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Patrick Suppes 
Professor 

Stanford University, USA 

Why were you initially drawn to probability theory and/or 
statistics? 

As an undergraduate, first majoring in physics and then, because 
of World War II, switching to meteorology as a special subdivision 
in physics, and then later, after the war, as a graduate student in 
the philosophy of science, I did not take any courses in proba­
bility or statistics. What I had learned upon receiving my Ph.D. 
in 1950 about probability and statistics was acquired in learning 
other things, for example, some quantum mechanics and some uses 
of statistics in various disciplines. There was one other early stim­
ulus that I should mention: the ground breaking book Theory of 
Games and Economic Behavior by John von Neumann and Oskar 
Morgenstern, published in 1947. It immediately attracted a great 
deal of attention, but was not taught in any course at Columbia 
University, where I was a graduate student. Consequently, in the 
summer of 1948, a group of graduate students, myself included, or­
gll.nized an informal seminar on the book. This was the first time I 
thought seriously about expected utility, the intertwining of util­
ity and probability, and how to think about axioms for utility, 
matters that were central to a great deal of work that I did later. 
So even though I did nQt have a formal course in modern game 
theory, I learned a lot fr~m this informal seminar. In summary, I 
was relatively uneducated in probability and statistics, although 
pretty well trained in mathematics and physics for a philosopher, 
when I started teaching at Stanford in 1950. 

Fortuitously, an early change in that state of ignorance was 
brought about by working in the summeFs-in-a research position 
with David Blackwell and M.A. Girshick while they were writing 
their influential book Theory of Games and Statistical Decisions, 
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published in 1954. My main task was one of writing in a 
and proper set-theoretical way the definitions and theorems 
checking with Herman Rubin a large number of proofs in the 

, 

In doing this, I learned a lot about the correct formal sta,terrrent. 
in a modern mathematical sense, of probability and st!ltis:tical 
concepts and theorems. 

The evidence of my beginning to think about and use proba_ 
bility concepts in a creative way is to be found in publications 
that began to appear in 1955, but the research began certainly no 
later than 1953. The first was a publication with Donald David_ 
son and J.C.C. McKinsey, "Outlines of a Formal Theory of Value 
I," in Philosophy of Science (1955). The main purpose of this 
article was to develop in detail a variety of arguments for using 
formal axiomatic methods to clarify the nature of value. Intelli_ 
gent philosophers of an earlier generation, such as C.l. Lewis, had 
mistaken ideas about the possibility of measuring the intensity of 
preference, pleasure or pain. Here is a quote we gave from Lewis: 

... numerical measure cannot be assigned to an in­
tensity of pleasure, or of pain, unless arbitrarily. Inten­
sities have degree, but they are not extensive or mea­
surable magnitudes which can be added or subtracted. 
That is; we can - presumably - determine a serial or­
der of more and less intense pleasures, more and less 
intense pains, but we cannot assign a measure to the 
interval between two such. 

(Lewis, 1946, p. 490) 

Lewis' misunderstanding of these matters was the subject of 
a second article, also published in 1955, written jointly with my 
student Muriel Winet, "An Axiomatization of Utility Based on 
the Notion of Utility Differences," which appeared in the Journal 
of Management Science. The title of the article expresses briefly 
its aim, which the first paragraph expands upon (I quote it here): 

In the literature of economics the notion of util­
ity differences has been much discussed in connection 
with the theory of measurement of utility. However, 
to the best of our knowledge, no adequate axioma­
tization for this difference notion has yet been given 
at a level of generality and precision comparable to 
the von Neumann and Morgenstern construction of a 
probabilistic scheme for measuring utility. (The early 
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study of Wiener is not axiomatically oriented.) The 
purpose of this paper is to present an axiomatization 
of this notion and to establish the expected represen­
tation theorem guaranteeing measurement unique up 
to a linear transformation. 

(Suppes & Winet, 1955, p. 259) 

., The decisive step in our axiomatization was to use the formal 
n()tlcln of the relative product of two binary relations, and then 

; to apply it to the powers of a single relation of preference or util­
ity differences. At that time the calculus of relations was not well 
known. It was first developed formally by de Morgan in the 19th 

century, apart from scattered works much earlier by some me­
dievallogicians. De Morgan was followed by Peirce, who organized 
the ideas much more systematicaliy, and then at the end of the 
19th century, a three-volume treatise on relations was written by 
Schroeder. The key person reviving the subject, so to speak, in the 
20th century was Tarski (1941). (I wrote about all of this in more 
detail in Suppes (2005), in analyzing the pre-history of Kenneth 
Arrow's groundbreaking book Social Choice and Individual Values 
(1951), which changed forever the subject of welfare economics by 
using the general theory of relations, rather than the customary 
restricted geometric diagrams.) 

I knew Tarski well, had attended his seminar at Berkeley as a 
young Stanford faculty member, and took pleasure in finding such 
a clear conceptual application of the calculus of relations. 

Another article in 1955 gave an intuitive counterexample to the 
reasonableness of Carnap's chosen a priori measure function in his 
book Logical Foundations of Probability. This was a joint article 
with Herman Rubin published in the Journal of Symbolic Logic. 

By the middle of the 1950s I was well involved in research that 
required some kind of knowledge of probability concepts. In the 
next year, 1956, I published two articles, the first of which in­
volved a more sophisticated approach. This was an alternative 
set of axioms to those given by Jimmie Savage in his well-known 
book Foundations of Statistics (1954). The title was "The Role 
of Subjective Probability and Utility in Decision-Making," pub­
lished in the Proceedings of the Third' Berkeley Symposium on 
Mathematical Statistics and Probability. The general axiomatiza­
tion of preferences given here was meant to provide an alternative 
to the rather complicated axioms used by Savage. Using the cal­
culus of relations again, I needed only a fifty-fifty toss of a coin, or 
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some equivalent device, to simplify Savage's axioms, which 
strong requirements on the richness of the probability Strl1oi',; 

required. 
In that same year, I published with Donald Davidson an 

entitled, "A Finitistic Axiomatization of Subjective 
and Utility" in Econometrica, which used many of the ideas 
ready discussed. Then, in 1957, I published with Donald uaVI<!:S()n 
again and with the assistanc::e of ~idney Siegel, Decision Making; 
An Experimental Approach, III which we undertook an experimen_ 
tal measurement of utility and subjective probability. This bOok 
received quite a bit of attention at the time it appeared. Up to . 
that point, not too many empirical, detailed experimental stud­
ies had been made. So, I consider this period running up to 1957 
and the completion of that book the introductory phase of my 
involvement in probability and statistics. As is clear from the na­
ture of the articles I have been citing, this early involvement cen­
tered around the foundations of decision theory focused on the 
optimization of expected utility. Here, as often in later studies 
I concentrated on foundational problems ofaxiomatizing certai~ 
conceptual approaches to decision making. More on this below. 

What is distinctive about your work in the foundations of 
probability or its applications? 

This is a larger question involving different areas and different 
times in terms of my own research. I restrict myself to comments 
on two areas: first, the one of foundations of probability, includ­
ing axiomatic works on preferences and subjective probability, and 
second, applications of probability in stochastic learning models 
in psychology and education. Concerning the foundations of prob­
ability, there are two distinctive characteristics of the work I have 
done. The first is not necessarily first in chronological order, but 
mentioned first: the axiomatization of qualitative probability in a 
sufficiently rich way to give some form of numerical representation. 
I mentioned already the paper in 1956 in the Third Berkeley Sym­
posium. The most significant papers were written somewhat later. 
There was a 1961 paper, "Behavioristic Foundations of Utility," 
published in Econometrica. The distinctive feature of this paper 
was the derivation of a utility measurement from fundamental as­
sumptions within the context of stochastic learning models, so it 
was an effort to derive a concept of utility within mathematical 
learning theory. Then in 1965, I wrote with Duncan Luce a long 
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and intricate review entitled, "Preference, Utility and Subjective 
. : Probability" for the Handbook of Mathematical Psychology, Vol. 

3. This article was long enough to be published as a small book, 
and has been used by a number of people for its extensive review 
of a large and complicated literature. The next year I wrote two 
articles that I still like. One was entitled, "Probabilistic Inference 
and the Concept of Total Evidence," and the second, "A Bayesian 
Approach to the Paradoxes of Confirmation," both appearing in a 
volume entitled Aspects of Inductive Logic, edited by Jaakko Hin­
tikka and me. I still like my Bayesian approach to the paradoxes 
of confirmation and do not feel that the detailed analysis I gave 
there has been sufficiently appreciated by some philosophers con­
cerned with these paradoxes. (I freely admit it is a characteristic 
of almost all authors to feel some things they have written that 
they consider useful or essential are not adequately appreciated.) 

In 1970, I published my monograph, A Probabilistic Theory of 
Causality, which is one of the early modern attempts to define dif­
ferent causal concepts within a general probabilistic framework. 
Although written for philosophers, I included several extended sci­
entific examples, and used random variables rather than events, 
when appropriate. In 1971, I published with David Krantz, Dun­
can Luce again, and Amos Tversky the first volume of Foundations 
of Measurement, which included extensive coverage of a great deal 
of literature relevant to the measurement of subjective probability 
and utility. Perhaps the most important function of this volume, 
and indeed of the two further volumes published later, was orga­
nizing and systematizing results which have been published in the 
scientific literature of a number of different disciplines. In 1973, 
I contributed an article to the Proceedings of the International 
Congress for Logic, Methodology and Philosophy of Science IV, 
held that year in Bucharest, Romania. The title was "New Foun­
dations of Objective Probability: Axioms for Propensities." Here 
I emphasized what I thought was the useful insight, that the qual­
itative approaches to subjective probability could also be used as 
well in the foundations of objective probability, and I did that here 
in the case of the example of exponential decay, or in the case of 
discrete trials, decay according to a geometrical distribution. In 
1974, I published my first article about the qualitative theory of 
approximation of subjective probabilities. This article is entitled 
"The Measurement of Belief," and it appeared in the Journal of 
the Royal Statistical Society. The main point is that I used the 
simple, finite theory of equally spaced measurement to produce a 
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standard series of subjective probability events that could be ob­
tained by coin-flipping. I then used such events to give an approx_ 
imate measurement of other events. The approximation can be 
characterized in terms of upper and lower measures, and I showed 
how these upper and lower measures were then the natural repre­
sentation in terms of measurement for such finite approximations. 
My skeptical scientific attitude about the usefulness of some of 
the systematically refined and more mathematically sophisticated 
results about measurement has generated my positive opinion of 
these finite approximation results. 

I later mention some further papers on upper and lower mea­
sures, but there is an almost direct continuation of the 1974 arti­
cle in a very recent paper entitled, "Transitive Indistinguishability 
and Approximate Measurement with Standard Finite Ratio-scale 
Representations," in the Journal of Mathematical Psychology in 
2006. It is surprising how intricate the qualitative axioms are for 
such a straightforward procedure of finite approximation, famil­
iar in almost all uses of scales of measurement in science. Again, 
the basic representation theorem is in terms of upper and lower 
measures rather than the all-too-common, strictly agreeing exact 
results of idealized measurement theory. 

In 1976, my long-time collaborator and close friend Mario Zan­
otti and I wrote a paper entitled "Necessary and Sufficient Condi­
tions for Existence of a Unique Measure Strictly Agreeing with a 
Qualitative Probability Ordering," in the Journal of Philosophical 
Logic. Here we solved a problem that had been hanging around 
for quite some time and was already given early prominence in 
discussions in Bruno de Finetti's famous 1937 lectures in Paris 
published in a useful English translation in 1964. The distinctive 
feature of our paper was to introduce a structure beyond that of 
the algebra of events, which classically formed the basis for discus­
sion of qualitative probability; namely, Event A is judged at least 
as probable as Event B. The difficulty is that the event structure 
is too weak to permit an adequate straightforward general axiom­
atization. The introduction to the 1976 paper, and in other works 
by other people, describe well enough the difficulties, but by intro­
ducing elementary random variables, which are just the counting 
random variables that arise from closure under addition of the in­
dicator functions for the events, we were able to give really simple, 
necessary and sufficient conditions using earlier general results in 
the theory of extensive measurement (Krantz, Luce, Suppes and 
Tversky, 1971, p. 73). 
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the next year (1977), again with Mario Zanotti, we pub­
a paper, "On Using Random Relations to Generate Upper 

I~01/ler Probabilities," published in Synthese. Upper and lower 
baloiliitiEls, of course, mean the same thing as upper and lower 

measures normed to 1. The contribution here is reflected in 
title: the way in which we generalized from random variables to 

ral[ld,)m relations to have a natural generation of such measures. 
1981, I published the only long work I published in French, 

T.nrlimlP du Probable. This book summarized, or really expanded 
upon, four lectures I gave at the College de France in Paris in 

,November 1979. These four lectures, and the short book expand­
.. ing upon them, summarized much of the earlier work I had done, 
and tried to provide a more unified, philosophical framework for 
the discussion of rationality and the subjective concept of proba­
bility, especially as exemplified in Bayesian statistics. But it was 
not meant to be just a matter of praise of Bayesian thought, but 
also a critical evaluation of such points as the relation between 
Bayesian ideas of updating on the basis of new data or observa­
tions and the rather distinct ·approach to such matters in theories 
of learning developed especially in the.last half of the 20th century 
in mathematical psychology. 

In the same year, 1981, Zanotti and I proved one of our most 
interesting theorems, namely necessary and sufficient conditions 
for the existence of local hidden variables as explanations of prob­
abilistic behavior, whether of particles or people. The theorem is 
easy to state: such explanations can, in principle, be found if and 
only if there exists a joint probability distribution of the observ­
able random variables codifying the measurements made in a given 
empirical environment or situation, or an abstracted, theoretical 
one. As I like to say, this theorem proved that determinism and 
indeterminism walk hand-in-hand down the path of scientific dis­
covery, for the theorem also shows that the hidden variables can 
themselves be deterministic in character; that is, the conditional 
probabilities of the observations given, the hidden variables, are 
either 0 or 1. I do emphasize that the point of the theorem is to 
show how hidden variables (in physics) or latent variables (in the 
social sciences) can, in principle, be found. But the question of 
their scientific interest is completely separate. 

The next year, continuing our work in qualitative probability, 
we gave necessary and sufficient qualitative axioms for conditional 
probability, which inevitably are more complicated than those for 
probability simpliciter. Again, extended indicator functions were 
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needed to give what were relatively simple conditions, to prove 
not only existence but uniqueness. Two years later, I published 
a book with a provocative title, Probabilistic Metaphysics (1984). 
Here I expanded in a more general way upon many of my favorite 
themes about probability. What I wanted to set forth in this vol­
ume is described in brief terms in the following paragraph from 
the introduction: 

I use concepts of probability to deal with meta­
physical and epistemological matters, and I argue for 
replacing the concept of logical empiricism by that of 
probabilistic empiricism. But probabilistic empiricism 
is not meant to have a reductive bias as I conceive it. 
I shall claim that it is probabilistic rather than merely 
logical concepts that provide a rich enough framework 
to justify both our ordinary ways of thinking about 
the world and our scientific methods of investigation 
(p.2). 

I summarized in an earlier paragraph from this page the five 
neo-traditional metaphysical propositions I was criticizing, the 
ones that I claimed had replaced the theology of a still earlier 
time that Kant severely criticized in the Critique of Pure Reason. 
These five theses, which are close to theses held by Kant, but even 
more by later philosophers and many scientists, are these: 

1. The future is determined by the past. 

2. Every event has a sufficient determinant cause. 

3. Knowledge must by grounded in certainty. 

4. Scientific knowledge can in principle be made complete. 

5. Scientific knowledge and method can in principle be unified 
(p.2). 

I still like my arguments in this book, although there are some 
I would now modify. My rejection of determinism would now be 
matched by my rejection of any universal indeterminism as well. 
The main general thought, without entering into details, is to now 
hold to there being, for many scientific phenomena, no empirically 
distinguishable difference between deterministic models with er­
rors of measurement, and, stochastic models, that is, indeterminis­
tic models, of the same phenomena. Such a thesis is controversial, 
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but backed-up by excellent modern work in ergodic theory in a 
reference I have used extensively (Ornstein and Weiss, 1991). It is 
not my purpose here, of course, to enter into the arguments, but 
only to summarize the change of viewpoint of what I consider now 
the most important way I would revise what I said in contrasting 
determinism and indeterminism in Probabilistic Metaphysics. 

The next stopping point in this brief survey is a 1987 article 
entitled "Propensity Representations of Probability," published 
in Erkenntnis, in which I set forth many comparisons between 
subjective and objective probability as represented by propensity. 
The most important point is perhaps the examples of the con­
struction of strong results about randomness within purely deter­
ministic theoretical models, such as the gravitational problem of 
three bodies, and the striking results for the restricted three-body 
problem that have been obtained. Briefly, two of the bodies are 
large and move in smooth, Newtonian elliptic orbits in a plane. On 
the line through the center of mass of that two-body system and 
perpendicular to its plane, we place a very small particle whose 
mass is negligible, and therefore is one whose motion itself does 
not really affect the two large bodies. Then one can prove that 
close to the escape velocity for the small particle, it has extremely 
random behavior that can mimic within what is known as its sym­
bolic dynamics - the actual sequence of flipping a coin with the 
sequence satisfying any given definition of randomness, weak or 
strong. This is what I call randomness alive and kicking in the 
heartland of determinism. 

Two years later (1989), Zanotti and I published another study of 
upper and lower probabilities, in this case a study dedicated to de 
Finetti, showing what conditions the upper and lower probabilities 
must satisfy to prove the existence of a supporting probability 
measure. A taste for upper or lower probabilities, or, in congruent 
language, upper and lower probability measures, is not something 
cultivated by everybody. It remains something of a specialty, but 
one important in my own thinking for general philosophical ideas 
about finite approximations and the handling of errors in actual 
measurement procedures . 

Speaking of errors or variability in any of the empirical sciences, 
in 1992 Zanotti and I, again together, wrote an article, "Quali­
tative Axioms for Random-variable Representation of Extensive 
Quantities," published in Philosophical and Foundational Issues 
in Measurement Theory. Here the axioms are more complicated, 
but conceptually satisfying to me, because a random-variable rep-
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resentation incorporates what I think of as a necessary fact of 
- that all continuous quantities are measured with an error 
cannot be reduced to zero, no matter how good the m(~asur(~m'ent: 
procedures. So this is a move towards more realistic and empiri_, 
cally more desirable representations in the theory of measurement .. 
I look upon it as another way of approaching the problem of ap­
proximation, this time in a random-variable framework. 

In another direction, in 1994, I published with Natalia Alechina 
a paper entitled "The Definability of the Qualitative Indepen_ 
dence of Events in Terms of Extended Indicator Functions," in 
the Journal of Mathematical Psychology. This paper used the ex­
tended indicator functions, that is the elementary counting ran­
dom variables mentioned earlier and used in the papers written 
with Mario Zanotti on qualitative probability. In this case, we used 
these functions for a different purpose, but one I found very sat­
isfying: to show that with such functions we can now have sharp 
definability of the qualitative independence of events. The partic­
ular interest of this result is the negative proof given in the paper, 
using Padoa's principle, that qualitative independence of events 
cannot be defined just in terms of the standard algebra of events 
and a qualitative ordering on these events.' This is just another 
way of showing, in my view, the conceptual weakness of trying 
to deal with probability, even in elementary situations, using only 
the concept of an event. You can't bootstrap up from this frame­
work in any reasonable way to a firm setting without introducing 
stronger notions, such as that of elementary extended indicator 
functions, or in other words, some restricted random variables. 

In 2002, I finally pulled together a long manuscript I had been 
writing for many years, with the title Representation and Invari­
ance of Scientific Structures. The longest chapter in this book is 
Chapter 5 on Representations of Probability. I wrote and rewrote 
this chapter interminably, much of it with a pronounced Bayesian 
viewpoint. Yet as I pointed out already, as I came to understand 
better propensity theory, I realized it was a kind of mirror image of 
qualitative probability as thought about in subjective terms, but 
now thought about from an objective standpoint. I also was per­
suaded to move to a more general position by reading the remarks 
about probability by such founders of quantum mechanics as the 
great Russian physicist Fock, the prominent mathematician Her­
man Weyl, who had a lot to say about quantum mechanics, and of 
course, von Neumann. Reading them, and other sources as well, 
the typical laconic writing about foundations in physics, insofar 
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as those foundations resonate elsewhere, and probability is here a 
fine example, led me to a much more purely pragmatic attitude 

. towards the nature of probability, which reflects an unwillingness 
to commit to any single, sharply defined, conceptual view of how 
we use probability. Since publishing that chapter in 2002, I am 
ever more persuaded that this pragmatic position is the right ap­
proach. This, by the way, is in certain ways more characteristic of 
de Finetti than even his subjective position, or at least so I like 
to think. 

Finally in 2006, I published the first of two articles on the three 
Godfathers of modern decision theory: Ramsey, de Finetti, and 
Savage, with an article on "Ramsey's Psychological Theory of Be­
lief." I have in press a similar article about de Finetti, but nothing 
in store about Savage, whom I knew even better than I knew de 
FinettL The principal point of conceptual relevance to remark on 
is my continual viewing of this important early work through the 
lens of a broader, psychological theory of behavior that generates 
skepticism about overly rational conceptions of human decision 
making. (For a late statement of this skepticism, I mention my 
2003 article, "Rationality, Habits and Freedom" .) 

Stochastic Models of Learning 
The second main area of my work using probabilistic ideas has 
been my long preoccupation with models of learning. As I ex­
plained earlier, it was only after my introduction to the social 
sciences that I began seriously to acquire any extended knowl­
edge of probability theory or of statistics. I mentioned this earlier 
in connection with problems of axiomatic work on the theory of . 
preference, measurement of utility and measurement of subjective 
probability. The work in learning theory took a different turn. 
This required detailed use of stochastic processes. Two most dis­
tinctive features of my work have been first, early work with Bill 
Estes on foundations of stimulus sampling theory and working out 
especially a very thorough and explicit set~theoretical axiomati­
zation. This work was primarily done between the period of 1954 
and 1960. 

The second related but different contribution was to the asymp­
totic theory of learning models, a standard topic in stochastic 
processes. In this case, collaborating with John Lamperti, then 
a young probabilist and my constant competitor on the tennis 
courts, we first wrote, in 1959 an article entitled "Chains of Infi­
nite Order and their Application to Learning Theory," published 
in the Pacific Journal of Mathematics. Such chains are an impor-
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tant feature of behavioral theories in the social sciences, including 
both psychology and economics. The reason is that we do not have 
a natural Markov cut-off in the theories so that the processes are 
for example, only first or second order; that is, what happens i~ 
the present depends on only one or 'two time points in the past. 
In a chain of infinite order, the dependence has no fixed restric_ 
tion and, in general, can be regarded as an innnite sequence of 
dependency points in past time. We were particularly concerned 
to prove that under many standard schedules of reinforcement , 
learning models that have the feature of being chains of infinite 
order had appropriate ergodic properties. This means that there 
existed an asymptotic mean distribution of responses, and sec­
ondly, that this mean was independent of the initial probability 
of responding in any particular given way. This last point reflects 
the important aspect of ergodic processes: whatever the point of 
starting in the past may be under very weak assumptions, with 
an ergodic process, this long-term dependency will be wiped out 
by subsequent experience. As I have noted on several occasions, 
this is, of course, very much contrary to many aspects of Freud's 
theory of the mind. In some sense, there is a division of labor here: 
both kinds of models reflect something important about human 
experience. 

In 1960, Lamperti and I published a second article in similar 
spirit entitled "Some Asymptotic Properties of Luce's Beta Learn­
ing Model," in Psyehometrika. Luce's model is rather different 
from the learning models considered in the earlier article or the 
ones developed in conjunction with Estes. The Luce beta model 
is a classical additive model so that response strength is increased 
additively by each new positive reinforcement. There are many 
reasonable aspects of such models, but they do have complicated 
asymptotic behavior, and in fact undesirable asymptotic behav­
ior taken in their simplest form. I mean by "undesirable" that 
organisms that had such simple additive mechanisms would not 
fare well in changing environments where absorption into an as­
ymptotic state from one regime of reinforcement could be hard to 
turn around in a new environment, as is generally true of additive 
models. In fact, it can be disastrous in the short-term future. 

I will mention two other things about such learning models. One 
is the series of articles I wrote starting in 1959 on the extension to 
a continuum of responses, of the learning models developed ear­
lier with Estes, which always had a fixed finite set of responses. 
The generalization works nicely, and the probability theory is as 
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1aIla~:eable in many ways for the continuum case as for the dis­
case. With several younger colleagues I also did a number of 

tXI)erimenlts to test empirically this extension. 
second asymptotic item to mention is a favorite of mine: my 

article in the Journal of Mathematical Psychology entitled, 
. "Stinaul,us-R,eSf)OIISe Theory of Finite Automata." This was meant 

be my response to linguists and some cognitively minded psy­
.' chologists who thought that ideas of association or conditioning 
· were not strong enough to be the basis of any complex behav­

ior. This was a naIve misunderstanding on their part. Very simple 
· mechanisms, such as those of a universal Turing machine, are able 
· to compute any computable function. Obviously, if the mechanism 

is really simple and clumsy, it will take a long time, but it could 
conceptually do the job. It was one of the great triumphs of the 
20th century to define explicitly and carefully the class of com­
putable functions, and then to show that they can be produced 
by various mechanism of a simple sort. It is easy to extend the 
proof I gave in this paper from finite automata to universal Turing 
machines, and also the same can be said for associative learning. 
I had several controversies about the interpretation of the theory. 
I returned to this matter and tried to explain in more detail and 
more carefully the surrounding intuitions and applications in the 
final chapter of my 2002 book, Representations and Invariance of 
Scientific Structures. 

Finally I will mention that since 1996 I have been conducting 
brain experiments using electroencephalographic (EEG) record­
ings. The main focus has been on language, but also to a lesser 
extent on auditory and visual images that are not linguistic in 
character. I will not try to describe that work here, since the de­
tails are not really strictly within probability and statistics, but 
just mention that probabilistic and statistical methods are at the 
center of detailed work, not only the kind I have been doing myself 
with my colleagues, but with almost anybody else's that aims at 
specific and definite recognition or classification results of system­
atic brain activity. By classification I mean classifying a brain wave 
of a given word; for example "Paris" , or the brain wave of another 
word. In this sense, early work on detailed analysis of language 
in the brain is like cryptology: trying to decode how language is 
encoded. 

I mentioned in the introduction to my response to this question 
my interest in education, so I will refer briefly to my long article· 
entitled, "Mastery Learning of Elementary Mathematics: Theory 
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and Data" which was written with Mario Zanotti in 1996 and 
was the last article we published together before his death. It has 
been included in a small book of our papers entitled Foundations 
of Probability with Applications, published by Cambridge Univer­
sity Press. The intricate details of the learning models and other 
probabilistic aspects of students' behavior in learning elementary 
mathematics are, I think, too extensive to summarize here. I do 
want to stress that work in learning theory by many people over a 
long period of time has had an important impact on educational 
conceptions of learning, relevant to what goes on in classrooms in 
almost every subject. 

The many articles referred to in the answer to this question and 
the preceding one can all be found in PDP form on my website: 
http://suppes-corpus.stanford.edu. 

How do you conceive of the relationship between probability 
theory and/or statistics and other disciplines? 

There are implicit answers to this question in the long response I 
gave to the second question, so I will be much more brief here with 
a few short observations. Let me tell first the story from my own 
angle. When I wrote my long work of 2002, Representation and 
Invariance of Scientific Structures, I intended to follow the chap­
ter Representations of Probability by a chapter on statistics. This 
chapter was going to be devoted to models of data, following an 
article of mine with this title, published in 1962, by an extensive 
discussion of data structures and their statistical analysis. In my 
own lexicon of distinctions, I think of statistics as being concerned 
with such data analysis, and probability not, but probability the­
ory providing often the concepts and methods that are to be used 
in statistical analysis. 

On the second aspect, the relation of probability theory to other 
disciplines, I have mentioned already that a good part of my work 
is concerned with applications in various parts of the social sci­
ences, especially psychology. I will just remark here on the some­
what peculiar status of probability theory in physics. It has come 
as a great surprise to me to find that in spite of the probabilistic 
nature of quantum mechanics in the general sense, the knowledge 
of general probability and its use by physicists is fairly restricted. 
In many ways, this restriction is shared in the other direction by 
specialists in probability theory. Most of those that I know - and 
I know or know about a fair number of the people who have been 
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prominent in probability theory in the United States in the sec­
ond half of the 20th century - are reluctant to push very far into 
quantum mechanics. There are, of course, connections to be made. 
I do not want to claim that my own work has been of any real 
importance in this respect, but I do want to mention that my first 
article on quantum mechanics was entitled, "Probability Concepts 
in Quantum Mechanics," appearing in the Philosophy of Science 
in 1961. I was especially concerned in this article to compute not 
simply the means and standard deviations of probability distri­
butions, but, when possible, the actual distributions themselves. 
More generally, I used the so-called Wigner distributions that are 
often not proper distributions, but provide something analogous 
for the joint distribution of position and momentum. In the case 
of the one-dimensional harmonic oscillator, a classic example in 
quantum mechanics, in the ground state, the marginal distribu­
tions of position and momentum are independent normal distrib­
utions and therefore have a simple joint distribution. I noted at 
the time that the independence of the two marginal distributions 
of momentum and position did not seem to be remarked upon 
in the standard physics treatment. This same remark applies to 
the marginal distributions in the excited states. For example, in 
the first excited state, already the two marginal densities are no 
longer normal distributions, and the joint Wigner distribution is 
not proper, being negative in one interval. 

What do you consider the most neglected topics and/or 
contributions in probability theory and/or statistics? 

My answers have been so long already that I will restrict myself 
to some brief remarks on what I think is still a neglected prob­
lem in probability and statistics. This is the discussion of many 
different aspects of the concept of randomness. First of all, from 
a mathematical standpoint, it is interesting that our standard ax­
iomatizations of probability do not include the concept of ran­
domness. It might be said, "Well, that is easily answered. We can 
define it in terms of concepts that are used in the definition of 
probability." Certainly there is something to be said that is fa­
vorable to this response, and it has some elements of truth, yet 
it is quite clear that no straightforward definition of randomness, 
in terms of the usual concepts used in axiomatizing probability, is 
agreed upon. Yet, on the other hand, in intuitive characterizations 
of what kinds of phenomena are genuinely probabilistic, it seems 
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to me that the observable features of randomness are of utmost 
importance in our intuitive thinking about probability. Neglect 
of such a fundamental concept is surprising. What is especially 
surprising is the neglect of this topic in most discussions of sub.­
jective views of probability. For example, I have great respect for 
the philosophical and foundational character of Bruno de Finetti's 
writings about probability, and yet he has not much to say about 
the formal problems of defining randomness. 

There is a distinction that is natural, but not used as much 
as it might be between random results and random procedures. 
Much of the discussion, in fact, most of the literature, it seems to 
me, is concerned with random results. When does the observable 
character of a sequence of outcomes - for example, flipping a coin 
- satisfy some definition of randomness we have? On the other 
hand, much neglected is the discussion of procedures, especially 
if we move on from defining a procedure as simply a mathemat­
ical function, and approach it more from a physical standpoint. 
What physical processes do we think generate random results, or, 
to put it in a more formal way, what physical processes charac­
terized by physical concepts can we theoretically characterize as 
generating random results? Notice that I am characterizing ran­
dom procedures in terms of random results. We might very well 
want to seek an intrinsic definition that did not use in such a 
strong fashion the results themselves. In any case, it is this and 
many other questions that are natural and easy to raise, but seem 
to me neglected in many frameworks in which the foundations of 
probability and statistics are discussed. This is not to say that 
there is not such a large and complex literature on its own on the 
characterization, especially of random results, but assessing the 
many different kinds of technical results now in the literature is 
philosophically challenging, but yet not widely pursued. 

What do you consider the most important open problems 
in p~obability theory and/or statistics and what are the 
prospects for progress? 

Again, because of the length of some of my earlier answers, I will 
try to keep this one short. But I do think there are important 
matters to mention. In the present case, it seems to me the most 
important philosophical questions center around the general topic 
of the nature of probability, where we still are far from reconcil­
iation of longstanding, strongly held, and ably defended views of 
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a different character. These differences are well known, and I will 
make no effort to expand upon this remark here. 
. The second one is, I think, not often stressed enough. That is 

the clarification and deepening of our understanding of the role 
of probability in physical processes or, at a different level, in the 
theory of physical processes. A simple example is the widespread 
occurrence of phenomena that we would expect to have joint prob­
ability distributions in classical quantum mechanics and do not. 
SuciI phenomena are centrally present in many of the issues sur­
rounding entanglement and quantum computing. I know of no 
other area of science in which the question of the actual existence 
of joint distributions of observable phenomena occupies such a 
central and critical role. 

. The third concerns the difficulties of reconciling the special the­
ory of relativity as used in quantum electrodynamics and quan­
tum field theory with the standard theory of stochastic processes. 
No doubt the difficulties of this topic are involved in the para­
doxes surrounding entanglement at a non-local level of photons, 
electrons, or other particles used in quantum entanglement exper­
iments. In a different direction, similar problems arise in giving 
a theory of Brownian motion with its probabilistic content kept 
central and yet invariant in the sense of special relativity. I have 
my own favorite ways of thinking about these problems, but I have 
no deep faith in my intuitions and I very likely have ideas that 
will in the future turn out to be wrong rather than right. It is 
reasonable to conjecture that some new concepts will be needed 
to solve what appear to be serious theoretical difficulties that are 
deeply puzzling about quantum entanglement. 



148 12. Patrick Suppes 

References 

Detailed references to my own articles, including those co-authored, 
can be found on my website: http://suppes-corpus.stanford.edu. 
References to work by others are listed here. 

Arrow, K. (1951). Social Choice and Individual Values. New York: 
Wiley. 

Blackwell, D., and Girshick, M.A. (1954). Theory of Games and 
Statistical Decisions. New York: Wiley. 

Carnap, R. (1952). The Logical Foundations of Probability. Chicago, 
1L: University of Chicago Press. 

de Finetti, B. (1937/1964). "La prevision: ses lois logiques, ses 
sources subjectives." Annales de l'Institut Henri Poincare 7, pp. 
1-68. Translated by Kyburg and Smokier, eds. (1964), Studies in 
Subjective Probability. New York: Wiley, pp. 93-158. 

Kant, 1. (1781/1997). Critique of Pure Reason. New York: Cam­
bridge University Press. First published in 1781. Translated by P. 
Guyer and A.W. Wood. 

Lewis, C.L (1946). An Analysis of Knowledge and Valuation. 
Illinois: LaSalle. 

Ornstein, D.S. and Weiss, B. (1991). "Statistical Properties of 
Chaotic Systems". Bull. Am. Math. Soc. (New Series) 24, pp. 
11-116. 

Savage, 1.J. (1954). The Foundations of Statistics. New York: Wi­
ley. Revised edition printed in 1972, Dover, New York. 

Tarski, A. (1941). "On the Calculus of Relations" . JournalofSym­
bolic Logic 6, pp. 73-89. 

von Neumann, J. and Morgenstern, O. (1947/1953). Theory of 
Games and Economic Behavior. Princeton, N.J.: Princeton Uni­
versity Press. 

1 

J 
Pr 

UI 

\f' 
51 

I 
II 

b 

P 
l. 
d 
( 

c 
t 

I 
( 




