
LEARNING THEORY FOR PROBABILISTIC AUTOMATA 
AND REGISTER MACHINES} WITH ApPLICATIONS 

TO EDUCATIONAL RESEARCH1 

PATRIC SUPPES 

The first part of this article reviews my work and that of my 

collaborators in the learning theory of probabilistic automata 

and register machines. The second part is concerned with spe­
cific applications to educational research, especially to the 

learning of elementary mathematics. 

1. Theory 

1.1. Asymptotic Theory 

The current asymptotic theory is in reasonable shape. One can 

give an asymptotic theory having the following intuitive con­

tent. Given any classification problem that can be character­

ized by a finite automaton, there exists a stimulus-response 

model that under nondeterminate reinforcement will asymptotical­

ly be equivalent to the classification behavior of the automa­

ton. What is important about this theorem is that the rein­

forcement is nondeterminate, that is, the stimulus-response mod­

el can learn from only "yes-no" reinforcements regarding the 

correctness of classification. This theorem is in contrast to 

that obtained in SUPPES (1969), which depended upon determinate 

reinforcement. The earlier theorem is, of course, stronger, be­

cause with determinate reinforcement it is possible to obtain 
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isomorphism asymptotically between the stimulus~response model 

and the given finlte automaton. With nondeterminate reinforce~ 

ment the best one can expect to get is behavioral equivalence. 

For later comparative purposes, I sketch here the theory of 

stimulus-response models with nondeterminate reinforcement de­

veloped by WILLIAM ROTTMAYER and myself. The brief sketch given 

here follows closely that given in our survey artlcle on auto­

mata (SUPPES & ROTTMAYER u 1974). 

The characterlzation of the theory requires seven primitive 

concepts. To begin with p there is the set S of stimuli and the 

set R of responses. The set E of reinforcements contains only 

two elements e
1 

and e 2 , e
1 

is the positive reinforcer, e 2 the 

negative one. In the lnterpretation intended here, e 1 is the 

event of giving information to the learner that his response 

has been correct and e 2 that the response is incorrect. It is 

clear that exactly how this information is given can vary wide­

ly from one experiment to another and there is a varlety of 

procedures for doing so. What is important is that the reinfor­

cers have this information interpretation. The fourth prlmitive 

concept is a measure V of saliency defined on the set of stimu­

li. I will not have much more to say about the saliency of stim­

uli, and exactly how it is handled is not too important in the 

present context. In many simple experiments it is often taken 

to be the cardinality of the number of stimuli presented. The 

concept of subtrial requires the introduction of M, which is 

a sequence of positive integers mn" Each mn indicates the num­

ber of subtrials on trial n. Roughly speaking, the subtrials 

correspond to a sequence of perceptual scannings or observa­

tions, represented formally by a sequence of stimulus sam­

plings. This notion is necessary to define the next primitive 

concept, the sixth one, that of the sample space X. Each ele­

ment of X represents a possible experiment, i.e., an infinite 

sequence of trials where each trial n has m subtrials. Each 

trial is an (mn + 2)-tuple consisting of three things: a) the 

conditioning function at the beginning of the trial which is a 
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partial function from S into R, where C(o) = r means that stim­

ulus 0 is conditioned to response rand C(o) undefined means 

that 0 is unconditioned; b) mn triples of the form (T,s,r) 

where T is the set of presented stimuli, s is the set of sam­

pled stimuli, and r is the response on a subtrial; and c) the 

reinforcement which occurred at the end of the trial. The final 

primitive concept is the probability measure P on the appropri­

ate algebra of events (subsets) of X. All probabilities are de­

fined in terms of P. For simplicity of formulation, in the fol­

lowing axioms it is assumed that all events on which probabili­

ties are conditioned have positive probability. There are three 

kinds of axioms: sampling axioms, conditioning axioms, and re­

sponse axioms. The nondeterminate reinforcement is especially 

relevant to the conditioning axioms. 

Sampling Axioms 

(S1) On every subtrial a set of stimuli of positive measure 

is sampled with probability one. 

(S2) If the same presentation set occurs on two different 

subtrials, then the probability of a given sample is 

independent of the subtrial number. 

(S3) Samples of equal measure that are subsets of the presen­

tation set have an equal probability of being sampled 

on a given subtrial. 

(S4) The probability of a particular sample on trial n, sub­

trial m, given the presentation set of stimuli, is inde­

pendent of any preceding subsequence of events. 

Conditioning Axioms 

(C1) On every trial with probability one each stimulus ele­

ment is conditioned to at most one response. 

(c2) If e
1 

occurs on trial n, the probability is c that any 

previously unconditioned stimulus sampled on a subtrial 
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will become conditioned to the response given on that 

subtrlal u and this probability independent of the 

particular subtrial and any preceding subsequence of 

events. 

(C3) If e
1 

occurs on trial n the probability is zero that 

any prevlously unconditioned stimulus sampled on a sub~ 

trial will become conditioned to a response different 

from the one given on that subtrial, and thlS probabll~ 

ity is independent of the particular subtrial and any 

preceding subsequence of events. 

(C4) If e 1 occurs on trial nu the conditioning of previous~ 

ly conditioned sampled states remains unchanged. 

(C5) If occurs on trial n the probability is zero that a 

previously unconditloned stimulus sampled on a subtrial 

will become conditioned. 

(C6) If e 2 occurs on trial n, the probability is d that any 

previously conditioned stimulus sampled on a subtrial 

will become unconditioned, and this probabllity is 

dependent of the particular subtrial and any precedlng 

subsequence of events. 

(C7) With probability one, the conditioning of un sampled 

stlmull does not change. 

Response Axioms 
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(R1) If at least one sampled stimulus is conditioned to some 

response, then the probability of any response is the 

ratio of the measure of sampled stimuli conditioned to 

this response to the measure of all the sampled condi­

tioned stimuli, and this probability is independent of 

any preceding subsequence of events. 

(R2) If no sampled stimulus is conditioned to any response 

then the probability of any response r is a constant 

guessing probability P
r 

that is independent of nand 

any preceding subsequence of events. 



Note that the conditioning method used is simple. Conditioning 

occurs on trials that have a correct response, and decondition­

lng occurs on trials that have an incorrect response. Thus 

learning occurs on all trials, regardless of whether the re­

sponse is correct or not. On the basis of these axioms, the fol­

lowing theorem, which represents a considerable improvement of 

the basic theorem in my 1969 article, can be proved. The im­

provement is due to the weakening of the methods of reinforce­

ment. 

Theorem 1: If e is any set of perceptual displays and G is a 

subset of e that can be recognized by a finite au­

tomaton, then there is a stimulus-response model 

that can also learn to recognize G, with perfor­

mance at asymptote matching that of the automaton. 

I now turn to a comparable development for register machines. 

In the formal characterization of such machines I follow SHEP­

HERDSON & STURGIS (1963). First, let me recall how simple a 

classical register machine is. All we have is a potentially in­

finite list or sequence of registers, but any given program 

uses only a finite number. Exactly three simple kinds of in­

structions are required for each register. The first is to 

place any element of the finite vocabulary at the top of the 

content of register n; the second is to delete the bottommost 

letter of the content of register n if the register is nonemptYi 

because any computation takes place in a finite number of steps, 

the content of any register must always be finite in length. 

The third instruction is a jump instruction to another line of 

the program, if the content of register n is such that the bot­

tommost or beginning letter is a
i i in other words, this is a 

conditional jump instruction. Thus, if we think of the contents 

of registers as being strings reading from left to right we can 

also describe the instructions as placing new symbols on the 

61 



rightu deleting old symbols on the left, and using a condltion~ 

al jump instruction in the program when required. 

It is straightforward to give a formal definition of programs 

for such an unlimited register machine, but I delay this for 

the moment. It is clear that a program is simply made up of 

lines of instructions of the sort just described. The important 

point is that it may be proved that, given any partial recur~ 

sive function computable over a finite vocabularyu a program 

that computes exactly that function for any given input string 

can be written in terms of the instructions stated above. The 

potentially infinite memory of an unlimited register machine 

both in terms of the number of registers and the size of each 

register is a natural mathematical idealization. It is also pos~ 

sible to define a single-register machine with instructions of 

the kind just stated and to show that a single register is also 

adequate. The use of such a single register moves the concept 

of a register machine close to that of a Turing machine. 

Before looking at the details of register machines as we shall 

want to construct them for learning purposes, it will be useful 

to review the seven primitive concepts used in the nondetermi~ 

nate stimulus-response theory just stated. The set S of stimuli, 

the set R of responses g the set E of reinforcements, and the 

measure ~ of saliency on the set of stimuli all remain un~ 

changed, in principle if not in practice. The concept of a sub­

trial of the sample space X and the probability measure P will 

change somewhat, but only in their details. We must also intro­

duce as a new primitive concept the set of internal instructions 

of the register machine, as well as the registers themselves. 

To make the theory as simple as possible in general formulation, 

I -shall first assume that the set of registers is unbounded in 

number but that in a given program only a finite number are 

used, and then later assume only a fixed finite number is avai­

lable at all. Still another general primitive concept is that of 

the internal language used for encoding stimulus displays. In 

the present formulation of the theory I shall, in fact, not en-
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ter into the relation between the set of stimuli and the en­

coding language but deal only with the already encoded repre­

sentation of the display. This level of abstraction seems appro­

priate for the present discussion. It is a matter of a detailed 

theory of perception to work out the relationship between stimu­

lus presentations and internal encodings. Thus, as the theory 

is presented here, the concept of stimulus is actually nonfunc­

tional, but this is not because of any fundamental belief that 

it should be nonfunctional but only due to a drastic abstract 

simplification of the theory. I comment on this issue again in 

the discussion of applications in part II. 

The concept of a program internally constructed replaces that 

of subtrial. For purposes of the general theory I shall leave 

matters as stated above; namely, there are three kinds of in­

structions and the input alphabet of the register machine is a 

finite nonempty set V. 

To make matters more explicit and formal but without attempting 

a complete formalization, I introduce the following definitions. 

First, <n> is the content of register n before carrying out an 

instruction; <n'> is the content of register n after carrying 

out an instruction. Second, a register machine has 1) a denu­

merable sequence of registers numbered 1, 2, 3, ••• , each of 

which can store any finite sequence of symbols from the basic 

alphabet V, and 2) three basic kinds of instructions: 

(a' ) p~ i) (n) : Place a i on the right-hand end of <n>. 

(b') DN (n) : Delete the left-most letter of < n> if 

<n>::f:: O. 

(c' ) J~i) (n) [E1 n Jump to exit 1 if <n> begins with 

The notation E1 is a variable for the line number to jump to. 

If the jump is to a nonexistent line, then the machine stops. 

The parameter N shown as a subscript in the instructions refers 

to the set of registers left unchanged when the program is com­

pleted. (This point is made more explicitly in the definition 

given below.) 
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A line of a program of a register machine is either an ordered 

couple consisting of a natural number n ~ 1 (the line number) 

and one of the instructions (a) or (b) v or an ordered triple 

consisting of a natural number n ~ 1, one of the instructions 

(c) v and a natural number m > 1. The formal interpretation of 

this definition is obvious and will not be given. 

A program (of a register machine) is a finite sequence of k 

lines such that 1) the first member of the ith line is i, and 

2) the numbers m that are third members of lines are such that 

1 < m ~ k + 1. The parameter k is, of course, the number of 

lines of the program. I shall also refer to programs as rou­

tines. How a register machine follows a program or routine is 

intuitively obvious and will not be formally defined. Subrou­

tines are defined like programs except 1) subroutines may have 

several exits, and 2) third members of triples may range over 

E
1

, ..• ,E
k 

- these variables being assigned values in a given 

program. 

I shall not give the formal definition of a partial recursive 

function defined over the alphabet V. It is any intuitively 

computable function. Given V, the finite vocabulary, then, as 

usual in such matters g V* is the set of finite sequences of el­

ements of Vi in the present context, I shall call the elements 

of V* codings. Let f be a function of n arguments from 

V*x ..• xV* (n times) to V*. The basic definition is that f is 

computable by a register machine if and only if for every set 

of natural numbers {x
1

, ••• ,xn ,y,N} with y * xi for i = 1, ••• ,n 

and x 1 , ... ,xn ,y ~ N there exists a routine ~ (y = f(x 1 ' .• 'Qxn » 

such that if <x
1
>, ••• ,<x

n
> are the initial contents of reg~s­

ters x
1

, ... ,xn then 
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1) if f«x
1
>, ••• ,<xn » is undefined the machine will not 

stop 

2) if f«x
1
>, ••• ,<xn» is defined, the machine will stop 

with <y>, the final content of register y, equal to 

f«x
1
>, ••• ,<xn», and with the final conents of all regis­

ters 1, 2, .•• , N, except y, the same as initially. 



I turn now to the axioms for register-machine learning that 

roughly parallel those given above for stimulus-response mod­

els with nondeterminate reinforcement. Register 1 is reserved 

for the response. In the present case, if the register is 

cleared, the response is that the stimulus display is an in­

stance of the concept in question and if the register is not 

empty, the answer is negative. Moreover, if the program stops 

before completion, the answer also is negative. The program 

constructed is stored in a program stack, which is just a spe­

cial register designated for this purpose. 

In addition to this notion of a register stack, the register 

machine will be restricted to a nonempty finite set M of regis­

ters, numbered 1, ••• ,1M1, where 1M1 is the cardinality of M. 

Three other primitive concepts are needed: the function k from 

v* to the real numbers - for each x in V*, k(x) is the upper 

bound on the "running time" or length of program for computing 

on Xi the real number c is the parameter of the geometric dis­

tribution on the number of lines of program constructed; and 

the real number g is the parameter of the geometric distribu­

tion needed for conditional jump instructions (see Axiom 12 be­

low). The concepts and axioms apply only to learning partial re­

cursive functions of a single argument. Moreover, only classi­

ficatory functions are treated; in particular, functions that 

have only two values, 0 and 1. Thus the theory is restricted to 

parallel the earlier treatment of stimulus-response models. 

The technical details mentioned in the axioms and following 

theorem should be still more explicit and formal than they are, 

but because the asymptotic theory as such is of only limited 

practical interest, I have made the treatment rather brief. 

Initial Data Axiom 

(D1) At the start of each trial, there is an x in V* such 

that < 1> = x. 
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Program Construction AXloms 

(11) If the program stack is nonempty, no new program is 

constructed (because the one already there will be 

used). 

(12) Given that the program stack is empty at the beginning 

of a trial: 

1) the probability of constructing a program of n 

lines is c(1 - c)n-1 with 0 < c < 10 independent of 

the trial number and any preceding subsequence of 

events, 

2} given that a line is constructed u the probability 

of sampling an instruction is uniformly distributed 

over M, V, and the three types of instruction, in­

dependent of the trial number and any preceding 

subseqence of events; 

3) if a conditional jump instruction is sampled, the 

line (m) "jumped to" is sampled geometrically with 

parameter guO < g < 1 u independent of the trial 

number and any preceding subsequence of events 0 

Program Erasure Axioms 

(E1) If e 1 occurs at the end of a trial, the program stack 

remains unchanged. 

(E2) If e 2 occurs at the end of a trial, the program stack 

is cleared. 

Response Axioms 
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(R1) If the program halts and <1> is empty, the response is 

"yeso" 

(R2) If the program halts and <1> is nonempty, the response 

is "noo" 

(R3) If the program does not halt by elapsed time k(x) for 

input data x in V*, the response is "no.", and the next 



trial is begun. 

On the basis of these axioms we may prove an asymptotic theo­

rem corresponding to Theorem 1 for stimulus-response models. 

Theorem 2: Let f be any 0-1 partial recursive function of one 

argument over the alphabet V such that a program 

for f exists with running time less than k(x) for x 

in V* on register machine~ (M,V,k,c,g). Then f 

is asymptotically learnable with probability one 

by1Tt. 

Proof: Let p be a program forhn that computes f for argument x 

in V* in running time less than k(x) . 

Let C c V* be the set of instances of the concepts and 

...,C its complement, Le.,...,C V* - C. Then we shall 

impose as a stimulus-display sampling distribution 

P (x e: C) 
_ 1 

P (x e: ..., C) - 2" • 

If C or ~C is finite, a uniform sampling distribution is used; 

if C or ..., C is infinite, a geometrical distribution on the 

length- with uniform distribtuion on a given length - is used. 

(The exact nature of this distribution is unimportant.) 

Let y' be a constructed program which is incorrect for at least 

one x in V*. Then because P (sampling x) > 0, with probability 

one pI will be erased. On the other hand, the probability that 

Pwill be constructed on any trial for which the program stack 

is cleared is positive and independent of the trial number. 

Thus asymptoticallyP or an equivalent correct program will be 

constructed with probability one. Details are omitted but are 

similar to those given in SUPPES (1969). 

Asymptotic theorems of the kind just proved are of limited ap­

plication when no bounds on the expected last error are given, 

or when a lower bound is given that is far too high to account 

for any actual learning that is of interest. 
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1020 The Nonasymptotic Role of Hierarch1es 

In the remainder of this section I examine some of the conse~ 

quences of building a hierarchy of internal subroutines to 

match, i.e. q to solve, a hierarchy of external problems. As a 

first example, made much too simple in order to make some ex­

plicit computations, I consider a disjunctive concept made up 

of n disjoint cases. Only one register is required, the alpha­

bet is the set {O,1}, and there is no jump instruction g but on­

ly the four instructions for deleting letters on the left or 

adding them on the right. Let the program be at most 10 lines 

for each case. Then assuming a uniform distribution on sampling 

of instructions and of the number of lines (1 to 10), the pro­

bability of each program of at most 10 lines can be directly 

computed. More importantly in the present instance, we can eas­

ily compute the possible number of programs: 4 of length1, 16 

of length 2, and in general 4n of length n, with 1 ~ n ~ 10, 

for a total of (4 11 - 4)/3, which is approximately 410. If now 

at the second stage programs are put together using only origi­

nal instructions and the n subroutines from individual cases, 

with programs of length at most 2n permitted, then there are 

[en + 4) 2n+1 - (n + 4 >] / (n + 3) possible programs, which is ap­

proximately (n + 4)2n. On the other hand, if a single program is 

developed in one step with 10n lines, the number of possible 

programs is approximately 4 10n • Consider, for example, the case 

n = 3. Then 430 is order of magnitudes larger than 76 + 3. (410). 

The details of this example are not important. I have not at­

tempted to fix them sufficiently to determine in each of the 

two approaches the number of the possible programs that are 

correct. Ordinarily in both the hierarchical and nonhierarchi­

cal approach this number would be a very small percentage of the 

total. The gain from the hierarchical approach is evident enough 

already in this example. But even a simple hierarchical approach 

seems to lead to learning that is too slow. What this suggests 
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is that the degree of hierarchical structure must be even more 

extensive. 

There are two additional important conceptual matters that 

should be enlarged upon, independent of any particular applica­

tions. 

The first is that the learning theory outlined here is not in 

any sense restricted to the learning of algorithms, as Theorem 

1 about concepts recognizable by finite automata might suggest. 

Theorem 2 already in principle applies to concepts whose exten­

sions are recursively enumerable but not recursive, and thus 

not algorithmic in character. The probabilistic approach to 

learning or problem-solving characteristic of the theory ap­

plies in principle just as well to tasks that do not have any 

obvious algorithmic characterization. The learning of strate­

gies for finding mathematical proofs is an example of consider­

able pedagogical importance. Note that even in a domain for 

which an "obvious" solution algorithm exists, it may be totally 

impractical to use it, and thus a "creative" approach is needed. 

A good example would be proofs of theorems in elementary alge­

bra or elementary Euclidean geometry for which there exists an 

algorithmic decision procedure by well-known results of TARSKI 

(1951), but for good theoretical reasons there is no hope of a 

general application of his procedures, because it may be shown 

that the lower bound on the number of steps, as a function of 

the length of a formula, is in general large enough to make 

practical use of the decision procedure out of the question. 

Consequently, future students as well as present ones will need 

to continue to learn how to solve elementary algebraic and geo­

metrical problems in a nonalgorithmic, creative fashion. On the 

other hand, the learning goals we set for students differ wide­

ly when the task, or set of tasks, is algorithmically solvable 

in a practical manner and when it is not. Thus we expect stu­

dents to be able to solve correctly an indefinitely large num­

ber of algorithmic arithmetic exercises, but we have much more 

limited expectations for their "proof-making" skills. 
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The other conceptual matter ~s the clear recognltion of the 

great gains to be obtained from using methods of relnforcement 

that are stronger than the weakest nondeterminate ones 0 This 

fact 1S recognized in all ordinary teaching. It is the purpose 

of explanat10ns g of didact1c lectures of verbal correct1ons of 

students, of attempts at explaining to them why they have made 

a m1stake, and of a variety of other diagnostic approaches that 

lead to expl1cit verbal communication to students. I have dis­

cussed earlier the reasons for not go~ng all the way the 

other direction to completely determinate relnforcement. In 

this case we end up with methods that are too strong and that 

cannot be practically realized. 

The conceptual subtlety of the relnforcement-information problem 

is the difficulty of giving an explicit account of how the stu~ 

dent processes the complex verbal information that is given to 

him. It is easy enough to have a theory of that when the infor~ 

mation glven to him is simply the weak nondeterminate rein­

forcement concerning the correctness or incorrectness of his 

answer. When a complex verbal description of his difficulty or 

of h~s mistake is communicated. the understanding of the pro~ 

cess that is taking place is another matter. It is clear that 

the framework I have presented here, although in princ1ple it 

may be strong enough to account for such complex communications 

to the student, in practice is much too undeveloped to do so. 

The full complexities of the theory of natural-language proces­

sing required to take account of these matters is awe-inspiring, 

but we can make various approximations and I attempt to do that 

in the next part of this paper dealing with some appllcations 

I want to close this theoretlcal section, however, with a 

statement on the great importance of develop~ng the systematic 

theory of such complex information transfer in the form of semi­

determinate reinforcement from instructor to student. Until 

we have a deeper theory of the natural-language processing in­

volved, we shall, I fear, be inevitably limited in our theory 

of instruction. 
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2. Applications 

In this part I examine ways in which probabilistic automata and 

register machines can be applied to specific problems of educa­

tional research. I begin with a survey of the empirical and 

theoretical results that have been obtained thus far. On the 

one hand, the theory is fairly well developed and has been 

tested in simple cases rather extensively. Moreover, the theory 

has a certain fundamental property I consider essential: The 

theory is rich enough to process the problems of elementary 

arithmetic beginning with a schematic form of visual perception. 

It is my view that any serious theory of elementary mathematics 

learning at the present time should satisfy such a minimal re­

quirement of processing. On the other hand, it is also impor­

tant to emphasize how schematic the present theory is. The con­

ception, for example, of visual perception and the processing 

of visual stimuli by students is extremely rudimentary. This al­

so applies to the processing of auditory stimuli. 

The theoretical and empirical work on probabilistic automata is 

to be found in SUPPES (1969), SUPPES & MORNINGSTAR (1972), and 

SUPPES (1973). I shall not survey the details here, but the 

theoretical objective of these studies is to introduce meaning­

ful probabilistic parameters for state transitions for probabil­

istic automata that are informationally adequate to the algo­

rithms of elementary arithmetic. The empirical objective is to 

use data to estimate the numerical values of the parameters and 

to test the goodness of fit of the models with respect to the 

data. The analysis given in the publications referred to deals 

mainly with performance data and not with learning. It is espe­

cially for this reason that a review of the results obtained 

has been omitted. 

I turn now to register machines. The theoretical approach is to 

assume that the structure of the student for the learning of 

elementary arithmetic may be represented by a register machine 

with a small finite number of registers and a small number of 
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elementary instructions. Using the small number of registers, 

which are distinguished on psychological grounds as registers 

with stlmulus support and those without, algor1thms for solving 

elementary arlthmetic problems can be bU1lt up, and the real1sm 

of these algorithms in relation to the actual learning and per­

formance of students can be studied. The central problem, of 

course, is to give a reasonable account of the k1nds of errors 

that students make. 

To prov1de a concrete lilustration of a register machine for 

elementary mathematics, I characterlze here 1n schematic form a 

register machlne adequate for column addition and similar tasks. 

For column addition, three reg1sters suffice in our scheme of 

analysis. First there 1S the stimulus-supported reg1ster (SS) 

that holds an encoded representation of a printed symbol to 

which the student 1S perceptually attending. In the present 

case the alphabet of such symbols consists of the 10 digits and 

the underline symbol ~. As a new symbol is attended to, 

prevlously stored symbols are lost unless they are transferred 

to a non-stimulus-supported register. The second register is 

the non-stlmulus-supported register (NSS). It prov1des long­

term storage for computational results. The third register is 

the operations reg1ster (OP) that acts as a short-term store, 

both for encodings of external stimuli and for results of cal­

culations carried out on the contents of other registers. It is 

also primarily non-stimulus-supported. 

It is important to note that in the case of the algorithms of 

elementary mathematics the number of registers is quite small 

and the amount that the student is expected to hold in a regi­

ster 1S also severely restr1cted. In contrast to the way com­

puters are expected to perform algorithms, the student makes 

extensive use of stimulus-supported registers and is able con­

tinually to refresh by percept10n his memory of the main data 

in front of him. In many respects this is the most slngle strik­

ing conceptual difference between the way human beings perform 

elementary mathematical algorithms and the way they are per-
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formed in electronic computers. 

We drastically simplify the perceptual situation by conceiving 

each exercise as being presented on a grid with at most one 

symbol in each square of the grid. For column addition we num­

ber the coordinates of the grid from the upper right-hand cor­

ner. Thus, in the exercise 

the coordinates of the 

18 
32 

+ 46 

digit 8 are (1,1), the coordinates of 2 

are (2,1), the coordinates of 6 are (3,1), the coordinates of 

are (1 ,2) , and so forth, with the first coordinate being the 

row number and the second being the column number. 

The restricted set of instructions we need for column addition 

are the following 10. 

Attend (a,b): Direct attention to grid position 

(a,b) . 

Shift attention on the grid by 

(±a,±b) • 

Read in (SS): Read into the stimulus-supported register 

the physical symbol in the grid position 

addressed by Attend. 

Lookup (R1) + (R2): Look up table of basic addition facts for 

adding contents of register (R1) and 

Copy (R1) ln (R2): 

Deleteright (R): 

Jump L: 

Jump (val) R,L: 

Outright (R): 

(R2) and store the res~lt in (R). 

Copy the content of register (R1) in reg­

ister (R2). 

Delete the rightmost symbol of register 

(R) • 

Jump to line labeled L. 

Jump to line labled L if content of reg-

lster (R) is val. 

Write (output) the rightmost symbol of 

register (R) at grid position addressed 

by Attend. 
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End: 

EX1t: 

Terminate processing of current exercise o 

Terminate subrout1ne processing and re~ 

turn to next line of ma1n program. 

Of the 10 instructions only does not have an elementary 

character. In the complete analysis it has the status of a sub­

routine built up from more primitive operations such as those 

of counting. It is, of course, more than a problem of construct­

ing the table of basic addition facts from counting subrou­

tines, it is also a matter of being able to add a single digit 

to any number stored in the non-stimulus-supported register 

(NSS) or (OP) as for example, in adding many rows of d1gits 

1n a g1ven column. I omit the details of building up th1s sub­

rout1ne. 

It should also be obvious that the remaining nine instructions 

are not m1nimal set; for examp1e g the uncond1tional jump in­

struction is easily eliminated. 

To 1l1ustrate in a simple way the use of subroutines, I consi­

der the simple one for outputting all the digits ~n a register 

w1th of course, the outputtlng of the digits from rlght to 

left as in the standard algorithm of column addition. 

Output (R) 

Put Outright (R) 

Deleteright (R) 

Attend (0,+1) 

Jump (Blank) R, Fin 

Jump Put 

Fin Exit 

I turn now to problems of learning, and, as in the case of the 

analyses in SUPPES (1973), I restrict myself to the case of 

Single-column addition, but with an indefinite number of rows. 

ThlS means that in general the output subroutine just described 

will need to be used. 

Let me reproduce here the internal program shown on the left 

and the verbal instructions used for instruction on the right. 

This material is shown in Figure 1. 
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Opr. 

Internal Program 

] Attend (1,1) 

Readin 

Transfer (SS) to (OP] 
Attend (+1,0) 

Readln 

Lookup (OP) + (SS) 

Attend (+1,0) 

Readin 

Jump (0-9) SS, Opr 

Attend (+1,0) 

Output (OP) 

End 

c
2 

Verbal Instructions 

Start here (pointing) 

Add first two digits 

(pointing) 

Now add again (pointing) (if 

conditional jump satisfied) 

or 

Notice end of column (point­

ing at __ ) (if conditional 

jump not satisfied) 

Write answer here (pointing) 

p:igure No.1: Single-cohnnn addition 

In figure 1, learning parameters c 1 ' , c 3 ' and c 4 are shown 

for the four segments of the program. These learning parameters 

have an abstract quality not directly related to the detailed 

axioms for program construction given in the preceding section. 

They permit us to develop at an abstract level simple learning 

models familiar from the literature of mathematical psychology. 

The simplest such model is the one that assumes independence of 

the four parts. If we treat the probability of successive er­

rors combining to yield a correct response as having probabili­

ty zero, then the mean probability for a correct response on 

trial n for the independence model is simply: 

4 n-1 
Pn (Correct Response) = TI (1 - (1 - c i ) ) . 

i=1 

At the other extreme, a hierarchical model, also at the same 
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general level of abstraction g postulates that the ith segment 

of the program cannot be learned until the i ~ 1st 
segment 1S 

learned. This slmple abstract hierarchical model leads to the 

follow1ng transition matrix g where state 0 represents all seg~ 

ments as unlearned g state 1 represents the first segment only 

as learned u etc. 

4 3 2 o 

4 0 0 0 0 

3 c 4 - c 4 0 0 0 

2 0 c 3 1 - c 3 0 0 

0 0 c 2 1 - c 2 
0 

o 0 0 0 c
1 

1 - c 1 

It is clear that ne1ther one of these simple models u the inde­

pendence model or the hlerarchlcal model, gives an lnformation­

ally adequate account of what is taklng place ln the sense 

characterized earlier. 

Let us therefore examine to what extent a more adequate de­

tailed model can be developed for the simple problem of column 

additlon. The difficulties we face in doing so is evidence of 

the general difficulty of developing informationally adequate 

learning models that can at the same tlIDe be systematically 

compared to quantitative data. 

Consider the learning parameter c
2

. Suppose the possible in­

structions for the subroutine "Add first two digits" as shown 

in Figure 1 are sampled independently and with equal probabili­

ty. These two simplifying assumptions make explicit computa­

tions manageable. Suppose further, and still more unrealisti­

cally, that the subroutine will be exactly four lines and will 

be constructed by sampling only the four instructions actually 
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used. Then if the sampling is with replacement, is approxi-

mately .0039, which seems unrealistically small. If eight of 

the instructions are available, with (equal) probability .125 

of being sampled with replacement, then c 2 = .00024. (These cal­

culations assume there is exactly one correct program of four 

lines.) Almost any data taken from actual student performance 

will show that either of these estimates of c 2 is far too 

small. 

The moral of this tally is that learning proceeds by smaller 

steps than naive intuition is inclined to surmise. The schemat­

ic computations just made raise interesting problems about 

past controversies in learning concerning the all-or-none ver­

sus incremental character of simple concept formation. Although 

most of the simple concept-formation experiments I have in mind 

are at heart algorithmic in character, the concept is not ex­

plicitly taught in an algorithmic fashion. It is characteristic 

of the experimental instructions not even to give a hint of 

there being an algorithm for identifying the presence or absence 

of the property exemplifying the concept. A number of experi­

ments that support the all-or-none hypothesis are reported in 

SUPPES (1965). I consider here the simple experiment in which 

five-year-old children were asked to discriminate between line 

drawings of triangles, quadrilaterals, and pentagons. The algo­

rithm,obviously, is simply to count the number of sides, but 

the algorithm was not explicitly taught to the children as part 

of the experiment and they were not asked to verbalize their 

procedure at any stage. Because they found triangles easy to 

discriminate from quadrilaterals and pentagons but found it a 

good deal more difficult to separate quadrilaterals from penta­

gons, there is rather good evidence that they were not using a 

counting algorithm but rather a perceptual response of a differ­

ent character. The strong support for all-or-none learning in 

this experiment does, however, indicate that the instructions 

for the experiment essentially put the children in a "frame" 

(to use the term made popular by MARVIN MINSKY in artificial 
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intelligence). In the language being developed in this paper, 

being put within a particular frame would mean that most of the 

subroutines needed for giving the correct response were already 

called up and put in place by the experimental instructions 0 On 

this view, all-or-none learning is obtained because only a 

single instruction or, at most, only a very small number need 

to be added to the frame in order to give the correct response. 

In experiments either with children or with adult human sub­

jects, the instruction with which the experiment begins has the 

effect of a subject in the experiment constructing a frame with­

in which he proceeds to work. Of course, in many cases the sub­

ject constructs a frame that has to be modified because he has 

a misunderstanding of what the experiment is about. It is con­

sidered the mark of a good experiment that the subject under­

stands the instructions and this means that the general frame 

he establishes is the intended one, or nearly so, very early ~n 

the experiment - I refer here of course to "direct" cognitive 

experiments, not to the kind of "misleading" frameworks inten­

tionally established in many experiments in social psychology. 

In the case of instruction in the schools, good organization of 

the curriculum as it is presented to students should lead natu­

rally from one frame to another, so that the additional subrou­

tines that must be organized are small in number as the student 

undertakes to master a new concept or skill. The kind of elemen­

tary computations exhibited in this paper tend to show why the 

steps in moving from one part of the curriculum to the next 

~ust be small and well organ1zed in order for the curriculum to 

be successful with most of the students. This careful articula­

tion of the curriculum is as important in the teaching of math~ 

matics and science at the university level as at the beginning 

school level. It is in fact unfortunate that we have as yet 

very unsatisfactory empirical traditions of analyzing the learn­

ing that is involved in mastering more advanced topics in math­

ematics and science. The psychological investigation of these 

matters is almost untouched. 
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