PATRICK SUPPES

LIMITATIONS OF THE AXIOMATIC METHOD
IN ANCIENT GREEK MATHEMATICAL SCIENCES

My thesis in this paper is that the admiration many of us have for the
rigor and relentlessness of the axiomatic method in Greek geometry
has given us a misleading view of the role of this method in the
broader framework of ancient Greek mathematical sciences. By
stressing the limitations of the axiomatic method or, more explicitly,
by stressing the limitations of the role played by the axiomatic method in
Greek mathematical science, I do not mean in any way to denigrate
what is conceptually one of the most important and far-reaching
aspects of Greek mathematical thinking. I do want to emphasize the
point that the use of mathematics in the mathematical sciences and
the use in foundational sciences, like astronomy, compare rather
closely with the contemporary situation. It has been remarked by
many people that modern physics is by and large scarcely a rigorous
mathematical subject and, above all, certainly not one that proceeds
primarily by extensive use of formal axiomatic methods. It is also
often commented upon that the mathematical rigor of contemporary
mathematical physics, in relation to the standards of rigor in pure
mathematics today, is much lower than was characteristic of the 19th
century. However, my point about the axiomatic method applies also to
19th-century physics. There is little evidence of rigorous use of
axiomatic methods in that century either. This is true not only of the
periodical literature but also of the great treatises. Three casual
examples that come to mind are Laplace’s Celestial Mechanics, his
treatise on probability, and Maxwell’s treatise on electricity and
magnetism.

Three examples from ancient Greek mathematical sciences that I
have chosen to comment on are Euclid’s Optics, Archimedes’ On the
Equilibrium of Planes, and Ptolemy’s Almagest.

I. EUCLID'S OPTICS

It is important to emphasize that Euclid’s Optics is really a theory of
vision and not a treatise on physical optics. A large number of the
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propositions are concerned with vision from the standpoint of per-
spective in monocular vision. Indeed, Euclid’s Optics could be
characterized as a treatise on perspective within Euclidean geometry.
The tone of Euclid’s treatise can be seen from quoting the initial part,
which consists of seven ‘definitions’.

1. Let it be assumed that lines drawn directly from the eye pass through a space of
great extent;

2. and that the form of the space included within our vision is a cone, with its apex in
the eve and its base at the limits of our vision;

3. and that those things upon which the vision falls are seen, and that those things upon
which the vision does not fall are not seen;

4. and that those things seen within a larger angle appear larger, and those seen within
a smaller angle appear smaller, and those seen within equal angles appear to be of the
same size;

5. and that those things seen within the higher visual range appear higher, while those
within the lower range appear lower;

6. and, similarly, that those seen within the visual range on the right appear on the
right, while those within that on the left appear on the left;

7. but that things seen within several angles appear to be more clear.

(The translation is taken from that given by Burton in 1945.)

The development of Euclid’s Optics is mathematical in character,
but it is not axiomatic in the same way that the Elemenis are. For
example, Euclid later proves two propositions, “to know how great is
a given elevation when the sun is shining” and “to know how great is
a given elevation when the sun is not shining”. As would be expected,
there is no serious introduction of the concept of the sun or of shining
but they are treated in an informal, commonsense, physical way with
the essential thing for the proof being rays from the sun falling upon
the end of a line. Visual space is of course treated by Euclid as
Euclidean in character.

It might be objected that there are similar formal failings in Euclid’s
Elements, but it does not take much reflection to recognize the very
great difference beiween the introduction of many sorts of physical
terms in these definitions from the Optics and the very restrained use
of language to be found in the Elements. Moreover, the proofs have a
similar highly informal character. It seems to me that the formulation
of fundamental assumptions in Euclid’s Optics is very much in the
spirit of what has come to be called, in our own time, physical
axiomatics. There is no attempt at any sort of mathematical rigor but
an effort to convey intuitively the underlying assumptions.!
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II. ARCHIMEDES' ON THE EQUILIBRIUM OF PLANES

Because I want to discuss the Archimedean treatise in some detail, a
review of the theory of conjoint measurement is needed. The mixture
of highly explicit axioms of conjoint measurement (as we would call
them) and very inexplicit axioms about centers of gravity make
Archimedes’ treatise a peculiarly interesting example.

Conjoint Measurement

In many kinds of experimental or observational environments, the
measurement of a single magnitude of property is not feasible or
theoretically interesting. What is of interest, however, is the joint
measurement of several properties simultaneously. The intended
representation is that we consider ordered pairs of objects or stimuli.
The first members of the pairs are drawn from one set, say A, and
consequently represent one kind of property or magnitude; the
second members of the pairs are objects drawn from a second set,
say A,, and represent a different magnitude or property. Given the
ordered pair structure, we shall only require judgments of whether or
not one pair jointly has more of the ‘conjoined’ attribute than a
second pair.

Examples of interpretations for this way of looking at ordered pairs
are abundant. In Archimedes’ case, we are dealing with the
measurement of static moments of force, or torques, where the two
properties that make up the conjoint attribute are mass (or weight)
and distance from the fulcrum. Momentum is another familiar exam-
ple of a conjoint attribute. Quite different examples may be drawn
from psychology or economics. For instance, a pair (a,p) can
represent a tone with intensity a and frequency p, and the problem is
to judge which of the two tones sounds louder. Thus the individual
judges (a, p) = (b, q) if and only if tone (a, p) seems at least as loud as
(b, ).

The axioms of conjoint measurement are stated in terms of a single
binary relation defined on the Cartesian product A;Xx A,. All the
axioms have an elementary character, except for the Archimedean
axiom, which I shall not formulate explicitly along with the other
axioms, but which I discuss below. In formulating the axioms, I use
the usual equivalence relation =, which is defined in terms of =, i.e.,
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(a,p)=(b, q) if and only if (a, p) = (b, q) and (b, g) = (a, p). Later, we
shall also use the strict ordering: (a, p) > (b, q) if and only if (e, p)=
(b, g) and not (b, g) = (a, p). The axioms are embodied in the following
definition.

DEFINITION 1. A structure (A, A,, =) is a conjoint structure if and
only if the following axioms are satisfied for every a, b and c in A, and
every p, g and r in Aj:

Axiom 1. If (a,p)=(b, q) and (b, q) = (c, r) then (a,p)=(c, r);

Axiom 2. (a,p)=(b, q) or (b, @)= (a, p);

Axiom 3. If (a,p)=(b, p) then (a,q)=(b, q);

Axiom 4. If (a,p)=(a, q) then (b,p)=(b, q);

Axiom 5. If (a,p)=(b, q) and (b, r)=(c, p) then (a,r)=(c, g);

Axiom 6. There is an s in A, such that (a,p)=(b, s);

Axiom 7. Thereis a d in A, such that (a,p)=(d, q);

Axiom 8. Archimedean axiom.

The intuitive content of most of the axioms is apparent. Axiom 1 is
merely the familiar requirement of transitivity and Axiom 2 that of
strong connectivity. Axioms 3 and 4 express the independence of cne
component from the other. Axioms 3 and 4 actually follow from the
other axioms, but in the treatment of Krantz, Luce, Suppes, and
Tversky (1971), weaker solvability axioms are used than Axioms 6
and 7, and in that context, Axioms 3 and 4 are needed. In any case,
they state an important conceptual property. Axiom 5 states a can-
cellation property. When it is formulated in terms of the equivalence
relation = instead of =, it is called the Thomsen condition, especially
in the theory of webs. As already remarked, Axioms 6 and 7 state
simple solvability axioms. Finally, Axiom 8§ must be some form of the
Archimedean axiom. Of course, I mean not an axiom directly per-
tinent to the treatise we are discussing here, but the familiar Archi-
medean axiom which is usually attributed to Eudoxus and not to
Archimedes. In its most familiar form, it says that if we are given two
magnitudes and the first is less than the second, there is a finite
multiple of the first that is larger than the second. To formulate the
axiom in explicit mathematical form in the present context, with no
concept of addition or multiplication directly given, is somewhat
troublesome. Because it is not important for our present discussion, I
shall leave the axiom in inexplicit form.
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For subsequent discussion of the postulates stated in Archimedes’
treatise, some elementary consequences of Axioms 1-4 of Definition 1
are useful.

THEOREM 1. The relation = is an equivalence relation on Ay X A,,
i.e., it is reflexive, symmetric and transitive on A;X Ay, and the
relation > is irreflexive, asymmetric and transitive on A, X A,.

It is also desirable to define corresponding relations for each com-
ponent. Thus, for a and b in A, a = b if and only if for some p in A,
(a, p) = (b, p); and for p and q in A, p = ,q if and only if for some a in
A,, (a,p)=(a, q). Then as before, we may define fori =1,2, x =y if
andonlyif x =;yand y = x;and x > yifand only if x =y andnot y = x.
Using especially Axioms 3 and 4, the independence axioms, we may
easily prove the following theorem.

THEOREM 2. For i =1,2, the relation =; is transitive and strongly
connected on A, the relation =;is an equivalence relation on A; and the
relation > is irreflexive, asymmetric and transitive on A,.

We can prove that any structure satisfying the axioms of Definition 1
can be given either an additive or a multiplicative representation in
terms of real numbers. Because the multiplicative representation is
most pertinent here, we shall state the basic representation theorem in
that form. The reader is referred to Krantz et al. (1971, Chapter 6) for
the proof of the theorem.

THEOREM 3. Let (A, A,,=) be a conjoint structure. Then there
exist real-valued functions ¢, and ¢, on A, and A,, respectively, such
that fora and b in A, and p and q in A,

(a,p)=(b, q) if and only if ¢\(a)exP) = ¢1(b)eAq).

Moreover, if ¢} and @3 are any two other functions with the same
property, then there exist real numbers a, B;, B2>0 such that

o1 = Bipt
and

¢2 = B203,
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provided there are elements a and b in A, and p in A, such that
(a,p)>(b,p), and elementis p and q in A, and ¢ in A, such that
(¢, p)>(c, q).

More than the theory of comjoint measurement is needed to give a
correct analysis of Archimedes’ treatise, for he obviously assumes
that weight and distance are extensive or additive magnitudes. (This
point is documented in the later discussion.) It will therefore also be
useful to have in front of us the modern theory of extensive mag-
nitudes. A rather complete presentation of the theory is to be found in
Krantz et al. (1971, Chapter 3). Because of their relative simplicity I
shall state here the axioms of Suppes (1951). In this case the Archime-
dean axiom is easily stated explicitly. A binary operation ¢ on the set A
of magnitudes, as well as a binary relation =, is introduced, and we
define recursively 1x = x and nx = (n — 1)x o x. As before, the relations
~ and > are defined as expected in terms of =.

DEFINITION 2. A structure {(A,=,9,) is a structure of extensive
magnitudes if and only if the following axioms are satisfied for every
a,band c in A:

Axiom 1. If x=yand y =z then x = z,

Axiom 2. (xoy)oz=x0(yo2z);

Axiom 3. If x=ythen xoz=12z0y;

Axiom 4. If x > y then there is a z in A such that x =~ yoz;

Axiom 5. xoy>x;

Axiom 6. If x =y then there is a natural number n such that y = nx.

The six axioms of Definition 2 have an obvious confent when A is a
set of positive numbers closed under addition and subtraction of
smaller numbers from larger ones, = is the numerical weak in-
equality, and o is the operation of addition. It should be noted that
Axiom 3 combines monotonicity and commutativity. The numerical
interpretation just given is itself the basis of the following represen-
tation theorem.

THEOREM 4. Let (A, =,0) be a struciure of extensive magnitudes.
Then there exists a real-valued function ¢ on A such that for a and b
in A

a=b if and only if ¢(a)= ¢(b),
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and
e(acb)=g(a)+ ¢(b).

Moreover, if ¢' is any other such function then there is a real number
a >0 such that ¢' = ae.

Archimedes’ Postulates

With the axioms of conjoint and extensive measurement given above
as background, let us now turn to Archimedes’ postulates at the
beginning of Book I of On the Equilibrium of Planes. I cite the Heath
translation.

I postulate the following:

1. Equal weights at equal distances are in equilibrium, and equal weights at unequal
distances are not in equilibrium but incline towards the weight which is at the greater
distance.

2. If, when weights at certain distances are in equilibrium, something be added to
one of the weights, they are not in equilibrium but incline towards that weight to which
the addition was made.

3. Similarly, if anything be taken away from one of the weights, they are not in
equilibrium but incline towards the weight from which nothing was taken.

4. When equal and similar plane figures coincide if applied to one another, their
centres of gravity similarly coincide.

5. In figures which are unequal but similar the centres of gravity will be similarly
situated. By points similarly situated in relation to similar figures I mean points such
that, if straight lines be drawn from them to the equal angles, they made equal angles
with the corresponding sides.

6. If magnitudes at certain distances be in equilibrium, (other) magnitudes equal to
them will also be in equilibrium at the same distances.

7. In any figure whose perimeter is concave in (one and) the same direction the
centre of gravity must be within the figure.

Looking at the postulates, it is clear that postulates 1,2, 3 and 6 fall
within the general conceptual framework of conjoint measurement,
but the remaining postulates introduce geometrical ideas that go
beyond the general theory of conjoint measurement. I shall have
something more to say about these geometrical postulates later. For
the moment I want to concentrate on what I have termed the conjoint
postulates. The wording of Postulates 2 and 3 makes it clear that
Archimedes treated weight as an extensive magnitude. We shall thus
assume that # = (W, =, o) is a structure of extensive magnitudes, that
(W X D, =) is a conjoint structure, and that =, of % is the defined
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relation =, of the conjoint structure. Also, to formulate Postulate 3
explicitly we need a subtraction operation that is well defined for
extensive structures: f x>y thenx—y=z if and only if x = yoz,

The formulation of Postulates 1,2,3 and 6 then assumes the fol-
lowing elementary form, with subscripts of =, and =, dropped to
simplify the notation.

ia.
1b.
2.
3.
6.

If wy=w, and d, = d, then (w,, di) = (w,, d,).

If W) = Wy and d] > d2 then (W[, d 1) > (wy, dz)

If (wy, dy) = (Wz, dz) then {(wiox, d )> (wy, dz)

If (wy, dy=(w,, d5) and w,> x then (w,, d)) > (w, — x,d>).

If (wy, d) = (wy, dy), wa= w, and ws= w, then (w3, d;) = (w,, d,).

The first three propositions of Book I can be proved from these
purely conjoint postulates and the assumption that weight is an
extensive magnitude. For detailed analysis I cite the Heath translation
of the propositions and their proofs.

Proposition 1.

Weights which balance at equal distances are equal.

For, if they are unequal, take away from the greater the difierence between
the two. The remainders will then not balance [Posl. 3]; which is absurd.

Therefore the weights cannot be unequal.

Proposition 2.

Unegual weights at equal distances will not balance but will incline towards
the greater weight.

For take away from the greater the difference between the two. The equal
remainders will therefore balance [Post. 1]. Hence, if we add the difference
again, the weights will not balance but incline towards the greater [Post. 2].

Proposition 3.

Unequal weights will balance at unequal distances, the greater weight being at
the lesser distance.
Let A, B be two unequal weights (of which A is the greater) balancing about C
at distances AC, BC respectively.
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Then shall AC be less than BC. For, if not, take away from A the weight
(A - B). The remainders will then incline towards B [Post. 3]. But this is
impossible, for (1) if AC = CB, the equal remainders will balance, or (2) if
AC > CB, they will incline towards A at the greater distance [Post. 1].

Hence AC <CB.

Conversely, if the weights balance, and AC < CB, then A > B.

My aim is to catch the spirit of Archimedes’ formulation of these
first three propositions and their proofs within the formalization I
have given. To be as explicit as possible about my procedure, I use in
the proofs elementary properties of extensive magnitudes that follow
from the axioms of Definition 2, but only properties of conjoint
structures that follow from Archimedes’ postulates, not the full set of
Definition 1.

PROPOSITION 1. If (w,,d)) = (ws, d,) and d, = d- then w; = w-.
Proof. Suppose w,> w,. Let z = w;— w,. Then w, — z = w,. Then by
Postulate 1a
Q)] (wi—z,d)=(wy, dy),
but by Postulate 3 and the hypothesis of the theorem
2) (wa, dy) > (w,— z, d),
and (1) and (2) are from the definitions of > and = jointly absurd.
PROPOSITION 2. If w,> w, and d, = d, then (w|,d\) > (w, d>).
Proof. 1.et z=w;— w,. Then w,— z =~ w,, and by Postulate la
(wi—z,d)) = (wy, dy).
Therefore, by Postulate 2
((wi=zp)ez1, d)) > (wa, d),
and (w—2z))°z; = wy, SO
(wy, di) > (ws, di).

PROPOSITION 3. If W) > W, and (wy, d[) = (W:, d:) then d2> d[.
Proof. Suppose not d, > d,. Let z = w; — w,. Then by Postulate 3,
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(1) (W, d) > (w— z,d)),
but this we shall show is absurd. First if d) = d,, then by Postulate la
2) (wi — z1, dy) = (ws, do),

and (as in the proof of Prop. 1) (1) and (2) are jointly absurd. On the
other hand, if d,> d,, then by Postulate 1b

3) (wi—z1, di) > (wy, da),

and (1) and (3) are jointly absurd (from the asymmetry of >). Hence
d,>d,.

On one point my formalization is clearly not faithful to Archi-
medes. I have replaced his symmetrical relation unequal by the
asymmetric >, but this is a trivial formal difference, easy to eliminate
if desired.

The remaining propositions of Book I use the concept of center of
gravity in either their formulations or proofs, and I defer the con-
sideration of this much-disputed concept.

The postulates and propositions as I have reformulated them above
are a part of the elementary theory of conjoint measurement on the
assumption that the first component is a siructure of extensive
magnitudes as well. A casual perusal of modern textbocks on
mechanics reveals quickly enough that postulates like the ones for-
mulated here are not an explicit part of modern discussions of static
moments of force. The reason is simpie. Once a numerical represen-
tation is assumed, explicit conjoint axioms are not necessary. 1ake
Postulate 1a, for instance, and use the multiplicative representation:

If o1(wi) = @i(wy) and ¢2(d)) = @(dy) then
ei{wied) = e(w)edy),

but this is just an elementary truth of arithmetic and consequently not
necessary to assume.

The important historical fact is that the concept of a numerical
representation was missing in Greek mathematics, and consequently
explicit conjoint axioms were needed. There seems littie doubt that
Archimedes’ statement of such axioms is historically the earliest
instance of an explicit approach to conjoint measurement, certainly at
least in terms of extant texts of Greek mathematics and science.
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It has been noted by many modern commentators that Greek
mathematicians were completely at ease in comparing ratios of
different sorts of magnitudes, e.g., the ratio of two line segments to
that of two areas. Given this tradition it is natural to query why
Archimedes did not state the Postulates of Book I in terms of ratios.
The answer it seems to me is clear. Proof that two weights balance at
distances reciprocally proportional to their magnitudes, which is Pro-
positions 6 and 7 of Book I, is the Greek equivalent of a numerical
representation theorem in the theory of measurement. The conjoint
postulates that Archimedes formulates provide a simple qualitative
basis from which the Greek ‘representation theorem’ can be proved.
(I shall have more to say later about this proof.)

I know of no other instance of conjoint concepts in Greek mathe-
matics and science. Certainly modern examples like momentum were
not considered, and no such concepts were needed in Archimedes’
other physical work, On Floating Bodies. It is perhaps for this reason
that the level of abstraction to be found, for example, in Book V of
Euclid’s Elements is not reached in On the Equilibrium of Planes.
A higher level of abstraction was superfluous because other pairs of
magnitudes satisfying like postulates were not known.

Centers of Gravity

The most difficult conceptual problem of Archimedes’ treatises
concerns the status of the concept of center of gravity of a plane
figure. This concept is essential to the formulation of Postulates 4, 5
and 7, but it is quite evident, on the other hand, that these postulates in
themselves do not provide a complete characterization of the
concept. By this I mean that if we knew nothing about centers of
gravity except what is stated in Postulates 4, 5 and 7, we would not be
able to derive the theorems in which Archimedes is interested, and
which he does derive. As Dijksterhuis (1956) points out, it is possible
to argue that the concept of center of gravity is being taken over by
Archimedes from more elementary discussions and thus really has the
same status as the geometrical concept of similarity in his treatise. On
the face of it, this argument seems sounder than that of Toeplitz and
Stein (published in Stein, 1930), who propose that the postulates are
to be taken as implicitly defining centers of gravity once the postulates
are enlarged by the obvious and natural assumptions.
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it is also clear that a standard formalization of Archimedes’ theory,
in the sense of first-order logic, cannot be given in any simple or
elegant way. It is possible to give the standard formalization of the
part of the theory embodied in Postulates 1, 2, 3 and 6, as we have
seen in the previous section.

Quite apart from the guestion of standard formalization, there are
serious problems involved in giving a reconstruction in set-theoretical
terms of Archimedes’ postulates. In such a set-theoretical for-
mulation, we can without difficulty use a geometrical notion like
similarity. If we take over from prior developments a definition of
center of gravity, then it would seem that Postulate 4, for example,
would simply be a theorem from these earlier developments and
woutld not need separate statement. Put another way, under this
treatment of the concept of center of gravity, no primitive notion of
Archimedes’ theory would appear in Postulate 4 and thus it would
clearly be an eliminable postulate. The same remarks apply to Pos-
tulates § and 7. It would seem that Archimedes has constructed a sort
of halfway house; his postulates do not give a complete charac-
terization of centers of gravity, but on the other hand, they cannot be
said to depend upon a completely independent characterization of this
concept.

Schmidt {1975) gives an interesting axiomatic reconstruction of
Archimedes’ theory, but his elegant postulates for centers of gravity
are restricted to plane polygonal figures, whereas in Book II Archi-
medes is especially concerned with centers of gravity of parabolic
segments. The ‘reduction’ of such segments to rectangles of equal
area requires the results found in Archimedes’ treatise Quadrature of
the Parabola. (Schmidt’s treatment of the ‘conjoint’ axioms discussed
above does not use the standard modern results on conjoint
measurement.)

It is worth noting that the fundamental pair of propositicns (6 and
7) asserting the law of the lever, or what we may also term the law of
static torque, does not really need any geometrical facts about centers
of gravity, as do later propositions of Bocok I, and the whole of Book
[I. Archimedes couid have used something like the following
definition to get as far as Proposition 7: The center of gravity of
(wy,d)) and (w,, d)) is tne distance dy such that (w,d,—d3)~=
(wq, dy—d)). This definition assumes that distances are extensive
magnitudes, but there is little difficulty about this assumption. It
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seems obvious to me why it is unlikely Archimedes even momentarily
would have considered such a definition. The mathematically difficult
and geometrically significant propositions all deal with the centers of
gravity of geometric figures; in fact, the whole of Book II is con-
cerned with finding the centers of gravity of parabolic segments, and for
this purpose a geometric concept of center of gravity is necessity.?

From a purely axiomatic standpoint, therefore, Archimedes is no
more satisfactory than a modern physical treatise with some mathe-
matical pretensions. A good comparative example, perhaps, is von
Neumann’s book (1932/1955) on quantum mechanics, which contains
a beautifully clear axiomatic development of the theory of Hilbert
spaces, but not of quantum mechanics itself.

I11I. PTOLEMY'S ALMAGEST

The third and most important example I cite is Ptolemy’s Almagest. It
is significant because it is the most important scientific treatise of
ancient times and because it does not contain any pretense of an
axiomatic treatment.

It is to be emphasized that Ptolemy uses mathematical argument,
and indeed mathematical proof, with great facility, but he uses the
mathematics in an applied way. He does not introduce explicit axioms
about the motion of stellar bodies, but reduces the study of their
motion to geometrical propositions, including of course the important
case of spherical trigonometry.

Near the beginning of the Almagest, Ptolemy illustrates very well in
the following passage the spirit of the way in which assumptions are
brought in:

And so in general we have to state that the heavens are spherical and move spherically,
that the earth in figure is also spherical to the senses when taken in all its parts; in
position lies right in the middle of the heavens, like a geometrical center; and in
magnitude and distance has the ratio of a point with respect to the sphere of the fixed
stars, having no local motion itself at all. And we shall go through each of these points
briefly to bring them to mind.

There then follows a longer and more detailed discussion of each of
these matters, such as the proposition that the heavens move

spherically. My point is that the discussion and the framework of
discussion are very much in the spirit of what we think of as
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nonaxiomatic mathematical sciences today. There is not a hint of
organizing these ideas in axiomatic fashion.
When Ptolemy gets down to details he has the following to say:

But now we are going to begin the detailed proofs. And we think the first of these is that

by means of which is calculated the length of the arc between the poles of the equator and
the ecliptic, and which lies on the circle drawn through these poles. To this end we must
first see expounded the method of computing the values of chords inscribed in a circle,
which we are now going to prove geometrically, once for all, one by one.
The detailed discussion, then, on the size of chords inscribed in a
circle emphasizes, above ali, calculation and would make a modern
physicist happy by its tone and results as well. This long and im-
portant analysis of computations is concluded with a numerical table
of chords.

The thesis I am advancing is illustrated, in many ways even more
strikingly, by the treatment of the motion of the moon in Book IV.
Here Ptolemy is concerned to discuss in considerable detail the kind
of observations that are appropriate for a study of the moon’s motion
and especially with the methodology of how a variety of observations
are to be rectified and put into a single coherent theory.

Various hypotheses introduced in later books, e.g., the hypothesis
of the moon’s double anomaly in Book V. are in the spirit of modern
asironomy or physics, not axiomatic mathematics. Moreover,
throughout the Almagest, Ptolemy’'s free and effective use of
geometrical theorems and proofs seems extraordinarily similar in
spirit to the use of the differential and integral calculus and the theory
of differential equations in a modern treatise on some area of
mathematical physics.

IV CONCLUDING REMARKS

In this analysis of the use of axiomatic methods and their absence in
explicit form in ancient mathematical sciences such as optics and
astronomy, I have not entered into a discussion of the philosophical
analysis of the status of axioms, postulates and hypotheses. There is a
substantial ancient literature on these matters running from Plato to
Proclus. Perhaps the best and most serious extant discussion is to be
found in Aristotie’s Posterior Analytics. Aristotle explains in a very
clear and persuasive way how geometrical proofs can be appropriately
used in mechanics or optics (75b 14ff). But just as Aristotle does not
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really have any developed examples from optics, mechanics or
astronomy, so it seems to me that the interesting distinctions he makes
do not help us understand any better the viewpoint of Euclid toward the
‘definitions’ of his optics or the postulates of Archimedes about centers
of gravity cited above.

Many of you know a great deal more than I do about the history of
Greek mathematics and Greek mathematical sciences, but, all the
same, | want to venture my own view of the situation I have been
describing. I may be too much influenced by my views about con-
temporary science, but 1 find little difference between contemporary
physics and the problems of Greek science I have been describing.
Physicists of today no more conform to an exact canon of philo-
sophical analysis in their setting forth of physical principles or ideas
than did those ancient scientists and mathematicians who wrote about
the subjects I have been discussing. There was certainly a sense of
methodology deeply embedded in Euclid, Archimedes and Ptolemy,
but it was not a sense of methodology that was completely explicit or
totally worked out, just as Aristotle’s own general principles are
never exemplified in any detailed and complicated scientific examples
of an extended sort. The gap between philosophical analysis, canons
of axiomatic method, and actual working practice was about the same
order of magnitude that it is today. What is surprising, I think, from a
philosophical standpoint is that the gap seems, if anything, to have
widened rather than narrowed over the past 2000 years.

NOTES

! Ptolemy’s Optics is much more physical and experimental in character. A more
mathematical example, without any explicit axioms at all, is Diocles’ treatise On
Burning Mirrors (Toomer, 1976). The detailed mathematical proofs are also interesting
in Diocles’ work because of the absence in most cases of reasons justifying the steps in
the argument, but, as in a modern nonaxiomatic text, familiar mathematical facts and
theorems are used without comment.

? The attitude toward abstraction is very clearly expressed by Aristotle in the Posterior
Analytics (Book I, 5, 74a 17-25). “An instance of (2) would be the law that proportion-
als alternate. Alternation used to be demonstrated separately of numbers, lines, solids,
and durations, though it could have been proved of them all by a single demonstration
Because there was no single name to denote that in which numbers, lengths, durations,
and solids are identical, and because they differed specifically from one another, this
property was proved of each of them separately. Today, however, the proof is
commensurately universal, for they do not possess this attribute qua lines or qua
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numbers, but qua manifesting this generic character which they are postulated as
possessing universally”. The reference to (2 is to one kind of error we can make in
drawing a conclusion that is too specific or concrete. Errors of type (2) arise “‘when the
subjects belong to different species and there is a higher universal, but it has no name”
(T4a 7).

3 In closing this discussion, it is worth noting that Mach (1942), in his famous treatise
on mechanics, seems to be badly confused on what Archimedes’ work is all about. The
focus of Mach’s analysis is the famous Proposition 6 asserting that commensurable
magnitudes are in equilibrium at distances reciprocally proportional to their weights.
Mach is particularly exercised by the fact that “the entire deduction (of this proposition)
contains the proposition to be demonstrated by assumption if not explicitly” (p. 20). A
central point of Mach’s confusion seems to be a complete misunderstanding as to the
nature of the application of mathematics to physics. He seems to have no real
conception of how mathematics is used to derive particular propositions from general
assumptions, and what the relation of these general assumptions to the particular
proposition is. He seems to think that any such proposition as the one just quoted must
somehow be established directly from experience. His mistaken sentiments on these
matters are clearly expressed in the following passage:

From the mere assumption of the equilibrium of equal weights at equal distances is
derived the inverse proportionality of weight and lever arm! How is that possible? If we
were unable philosophically and a priori to excogitate the simple fact of the dependence of
equilibrium on weight and distance, but were obliged to go for that result to experience, in
how much less a degree shall we be able, by speculative methods, to discover the form of
this dependence, the proportionality! (p. 19)

This last quotation shows, it seems to me, the basic fact that is usually not explicitly
admitted in discussing Mach’s views on the foundations of mechanics. He simply had no
coherent or reasonable conception of how mathematics can be used in science, and his
wrong-headed analysis of Archimedes is but one of many instances that support this
conclusion.

Stanford University
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