
DEAN JAMISON, DEBORAH LHAMON, AND PATRICK SUPPES 

LEARNING AND THE STRUCTURE 

OF INFORMATION* 

I. INTRODUCTION 

The concept of information has received a great deal of attention in a 
number of disciplines ranging from mathematical statistics to experimental 
psychology over the past two decades, and the literature is now veryexten­
sive. In reviewing that literature, however, we were surprised to find how 
few studies are concerned with the theoretical relations between the con­
cept of reinforcement in learning theory and the structure of information 
built into the structure of reinforcing events. For example, little attention 
is given to the systematic structure of reinforcement from the standpoint 
of information content in the traditional learning theories of Hull and 
Skinner. This can be regarded as a criticism of these theories, but the 
detailed analyses given in this paper show clearly enough that relating 
detailed learning-theoretic considerations to detailed information struc­
tures is not a simple matter. Any of the standard mathematical models of 
learning soon become difficult and awkward to handle once any but the 
simplest information structures on reinforcing events are used, though a 
number of analytic results can be obtained. 

From a broad conceptual standpoint, this paper may be regarded as 
having two general aims. One is to bring together in a detailed way the 
ideas of contemporary mathematical learning theory and the concept of 
information structure. The other and subsidiary aim is to show by 
example how difficult the analysis of these concepts becomes if our 
objective is to carry the analysis through to the point of yielding explicit 
analytical results that can be tested against experimental data. Although 
this paper is long and many examples are considered, it clearly is only 
a kind of prolegomenon to a more systematic and more general theory of 
these matters. In originally planning the paper, we had hoped to include a 
final section on concept learning, but for a variety of reasons, including 
the evident length of the paper in its present form, we restricted ourselvel 
to a few remarks here and there on this subject. The study of conceps 
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learning differs from the topics we considered since the inf'1rmation struc­
ture in concept learning is placed on the stimulus set rather than the rein­
forcement set. 

II. PAIRED-ASSOCIATE LEARNING 

1. Paired-Associate Learning with Complete Information 

In the experimental paradigm for the theories discussed in this section, 
the experimenter presents the subject with stimuli in random order. Each 
stimulus is paired to exactly one of N response alternatives. After seeing 
a stimulus, the subject chooses the response he believes is correct. After 
the subject has made a choice, the experimenter tells him what the correct 
response was. The subject then proceeds to the next stimulus. This 
correction procedure is distinguished from noncorrection procedures in 
which the subject is told only whether he was correct or incorrect. Non­
correction procedures are discussed briefly in Part II, Section 2 with other 
theories of incomplete information. Certain of our proposed models for the 
correction procedure bear mild resemblance to models for the non­
correction procedure presented by Millward (1964) and Nahinsky (1967). 

The objective of a theory of PAL (paired-associate learning) is to predict 
the detailed statistical structure of subjects' response data in the type of 
experimental paradigm just described. Theories of PAL have the following 
general structure. For each of the (homogeneous) stimulus items there 
exists a set ;t of states that the subject may be in on any trial and a set 9t 
of response alternatives that he may choose from. There further exists 
a set (t of reinforcing events. Finally, there exist two functions: a function 
f that maps ;t x 9t into [0, 1] and a function g that maps :.t x If x :.t 
into [0, 1]. (Here ;t x 9t denotes the cross product of the sets ;t and 9t.) 
The function f gives the probabilities of the various responses for each 
state; the function g gives the probabilities of state transitions for various 
reinforcements. In this way, a model of PAL may be considered an ordered 
quintuple, <If, 9t, ;t,j, g). A particular theory specifies precisely the 
members of the three sets and the form of the two functions. 

The remainder of this section is divided into two parts. In the first part 
we give a brief review of eight existing theories of PAL. In the second 
part we present several new theories. For each new theory we present 
informally its assumptions, its basic mathematical structure, a few 
derivations, and its relations to other theories. 
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A. Existing Theories of Paired-Associate Learning 

The linear model. Let Peen) denote the probability of an error occurring 
on trial n. The basic assumption of the linear model is that P(en+1) is a 
fixed fraction of P (en) , specifically: 

If we make the natural assumption that peel) is equal to (N -1)IN, then 

(2) 
N-l 

Peen) = -- en- 1
• 

N 

Bush and Mosteller (1955) described the linear model in some detail. 
The one-element model. The principal assumption of the one-element 

model is that for each stimulus element the subject is in one of two 
states - conditioned to the correct response or not conditioned to it. Ifhe is 
not conditioned, then with probability c on any trial he becomes con­
ditioned; once he becomes conditioned, he remains so. If the subject is 
conditioned, he responds correctly; if he is not, he guesses, responding 
correctly with probability liN. The following transition matrix and error 
response probability vector summarize the one-element model, where C 
and C represent the conditioned and unconditioned states: 

c C 

(3) 

This matrix gives the probabilities of transition from one state to the 
next on each trial; the vector gives the probability of making an incorrect 
response in each state. The probability of error on trial n is easily shown 
to be given by : 

(4) () N-l( )nl P en = -- 1 - c - . 
N 

Bower (1961) compared the linear and one-element models on a wide 
variety of statistics for experiments with N = 2. The one-element model 
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fits much better than the linear model. But when N> 2, the one-element 
model performs less well, although still better than the linear model. 

The two-phase model. Norman (1964b) proposed a two-phase model 
for which he assumes that no learning occurs up to some trial k; after 
trial k, learning proceeds linearly with parameter e. The trial of first 
learning, k, is geometrically distributed with parameter c. The probability 
of error on trial n is given by: 

(5) I
(N - 1)/N for n ~ k 

P(en)= N-l(l_e),,-k f k or n> . 
N 

When e = 1, the equation reduces to the one-element model; when c = 1, 
the equation reduces to the linear model. 

The random-trial incremental model. In Norman (1964), the RTI 
(random-trial incremental) model postulated that on each trial learning 
occurs with probability c; if it does occur, it does so linearly with learning 
parameter e. The following equation summarizes the model: 

(6) P( ) = {(I - e) Peen) with probability c 
en + 1 P(e,,) with probability 1- c. 

As with the two-phase model, if e = 1, the R TI model reduces to the 
one-element model and if c = 1, it reduces to the linear model. 

The two-element model. Both the two-phase and the RTI models 
primarily represent extensions of the linear model; Suppes and Ginsberg 
(1963) suggested an extension of the one-element model to a two-element 
model. The subject is in anyone of three states - Co, C l , and C2 ; the 
subscript refers to the number of stimulus elements conditioned to the 
correct response. Those not conditioned to the correct response are 
unconditioned. The transition matrix and error probability vector given 
below summarize the model: 

Co 

(7) ~ ] [~~~J. 
I-a --

N 
a 



j 
'j 
'-I 
1 
1 

1 
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The model has three parameters: the conditioning probabilities a and b 
and the guessing probability g for when the subject is in state Ct. Predict­
ing a stationary probability of success prior to last error is one of the 
major shortcomings of the one-element model; the two-element model 
avoids this shortcoming. 

The long-short model. In their comprehensive overview of paired­
associate learning models, Atkinson and Crothers (1964) proposed a 
model based on the distinction between long- and short-term stores. In 
state L the subject has the S-R association in long-term store and remem­
bers it. In state S the subject always responds correctly, but may forget the 
association and drop back to a guessing state F. State Fis initially reached 
by 'coding' the stimulus element from an uncoded state U; this coding 
occurs with probability e. The other parameters of the model are the 
probability a that when reinforcement occurs the subject goes into state 
L, and the probability fthat an item in state S will move back to F. The 
transition matrix and error probability vector of the model are given 
below: 

L S F U 

L 0 0 0 0 
S a (1 - a)(l - J) (1 - a)j 0 0 

(1 - a)(l - J) (1 - a)j 
N-l 

(8) F a 0 
N 

e(l - ~)(l - J) e(1 - a)j 
N-l 

U ea 1- e 
N 

The three-parameter version of this model is referred to as LS-3; a two­
parameter version, LS-2, is obtained by setting e= 1. Atkinson and 
Crothers point out that this model was constructed with an emphasis on 
reproducing specific psychological processes, though the reason the tran­
sition from S to S should have the same probability as the one from Fto S 
remains unclear. Both the LS-3 and LS-2 models fit the data very well. 
Extensions of the LS-3 model and a trial-dependent forgetting (TDF) 
model to account for variations in list length are presented in the Atkinson 
and Crothers paper and extended by Calfee and Atkinson (1965). Rumel­
hart (1967) presented an illuminating overview and extensions of these 
models. However, we will discuss these variations no further. 

A forgetting model. Bernbach (1965) proposed a three-parameter forget-
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ting model for paired-associate learning. In state C the subject is always 
correct, and in state G he is correct with probability liN. Immediately 
after reinforcement the subject is in state C; presumably if he were 
immediately tested he would always be correct, but before the next 
presentation of the stimulus there is a probability J that he will forget. If 
the subject is in state C with probability e, he permanently acquires the 
S-R association and moves to state C'. Finally, there is a probability 13 
that if the subject guesses incorrectly, he learns the incorrect response he 
guessed. If so, he goes to state E in which his probability of success is 
zero. The forgetting model is represented by the following transition 
matrix and error probability vector: 

(9) 

C' C G E 

1 ° 0 0 0 
e (1 - e)(1 - J) (1- e) J 0 0 

0 [1 - 13 (N; 1)](1 -J) J (N -1) 13 ~ (1- J) 1- liN 
0 (1 - 13)(1 - J) J 13(1 - J) 1 

Bernbach performed some experiments in which the forgetting model does 
rather better than the one-element model. 

This completes our discussion of a number of existing models for 
paired-associate learning. We now turn to some new models. 

B. New Theories of Paired-Associate Learning 

The Dirichlet model. The name 'Dirichlet' is applied to this model since the 
generalization developed in Part II, Section 2 uses the general Dirichlet 
density. The model we shall now consider uses the one-dimensional 
version of the Dirichlet family known as the beta density. The intuitive 
idea of the model is that the subject can be in any state indexed by 
numbers on the interval [0, 1]. If the subject is in state reO ~ r ~ I) on 
trial n, he responds correctly with probability r, and his state on trial 
n + 1 is drawn from a beta density on the interval [r, 1 J. Figure I illustrates 
this. 

Let us state the assumption more explicitly: 
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1. The state the subject is in on trial n is indexed by a real number rn 
such that 0 ~ rn ~ 1. 

2. If the subject is in state rn, he responds correctly with probability rn' 
3. Letf(rn+llrn) be the density for rn +1 given rn. Then 

(10) 

+ 
c: ... 
~ 

o 

o if rn+1<1'n or if 1'n+1>1, and 

1 (1'»+ 1 - 1'n)~-1 
B(a, [3) (1 - rn) 1 - 1'n 

. (1 _ 1'n+1 - 1'n)f3-
1 

1 - rn 

if l' n ~ l' n + 1 ~ 1, a > 0 , and [3 > 0 . 

r n + 1 

Fig. 1. The density for rn+1. 

The function B( a, [3) is the beta function of a and [3 and is defined to 
equal H X~-1 (1-x)f1-1dx. 

4. On the first trial r1 = liN, where N is the number of response 
alternatives. 

THEOREM 1. The learning curvefor the Dirichlet model is given by: 

p(e)=~(_a )n-1. 
n N a+[3 

PROOF. Denote the expected value of rn+1 given rn by E(r.+1Irn). It is 
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an elementary property of beta densities that the density 

for 0 ~ x ~ 1 has expectation X/Ci + p. Hence, 

(11) 

Now 'n is itself a random variable. The expected value of 'n+l given rn 
is a linear function of r u' But the expected value of a linear function of a 
random variable is simpJy equal to that same linear function of the expect­
ed value of the random variable, i.e., 

(12) 

Thus from '1 we can find the expected value of 1'2; from the expected 
value of'2 we find the expected value of r3' etc. It follows that 

(13) 

Since 1-'1 (N -l)/N, by recursion on (13) it follows that E(l 
(N -l)/N[p!(Ci+ p)JII-1. But P(en) is simply equal to E(l-rll); hence, 

(14) 
N-l( I' ),,-1 P(e)=-- -

n N IX+ I' Q.E.D. 

The quantity IX/ (IX + 1') = 1 - 1'/ (IX + 1') represents the learning rate in 
this model; the learning curve generated is the same as for the linear and 
one-element models. In fact, both the linear and one-element models are 
special cases 0/ the Dirichlet. The linear model results from setting 
() = PI (IX + 1') and allowing IX and I' to approach infinity. 

The one-element model results from setting c = IXI (IX + p) and letting IX 
and I' approach zero. The behavior of/(r,,+1) for various values of IX is 
shown in Figure 2, where rx!(IX+ 1')= .25 and 1',,= .2. 
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We assume that the subject fails to learn on each trial with some fixed 
probability, 1- y, but when he does learn, rn+1 is given by (10), which 
results in a three-parameter generalization of the Dirichlet model. Letting 
y= 1 gives the two-parameter Dirichlet. If y=c# 1 and f3/(x+ f3)=8, 
letting 0: approach infinity gives Norman's RTI model as a special case 

"! 
II 
C 
~ 

+ 
c 

o 

Functions graphed schematically 

a = 25 

a = .02 

.6 .7 .8 .9 

Fig. 2. f(rn+11rn = .2) for a/(a + fJ) = .25 and several values of IX. 

of the three-parameter Dirichlet model. The three-parameter Dirichlet 
model is an example of what Howard 1 calls a 'Markovian dynamic 
inference' model, with a continuous-state Markov chain. 

The elimination model. The basic assumption of this model is that the 
subject learns by eliminating responses known to be incorrect. He 
eliminates each response possible on a given trial with a fixed probability, 
e, independently of whether he eliminates other incorrect responses. 
More explicitly, the assumptions of the model are: 

1. If there are N response alternatives, the subject can be in any of N 



I r-

206 DEAN JAMISON ET AL. 

states labeled from 0 to N*, where N* is the number of wrong responses 
(N*=N-I). If the subject is in state i (O~i~N*), he has i possible 
wrong responses left to eliminate. 

2. If the subject is in state i, the probability that he will make a correct 
response is I(i + 1. 

3. If the subject enters a trial in state i, after being reinforced he 
eliminates each of the i remaining incorrect responses with probability 
a, independently of the others. 

4. Entering trial 1, the subject is in state N*. 
A few definitions are useful before deriving the learning curve. The 
t S « 0) (1) (i) (N0»' h h' h vec or n= Sn 'Sn , ... , Sn , ... , Sn IS t e row vector t at gIves t e 

probability of being in state i on trial n. The transition matrix T = [tij] 
and response probability vector E = [e j] are, from the assumptions: 

(15) -I C) ,'-1(1 - ,y, for O~j~i. 
tij - ] , 

o , otherwise 

ej =j/j + 1. 

For N =4, T and E are as follows: 

0 1 2 3 

T 
0 0 0] [0] (16) T = 1 a 1 - a 0 o 1(2 

2 a2 2a(1- a) (1 - a)2 o ' E = 2/3 . 

3 a3 3a2 (1- a) 3a(1 - 8)2 (1 - a)3 3(4 

THEOREM 2. The learning curve for the elimination model is given by 

PROOF. First, it is evident thatP(en) = SnE where Sn is the state probabil­
ity vector on trial n, given by Sn=SlTn-l. Sl is simply equal to (0, 0, ... , 

0, 1). To proceed we must prove that r = [ti~)] is given by tit) = G) 
[I-(1-a)"Ji- j (I-a)n j if j~ i, and ti~) =0 otherwise. The proof is induc­
tive. Clearly the assertion is true for n = 1, where n is the power of the 
matrix. Let us assume that it is true for k = n -1; that is, assume ttj-i) = 
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G) yi (1 7Y-j fori ~jwith y =(1- e)H-l. Henceforth it is understood that 

for j> i, tij equals zero. Then, multiplying Tn
-

1 by T we obtain the general 
expressionforTH

; r- 1 T=Tn=[ti~)J where: 

N* 

(17) tij) = L (~) (1 - y)'-kyi e) i- j (1 - e)J. 
1 0 

Since (~) G) C) G=j) , and since the limits of the sum may be 

changed to j and i because the matrix is triangular, 

I 

(18) t1:P = ~ C) G = D [y(1- 8)]1(1 - ),)i-k(yet- j
• 

k=} 

We now change the index of summation to a=k-j and let d represel1t 
i Therefore, 

d 

(19) t?P = C) [1'(1- e)]1 ~ (:) (1 - y)d-a(ye)a 
0=0 

= C) [7(1 - e)]} [(1 - y) + yer 

= C) [7(1 - e)Ji [1 y(l - e)J-j 

= C) (1 - e)HJ[l - (1 - etr-i . 

This completes the subsidiary proof that ti~) is given by 

(20) 
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Multiplying this row vector by the column vector E, we obtain: 

(22) 

which can be transformed to: 

N* 

(23) Pen) = .2 (~*) [1 - (1 - e)n-1Y'-j(1- e)(n-1jj 

j=O 
N°+ 1 

'" 1 (N* + 1) - L... (1 - B)" 1 (N* + 1) k 
k= 1 

X [1 - (1 - B/n - 1)Y·+l-k(1 _ B/n - 1)k 
[1 - (1 - B)"-1Y'+1 

- 1 - ~--------
- (1 - B)"-l(N* + 1) 

Q.E.D. 

The learning curve is the only statistic we shall derive for the elimination 
model. Before going on to extensions of this model, we should point out 
the following: First, when N = 2, the elimination model is formally 

TABLEI 

Minimumx2 values for four one-parameter modelsc 

Experiment One-elementd 

Iaa 30.30 
Iba 39.31 
IlIa 62.13 
IIIb 150.66 
IVb 44.48 
Vah 102.02 
Vbb 246.96 
Vcb 161.03 

Total 836.89 

aThree-response alternatives. 
bFour-response alternatives. 

Lineard 

50.92 
95.86 

251.30 
296.30 
146.95 
201.98 
236.15 
262.56 

1542.02 

Elimination Conditioning 
strength 

15.03 8.11 
17.63 14.41 
32.71 31.80 

101.11 95.26 
31.76 39.37 
56.52 53.74 
97.50 85.69 

117.76 90.26 

470.02 418.64 

"Total X2 for other models: 2-parameter: RTI, 284.39; 2-phase, 493.59; 
LS-2, 147.16; 3-parameter: LS-3, 137.26; 2-element, 259.56. 
dData from Atkinson and Crothers (1964). 
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identical to the one-element model, and, second, when N> 2, the model 
predicts increasing probability of success prior to the trial of last error. 
This model is compared against data presented by Atkinson and Crothers 
in Table!. 

The acquisition/elimination models. These models are two- and three­
parameter generalizations of the elimination model. The basic notion 
behind the two-parameter acquisition/elimination model (AE-2) is that 
there is some probability c that the subject learns the correct response 
on any particular trial. If he fails to do so, he eliminates incorrect responses 
with probability e as in the elimination model. More explicitly, AE-2 
makes the same assumptions as the elimination model except that 
Assumption 3 is changed to: 

3'. If the subject is in any state i, then after he is reinforced he acquires 
the correct response with probability c. If he fails to acquire the correct 
response then, with probability e, he eliminates each of the i remaining 
incorrect responses, independently of others. 

The following transition matrix, T' = [tfj] characterizes AE-2: 

c + (1 - c)(ey, for j = 0 

(24) t;j = (1- c) C) ei
-

j(1- e)j, for 1:::;'j:::;' i:::;. N* 

0, otherwise. 

For N = 4, the matrix is: 

(25) 
o 

T' = 1 c + (1 - c) 8 

1 
o 

2 
o 
o 

3 

o 
o . 

O[ 1 
2 c + (1- C)8

2 

3 c+(1-c)e 3 

(1 - c) (1 - e) 
2(1- c)(e)(l - 8) 
3(1 - c) 8

2(1 - e) 
(1 - c)(1 - e)2 

3(1 - C)8(1- e)2 

o ] 

(1 - c) (1 - e)3 

Model AE-2 reduces to the elimination model if c=O; it reduces to the 
one-element model if B = 0 or N = 2. It can be extended to three parameters 
(AE-3) by assuming that when the subject learns an association (with 
probability c) he may pick up several more than just the correct one. The 
number he acquires is binomially distributed with parameters 0: and i, 
i being his state index. For example, if the subject is in state i and it is 
given that he learns on a particular trial, then with probability 0:

1 he 
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acquires just the correct response. Intuitively, a should be close to one. 
The assumptions of AE-3 are the same as those of the elimination model 
and AE-2 except that we substitute 3" for 3': 

3". If the subject is in state i at the beginning of a trial then, when 
reinforced, with probability c he acquires the correct response and up to 
i incorrect responses. He selects the number acquired with a binomial 
distribution with parameters a and i. With probability 1 - c the subject 
acquires nothing, but he eliminates incorrect responses independently, 
each with probability 8. 

The transition matrix for AE-3, Til = [til]' is given in component form by 

t'!. = I c C) Xi - j ( 1 - a)j + (1 - c) C) (8 Y -j (1 - B)i 

(26) IJ for 0 ~ j ~ i ~ N* 

0, otherwise. 

If a= 1, AE-3 reduces to AE-2; if c=O or c= 1, AE-3 reduces to the 
simple elimination model. The chief motivation for the AE-3 model is 
that it can give a bimodal transition distribution, which the binomial 
distribution in AE-2 cannot do. 

An elimination model with forgetting. In the incorrect-response elimina­
tion models discussed so far, there has been no provision for regressing 
to a state in which the subject responds from more wrong responses, that 
is, for forgetting. It is plausible to assume that during the intertrial 
interval, after the subject has eliminated perhaps several incorrect 
responses, he might forget which ones he had eliminated, thus introducing 
some more wrong responses. The basic assumption of this forgetting 
model is that the responses learned previously to be incorrect are reintro­
duced, independently of one another, with some probability b. More 
explicitly, the assumptions are: 

1. If there are N response alternatives, the subject can be in any of N 
states labeled from 0 to N*, where N* = N -1. If the subject is in state 
i(O~ i~N*), he has i possible wrong responses left to eliminate. 

2. If the subject is in state i, the probability that he will make a correct 
response is Iii + 1. 

3. If the subject enters a trial in state i, after being reinforced he 
eliminates each of the i remaining incorrect responses with probability 
8, independently of the others. 
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4. Unless the subject is in state 0, between trials he forgets each response 
previously learned to be incorrect with probability 0, independently of 
the others. If the subject is in state 0, he stays there. 

5. When the subject enters triall, he is in state N*. 
The subject enters trial 1 with state probability vector S1 =(0,0, ... , 

0, ... , 1) by Assumption 5. Shortly after reinforcement, the subject has 
state probability vector S~ given by: 

where T is the transition matrix given by (15). During the intertrial interval 
the subject may forget; his forgetting or reintroduction is represented 
by a matrix F that operates on S~. F= [Jij] is given by: 

100 = 1 
IOj = 0 for 1 ~ j ~ N* 

(28) lij = 0 for j < i 

lij = (~* -.1) crj-l(l - or- j for 0 < i ~j ~ N*. 
}-l 

For N=4, Fis: 
0 1 2 3 

T ° 
0 

~'J (29) F = 1 0 (1 - 0)2 20(1 - 0) 

2 ° 0 (1 - 0) o . 
3 0 ° ° 1 

Thus S2 =S~F=S1 TF. Or, more generally, 

(30) SIl = Sl(TFr- 1, 

and 

(31) Pee,,) = Sl(TFt- 1E. 

Clearly this forgetting model could be generalized by replacing T with 
T' (24) or by Til (26). 

A conditioning strength model. Atkinson (1961) suggested a generaliza­
tion of stimulus-sampling theory that embodies the notion of 'condition­
ing strength'. Each response alternative has associated with it a condi­
tioning strength; the total available amount of conditioning strength 
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remains constant over trials. The probability that any given response will 
be made is its conditioning strength divided by the total available. Our 
model specializes Atkinson's work to paired-associate learning and gen­
eralizes it to include richer ways of redistributing conditioning strength 
after reinforcement. The assumptions of our model are: 

1. If there are N response alternatives, the subject can be in any of N 
states. If the subject is in state i, (0 ~ i ~ N -1), the conditioning strength 
of the correct response is N - i. The total available conditioning strength 
isN. 

2. The probability of a correct response is equal to the response 
strength of the correct response divided by total response strength. 
That is to say, if the subject is in state i, his probability of being correct 
is (N - i)/N, and the probability of being incorrect is ilN. 

3. If the subject is in state i on trial n, on trial n + I he can be in any 
state between i and 0; which state he enters is given by a binomial dis­
tribution with parameters i and 0:. 

4. On triall, i=N-1. 
The transition matrix of this model is identical to that of the elimination 

model; all that differs is the response probability vector. The matrix and 
response probability vector are shown below. 

(32) 
0 1 2 3 ... N -1 

0 1 0 0 0 ... 0 OIN 
1 0: (1 - 0:) 0 0 ... 0 liN 

T* = 2 (o:? 20: (1 - 0:) (1 - 0:)2 0 ' ... 0 E* = 21N 
3 ( 0:)3 30:2 (1 - 0:) 30:(1 - 0:)2 (1 - 0:)3 ... 0 

N-l 
N-l (0:)N-1 ... (l-o:t- 1 

N 

The learning curve is given by: 

(33) Peen) = SlT*(n-l)E*. 

T*(n-1) is given by (20) and StT*(n-l) by (21) where N* must be re­
placed by N -1. Multiplying Sl T*(n-l) by E*, we obtain 

(34) Peen) = NIl j/N (N -:- 1) o:j(n-1)(l_ 0:) (n-1)(N-l- n . 
i""O ] 
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Ignoring N in the denominator, what remains is the expression for the 
expectation of a binomial density with parameters N - 1 and (1 - IX)n -1 • 

As this expectation is (N -1) (l_iX)n-l, 

(35) 

which is the same learning curve as that for the linear and one-element 
models. 

Clearly two- and three-parameter generalizations of the conditioning 
strength model are obtained by using the matrices given in (24) and (26) 
instead of T*, 

C. r'omparison of the One-Parameter Elimination and 
Conditioning Strength Models 

Atkinson and Crothers (1964) presented results from eight PAL exper­
iments, in which three have three response alternatives and five have 
four response alternatives. Parameters are estimated by a minimum X2 

technique from the 16 possible sequences in the data of correct and 
incorrect responses on trials 2 to 5. Atkinson and Crothers give results 
for many models; their results for the linear and one-element models are 
shown in Table I (see p. 209). Also shown in Table I are the results we 

TABLE II 

Parameter estimates for four one-parameter models 

Experiment One-element'" Linear'" Elimination Conditioning 
strength 

c e 8 C( 

Ia .383 .414 .50 .55 
Ib .328 .328 .56 .60 
II .273 .289 .59 .69 
III .203 .258 .61 .70 
IV .281 .297 .52 .66 
Va .125 .164 .74 .84 
Vb .172 .250 .62 .70 
Vc .289 .336 .52 .66 

"'Data from Atkinson and Crothers (1964). 
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obtained for the one-parameter elimination and conditioning strength 
models. Table II shows the parameter estimates. Our theoretical pre­
dictions were obtained by computer simulation. 

2. Paired-Associate Learning with Incomplete Information: 
Noncontingent Case 

The general structure considered in this subsection is paired-associate 
learning with multiresponse reinforcement. We deal here with noncontin­
gent reinforcement, and then, in the next subsection, we deal very briefly 
with reinforcement contingent on the subject's response. On each trial 
the subject responds with one of N alternatives. He is then reinforced with 
a subset of these N alternatives consisting of the one correct response and 
D distractors, of cardinality A in all (where A =D+ 1). If A is one, then 
the paradigm is exactly that of determinate reinforcement just considered. 
If A is greater than one, then on any single trial the subject cannot 
rationally determine the correct response. On each trial the correct 
response is reinforced. The D distractors are selected randomly on each 
trial from the N* possible wrong responses. Thus over trials the correct 
response will be the one response which is always reinforced. The sub­
ject's task is to make as many correct responses as he can and to learn the 
correct response as quickly as he can. 

Normative model. Given the above paradigm, for some of the exten­
sions, it is necessary to make predictions about the optimal behavior of 
a subject with perfect memory. Perfect memory of the entire reinforcement 
history is not required for normative behavior. If on each trial the rein­
forcement sets are intersected, then only the resulting intersection needs 
to be remembered. Thus if on trial 1 the subject is told that the correct 
response is among a, b, c, and d, where A is 4, and on trial 2 that the 
correct response is among a, b, c, and e, he need only remember a, b, and c, 
the members of the intersection as he begins trial 3. He then intersects 
this set with the next reinforcement set. Successive reinforcements and 
intersections eventually will lead to the correct response. The task now is 
to describe the 'eventually'. 

Let N states 0, 1, ... , N* be defined as for the elimination models 
in Part II, Section 1. Thus state i is the state of having i wrong responses, 
plus the correct one, that remain in the intersection on a given trial 
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immediately before making a response. The subject responds from this 
set of i + 1 responses, and then is shown A reinforcers. Since the subject 
is assumed to be acting normatively he intersects the new reinforcement 
set with the old intersection and remembers the resulting intersection 
until the next trial. The number of wrong responses now in memory is the 
cardinality of the intersection minus 1, and this is the number of the state 
in which the subject enters the next trial. Obviously j, the index of this 
new state, cannot be greater than i, which after the first reinforcement 
cannot be greater than D. 

Letting NN = [nnij] be the transition matrix for the normative model, 
the general expression follows immediately by considering the transition 
from state i to j as the event of exactly j out of the D reinforced dis­
tractors being among the i distractors in the previous intersection. 

Thus we obtain 

(36) I (D) (iMN* - i)D-j for O~ .~ .~ N* 
. (N*) ..... j ..... I ..... 

nnij = ] D 

o , otherwise 

and j~ D 

where 

(a)b = G)' b! = a (a - 1) ... (a - b + 1). 

The normative transition matrix and error vector for A = 2 are given as 
an example. 

0 1 2 ... N* 

0 1 0 0 ... 0 0 
N* -1 1 

t 1 
N~ N* 0 ... 0 

(37) NNA =2 = N* . i E= - l , 
~ N* 

0 ... 0 
i + 1 

N* 
N* 

0 1 0 0 
N 

If Sn is the state probability vector as before, and the subject again enters 
trial 1 in state N*, by virtue of intersecting the reinforcement subset with 
the entire set, the subject must enter trial 2 in state D. Thus 



~-----

216 

(38) 

DEAN JAMISON ET AL. 

s(j) = {1, if j = D 
o , otherwise. 

This equation also can be obtained directly from the transition matrix 
in (37). 

Although states A through N* are irrelevant except for entering 
state N* on the first trial, they will be needed later, and thus for conve­
nience are introduced here. 

The equation for the state vector is given below: 

(39) Sn = SlNNn-1. 

Letting Sn = [S~, S~J with the partition after column D, and letting 

NN = [~~:, ~], with the partition after column and row D, we obtain 

(40) S~ = S~(NN'yn-2). 

We now derive the normative learning curve. As before, the probability 
of an error on trial n is found by multiplying Sn and E; thus 

D • 

P*(en) = SnE = L nnn- 2 Dj .-!--. 
j=o ) + 1 

(41) 

The powers of the NN matrix for A = 2 given in (37) are readily found, 
and an explicit solution to the learning curve is possible. The power of 
the matrix with the extra states eliminated is given below. 

° 1 

(42) o[ 1 ° ] 
(NNT = 1 1- (~*J (~*J . 

Thus the learning curve and total errors are obtained: 

N* 

(43) 
N' 

n=l 

~ (~)n-2 
2 N* ' 

n = 2, 3, ... 

(44) 
<X> N*(3N*-1) 

E(total errors) = L Peen) = (* . 
n=l 2N N - 1) 
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This analytic solution for A = 2 is given only as an example; numerical 
solutions for several specific N, A pairings are included in the Appendix. 
They are used there to compare real subject performance with the 
normative model. 

At this point extensions of some models which do not reduce to the 
normative one are discussed. The normative model will be used later in 
extensions of other models. 

One-element model. Several extensions of the one-element model 
outlined in Part II, Section 1 are possible and are considered here. An 
alternative generalization is discussed later as a special case of another 
model. The assumptions of this version of the one-element model are: 

1. On each trial, the subject is either unconditioned or conditioned 
to exactly one of the N response alternatives. The unconditioned state 
will be denoted C; the state of being conditioned to the correct response 
will be denoted C; and the state of being conditioned to any of the N* 
incorrect responses will be denoted W. 

2. If the subject is in state C, he makes each response with a guessing pro b­
ability, liN. Otherwise he makes the response to which he is conditioned. 

3. On any given trial, with probability 1- c, the reinforcement is 
ineffective and the state of conditioning is unchanged. With probability 
c the reinforcement is effective. With effective reinforcement, if the subject 
is in state C, he conditions with equal likelihood to anyone, but exactly 
one, of the A reinforcers. If he is in a conditioned state and the response 
to which he is conditioned appears in the reinforcement set, he remains 
conditioned to that response. If the response does not appear, and if the 
reinforcement is effective, he rejects the response to which he was con­
ditioned and becomes conditioned to exactly one of the responses rein­
forced on that trial. 

4. Entering trial one, the subject is in state C. Thus for the one-element 
model the transition matrix and error vector are: 

C W C 
C 1 0 0 0 

N*-D c(N* - D) 
W c·------ 1------ 0 1 

(45) N*A N*A , E= 

C 
1 D N* 

c'- c'- 1- c 
A A N 
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By raising the transition matrix to the (n-l)st power, the learning 
curve and expectation for total errors are found to be as follows: 

(46) 
N"" c (N"" - Dt- 1 

Peen) = N 1- A ~-N-*~-
and 

(47) 
N* AN* 

E(total errors) = ~ ("" ). 
N eN -D 

No other statistics will be derived. The most obvious test, however, is 
not the learning curve itself, but the prediction of the run of errors while 
the subject is in state W. Once the subject moves out of state C, no 
successes are predicted until he learns. 

It should be noted that the one-element model does not reduce to the 
normative model for any value of c. As c increases, the probability of 
conditioning wrongly increases at the same rate as the probability of 
conditioning correctly. 

An interesting extension of the one-element model has been worked 
out for A that varies in size on each trial from 1 to N, with probability 
Tea that A = a. The basic assumptions of the model are the same, but the 
state transition probabilities are altered by the experimental change. Let 

(48) B=p(Wn+1IWn). 

Then, if the learning curve is analogous to that with constant A, we 
should expect 

N* _ Bn- 1 
qn -'N (49) 

We now prove this. Let M=PCw,,+lICn)' So p(Cn+1ICn) remains I-c. 
Then by raising the transition matrix to the (n-l)st power, and assuming 
the subject starts in state C, 

(50) 

But, since 
N N 

(51) B = 1'Co 1 - = 1 - ~~ N - 1 , L ( c(N - a)) c ( I Tea ) 

(N - l)a N - 1 a 
0=1 0=1 
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and 

Thus, 
N-1 

(54) qn = P(Wn) + ~ P(Gn) = P(Wn) 

N - 1 ( )n-1 N - 1 .-1 +-- 1-c =--B . 
N N 

Linear models. Let P.=(P1, ",Pz,", ,,,,PN, n) represent the response 
probability vector on trial n. That is, Pi. n is the probability of making 
the ith response on trial n. N is the number of response alternatives. 
A linear model for learning asserts that Pn+l is a linear function of Pn; 

the exact nature of that linear function depends on the reinforcement. 
Consider as an example a situation with the two response alternatives, 
al and az, where a1 is always correct. The linear model for this situation is 

represented by a transformation matrix, L = [tij] = e =; ;] . The vector 

Pn+l is given by the following expression: 

(55) [
1 - ri ri] 

(Pl,n+l, PZ,.+l)=(Pl,n, Pz,.) 1- e e . 

The elements of the matrix L clearly must be independent of Pn or the 
model would be nonlinear. For learning to occur, e must be greater than ri. 

In the example above only one reinforcement is given (i.e., this is the 
situation considered in Part II, Section 1), hence, only one transition 
matrix. In general the transition matrix must be indexed by the reinforce­
ment E. The class of all linear models corresponds to the class of all 
transition matrices L(E) = [lij(E)] such that: 

(56) lij(E);;?; 0 for 1::;; i,j::;; N 

and 
N 

(57) L 111 (E) = 1 for 1::;; i ::;; N, 
j=i 
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where E is a particular reinforcement. A linear model specifies for each 
reinforcement E a matrix L(E) such that 

(58) (Pn+l I Pn' E) = PnL(E) , 

as well as a starting vector, Pl' Without placing further constraints on 
L, we have an Nx(N-l) parameter model. To pare these down to a 
single parameter, we make four further assumptions, The first, third, 
and fourth assumptions seem indispensable; relaxing the second would 
give a somewhat more general model. The assumptions are these, 

1, Relabeling the response alternatives in no way affects the predictions 
of response probabilities, 

2. If alEEn, where En is the subset of the response alternatives in the 
reinforcement set on trial n, then Iii (En) = 1. In the example of (55), this 
corresponds to assuming ct = 0 instead of simply assuming rt < e. 

3,lfriEEnthenpi,n+l>PI.,.. 
4. Pl =(I/N, lIN, ... , liN). 
The preceding assumptions limit us to two distinct one-parameter 

models. To see this, consider the N = 4 with A == 2 case. For convenience 
we consider that the first response is correct, i.e., it is always in the 
reinforcement set. Each of the remaining three responses appears in the 
reinforcement set with probability t. The two possible reinforcement 
matrices for when the first (correct) response and the second response are 
reinforced are given by: 

L")=[ ~ 
0 0 

JJ (59) 
1 0 

and 
1X12 1X/2 I-IX 

rx/2 a/2 0 

L(') = [ ~ 
0 0 

"~3 J 1 0 
rxJ3 a/3 i-IX 
rxj3 (X/3 rx/3 1 ct 

The values of the first two rows follow from Assumption 2. Since the 
models are linear, none of the Pn, I call appear in the matrices. From 
Assumption 3, 0 < IX:S:;; 1 and, from Assumption 1, the constant IX appearing 
in row 3 must have the same value as the IX in row 4. The transition matrix 
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L(1) follows if we assume that the decrement in any response alternative 
not reinforced is spread evenly among those that are reinforced; L(2) 
follows if we assume that the decrement is spread among all the rest. 

Let us now derive the learning curve for the L(l) transition matrix. 
As there are three equiprobable reinforcements, and again assuming that 
response 1 is correct, 

(60) P(1l -li3(1'P +O'P +~'P +~,p) 1, .. +1 - ! 1,11 2,11 2 3.n 2 4,n 

+ 1/3 (I'PI,,, + ~'P2'" +0'P3,n + ~'P4,n) 

( rx"' ) + 1/3 1 + Pl,,, + 2'Pz,n + ~·P3.n + Q'P4,n 

or 

(1)X( ) (61) Pl,n+l = PI,n + 3 1 - PI,n . 

From this recursion and Assumption 4, it follows that 

(62) P~~)n=l [~(1-jy-1J 
Using similar arguments with the IJ2 l transition matrix, we find that 

(63) Pl~~ == 1 - [~(1 -~rxy-1J 
These results generalize to arbitrary Nand A. We continue to assume 

that response 1 is correct. The following recursion gives PI , 11+1 

(64) 
N ()( 

Pl.n+1 = PI,n + 2:: Pi,n'J K'L, 
1=2 

where L is the probability of each reinforcement set, K is the number 
of times each Pi, n appears in the generalization of the sum given in (60) 
and J is the number by which IX must be divided, This number depends 
on whether the decrement is spread among all response alternatives or 

(N - 1) 1 (N _ 2) only among these reinforced. L is equal to AI; K equals AI; 

andJ equals A or N -1. 



222 DEAN JAMISON ET AL. 

Under the assumption that the decrement is spread only among those 
reinforced, i.e., J = A, the learning curve is: 

(65a) P{/l) 1 = 1 _ [N - 1 (1 _ =_l'!:: A.)n-l]. 
,n+ N AN 1 

Under the alternative assumption, J=N -1, the learning curve is: 

(65b) P
(2) _ [~( _ (l(N - A»)n-l] 
1, n 1 . 1 ( 1)2 . N N-

Before we leave the linear models, consider a geometric interpretation 
for the N = 3, A = 2 case (in which it makes no difference whether the 
decrement is spread to only those reinforced or to all). The triangle ABC 
in Figure 3 represents all possible values of PH; one particular value is 
shown. Assume that responses 1 and 2 are reinforced. Let S be the point 

c (0, 0, I) 

A 

(1,0,0) 

Fig. 3. Geometric interpretation of the linear models. 

on the line AB such that the vectors S - PII are perpendicular to AB. Then 
the linear matrix models previously developed are equivalent to the 
geometric assertion that Pn+1 =Pn+Cl(S-p). Thus the area of triangle 
ApnB is decreased by a fixed fraction, whereas, in the determinate case, 
a length was decreased by a fraction ct. 
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General Dirichlet model. As before, there are N response alternatives, 
A of which are reinforced on every trial. One of the A is correct; the 
remaining A-I are chosen randomly from the N - I incorrect responses. 
Let the vector r(n) = (dnl, dnl, ... , r~n») give the probabilities of making 
various responses on trial n. Clearly, 

N 

(66) L rjn) = 1 and rj~O for o <j::;;;.N. 
j=l 

Let R be the set of all possible vectors r(n) ; R is, then, a simplex in N-space. 
Our purpose first is to describe qualitatively the effect of reinforcement 
on r(n). The vector r(n+1) will be some point in the A-dimensional simplex 
in R whose points are linear combinations of r(n) and the unit vectors 
corresponding to the responses reinforced. The simplex generated by 
r(n+ 1) is denoted A *. Figure 4 shows the case N = 3, A = 2 when responses 
I and 3 are reinforced. 

The basic assumption of the general Dirichlet model is that the value 
of r(n+1) given r(n) is a random variable distributed according to an 

r 1 

Fig. 4. Region in which r(n+1) will be found if responses 1 and 3 are reinforced. 
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A-variate Dirichlet density over the region A*. A further assumption is 
that this is symmetric with respect to the responses reinforced. 
More explicitly, the assumptions of the theory are: 

1. The state the subject is in on trial n is indexed by a vector 
r(n) = (rfnl, ri"), .'" rJ~')) whose components are such that Equation (66) 

is satisfied. 
2. If the subject is in state r(II}, he makes response i with probability rj(n}. 

3. The density for r(II+1) given r(n) is an A-variate Dirichlet density 
over the defined region A* with parameters CC1, CCZ, ... , CCA, 

and p. (See 1962 for a general discussion of the Dirichlet density.) 
for 1 ~i,j~A. 

4. r(1) liN, ... , l/N). 
The A-variate Dirichlet density is defined on the standard region X 

such thatxi~O for 1 ~i~A and 'Lt=l Xi~ 1. The algebraic tangle involved 
in translating the region Xinto the region A* may be avoided by considering 
only the marginal density for the probability of the correct response 
(which probability will be denoted r~n)). Consider Figure 5. The region 

D 
1 

E is the projection 
of r (n) 

Fig. 5. The projection of A* onto the f1 - fa plane. 

DEC is the straight on projection of A* (from Figure 4) onto the rl r3 

plane. The region X is the region EDe. Let the correct response be 3. All 
we need know is the marginal density along the Hne DE. From Wilks 
(1962, Thm 7.7.2), we find that in this case, with A=: 2, the marginal is 
a beta density with parameters cc and cc + p and hence with expectation 
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ct./ (2ce + {3). In general, the marginal distribution is a beta distribution with 
parameters ct. and (A -1) 0:+ {3 and hence with expectation ct./(Act. + {3). 

From here the derivation of the learning curve strictly parallels the 
development in Section 2. 

(67) E(r~n+1» = E(r~n» + A-;'~7J [1 - E(r~n»]. 

Repeating the arguments of Part II, Section 1 we find, for A < N: 

(
(A - 1) IX + {3)"-1 

(68) P(en+1) =--A~-+{3 - N - l/N. 

Notice that for fixed iX, {3, and N, increasing A decreases the learning 
rate, as it should. 

Elimination models. All elimination models generalize similarly from 
the models in Part II, Section 1. First the generalization of the one-param­
eter model is given, followed by the others in less detail. 

The assumptions for the one-parameter elimination model are the 
same as those in Part II, Section 1 with the condition that the subject can 
elimjnate only the responses on a trial that have been shown to be incorrect. 
With determinate reinforcement this condition could be introduced, but 
it would be inconsequential because on every trial it is possible to transit 
to state 0, that! is, it is possible to eliminate all wrong responses. With 
multiresponse reinforcement the subject cannot always eliminate all 
wrong responses. If the subject narrows the correct response down to a, 
f, or g, and is shown a reinforcement set of a, b, e, and g, then the best 
he can do is to eliminate f. Thus the new transition probabilities are tied 
to the normative transition probabilities for the estimates of the best 
possible, or normative, move. More explicitly, letting TT=[ttij] be the 
multiple-response elimination transition matrix, 

(69) ttij = P(staten+1 =j I staten = i) 
j 

= L P(state,,+1 =j I staten = i, normative = k) 
k=O 

X P(norm. = k I staten = i). 

The sum is only to j, as the subject can move no further than the normative 
move. The second term in the sum is obviously just the normative 
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transition probability. The first term is the probability that if you start 
with i wrong responses and i k can be eliminated, j wrong responses 
remain. Thus, j-k responses which might have been eliminated were 
not. This term is equivalent to the determinate reinforcement probability 
of transit from state i -- k to state j - k. Thus 

j 

(70) ttl) = L ti-k,j-knnik' 
k=O 

Here the use of the 'extra' normative states is seen. If the subject by in­
completely eliminating wrong responses is in a state between D and N*, 
the normative probabilities for moves out of these states are needed. While 
TT( = [ttij]) can be written in terms of N, A, and B instead of as it was 
in (70), the terms do not reduce considerably, and we feel the above for­
mulation is conceptually clearer. 

The error probabilities, given the state, are the same as before, and 
thus the learning curve is directly analogous. 

N* • 

P(en)=SlTTn-1E= L tt"t,-;j·-;-J_. 
j=O J + 1 

(71) 

The generalization of the AE-2 and AE-3 models is the same as that 
for the one-parameter elimination model. In (70), for tt substitute tt' 
or It", for t substitute t f or t", and in (71) make the same substitutions. 
TT' and TT" are then the new transition matrices for the multiresponse 
reinforcement version of the AE-2 and AE-3 models, respectively. 

The AE-2 model with B set equal to 0 (no elimination occurs) is an 
alternative extension of the one-element model. Here with probability c 
the subject acquires, or conditions to, the entire group of responses that 
were both in memory and in the current reinforcement set. This generaliza­
tion reduces to the normative model if c is set equal to 1. 

The generalization of the elimination-forgetting model is comparable 
to that for the other three elimination models. Since the incomplete 
information affects only the number of responses possible for elimination, 
not the forgetting given the state immediately follov.ring reinforcement, 
only the T matrix, i.e., the elimination matrix, is affected. The effect is 
precisely that of the elimination model. Thus if TT is defined as in (70) 
the formulation of the model is the same as for the determinate reinforce-
ment case, substituting TT for T. 
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Conditioning-strength model. The generalization of this model is 
precisely parallel to the generalization of the elimination model. It does 
not reduce to the normative model, because of the difference in response 
assumptions. Therefore as 8 approaches 1, and the transition matrix 
approaches the normative matrix, the conditioning strength model 
predicts learning faster than that predicted by the normative theory. 
Needless to say, this prediction could not hold in practice, and the model 
needs investigation for more intermediate values of 8. 

Degraded normative model. The elimination models assume that the 
subject never eliminates more responses than he logically can, although 
he may eliminate fewer. The one-element model requires that the rein­
forcement have no effect or that the subject select only one of the rein­
forced responses, thus he always eliminates too many. 

The degraded normative model, (DN), derives from considerations 
of the normative model degraded in intuitive ways to human performance. 
Supposedly the subject keeps in memory a running set of responses 
which he thinks contains the correct response. He responds randomly 
from this set, or from the full set if his memory set is empty. When 
reinforced, he correctly intersects his memory set with the outcome set. 
If the intersection has only one member, he may settle on this as the 
correct response. The subject may eliminate some of the responses if his 
memory set remains in the former mode during the intertrial interval 
(ITI), and he may also introduce responses which were not there pre­
viously. 

More explicitly and completely, the assumptions of this model are: 
1. At the beginning of each trial the subject is in exactly one state. 

These states are C, C, 0, 1, ... , N*, Ow, l W
, ... , N*w, where N* is the 

number of wrong responses possible. If the subject is in state i, then he 
has i wrong responses and the correct response in the set of responses 
he is trying to remember. If he is in iW then he has only i wrong responses, 
without the correct response, in his memory set. If he is in state C or C, 
then he has exactly one response in memory, the correct one if C, a 
wrong one if C, and this memory singlet is unaffected by the IT!. 

2. If the subject is in state t, he makes a correct response with prob­
ability l/i + 1. If he is in state C, he makes a correct response with prob­
ability 1. If he is in any other state, he always makes an error. 

3. If the subject enters a trial in an unconditioned state, he correctly 
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intersects his memory set with the outcome. If this intersection is of 
cardinality 1, then with probability c the subject conditions to that one 
response, entering C or C if the response is correct or incorrect, respec­
tively. If the cardinality of the intersection is 0, the subject takes the entire 
outcome set as the intersection. If the cardinality of the intersection is 
not 1, or if the cardinality is 1 and the subject does not condition, then 
during the ITI the subject eliminates independently with probability 
a' each response in the intersection and introduces independently with 
probability 0' each response not in the intersection. If the subject enters 
the trial in a conditioned state, and if the conditioned response is in the 
outcome, then he remains conditioned to that response, and this state is 
unaffected by the ITL If the conditioned response is not in the outcome, 
then with probability c the subject exits from the conditioned state and 
returns to the elimination-introduction mode of behavior. With prob­
ability 1 - c the subject remains conditioned. 

4. When the subject enters triall, he is in state N*. 
The necessity for some sort of assumption such as the conditioning part 

of Assumption 3 is clear if the asymptotic probability of the correct 
response is 1. An alternative not discussed here is to let a' and 0' be trial 
dependent and to decrease with time. It is more probable that the subject 
will select the correct response once he has narrowed down the possibilities 
to a single response. The assumption of perfect intersection, with degrada­
tion occurring only later, may well prove unrealistic with large A, but it 
permits the natural interpretation, also not discussed here, of having 
a' and 0' dependent on the length or type of ITL Thus the amount of 
memory degradation varies with the amount of ITI interference. He 
returns to the intersection mode from the conditioned mode. Since the 
subject's memory contains only the single wrong response, and since by 
assumption, this response was not in the outcome, the subject's immediate 
intersection is of cardinality 0, and he takes the full outcome of cardinality 
A for his intersection. 

The state of the subject at the start of trial n is termed Sn as before. 
For convenience the intermediate states are also labeled. The state 
immediately following intersection is termed In. If In has cardinality 1 
or 0, the state following transformation of this intersection is termed 
ITn' The values of In and ITn are specified as are those for Sw 

The transition matrix from Sn to Sn+l is more comprehensible and 
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more readily written as the product ofthe intermediate transition matrices. 
The transition from Sn to In depends only on the value of Sn, the exper­
imental variables, and the outcome. Thus, where applicable, the normative 
transition matrix provides the basis for the transition. As the correct 
response is always in the outcome, its presence or absence in the inter­
section is the same as in the memory before the intersection. The equations 
for the general term are given by: 

f 0 1 N * dOl N* nnxy or x = , ,. '" an y = , , ... , 
nnxy for x = Oro, 1 ro, "., N*ro and 

y = Oro, 1 ro, . '" N*ro 
1 for x = y = C 

(trans Sn -+ In)xy = ~ -I- (1 - c) (1 -~) for x = y = C 
N* N* 

c (1 -:*) for x = C and y = Oro 

(72) 
0, otherwise. 

The matrix for the transformation of In to ITn follows immediately from 
the assumption of the model. The general term is given by 

(73) 

c for x = 0 and y = C 
c for x = 1 and y = C 

1 - c for x = y = 0, or 1 ro 

(trans In -+ 1Tn)xy = \ 11 for x = Oro and y = D 
for x = y = C, C, 1,2, "., N*, 

2ro, 30>, . '" N*O> 
o , otherwise. 

The transition from ITn to Sn+1 is a function of the parameters 8' and 
[/. The general term of this matrix is derived by considering the correct 
response separately from the wrong responses. In transiting from either 
i or iO> to either j or j"', in each of the four cases, the subject starts with i 
wrong responses and ends withj wrong responses. The probability of this 
transition, disregarding momentarily the correct response, is given by 
TTT=[tttij], where 

(74) ttt ij = Pr (j wrong responses available on trial n -I- 11 i wrong 
responses available at the end of trial n) 
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(74) 

The general matrix for the IT" to Sn+l transition follows immediately 
when the correct response and the conditioned states are considered. 

(75) 
(1 - a') tttxY' if x = 0, 1, ... , N* and 

8' tttXY , 

0' tftxy , 

y=O,l, ... ,N* 
if x = 0, 1, "" N* and 

y = 00),10), .. " N*m 
if x = 00), Ii<>, ... , N*m and 

y = 0,1, .. " N* 
(1 - 0') tttXY ' if x = 0"', 1m

, ... , N*ro and 
y = Oro, 1 ro, .. " N*m 

1, 
0, 

if x = y = C or x = y = C 
otherwise. 

Thus the components are computed, and the full matrix for the transition 
probabilities from Sn to Sn+l can be obtained by multiplying the three 
transition matrices. Using Assumption 4, the N*th row of the transition 
matrix to the (n-I)st power is the state probability vector for the nth 
trial. The error probability vector, derived directly from the response 
assumption, is the same as that for the elimination models, with i in all 
additional states, except C, where the subject has probability 0 of an error. 

The transition matrices have been worked out for the special case 
of N = 3, A = 2, and are given below. 

(76) 

o 1 2 Oro 10) 2m C C 
o 1 0 0 0 
1 t tOO 
2 0 1 0 0 
0'" 0 0 0 1 
l aJ 0 0 0 t 
2'" 0 0 0 0 
COO 0 0 

o 
o 
o 
o 
t 
1 
o 

o 
o 
o 
o 
o 
o 
o 

o 
o 
o 
o 
o 
o 
1 

o 
o 
o 
o 
o 
o 
o 

e 
COO 0 0 0 0 1 - el2 

2 
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0 1 2 Oro lro 20> C C 
0 -c 0 0 0 0 0 C 0 
1 0 1 0 0 0 0 0 0 
2 0 0 1 0 0 0 0 0 

(77) In -+ I'm: 
Oro 0 1 0 0 0 0 0 0 
1m 0 0 0 ° 1-c 0 0 C 

0 0 0 0 0 1 0 0 
C 0 0 0 0 0 0 1 0 
C 0 0 0 0 0 0 0 1 

0 1 2 

0[(1- 0')' 2(1- 6J) 6' 
0" 1 (78) TIT: 1 e' (1 (jJ) (1 8') (1 - (i') + 8' (i' (1-a')6' 

2 e'Z 2e' (1 - 8') (1 - e')2 

0 1 2 Oro 1'" 2'" C C 
0 
1 (1- e') TTT e'TTT 

2 0 

0'" " ..... "", .... " .. ",,., .. , .. ,,,, ........ ,, ........ ,, ..... ,, ...... , 
(79) ITn -+Sn+1 :

1
", (j'TTT (1- 6')TTT 

2'" ............ ,,, ...... ...... , ... , , ...... ,., , .... ~ .... ~ ........... - .. ,.-.~ ... 

C 1 0 
C 0 

0 1 

The number of states postulated makes obvious the complexity of 
working out the model for cases with N> 3 and A > 2. 

The relation of the degraded normative to the normative is obvious. 
If the degrading parameters e' and 0' are both 0, the intersection is 
retained perfectly throughout the IT!, and the two models are equivalent. 
In this case the parameter c is irrelevant to the subject's behavior. Because 
the degraded normative is equivalent to the normative model in this 
extreme instance, it is also equivalent to the elimination models at the 
points where they are equivalent to the normative. 

While 8 and e' are conceptually similar, they operate over disjoint 
domains. The parameter I'. only allows elimination down to the correct 
intersection. The parameter 1'.' begins elimination at the correct inter­
section. The parameters 0 and (j' are more similar, with the exception 
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that 1>' always begins introduction at the intersection and 1> begins at 
whatever intermediate state the elimination operation left the subject. 
As 0' ranges over all responses not in the correct intersection, and 
8 ranges only over those not in the intersection but in the previous memory, 
0' and 8 are not comparable. 

Because of the lack of an equivalent for 8, the degraded normative 
does not reduce to the elimination models, nor vice versa. The elimination­
forgetting model reduces to the DN model only if elimination is discarded. 
That is, if 8 is 1 in the E-F model, and 8' is 0 the DN model, then <5 
corresponds to ()'. Similarly if in the 3-parameter version of the E-Fmodel, 
rx is 1 and s' is again 0, then 8 is irrelevant and the models are equivalent. 
In both cases the parameter c of the DN model must be 1, when Assump­
tion 4 of the E-F models is considered. 

The DN model reduces to the one-element model only if A is 1. If 
8' is 1 and <5' is 0, or if [;' is 1 and 8' is 0, then the subject responds from 
the entire response set prior to conditioning, and the parameters care 
exactly equivalent. If A is greater than 1, there is no way in the DNmodel 
as it now stands to approximate the one-element requirement that the 
subject move only to another conditioned state if he moves out of a. 
wrongly conditioned state. 

3. Paired-Associate Learning with Incomplete 
Information: Contingent Case 

In right-wrong reinforcement, a subject is told 'right' when his response 
is correct and 'wrong' when his response is incorrect. Thus the rein­
forcement size is effectively 1 to N -1, contingent on the response. 
A slightly more general version of this paradigm is to tell the subject 
'right' when he is correct, but to give him a subset of size A, including 
the correct response, when he is wrong. Given the paradigm, the con­
straint should probably be made that A alternatives presented when the 
response was wrong not include that response. Bower (1962) performed 
the relevant experiments with N equals 3 or 8, and A = 2. He also reports 
right-wrong results. The two paradigms are experimentally distinct. In 
the right-wrong set-up, the 'wrong' reinforcements are not used. Instead 
of A being N -1, it is effectively N; that is, the subject uses no information 
from these reinforcements. On the other hand, in the (3: 2) condition 
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with the seemingly minor change of reporting that one of the remaining 
two is correct, learning is faster. For any theory, we must consider the 
effect of reactions to the experimental design as well as to the information 
to be learned. 

Leaving the right-wrong problem, the performance on the partial 
correction experiment is of interest. Following the first success, when 
the subject sees the correct response by itself, there is a qualitative 
change in behavior. Bower postulates this is a recognition state in which 
the subject can pick the correct response from two reinforced responses 
with probability 1. Using the models discussed in this paper, we have no 
way to obtain this differential knowledge of the members of the reinforce­
ment set at the time of reinforcement, given that the knowledge was 
not useful prior to reinforcement. Several variations of the one-element 
model were tested against Bower's data and failed relative to Bower's 
model, apparently because they were not able to handle properly the 
transition point of the first success. Because of its two-process nature, 
the acquisition-elimination model discussed above could handle this 
contingent reinforcement situation by making c, the acquisition param­
eter, contingent on having the correct response reinforced singly. Such 
a model has not been devised or tested, although the direction to take is 
clear. 

4. Paired-Associate Learning with a Continuum of 
Response Alternatives 

In the experimental paradigms discussed so far, subjects select their 
response from one of a finite (and usually small) set of alternatives. 
Linear and stimUlus-sampling models for situations involving a con­
tinuum of response alternatives have been proposed by Suppes (1959, 
1960). A brief description of experiments run by Suppes and Frankmann 
(1961) and by Suppes, Rouanet, Levine, and Frankmann (1964) give a 
feel for the type of experimental setup we shall now consider. 

In these experiments subjects sat facing a large circular disk. After the 
subject responded by setting a pointer to a position on the circumference 
of the disk, he was reinforced by a light that appeared at some point on 
the circumference. As the subject saw exactly where the light flashed, i.e., 
what his response 'should' have been, reinforcement was determined. 
In these studies reinforcement was also noncontingent. The reinforcement 
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density in the 1961 study was triangular;on~O-2rc; in the 1964 study it was 
bimodal, consisting of triangular sections on 0 -rc and 7C - 2n. By rein­
forcement density we mean the probability density function from which 
reinforcement is drawn. For example, iff(Y) is the reinforcement density, 
the probability that the reinforcement will appear between a and b is 
J~f(y)dy, and this probability is contingent on neither trial number nor 
the subject's previous response. 

The experimental paradigm just described corresponds more fully to 
probability learning than to PAL and will be considered again later. 
Variations of it, however, correspond to PAL. 

Complete infonnation. We consider a list of length L of distinct stimuli 
(trigrams, for example). Each stimulus corresponds to a single, fixed 
region on the circumference of the experimental disk. The subject is shown 
the stimulus, indicates his response with his pointer, is shown the region 
considered correct, and then is shown the next stimulus. His response is 
considered correct if it falls in the reinforced region; otherwise, it is 
incorrect. We wish now to derive a learning curve for the subject. 

Denote the center of the correct region by e and let the correct region 
extend a distance 0: on either side of e. The subject's response is given by 
a density rn(x) for trial n. If the subject is known to be conditioned to 
some point z, then the density for his response is a smearing density 
k(x I z). The parameter z itself is a random variable, and we shall denote 
its density on trial n by 9,,(Z). The conditioning assumption we shall 
make is that with probability 1 - e the parameter of the subject's smearing 
distribution makes no change after reinforcement, and with probability 
e, z is distributed by an 'effective reinforcement density' fCy). Sub­
sequently, we shall consider two candidates for fey). First, observe what 
happens to the reinforcement density 9 (z). (All these matters are discussed 
in detail in Suppes (1959) with a different interpretation of the effective 
reinforcement density.) The density 9 changes in the following way: 

If we assume that 91 (z) is uniform (= 1/2n), we find from the above 
recursion that 

(81) g,,(z)=(1-0»>-1/2n+[1 (1-0»>-1]/(z). 



LEARNING AND THE STRUCTURE OF INFORMATION 235 

The probability of being correct on trial n, P(S,.), is given by 

2n e+" 

(82) P(Sn) = f f k(x I z) gn(z) dx dz. 

o e-x 

Two plausible assumptions concerningf(y) are: 

(83) fl(y)=o(y-e),2 

or 

(84) f ( ) = {1/21Y. e - IX ~ Y ~ e + oc 
2 YO, elsewhere. 

If conditioning occurs, fl(Y) asserts that z becomes e; f2(y) asserts 
that z becomes uniformly distributed over the correct region. The learning 
curves forfl (y) andf2{Y) follow: Forf1' 

(85) P(S,.) = (1- et- 1 ~ + [1 - (1 - 8)"-1] J k(x I e) dx, 
n 

e-" 
andforf2' 

(86) P(Sn)=(l-e)"-l~ 
n 

e+C(' e+C( 

+[1-C1 - et- 1J: f f k(xlz)dxdz. 
e-xe-« 

For the present, we shall derive no further statistics for these models. 
Incomplete information. The experiment is organized so that a total of 

A regions of fixed width 20c are presented to the subject each time he is 
reinforced. One of these regions is fixed with center at Y; the others have 
their centers uniformly distributed on 0 - 2n each trial. (Hence, there can 
be overlap among the reinforcers.) A list of stimuli is assumed. The 
subject starts with z uniformly distributed on the region 0 - 2n. The 
conditioning assumptions are: (i) if the subject responds in a reinforced 
region, conditioning remains unchanged; and (ii) if he does not, with 
probability (1 &) his conditioning remains unchanged, and with prob­
ability e, it is spread uniformly over the reinforced regions. Let us start 
with some definitions. The total area expected to be covered by reinforcers 
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on any given trial, is y, where 

2" 

(87) 1 - y = f (2n - 2yl dt, 

o 
and hence, 

(88) r = 2n [1 - (2n - 2y)AJ. 

Let s" denote the event of responding in a reinforced region on trial n, W 
the event of being wrongly conditioned on trial n; en the event of being 
correctly conditioned on trial n (i.e., z is in the one 'correct' region). Then , 

y+",y+", 

(89) P(sn I Cn):::::i 1/2iZ f f k(x I z) dx dz = 13, by definition, and 

(90) p(snl Wn) = 1 - (2n 2iZ)A = r/2n. 

Equation (89) is an approximation, because there is some (small) prob~ 
ability that the subject will guess outside the correct region and be 
forced by one of the distractors. Also, we can write the transition prob­
abilities: 

(91) P(Cn+1 I Cn) = P(Cn+1 I CnSn) P(Sn) + P(Cn+1 I enS,,) 

= 13 + (1- 8)(1 - 13) + (1 - 13) e 2x = m, by definition 
}' 

and 

P(C" I W;,) = l' + (1 -~) e 20( = n, by definition. 
2n 2n y 

The transition matrix between states and error probability vector are, 
therefore, 

(92) T=[:l ~=:] L~n]' 
If S" is the vector that represents the probabilities of being in the 2 states 

on trial n, then S 1 = ( ct I n, n: ex). The learning curve is : 

(93) P(xnEcorrectregion) = SlTn - 1 [y~n] . 
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We shall complete this discussion by deriving the expression for the 
powers ofT. The eigenvalues ofT can be shown to be: ..1,1 = 1 and ..1,2 =m-n. 
Let Q be the matrix of the eigenvectors generated from ..1,1 and )"2' Then, 

(94) [ 
m - 1] [ 1 -m] 1-- 1 n 1--

Q = n and Q - = n . 
1 1 n-m+l -1 1 

It is a theorem of matrix analysis that 

By multiplying and simplifiying as much as possible, we find 

(96) 

Tn = [n + (l - m)( m - n)" 1 - m + (1 - m)( m - n)"] 1 
n + (m - nt 1 - m + (m - n)" n - m + l' 

III. PROBABILITY LEARNING 

If an experiment is constructed so that the only reward a subject receives 
is that of being correct, the reinforcements can be characterized by the 
amount of information he receives concerning the correct response. 
More specifically, if.R is the set of response alternatives and (1 is the set 
of possible reinforcements, then (1 is the set of all subsets (power set) of st 
The notion here is that after responding on a given trial the subject is 
shown some ei E(1 and told that the correct response for that trial is 
included in ei • In the general noncontingent case (i.e., the reinforcement 
is not contingent on the subject's response), each ei will be shown with 
a probability 11:; independent of the subject's prior responses and the trial 
number. 

We now consider the experimental paradigm in which the number of 
responses in the reinforcement set is a constant, j(l ~j~N, where N is 
the cardinality of .R), but no one response is necessarily always present. 
Thus, the paradigm is that of probability learning. 

Previous theories of probability learning have dealt primarily with 
the case j= 1. We shall present theories for arbitrary j. The first theory 
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presented is attractive since it implies a natural generalization of the 
well-known probability matching theorem. Unfortunately, this theory is 
intuitively unacceptable for extreme values of the n's. The second theory 
gives the probability matching theorem for j= 1, but unless j= 1, or 
N -1, it is mathematically untractable. These two theories are essentially 
all or none; we shall also discuss a third, linear theory. 

1. Probability Learning Without Permanent Conditioning 

The assumptions of this theory are: 
1. On every trial the stimulus element is conditioned to exactly one 

of the N responses, or it is unconditioned. At the outset itis unconditioned. 
2. After reinforcement, the stimulus-element conditioning remains 

unaltered with probability 1 - B. The stimulus element becomes condi­
tioned to anyone of the A members of the reinforcement set with pr?b­
ability BIA. 

3. If unconditioned, the subject makes each response with a guessing 
probability of liN; if the subject is conditioned, he makes the response 
he is conditioned to. 

We shall designate the set of possible responses by A = {aI' az, ... , aN}' 
The probability of response ai on trial is denoted by Pi, n' The asymptotic 
probability of ai' i.e., limn-> 00 Pi, n' is denoted Pi' By relabeling, any 
response can be denoted 'al'; hence, we shall derive only Pl' As each 

reinforcement set has A members, there are a total of (~) =N!/A! 

(N - A)! different reinforcement sets. Of these reinforcement sets a number 

k=(~=D will contain at. We shall denote by el' ez, ... , ek those rein­

forcement sets that contain al ; the probabilities that these reinforcement 
sets will occur are nl, nz, ... , nk. 

THEOREM 3 (probability matching). Assumptions I to 3 imply that 

k 

(97) PI = L ndA. 
i=1 

PROOF. Let C i , n be the event of being conditioned to ai on trial n, 
and let p(CI , n) be the probability of this event. By the theorem of total 
probability and by assuming that n is sufficiently large, we can neglect 
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the possibility of being unconditioned. Thus, 

(98) P(C1,n+1) =P(C1.n+ 1 I C1.n)P(C1.n) 
N 

+ L P(C1• n+1 I Cj,n)P(Cj,n)' 
j=2 

The value of p(Cl • n+l\Cl , n) is obtained by noting that one can be in 
state Cl on n+ 1 after being in state Cl on n if either the subject's condi­
tioning is unaltered (with probability 1-e) or if a1 is in the reinforcement 
set shown, and he becomes conditioned to it (with probability e/AIJ= 1 7!i)' 
Thus, 

k 

(99) P(Cl,n+l I Cl,n) = (1 - e) + e/A L 7!i' 
i= 1 

Ifj::/= 1, the subject can be in state C1 on n only if A1 is in the reinforcement 
set shown and he becomes conditioned to it. Thus, 

k 

(100) P(Cl,n+! I Cj,n) = e/A L 77:i' 
i= 1 

For large 11, PCCi, n+1)=P(Ci, n)=Pi; hence, (98) can be written in the 
following way: 

(101) Pi = [(1- e) + e/A it ni] Pi + j~2 (e/A it1 pj) 

or, 

(102) P1 = P1 - Bp1 + (e/A it1 ni) j~l Pj' 

Since 'Lf=1 Pj= 1, 
k 

(103) ep1 = e/A L 'It" 
i= 1 

which, by cancelling e, gives the desired result: 

k 

(104) P1=L7!JA. Q.E.D. 
i= 1 

Some special cases of the above are: N=2 and A=I; here Pi =n1' 
For N=3 and A=2,P1 =(n1 +'lt2) /2; for N=6 and A=3,P1 =(77:1 +n2 
+ ... + 7!10) /3. 

Let uslookat the case N = 3 and A =2inalittlemoredetail: e1 = {az, a3}, 
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e2={aha3}' and e3={a2 ,a3}' Assume that 'TC1=n2=.5 and 'TC3=0. 
Clearly, then, Pi=.5 and P2=P3=.25. Notice that since 'TC 3 =0, a1 is 
always in the reinforcement set. Data from the experiment reported in 
the Appendix show that when one response is always reinforced (paired­
associate learning), subjects learn to select it only. Hence the empirical 
value of Pi is 1. It is obvious, then, that the theory just presented will 
break down if one or more of the 'TCiS tends to zero; how well it will do 
for non extreme values of the 'TCiS remains to be seen. 

2. Probability Learning With Permanent Conditioning 

Assumptions 1 and 3 of this model are the same as for probability 
learning without permanent conditioning. Assumption 2 is changed to: 

2'. (i) if the stimulus element is conditioned to one of the responses 
reinforced, it remains so conditioned; and 

(ii) if the stimulus element is not conditioned to one of the responses 
reinforced, then with probability 1-B its conditioning remains unchanged, 
and with probability B/A, it becomes conditioned to anyone of the A 
members of the reinforcement set. 

Unfortunately, this model is less mathematically tractable than the 
preceding one and asymptotic response probabilities were obtained only 
for the special cases A=l, A=N-l, and N=4 with A=2. As before, 
the subject's being in state i on trial n will be denoted by C i , no Let us 
first derive the asymptotic response probabilities for A = 1. 

The reinforcement sets are ei={a1}. e2={a2}' etc., and appear with 
probabilities TC1' TC2"'" 7tN' Thus, 

(105) P( C/, n+ 1 I Ci , n) = (1 - e) + TC;fJ, 

since with probability 1-B the subject's conditioning undergoes no 
change and with probability niB he is reinforced with ai and conditions 
to it. If):;!:: 1, P(Ci, n+lICj, n)=niB. By the theorem on total probability, 

(106) Pi = (1 - e) + TC;e) Pi + (.f TCjBpj - n;BP;) . 
J= 1 

But this is equivalent to: 
N 

(107) Pi = (1 - B) Pi + eTCi L Pj' 
j= 1 
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so we obtain, for A = 1, the probability matching result: 

(108) Pi = Ttl' 

For A=N -lIet us denote the reinforcement sets in the following way: 
e i = {a j:j:F i}. That is, e i contains all the responses except ai' Clearly there 
are a total of N reinforcement sets whose probabilities will be given by 
Ttl, n2, ... , TeN' At this point it may be helpful to look at the transition 
matrix from state Ct to the other states. The notation Ctej means that 
the subject was in state Ci and received reinforcing set ej' 

C1 C2 C, CN 

Cle1 0 0 1 0 
C,ez 0 0 1 0 

(109) 
C1e, eJ(N - 1) Bi(N - 1) 1 - 0 OI(N 1) 

e,e", 0 0 1 0 

Thus we see that P(C i ,n+lIC;,n) is equal to (l-nJ+(l-O)n j • For 
j::j:.i, P(Ci , n+dCj, n)=TtjO/(N-l). By the theorem on total probability, 
we see that: 

(110) Pi = (1 - ni + nj - On;) P; + f)/(N - 1) {(Jl TCkPk) - TCiP;} , 

or 

(111) n1P1 + Te2PZ + ... + TCiP; + ... + TCSPN NTC/Pi' 

As this is true for all i, 

(112) pdPi = Ttj/TCi' 

Sincepl +P2+"'+Pi+ ... +PN= 1, 

(113) 1 = P1 + pz + ... + ~ + '" + PN 
Pi Pi Pi Pi Pi 

Substituting (112) into (113) we obtain 

N 

(114) Pi = 1/ \' ni
, 

L..& Ttk 
k= 1 
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which is equivalent to 

n 1 n 77:j'-
J=l TCi 

~ (DI 1ti)/1tk 

(115) 

The derivation of asymptotic response probabilities for N = 4, A = 2 
is both tedious and unilluminating; we shall state only the results. The 
six reinforcing events are labeled as follows: ei={al' az}, ez {ai' a3}, 
e3={a1,a4}, e4 {aZ,a3}' es {a2,a4}, and e6={a3,a4}' The response 
probabilities are given by: 

(116) p = B-1r 

where 

and 

B = l- 2(TC4 : "5 + TC6) 

11:4 + TCs 

77:1 + 11:3 

1 
TC4 + 11:5 

- 2(11:2 + 1C3 + 1l'6) 

TCZ + n6 

1 
TC4 + 11:6 

TC1 + 1l's 

- 2enl + 7Cs + 11:5) 

11:5 ~ 1I:
6J. 

77:1 + 11:4 

11:z + TC4 

When A =N = 1, if 11:1 is equal to zero, ai will appear in every rein­
forcement set. As we have seen, the theory of probability learning with­
out permanent conditioning fails to predict the empirical result that in 
this case P; equals one. The model just described does predict that Pi = 1 
011 the assumptions that 11:; 0 and for i 77: j> O. To see this, let us 
write out (115): 

(118) 

Now all the terms in the denominator but one contain 77:i; therefore, they 
vanish. The one that does not contain 11:; must be unequal to zero since 
for j =fi i, 7C J > O. But this term is the same term as the numerator so that 

Pi=l. 
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3. A Generalized Linear Modelfor Probability Learning 

In Part II, Section 2.3, two distinct linear models for paired-associate 
learning were developed. We will apply the model exemplified in the 
matrix L(l) of Equation (59) of the preceding section. The basic assumption 
behind matrix L(l) is that the decrement in response probability of a 
response not reinforced on a trial was to be spread uniformly only among 
reinforced responses. As noted previously, with N response alternatives, 

A of which are reinforced on any trial, there are (~) = J different rein-

forcement sets, k of which contain aI' where k = (~= D. Let us label the 

reinforcement sets in such a way that the first k contain a1 then determine 
PI' the asymptotic response probability for al' The probabilities of the 
J reinforcement sets are given by 11: 1, 11:2' ... , 11: j' 

The recursion forpl.n+1 is: 
J 

(119) PI, n+ I = [(1 - oc) Pl, ,,] I 11:; 

;=k+ I 
k 

[ 
oc(N-A) ] \' 

+- Pl,n +- --N~ (1 - Pl,n) ~ 11:;. 

;= 1 

The first term on the right-hand side represents PI, n+1 given that a1 was 
not reinforced on trial n times the probability that it was not reinforced; 
the second term is analogous except that it assumes al was reinforced 
on n. The part in brackets in the second term of the right-hand side 
follows from (64). 

We now define two terms: 

(120) 
N-A 

r= --~ and 
N-l 

J 

11:= L 11:;, 
;=k+ 1 

from which it follows that (1-11:)= L~=l 11:;. Here 11: is the probability 
that at not be included in the reinforcement set and 1-11: is the prob­
ability that it is included. We can now rewrite (119) as 

(121) Pi, n+ 1 = [(1 - oc) PI, n] n +- [PI, n + 0(1'(1 - PI, ,,)J (1 - n) 
= PI,n - anp1.n + [ocr(l- 1I:)J (1- Pl,,,). 
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In thelimit,Pl =Pl. n+l =Pl, n; hence, 

From this it follows that: 

(123) P1 = ------'-­
n+r 

As a special case of the above, if A = 1, then r= 1 and PI = 1-n, giving 
probability matching. 

This completes our discussion of probability learning with finite 
response sets. We have developed only a sample of the theories possible 
to obtain in analogy to the theories of paired-associate learning. It 
would seem profitable to obtain some data before continuing the theoret­
ical development too far but, so far as we know, the only relevant data 
for A;;::: 2 are from unpublished work of Michael Humphreys and David 
Rumelhart. 

4. Probability Learning With a Continuum of Responses 

The experiment discussed in Part II, Section 4 for a response continuum 
is an example of probability learning with a continuum of response 
and reinforcement possibilities. The next paradigm discussed also has 
a continuum of responses, but discrete reinforcement. 

Probability learning with left-right reinforcement. Consider a task in 
which the subject is placed before a straight bar (perhaps 2 feet long) 
with a light bulb at either end. The subject is told that when he indicates 
a point on the bar at the beginning of each trial one of the lights will 
fiash. His task is to minimize the average distance between the point he 
selects and the light flash on that trial. Clearly, this is a task with a 
continuum of response alternatives; it differs from the probability 
learning tasks to be described since there are only two reinforcing events. 
We shall call this task probability learning with left-right reinforcement. 
Reinforcement is determinate since, after one light flashes, the subject 
knows he should have selected that extreme end of the bar. 

We first show that if the subject believes the probability of the left light 
flashing, peL), differs from .5, he should choose one extreme or the other. 
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Number the leftmost point the subject can select 0 and the rightmost 
point 1. Let r. denote the subject's choice on trial n. Let k equal his loss. 
If the left light flashes k r n' and if the right light flashes k = 1 -1'", His 
expected loss is given by: 

(124) E(k) = peL) rn + [1 - peL)] (1 - I'll)' 

Differentiating with respect to I'll we obtain, 

(125) dECk) = 2P(L) 1. 
dr" 

Assume that P(L) >.5; then the derivative of the subject's expected loss 
is strictly positive, that is, E(k) is an increasing function of rn so E(k) is 
minimized by choosing I'll O. Exactly similar arguments hold if P(L) < .5. 

The strategy just analyzed is an optimal strategy. Our belief, however, 
is that the subject's behavior will be analogous to the probability­
matching behavior exhibited in finite probability learning situations. That 
is, we expect that rn will approach I-nL where nL is the noncontingent 
probability that the left will flash. 

A simple linear model gives this result. Let I'n+1 be given in terms of I'n: 

(126) 

It is then easy to show that 

(127) lim rn 1 "'L' 
U-+oo 

0) if right light flashes 
if left light flashes. 

The linear model predicts, of course, considerable variation in r,,, even 
after its expected value reaches asymptote. 

Let us now turn to a stimulus-sampling model that also gives prob­
ability matching, but that predicts decreasing motion around 1 - n L as 
n increases. In the stimulus-sampling model, the subject is conditioned 
to one response on any given trial. He chooses his response, however, 
from some distribution 'smeared' about the response he is conditioned 
to. In most stimulus-sampling models this smearing distribution, k(rlp) 
where p is a vector representing the parameters of the distribution, 
maintains a constant shape in the course of learning. In this model the 
shape of the distribution changes as does the response it is smeared around. 
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Specifically, the model assumes that k is a beta distribution with param­
eters (x" and Pn' The expected value of r" is, then, g rk(rl(Xno Pn) dr. 
Since k is a beta, this becomes 

(128) 

The model further assumes that (X 1 = P1 = C 1, where c 1 is a parameter to 
be estimated. The conditioning rule is: 

(
129) _ {(X" + C2 if the right light flashes 

(X" + 1 - (x" if the left light flashes 
and 

(130) {PII if the right light flashes 
Pn+ 1 = Pn + C2 if the left light flashes 

where C2 is the second parameter of the theory. 
For nlarge, 

. () Ct+ c 2n (1-77:L) 
(131) hm E r" = 1 - 77:2 , 

Il->ao 2c 1c2n (1 - 11:L) + CZn77:2 

which corresponds to probability matching. Assuming that the prob­
ability matching prediction is borne out, this model can be compared 
with the linear model on the basis of response variance for n large. 

Modification of subjective probabilities. In estimating a probability 
a subject may be said to be responding from a continuum of alternatives. 
If he is then reinforced with new information relevant to the probability 
in question, the 'normative' prediction is that he will modify his prob­
ability estimate in accord with Bayes' theorem. It is our purpose in this 
subsection to look at one type of probability modification behavior from 
an explicitly learning-theoretic point of view. 

Let the subject have some simple means of responding on the interval 
[0, 1]. Denote his response on trial n by PII' The experimenter places 
before the subject a jar containing a large number of marbles, say 1000. 
He tells the subject that there are 1000 marbles in the jar and that the 
only colors the marbles may be are chartreuse (C) and heliotrope (H). 
The subject is told that there may be from 0 to 1000 of each color of 
marble. Under these circumstances Jamison and Kozielecki (1968) 



LEARNING AND THE STRUCTURE OF INFORMATION 247 

showed that suqjects tend to have a uniform density for P(C) where 
P( C) represents the subject's estimate of the fraction of chartreuse marbles. 
Hence, it is natural to expect that P1 will equal .5. In the experimental 
sequence, the subject responds with Pn; the experimenter fishes a marble 
from the jar, shows it to the subject, and replaces it; the subject responds 
with Pn + l' The similarity between this model and the left-right probability 
learning model mentioned previously is clear. Let us use the stimulus­
sampling model developed for that situation (128)-(131). From Jamison 
and Kozielecki's observations it is natural to assume that the parameter 
C1 of that model be equal to one. Results of data presented in Peterson 
and Phillips (1966) indicate that C2 should be near one and observations 
by Phillips, Hays, and Edwards (1966) indicate that C2 should be less 
than one. At any rate, after seeing nc chartreuse and nH heliotrope marbles, 
the density for pis: 

1 
(132) r(Pn) = pnCC2(1 - p)"Hc2, 

f3(nCc2 + 1, nHc2 + 1) 

where n = nc + nH and f3 ( " .) denotes the beta function of those argu­
ments. The expectation of this density is: 

(133) 

Asymptotically, this model implies that the subject will arrive at the 
correct probability. If C2 = 1, the subject's behavior is normative through­
out. Thus our learning model, if it gives an adequate account of this 
type of data, yields the same results as a Bayesian model. (In a sense, 
C2 =F 1 generalizes the normative model. See Suppes (1966) for an account 
of the one-element model viewed as a generalization of Bayesian up­
dating.) What are the implications of this? 

If we assume that the stimulus-sampling model is also adequate for the 
left-right probability learning situation, we have a single learning­
theoretic model that accounts for behavior that in one case is normative 
and in the other case is not. Bayesian or degraded Bayesian models are 
adequate in some cases, because they approach the learning-theoretic 
models. The implication here is that our notion of optimality is very 
limited. 
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Multipoint reinforcement. We now consider a probability learning 
paradigm with a continuum of responses analogous to that with a finite 
response set, but A (the number of responses in a reinforcement) is 
greater than 1. There are A points on the circumference of the circle 
reinforced after the subject has set his pointer. With probability 1-0 
the mode, Z, of his smearing distribution (defined prior to Equation (80» 
is assumed to remain unchanged. With probability BIA, z moves to any 
one of the points reinforced. Thus the recursion Dn the density for z is 
~iven by: 

(134) gn+1 (z) = (1 - e) gn(Z) + B/Afl (Z) 
+ O/Af'1.(z) + ... + (J/AfA(Z), 

where ft(z) gives the density from which the ith reinforcement was 
drawn. For large n, 9»+1 (Z) = gn(z). Hence, 

(135) goo(z) = g",(z)(l - 0) + elA [/1 (z) + f'1.(z) + ... + fA (z)] 
A 

= ~ I f,(z), 
i= 1 

In Suppes (1959), the asymptotic response density, foo(X), is derived 
from the above and shown to be: 

'1." 

(136) roo (x) == ~f k(x I z) i fi(Z)dz. 
A 1=1 

o 

The interesting prediction of this theory is that the same roo (x) is 
obtainable for multiple reinforcement as for single reinforcement, if the 
density for the single reinforcement is the average of the densities for 
multiple reinforcement. 

Let us consider one other probability learning task. The subject is 
reinforced on each trial with a region of length 2x centered at y where y 
is a random variable with density fey). The simplest assumption is that 
if the subject becomes conditioned, he conditions to point y. If this is so, 
clearly, r ro{x) must be given by: 

(137) l'",(x) = f k(x I z)f(z) dz. 
o 



LEARNING AND THE STRUCTURE OF INFORMATION 249 

This is somewhat counterintuitive since it is independent of ct. Perhaps 
a more reasonable conditioning assumption would be that z is dis­
tributed uniformly over the reinforced region if conditioning occurs. 
Let us define U(ziy, ct) to equallJ2ct for y-ct~z~y+ct and 0 elsewhere. 
The density for z on trial n + 1, given that conditioning occurred, is 
denoted U~(z); it is given by: 

2" 

(138) Ua(z) = J u(z I y, ct)f(y) dy. 

o 

The recursion for gn{z) is, then, 

and the asymptotic response density is: 
2" 

(140) r",,(x) = J k(x I z) U~(z) dz. 

o 

We shall derive no further statistics for these models at this time. 

IV. CONCLUDING COMMENTS: MORE GENERAL 

INFORMATION STRUCTURES 

In the experimental paradigms discussed in this paper the set E of 
possible reinforcements can be divided into two subsets for each stimulus­
response pair. One subset contains reinforcements that indicate the 
subject's response to the stimulus was 'correct'; the other contains 
reinforcements that indicate his response was 'incorrect'. By his design 
of the experiment, the experimenter chose a probability distribution for 
each S-R pair over the set of possible reinforcements; this distribution 
generates a distribution on the subsets 'correct' and 'incorrect'. If the 
subject can choose a response to each stimulus so that he is certain to 
receive a 'correct' reinforcement, we have the case defined previously in 
this paper as paired-associate learning. If the distribution on E depends 
only on the stimulus and not on trial number or the subject's response, 
the reinforcement is noncontingent. If the distribution on E is non­
contingent, and there is no response that will insure the subject he is 
correct, we have probability learning. 
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Our purpose in this concluding section is to consider briefly the case 
where the set E has more than two subsets that are equivalence classes 
with respect to their value to the subject. To give a more concrete idea 
of what we have in mind, we will first discuss the experiment by Keller, 
Cole, Burke, and Estes (1965) that illustrates the notion of information 
via differential reward. 

The subjects were faced with a paired-associate list of 25 items. There 
were two response alternatives and 5 possible reinforcements - the 
numbers 1, 2, 4, 6, and 8. One of these numbers was assigned to each 
S-R pair as its point value. The subject was told that his pay at the end 
of the session depended on the number of points he accumulated. So, 
for example, if the reward for pushing the left button, if XAQ were the 
stimulus, was 4, and the reward for pushing the right button was 1, the 
subject should learn to push only the left button. The experiment was run 
under two different conditions. In one the subject was told at the end of 
each trial the reward value for both of the possible responses; in the other 
he was told only the reward value for the response he had selected. In 
the latter case, since there were more than two possible reward values, 
knowing the value of one response gave only partial information con­
cerning the optimal response. This is an example of information via 
differential reward. 

Let us consider now information via differential reward in the context 
of alternative types of information a subject might receive. A learning 
experiment may include: (i) a set S of stimuli, (ii) a set R of response 
alternatives, (iii) a set E of reinforcements, (iv) a partition P of E into sets 
of reinforcements equivalent in value to the subject, and (v) an experi­
menter-determined function f from S x R into Pe, where Pe is the prob­
ability simplex in e dimensioned space and e is the cardinality of E. The 
probability that each reinforcement occurs is given by f as a function 
of the stimulus presented and the response selected. If e' is the number 
of members in P, f determines a function f' from S x R into P e', and f', 
then, gives the probability of each outcome value as a function of the 
stimulus and response chosen. The subject's task in a learning experiment 
is to learn as much as is necessary about f' so that he may make the optimal 
response to each stimulus. 

The subject learns about f' from information provided him by the 
experimenter. We may classify this information into three broad types. 
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First, exogenous information is provided before the experiment begins. 
The subject learns what the responses are, what the stimuli are, whether 
reinforcement is contingent, possible reward values, number of trials, 
etc. Parts of this exogenous information might, of course, be deliberate 
misinformation. 

The second type consists of information concerning f' for a fixed 
stimulus. In a typical paired-associate experiment the subject receives 
complete information concerning f' on each trial for each stimulus. 
In the paradigms considered in Part II, subjects are given partial informa­
tion by having E be the set of subsets of R (perhaps of fixed cardinality). 
The subject is told on each trial that the correct response was among 
those shown. Another type of information concerning the optimal 
response to a given stimulus is information via differential reward. Here 
the subject learns the rewards accruing to the members of the reinforce­
ment set. The forms of information of this type depend, then, on the structure 
of the reinforcement set. 

The third consists of information concerning f' for a fixed response. 
That is, does knowledge that response i is optimal for stimulus} give any 
information reJevant to the optimal responses for other stimuli? This 
third type of information is obtained by 'concept formation', 'stimulus 
generalization', 'pattern recognition', 'recognition of universals', etc.; 
the term chosen depends on whether you are a psychologist, engineer, or 
philosopher. 

Notice the symmetry between the second and third types of informa­
tion a subject can be given. For a particular stimulus, the subject may 
receive knowledge relevant to the optimal response that concerns structure 
of the response set. For a particular response, the subject may receive 
information about the stimuli for which that response is optimal by 
placing structure on the stimulus set. The role of information via differen­
tial reward in this context is one way of placing structure on the reinforce­
ment set; earlier sections of this paper considered other ways in detail. 

For concept formation, there must be some sort of structure on the 
stimulus set. Roberts and Suppes (1967) and Jamison (1970) advanced 
quite different models for concept learning in which the basic structure 
on the stimulus set is of a particularly simple form, but they jointly 
assume that each stimulus is capable of being completely described by 
specifying for each of several attributes (e.g., color, size, ... ) the value the 
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stimulus takes on that attribute. We consider it an important theoretical 
task in learning theory to describe in detail other forms of structure that 
can be put on sets of stimuli. 

As we indicated in the introduction, we view the results in this paper 
as simply a prolegomenon to detailed analysis of information structures 
in learning theory. Our results have been limited to rather special types 
of information structures placed on reinforcement sets. More general 
structures need to be considered and, more important, information 
structures on stimulus sets - concept learning - must be brought within 
the scope of the analysis. 

APPENDIX: AN EXPERIMENT ON PAL WITH 

INCOMPLETE INFORMA TION3 

In Part II, Section 2, several models were discussed for the experimental 
paradigm of PAL with noncontingent, incomplete-information rein­
forcement. In the summer of 1967 such an experiment was performed at 
Stanford University with several different pairings of N and A, the 
response- and reinforcement-set cardinalities. 

Method. Ten subjects from the undergraduate and recent graduate 
community at Stanford participated in the experiment for roughly an 
hour a day for 10 days within a period of two weeks. An on-line PDP-l 
computer controlled all displays and data recording. The experimental 
equipment, a cathode-ray tube (CRT) with an electric typewriter key­
board placed directly below it, was housed in a sound-proof booth. 
The stimuli for any problem were the first N figures represented by the 
first N keys of the digit, or top letter, line on the keyboard; thus they 
were either 0,1, ... or q, w, ... The (N:A) pairings used on the first 4 days 
were (2:1), (6:1), (10:1), (10:3), (6:3), (10:5), (6:5), and (10:9). On 
days 5 to 10 the pairings were (10:3), (6:3), (10:5), (10:7), (6:5), and 
(10: 9). Half the subjects received the conditions for each three cycles 
per day in the order given. The remaining half received a randomized 
order of conditions for each of the three cycles for the day. As shown 
later, the set order of conditions started with the easiest condition and 
ended with the hardest, as determined by the normative expected number 
of total errors. At anyone time a subject worked on a solution to two 
problems, one with the displays on the top half of the CRT, the other 
with the displays on the bottom half. For half the subjects the top 
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problem involved only the digits and the bottom problem only the letters. 
For the other subjects the top problem was letters and the bottom problem 
was digits. Trials on the two problems alternated. Both problems were 
on the same (N:A) condition, and both had to be solved to a criterion of 
4 successive correct responses to progress to the next condition. One pair 
of problems occurred on each (N:A) condition in a single cycle. Unless 
stated otherwise successive trials on a problem from here on refer to 
successive trials on the same problem, not successive trials in the actual 
experiment. 

On each trial the subject saw the display 'Respond From:' followed 
by the N possible responses. He pressed a key corresponding to the one 
he thought correct, and this response was displayed on the CRT below 
the response set. The feedback set of A responses, including the single 
correct response, then was displayed below the subject's response. 
The interval during which the feedback set was displayed is the study 
latency. Following onset of display of the feedback set the subject had 
up to 25 seconds to study the display, to press the carriage return key to 
conclude that trial, and to call for the next experimental trial. The 25-
second limit between the cue to respond and the response, or the response 
latency, was never reached. The data for the first two days are not 
included in the results, and since the experimental design was completely 
explained to the subjects, they were well practiced on the procedure before 
the experiment began. 

Results. The data from all experimental groups for days 3 through 
10 are considered as a whole since none of the manipulations other than 

TABLE III 
Predicted and observed total errors 

Observed mean Normative expected 
N:A total errors total errors 

2: 1 0.51 
6: 1 0.78 

10: 1 0.94 
10:3 1.91 
6:3 2.26 

10: 5 3.35 
10: 7 6.56 
6:5 7.58 

10: 9 18.50 

0.50 
0.83 
0.90 
1.84 
2.13 
2.95 
5.39 
7.25 

17.35 
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the (N:A) pairings showed consistent differences. Table III shows the 
mean total errors for each condition. The normative expected total 
errors, determined by analytic methods for a derivation, or, in the more 
difficult cases, computer-run Monte Carlos, are also shown. 
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Fig. 6. Normative and observed learning curves for N = 10, A = 3. 
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Fig. 7. Normative and observed learning curves for N = 6, A = 3. 
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The conditions with A 1 were essentially cases of one-trial learning. 
Errors of chance happened on the first trial, and on succeeding trials 
the error frequency was less than .Q15. Thus the subjects performed 
essentially normatively on these 2-item list straightforward PAL tasks. 
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Fig. 8. Normative and observed learning curves for N = 10, A = 5. 
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Fig. 9. Normative and observed learning curves for N = 10, A = 7. 
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The learning curves for the remaining six conditions with A> 1 are 
plotted in Figures 6 through 11, along with the normative learning curves. 
The normative error probabilities were not determined beyond the 
twentieth trial. The normative and observed learning curves are very 
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Fig. 10. Normative and observed learning curves for N = 6, A = 5. 
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close. Of some interest is the cross of normative and observed curves in 
the (6: 5) condition (Figure 10). This better than normative performance 
is most likely due to the ability of subjects to use the 4-correct-response 
criterion to solve one problem once the other had been solved. This 
criterion use was not built into the normative model. 
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Fig. 12. Response latencies. 
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The study latencies are plotted in Figures 12-13. We do not know 
how to discuss these latencies meaningfully in a quantitative manner, 
but present them to call attention to a qualitative peculiarity. In the 
(10:9) and (6:5) conditions (Figure 13) a marked rise followed by a 
decline occurred in the study latency for several trials. In these conditions 
when the feedback set was close to the response set in size, subjects 
frequently said that they watched for the nonreinforced responses at 
first, and later switched to watching for the reinforced responses. The 
changes observed in the study latencies could result from such a practice, 
with the rise due to the increasing number of responses known to be 
incorrect, followed by the switchover, and then the decline in latency with 
the decreasing number of responses considered possibly correct. It should 
be noted that by using such a method to intersect first complements of 
reinforcement sets, and then the sets themselves, a subject needed at most 
5 items in memory per problem. With two problems at once, he needed at 
most 10, but since the feedback sets on each problem were independent, 
the likelihood of both problems using maximum space at once was low. 
Thus for the most part all relevant information could be stored in fewer 
items than the 7 or 8 generally estimated as maximum for short-term 
memory. 
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