transformation, such that for any two
standard elements U and V of .%:

(a) m(A)=m(B)if A>B
(b) if ANB=@, then m(A |UB)=m(A)+m(B)
(c) m(D)>0O

2. If we define m, and m* as follows:

(a) for any set A in @ equivalent under > to some
set U in &

my(A)=m*(A)=m(U)

(b) for any A in 2 not equivalent to some standard
set in &, but lying in the minimal open interval
(U,U’) for sets U and U’ in &

m(A)=m(U) and m*(A)=m(U’)

then m, and m* satisfy conditions (I)~(III) for upper and
lower measures on &, and
(c) if n is the number of minimal elements in & .
then for every A in

m*(A)~m (A)< <’"(D)
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