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Abstract 

The interpretation of weights in a neural network is seldom straightforwar4ik;i~~~df;~, we have shown perceptron~based learning to 
yield better brain~wave classification rates than learning based on averaging;.,~1iJ"&p:timal filtering. By virtue of our implementation, we 
are able to interpret the weights as a time series and to relate them to prot9iyp~~:,generated by averaging. In this paper, some results of 
four closely related linear models are shown. They are based on aver~giHg~~@.v~raging with filtering, Tikhonov regularization, and a 
single~layer neural network. We then introduce this interpretation for a;~I~onov~regularized linear model and a single~layer neural 
network with a linear~transfer function. We show, using Tikhonov r~i4lJ!Q"i'ation as an example, how such an interpretation can be used 
to gain insight into the mechanisms of various perceptron~based ,~eth9'~.¥~ 
© 2006 Elsevier B. V. All rights reserved. .. ._"-,, 
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1. Introduction 

The event-related potential (ERP) is .. a widely used 
representation of brain activity as.~pci.~t~{:n~\)~ith events 
such as visual or auditory stimuli. AilHElfp>.;i$i'the average, 
over a substantial number of eJ¢.ftroencephalography 
(EEG) trials, of ongoing brain ~.Gil\ijty, synchronized to 
the onset of an event. Extensivetrevl'ews of ERP can be 
found in [7,4J. These ERPs fQ.ifir~g;.''a set of time-series 
waveforms that we consid~re;4:~lfS\iprototypes, one for each 
stimulus-associated c1ass~f~iriE~;:~fl~h stimulus is associated 
with a class of trials). ..,c;"';".",:' 

For methods beyona:'il:iRP, prototypes refer to the 
sequence of weights ·eo.-rrmifitxi for each class after some 
parametric leamihfk:::AS.;;o-Wit'h the ERP, the filtered average 
(FA) method [9-i'ib#lfiifs averages of EEG time-series data 
from the same class,h to fonn a set of prototypes. After 
optimizing a bandpass filter (characterized by the low and 
high frequency L and H), the individual trials are classified 
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by a least-squares criterion. An optional temporal window, 
characterized by its start and end, was used previously [9-ll]. 

In addition to these two least-squares classifiers (ERP 
and FA), two perceptron-based models, the Tikhonov­
regularized linear model (TLM) and the single-layer neural 
network (NN), were considered. In our implementation of 
these two perceptron-based models, we replaced the sum­
of~squares distances of each trial to the prototypes with an 
inner product between the trial and the weight vectors. This 
inner product acts as an inverse distance measure, so that 
the trial is assigned to the class whose weights produce the 
greatest inner product. In other words, while the least­
squares classifiers selected a class for test trial t among the 
prototypes i E {I ... I} by i = arg minillpi - til', the TLM 
and NN classifiers selected a class by i = arg maxi(Pj . t), 
essentially minimizing the angle. Here, the inputs t remain 
the time-ordered sequence of observations. Thus, we can 
physically interpret the resulting sequences of weights 
for a given class as 'time-series data, each sequence 
capturing, in some s.ense, the essence of the class. With 
this interpretation, we can quantitatively compare "proto~ 
types" generated by our perceptron-based methods with 
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ERPs. A similar interpretation would become more 
difficult in the case of multi-layer neural networks [3,15]. 

In the following section, we describe the underlying data 
and experiment used to demonstrate our interpretation. 
After presenting a number of tools, we will compare 
prototypes from the four classification methods for 
individual trials mentioned above (ERP, FA, TLM and 
NN). Finally, we will show how this way of looking at 
weights can be used to interpret the underlying mechanism 
in both single channel and multichannel implementations 
of Tikhonov regularization. 

2. A comparison of classification schemes 

2.1. Data 

The duration of the auditory stimuli ranged from 394 to 
617ms. 

There were three sessions. In the first session, visual 
images of colors and shapes were shown. There were four 
categories with four pairs of stimuli each. Stimuli pairs 
could be categorized as (i) same color (blue-blue, green­
green, red-red, yellow-yellow), (ii) different colors (blue­
yellow, green-blue, red-green, yellow"fed), (iii) same shape 
(circle--circle, line-line, square-sg'ciii.t¢.'ii{htriangle-triangle), 
or (iv) different shapes (circle~;1iiie;;,)in&square, square­
triangle, triangle-circ1e). In thd;j~~~~j'nd session, the pairs 
were the same as those io:<ses:sI6fi>~one, except that the 
colors were presented as sPQl<;~_ti~ w~~ds while the shapes 
were presented as visu~P';W9~d{ For the last session, the 
pairs were again the S~WJ~~l~'except that the colors were 
presented as visual words'" while the shapes as spoken 

EEG recordings were made in our laboratory using 22 words. Subjects were instructed that the same-different 
Model-12 Grass amplifiers and Neuroscan's Scan 4 soft- distinction wij.:~",obvious and did not require a subtle 
ware. Sensors were attached to the scalp of a subject perceptual di~~!~nation. The data from these linguistic 
according to the standard 10-20 EEG system as bipolar parts of th¥)/~~p.e_i'iment were not used in the analyses 
pairs with the recorded measurement in microvolts being reported ~gJiii.~:J}aper. 
the potential difference between each pair of sensors. The Prior.J~;"'dqinsampling, a lowpass filter was applied at 
placements of the 11 pairs were C3-T5, Cz-T5, Cz-Pz, 31.25 rJ~ifQ,::prevent aliasing. Data were then downsampled 
Cz-P4, C4-T6, P4-T6, C3-T3, C3--Cz, C4-Cz, C4-T4 and by l§Ho'f~pproximately 62.5 Hz, resulting in 88 data points 
C4-F8. These are hereafter referred to as channels. The per ch~el. For each subject, each of the 8 classes in each 
recording bandwidth was from 0.3 to 100 Hz with a .9'fJl;I:~Jhree conditions was presented 100 times, resulting in 
sampling rate of 1 kHz. ".a'irb:t<11 of 800 trials. We do not attempt to present all the 

A computer was used to present the stimuli under three '6;;j;:4_e'faiied results of this experiment here. Instead, we chose 
conditions: visual image, visual word and auditory worg'/: '. ,bite of the best results, that of a subject under the visual­
with the words being in Chinese for monolingual subjed§~;/ ;:!:;.J.mage condition, to illustrate how we might interpret 
For each condition, there were eight stimuli consistiIj:g:~;qr the representations derived from various classification 
four colors: blue, green, red, and yellow and four sH~pe.s'(; methods. 
circle, square, triangle and line (at 45° angle measuf~4~i In most cases, data were randomly partitioned into 560 
counterclockwise). training trials and 240 test trials. Within each trial, 

Every experimental trial contained a pair of stimuli, observations were scaled by I(x) to have a range between 
selected from those just described, an4;?~p~~§ented in -1 to + I, where 
temporal sequence. Each stimulus lastea:,fo¥~.20(j;ins in the . 
non-auditory cases and ranged from ,~94 t6""617 ms for I(x) = 2(x - nun(x)) 1. 
auditory stimuli. The second stimultl'~~;~Q.f the pair was max(x) - min(x) 
shown 1500ms after the onset of t!i:e'iJ4~Fstimu1us. After In Fig. I, scaling of the data was only applied to TLM and 
presentation of the second membec,nfiif pair, the subject NN, and not to ERP and FA. While such scaling is 
used the numeric pad on th~"c8fup~i\:r· to respond "1" if recommended for TLM and NN, the ERP prototypes 
the two stimuli in the pair.:~Wr~iJhe';~ame and "2" if they resulting from averaging are very similar with or without 
were different. (Subjects w~f~:)n§t:ructed that the same- the scaling (the mean correlation for the eight prototypes 
different distinction was 'qpY.foii'§ and did not require a was 0.997 with a standard deviation of 0.0012). 
subtle perceptual discritWJlaijon.) A new pair of stimuli 
were then shown"i.~§99 .. ~§!)tlifter the previous stimulus' 
onset. Therefore. til~J~n0gth'-ofeach trial of the pair was 4s 
in total, with an intet~iimulus interval of 1500ms between 
the onset of the first arid- the onset of the second stimulus of 
the pair, and 2500 ms between the onset of the second 
stimulus of the first trial and the onset of the first stimulus 
of the next trial. The stimulus pairs chosen from the eight 
possible stimuli available in each condition were always 
matched either color-to-color or shape-to-shape. Four 
subjects participated in this experiment. The duration of 
the visual stimuli was 200 ms for the two visual conditions. 

2.2. Analysis 

2.2.1. Average model (ERP) 
To generate the ERP prototypes we averaged together 

the training trials by class. In the visual-image conditions 
of the experiment with 560 training trials, we built 8 
prototypes by averaging 70 trials from each class. For the 
ERP model, the least-squares criterion is used without 
any parameter estimation. Although the question of 
which method yields the best ERP is somewhat contro­
versial, our averaged prototypes can undoubtedly be 
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Fig. 1. Comparison of different prototypes and weights. ERP; average, FA: filtered average, TLM: Tikhonov-regularized linear model and NN: single­
layer neural network. The x-axis is the time in millisec!?nd and the y-axis is the normalized amplitude for ERP and FA and normalized weights for TLM 
and NN. Stimulus labels in the figures were denoted . .gs?(~Horcircle, (b) for line, (c) for triangle, (d) for square, (e) for red, (1) for green, (g) for blue and (h) 
for yellow. The bandpass filter used for the f~;:To:~,~f~~-~¥ a low cutoff at 3 Hz and high cutoff at 21 Hz. 

regarded as ERPs [7,4]. By relatinjjf,-rl)e other kinds of 
prototypes (FA, TLM, NN) to E.IP'~:wi'iiCh have a natural 
physical interpretation, we furthe'~_tg~y_~iop our intuition for 
interpreting such prototy~.~ ~s:;'i;pp~:tructed time series. 

2.2.2. Filtered average (~J)';'rfib~el 
To generate the FA •.. prg,fotypes, we first split the 560 

training trials intQ •. ,,:/O Hlal~ for prototype and 240 for the 
validation set. PtQt'9t-ype~trials were then averaged together 
by class and used"'f(j" classify the validation set. Both the 
averaged prototype"f{ and single-trial test samples were 
bandpass filtered prior to classification. We repeated the 
classification over a number of different bandpass filters, 
each characterized by (L, H), L being the low cutoff 
frequency and H the high. The filter yielding the maximum 
classification rate, Le., the optimal filter, was then applied 
to the ERP prototypes (averages over all the 560 trials in 
the training set) to produce the FA prototypes. 

2.2.3. Tikhonov-regularized linear model (TLM) 
Weights corresponding to each class were generated 

using a TLM [12]: 

w = [(XTX + ..\'IrIXTlY, (1) 

where X is the data matrix in which each row is a trial of 
the time-series data. Vector y is the corresponding target 
vector which denotes the desired outputs of the trials. The 
dimension of X is M x (N + 1), where M is the number of 
trials included for parameter evaluations and N is the 
length of the time-series data (a bias term is added). And y 
is a M x 1 vector. 

In this paper, the Tikhonov regularization parameter }c2 

was chosen to be 40 based on our previous experience [13]. 

2.2.4. Single-layer neural network (NN) 
A single-layer NN is defined by the relation y = frylx). 

The matrix W contains the weights. x is the input of the 
network and y the output. The weights can be optimized by 
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backpropagation where Wopt is obtained iteratively by a 
gradient method: 

BJ(W(l)) 
wij(l + I) = wij(l) - ry Bw ' 

'1 

where I is the iteration, 11 is the learning rate and J is the 
error function. In a single-layer NN with only one output, 
the weight matrix W reduces to a weight vector wand the 
output vector y reduces to a scalar y. 

For linear J, weights can simply be found by computing 
the pseudoinverse of the matrix X, defined earlier with a 
size M x (N + I). In the case of a non-linear f which is 
differentiable, e.g., a sigmoid function, simple gradient 
descent can be used. When there is a difference between the 
output and target values, each component of a current w is 
recomputed in a direction that reduces the difference [1]. 

Forsee et al. [2] implemented a Gauss-Newton iterative 
method to optimize the regularization parameter with a 
kind Bayesian regularization of which the weights are 
optimized to maximize the evidence of the data [5]. In a 
single-layer NN, the objective function is given by 

(2) 

with linear-transfer functions [14], where the regularization 
parameter A in (I) plays a similar role to that of" and p in 
(2). By recognizing the time-series nature of the weights, 
simple correlation methods can be used to compare the 
prototypes. 

2.3.1. Visual comparison o/time serie~ 
We show, for the best performinlf;~.hannel, prototypes 

generated by each of our methods iH'Fi~iJ along with their 
associated classification rates. ,:::While tHe ERP and FA 
prototypes (columns 1 and 2) 1i&y~",~9ine 'common features, 
and the TLM and NN protPiY:pes'"(c;.olumns 3 and 4) are 
very much alike, there a~~J~y., discernible similarities 
between the perceptron,pase,iI'prototypes (TLM, NN) and 
the averaged prototypeS:1rp,J,~:p, FA). It is this dissimilarity 
which often evokes the'''''comment that weights from 
perceptIOn-based techniques are uninterpretable. Visually 
this is clearly -tb.~. case, as evidenced by comparing columns 
1 and 2 with ~9ii.mm.s 3 and 4 in Fig. I. 

2.3.2. Corr~11it~h)~~aps 
To q)l~iltlty!.·~ur visual comparisons of the ERP, FA, 

TLM ... afi'k"NN prototypes, we used the correlation 
where a, f1 are the regularization parameters and f the coefnpi'g'rit:''p [6] to compare pairs of prototypes. We 
transfer function. In our case, we chose a typical transfer cO_1pl[i1J.t.~ir the correlation of all ERP, FA, TLM and NN 
function, the log sigmoid. Given the optimal weight wopt. p,r9JQfypes with the ERP prototypes. An example of such 
corresponding to ctopt and [3opt which were optimized by a +,·.C'o~[~ration maps is shown in Fig. 2. 
Gauss-Newton iterative method [2], the classification of a,:>" 
test trial is performed by y = !(wJptx). _._-';-~-~:' .. . .-2:''1.3. Measures of similarity based on correlation maps 

For our classification purposes, a single-layer NN wit4~;:;:./ In addition to computing the average correlation p of the 
multiple outputs is constructed, having one outp"':lfiFp~i,.··" - different types of prototypes, we attempted to quantify 
class. A classification of a test trial is then maa~!;,-.Ry5 further our notion of similarity. Several methods were 
selecting the class with the maximum output. -.. -. explored. The first used each correlation map as a distance 

matrix for classification. We computed a classification rate 

2.3. Methods of comparison 

By relating the representations of tff~t'~lK~~:~~odels to 
ERP, more natural interpretations _;;;gJ these typically 
somewhat unintuitive models m~x::~;B:~ome possible. 
Indeed, ERP, FA TLM and NN '~te'''y\:ry much related. 
FA is related to ERP by filtering,(the;;n!ost common signal 
processing technique), which;Ji~Jfi~f'efp.sed to improve EEG 
classification. Meanwhile'L"Jl:k~qpov regularization in 
TLM provides a way to s.91v(}HJ1~;' single-layer NN model 
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where the inequalities are 1 when true, and 0 otherwise. In 
this equation, N is the total number of classes. The first 
term of the measure 1C gives the average classification rate 
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Fig. 2. Correlation maps of different sets of eight prototypes for ERP , FA, TLM, NN compared to ERP. White corresponds to a correlation coefficient of 
+ 1, while black corresponds to a correlation coefficient of -1. These results are for the visual-image experiment with eight stimuli. The number on the x 
and y-axes are the stimulus labels. Stimulus labels in the figures were denoted as (a) for circle, (b) for line, (c) for triangle, (d) for square, (e) for red, (0 for 
green, (g) for blue and (h) for yellow. The bandpass filter used. for the FA models has a low cutoff at 3 Hz and high cutoff at 21 Hz. 
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between the prototypes and the test trials, defined by the 
rows and columns, respectively. The rate is computed 
based on maximization of the correlation of each trial 
against all the possible prototypes. The symmetrical 
condition is taken into account by the second term, of 
which the columns are regarded as prototypes and the rows 
as test trials. 

We also devised a score based on the difference between 
the mean of the diagonal elements and the mean of the 
absolute value of the off-diagonal elements: 

I I 
Y = N 2:>"." - N2 _ N L L IPm"I· 

m m n'lm 

Finally, we investigated a variation on the score y, by 
considering only the off-diagonal element with the greatest 
absolute correlation, 

Yw = ~ ~ (Pm,m - m:x(IPm,n'lmD) . 

As pointed out by a reviewer, simply shifting the data 
can result in zero correlation. Indeed, this is a restriction of 
using simple correlation to achieve the notion of similarity. 
Other ways of considering similarity by finding invariant 
features (e.g., perceptual features), rather than correlated 
invariance, would make a good project but are not dealt 
with in this article. 

to classification are to be found in the prototypes based on 
averaged trials. But perceptron-based methods (TLM and 
NN) are able to classify individual trials with higher rates, 
93 out of 240 vs. 72 out of 240 for the averaged-trial 
prototype (ERP). With the chance level of 30 out of 240, 
both of these rates are highly significant, with p < 10-12 and 
p< 10-22 

'. 

Compared to perceptron-based ';fg~thods, the diagonal 
for FA prototypes (Fig. 2) is baretjq;i~n;eptible. This is not 
unexpected and is related t()!pO'w:}h~i;ll1tering method is 
applied. In FA, test trials,"irh.a.gdition to the averaged 
prototypes, are filtered ll:~ing'l','the\oPtimal filter prior to 
classification. The othe~!t:;~pigtotypes are optimized to 
classify trials which ,.,;ilt/;:: jilHiltered except for the anti­
aliasing filter used fot;AQ,Whsampling. 

For Fig. 3, we computed the correlation between the 
prototypes for each method, i.e., ERP vs. ERP, FA vs. FA, 
TLM vs. Tl;.l\'!, and FA vs. FA. Naturally, the correlation 
coefficients ~~;YiJ;f~H'iagonal entries were one. As can be seen 
in Fig. 3{ifth~\6d'rrelation between different classes was 
much g,~~\~fJ'6~ the ERP and FA than for the TLM and 
NN.Fr6Dtdfus we concluded that the perceptron-based 
pro!g~tyP~~_lt'~e more distinctive, and usually result in better 
cl1!'Ssifiliation rates. We report in Table 2 the scores 
cdh~.sp'bnding to Table 1. 

_: -::, __ ~~[~e- four models we explore here can be used for both 
:~~;slp"gle-channel and multichannel data (referred to as single­
. cilannel classifier (SCC) and multichannel classifier (M CC) 

2.3.4. Results .>ci::,> -, ';!-inethods, respectively). In the following section, we show 
In Fig. 2, the correlation maps corresponding toi~[~~¢)Jj how the correlation map can be used to investigate 

prototypes in Fig. I with respect to the ERP are.(:~hb~_rt· important aspects of perceptron-based methods. Two 
Here, white corresponds to a correlation coefficieh~~;q,f)+ 1 examples are given, the first addressing regularization for 
while black corresponds to a correlation coefficient 6(::*,1. a sec, and the second addressing the extension from SCCs 
From the presence of strong diagonals (of whiteness to a MCC. For these examples, we chose to concentrate on 
relative to the off-diagonals) for TLM and NN, it should TLM by virtue of its straightforward regularization and 
be clear that perceptron-based prototypi.~:~R~n be inter- computational efficiency. 
preted as being ERP-like.::::·;.".:· 

The resulting measures for Fig. 2 ~re presented in Table 
1. However, while the quantitative :rrt€#§.!lres were interest­
ing, we found visualizing the);28tt.~riiiion map to be 
sufficiently (if not more) informat\Ye,::Note the high scores 
for TLM vs. ERP, NN vs')'.ltP::jJiitnot FA vs. ERP. 

Several additional PO~:I:1t~~/*I!?_ -~~/orth mentioning. In a 
previous experiment [14J~ijL~v_e:~::demonstrated the use of 
perceptron-based meth('i4~::.,··tbi" classify individual trials. 
Since training for su¢'b,.-m.?'thods is based on individual 
trials, the fact tl}J!bth~-W~ights can be related to averaged 
prototypes is sigiHft~~1il~~suggesting that features important 

Table I 
Different measures of correlation maps in Fig. 2 

P 
K 

Y 

ERPvs. ERP 

1.000 
1.000 
0.097 
0.033 

FA vs. ERP TLM vs. ERP NN vs. ERP 

0.0700 0.3946 0.4013 
0.125 0.875 0.875 
0.025 0.183 0.181 

-0.161 0.052 0.023 

3. An interpretation of Tikhonov-regularization 

3.1. Theory 

Weights of each class can be computed using (I) by 
assigning the appropriate ji (each component ji of vector y). 
To compute the weight for class i, all the training trials with 
class label i would have ji = I, otherwise ji = O. In other 
words, the negative trial would have a target output of 0 
and the positive trial a target output of 1. We denote this 
assigmnent rule as ji = (0, I), and we will show in the later 
section that the actual rule of assigning ji does not affect 
the final classification. 

3.1.1. A mixture of least squares and averages 
From (I), it is clear w --+ XTy as 2 --+ 00. For ji = (0, I), 

w is simply an average of the positive trials for a certain 
class. In fact, for finite data, this asymptotic condi­
tion is even stronger, with each w equal to the average 
prototype for a large enough 2. Similarly, as 2 --+ 0, the 
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Fig. 3. Self-correlatiun map of different prototypes. White corresponds to a correlation coefficient of +1, while to a correlation 
coefficient of -1. These results are for the best subject of the visual-image experiment. The x and y-axes are the labels labels in the 
figures were denoted as (a) for circle, (b) for line, (c) for triangle, Cd) for square, (e) for red, (f) for green, (g) for blue ' 
used for the FA models has a low cutoff at 3 Hz and high cutoff at 21 Hz. :;:" '.. .":,, 

Table 2 
Different measures of correlation maps in Fig. 3 

ERP vs. ERP FA vs. FA TLM vs. TLM 

ii 1.000 1.000 '1.000 

" 1.000 1.000 1.000 

Y 0.097 0.0141 0.563 

Yw 0.033 0.054 0.405 

NNvs. NN 

1.000 
1.000 
0.562 
0.442 

3.1.2. A geometrical md?sgqii'on of least squares 
Consider the one-dimeIlsional case and assume we 

observed only two trials: (XI,YI) = (l, I) and (x"y,) = 
(3, I). A diagc1j!l1 illustrating the geometry, a specific case 
(left) and a getl~ral:,sase (right) are shown in Fig. 4. 

We woul4:;;li,k~:J6 find the w which reduces the error 
lIy - Xwll~, .. __ f.l~t.~;/X reduces to a vector and w a scalar, so 
we seek;w:'~"ucil that Ill' - wxll' is minimized with x = 
[x'X,]To~:t),,}jT and l' = 1Y!y,]T = [I W. There are three 
way~~;;'t'o~~jpBtain the solution w. First, by solving the 

y u~~ohMR~ined optimization problem directly: 

, 
y-wX 

y-wx 

W e 

w " 

Fig. 4. The diagram on the left-hand side is Jii~' specific case for the 
example where x == [x,x2f = [1 31T and Y =:J,riJ:iilL= [I l]T. The dia­
gram on the right-hand side is the general ~se:?X'" -". 

':.-'~~~;:",.,t'i 

solution w ~ (XTXrIXTSrc, '\j~~b~F;;~h"" the pseudoinverse 
(XTXrl, requires a small'::"~Q.~gILl., but not necessarily 
A = O. With assignment rul<;,ji'@i;:(I,O), w is an average of 
the negative trials as ). ~;,.oO';:\j1:: 

In addition to tll~;:::g.\~:'Qirift:fi6tl interpretation behind the 
averaged trials, w al$g]¥.[~~a simple geometrical interpreta­
tion based on least '-;~fflitares when A. = 0, as described by 
Strang [8]. This geometrical description is illustrated in Fig. 
4. In order to make the optimal use of w when A = 0, one 
could classify based on the least-square distance to the 
target value 1, i.e., arg mindlwiX - 1112 instead of simple 
maximization arg maxillwiXII. But in practice, given the 
scaled input data with x between -I and +1, both the 
classification rate and the characteristic of regularization of 
the two maximizations are similar. 

;*§!:;~g minf(w) wheref(w) = (1- w)' + (1- 3w)' 
_. _"",.'0'" W 

af =0, 
aw 

Alternatively, by geometry as shown in Fig. 4: 

8 = tan-' (3) - tan- I (l), 

v'2. cos(8) 
W= 0.4. 

)(l'+32) 

Lastly, as pointed out earlier, w is the pseudoinverse 
solution corresponding to the Tikhonov-regularized solu­
tion without regularization (). = 0). For the one-dimen­
sional case: 

w = (XTXr'XTy 

= (I:x!t (I:x,y,) 
LiEy;=IXi 

= l:xf where y, = (0, 1) 

= 0.4. 

These generalize for higher dimensions with less restricted 
Y [8]. 

3.1.3. Target vector 
Since the classification is based on the inner product, 

the classification results are the same for a family of 
target vectors in which 0: and f3 are constant, and 0: is 
positive. The equation for the weight w obtained by the 
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Fig. 5. Correlation maps to show the effect of regularization with P = (1,0). White corresponds to a correlation coefficient of + 1, while black corresponds 
to a correlation coefficient of -1. The regularization parameter A. increases from left to right. These results are for the best subject of the visual~image 
experiment. 

linear model is 

(3) 

where X is a M x (N + 1) matrix, I, is an 
(N + I) x (N + I) identity matrix, while y is a M x I 
vector. This computation of w for class i addresses the 
problems of assignment for y. For example, assigning 
jiCI) = (0, I) (0 for negative and I for positive trials) yields 
weights with the same classifications as y(2) = (-1, 1) due to 
the affine relation ji(2) = 2jiCl) - I. 

For negative IX, the same classifications can be achieved 
by changing the maximization into a minimization. For 
example, the minimization of assignment y(3) = (1,0) is the 
same as the maximization of y<1). A diagram of this is 
shown in Fig. 5. The "inverted" diagonal (of black) should 
be easy to identify. 

3.2. Relations with ERPs 

045

l 0.4, 

~ 
0.35 

~ 
0.3 " r 

> • 0.25 

0.2 

5 10 15 20 25 30 35 40 45 
,! 

:/Fig~;:?""Average classification rates against A. (on the x-axis), based on 10 
:jpe@utations of 240 test trials of the visual-image experiment, are shown. 

The"solid line is the test rate achieved by using 560 training trials, and the 
Based on (1) with y = (0, 1), the ERP vector a can b'eVii' " .. ~ick dashed line the rate for 320 training trials. The thin dashed lines 

written as XTy for a class i, where y depends on i whil~:;,*~< ":'show the standard deviations of the rates. The <> symbols show the 
does not. Consequently. the Tikhonov-regularized \YeigBi,.X; maximum rates for the two conditions. 

vector w is simply a linear transformation !:¢f:~~!~he' 
corresponding ERP vector a, i.e., (1) becomes 

w = (X.rX + ).21)-1 a. 

Depending on the actual bandpass filter u§.ed for creating 
the prototypes f of FA, the prototype'S·:.\1o.uld also be 
expressed as linear transformatiomrt~9f-'l:tlt~j~ERPs. One 
example is to approximate the ideal Ji~mdpass filter with a 
finite-impulse-response filter characfe~~;?;~d by an impulse 
response hen). Writing the filter .ll.s·:;r,,[6fplitz matrix H, f 
can then be computed by a linear;~·.~m~sformation: 

f=Ha. 

The fact that the weighti"~$ci'lhe'FA prototypes are linear 
transformations of the a¥i..x:~ge~' implies that these different 
concepts have, in th~!Lie~r.esentations, a linear relation­
ship. This is a st!:PAR restriction, but makes the interpreta­
tion of each cOIi~~pf;PiHte intuitive. 

3,3. Regularization ffhpact 

3.3.1. see 
For EEG classifications where data are generally 

sparse in comparison to the complexity of the model, 
regularization often helps achieve good classification 
rates [13]. Some typical results demonstrating the impor­
tance of optimizing the regularization parameter A 

are shown in ,Fig. 6. Similar results are found in other 
experiments involving visual stimuli of geographical 
sentences [14]. In Fig. 7, we show the correlation maps 
corresponding to a series of regularization parameters ,1,2 
with ji = (0, 1). 

3.3.2. Mee 
One might expect a similar kind of interpretation is 

plausible for MCC. However, there is a general problem if 
we carry through a simple thought experiment. Assume 
two identical channels x, x' are recorded, and a MCC is 
built with weights w!x = [w;w~] using the concatenated 
training [xx'] as the training trials to compute an output. 
Assume the SCC obtains a unique optimal solution of W~Pt 
based on training trials x, then the set of weights w~,V = 
[w;w~] which satisfies 

Wx + W,V = WOPh 

are all valid solutions. The solution of MCC weights Wx 

and Wx' corresponding to the two channels can therefore be 
rewritten in terms of diagonal matrices Da and D t- a , with 
diagonals defined by vectors ct. and 1 - ct.: 

Wx = DaWopt, 

W,V = D1-aWopt. 
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Fig. 7. Correlation maps to show the effect of regularization with y = (0, 1). White corresponds to a correlation coefficient of + 1, while black corresponds 
to a correlation coefficient of -1. The regularization parameter 1 increases from left to right. These results are for the best subject of the visual-image 
experiment. .. 
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Fig. 8. Correlation maps for the regularized multichannel classifier's Ejr:9r~Correlation maps for the non-regularized multichannel classifier's 
weights (TLM) with average prototypes (ERP). The maps are arranged in ;;~,_~g'~~~~;with the ERPs. The maps are arranged in a matrix form in which 
a matrix fonn in which map Cjk compares p(k) and q(k), where p(k) is the -':':;\tnap'-:Cjk compares p(k) and q(k), where p(k) is the average prototype of 
average prototype of single channel mk and q(k) is the weight vector qfO'f;,"_,:-' Single channel mk and q(k) is the weight vector of same channel mk 

same channel mk extracted fiom MCC training whenj channels are us~~;-:3~(, ex'tracted from MCC training when j channels arc used. Channels are 
Channels are ranked by average lest rates and mk is the kth best ch'HlP,eLL,/ ranked by average tesl rates and mk is the kth best channel. It is important 
It is important to note the presence of the strong diagonals. . .. , .. ,., to note the absence of the strong diagonals. 

Therefore, a unique solution of SCC implies an infinit~: 
number of solutions for MCC if the channels are identical. 
In general, the solutions are parameterized qY::~;;fJhis poses 
a problem for interpretation of M§.GU'\¥l'fghts. An 
interpretation is only possible if the parameter- vector is a 
constant for all time i (i.e., ct = C<, in whl.Qll_ the weights are 
scaled in a way that is invariant to q()rre~~ti'bn). In fact, this 
is an example of an inversion probl~,w.J9f (1) which results 
in the degeneration of the II.1~.t~¥lf);X.~X;:· It is worth noting 
that a similar problem cou!d'iil~ll};t8ur for SCC when the 
matrix (XTX + ),21) is non~~ii¥~,~Q~i:jle, as is sometimes the 
case for small values of iU;~,,-:. __ ":;~IF" 

In reality, the record~n,g:;:':gf different channels at any 
time i are not th~i&~.ID.e::-=act'oss trials. Even though the 
problem of MCC 'cqf¥]ieb"SCC) may still be non-convex, 
we found that inY~1pretations are still possible. In 
particular, we see the'::-impact of regularization on MCC 
classification in our previous work. 

For all MCC interpretations, channels are ranked based 
on average classification rates over a few permutations, and 
mk is the kth best channel according to this rank. The gray­
scale maps (Figs. 8-13) are arranged in a matrix form, in 
which map Cjk computes the correlation between the 
average prototype p(k) (for single channel mk) and q(k) (the 

RIl II. 
II.Blili'II •••• ••••• •••••• ••••• 111. 
••••• 11 •• ••••••••• ••••••••••• ••••••••••• 
Fig. 10. Correlation maps for the non·regularized multichannel classifier's 
weights with non-regularized SCC weights. The maps are arranged in a 
matrix fonn in which map Cjk compares p(k) and q(k), where p(k) is the 
average prototype of single channel mk and q(k) is the weight vector of 
same channel mk extracted from MCC training when) channels are used. 
Channels are ranked by average test rates and mk is the kth best channel. 
It is important to note the absence of the strong diagonals, excepting Cil' 
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• •• ••• •••• ••••• •••••• ••••••• •••••••• ••••••••• •••••••••• ••••••••••• 
Fig. II. Correlation maps for the non-regularized multichannel classifier's 
weights with regularized sec weights. The maps are arranged in a matrix 
fonn in which map Cjk compares p(k) and q(k), where p(k) is the average 
prototype of single channel mk and q(k) is the weight vector of same 
channel mk extracted from MCC training when f channels are used. 
Channels are ranked by average test rates and mj is the ith best channel. It 
is important to note the absence of the strong diagonals, excepting C! I. 

• •• ••• •••• ••••• •••••• ••••••• •••••••• ••••••••• •••••••••• ••••••••••• 
Fig. 12. Correlation maps fo ~~~fized multichannel classifier's 
weights with non-regularized ' o:ts. The maps are arranged in a 
matrix form in which map Cjk\;sgmpa:res p(k) and q(k), where p(k) is the 
average prototype of singl~;.f~an'*J mk and q(k) is the weight vector of 
same channel mk extracted fC{')In,cMCC training when j channels are used. 
Channels are ranked~~Y}~Y~l;\'l.g~'::t~st rates and mk is the kth best channel. 
It is important to noIe.~~~~i!p'r~~nce of the strong diagonals. 

weights of the same channel mk,extracted from MCC 
training when j channels are used). The weights are 
extracted from the optimal weights estimated for MCC, 
which is a concatenation of the channels [13,14]. 

Given the previous examples, one can see that in order to 
specify the set of maps, all we need to do is to define the two 
signals, p(k) based on SCC data and q(k) based on MCC 

• a • • •• •••• • •••• ..a ••• ••••••• ..a ••••• 
• •••••••• ..a ••••••• 
•••••••••• a 
Fig. 13. eorr~i~g9n maps for the regularized multichannel classifier's 
weights with reguia~iz,ed sec weights. The maps are arranged in a matrix 
form in whiC~~~#p.);;i compares p(k) and q(k), where p(k) is the average 
prototype of;:~1i,1g1fchannel mk and q(k) is the weight vector of same 
channel ;:@b~~,dra'Cted from MCC training when j channels are used. 
ehann.~fS:.are"ranked by average test rates and mk is the kth best channeL 
It is)m:ii5i~t to note the presence of the strong diagonals. 

;,;tTable'·3" 
;'~/!fiti~hunary of the gray-scale maps 

p(k) based on SCC q(k) based on MCC Presence of 
strong 
diagonals 

8 ERP Regularized TLM Yes 
9 ERP Non-regularized TLM No 
10 Non-regularized TLM Non-regularized TLM No 
II Regularized TLM Non-regularized TLM No 
12 Non-regularized TLM Regularized TLM Yes 
13 Regularized TLM Regularized TLM Yes 

Strong diagonals are present when the weights are obtained from a 
regularized TLM model with good classification rates for both single and 
multichannel settings . 

data, for correlations. Table 3 is a summary of the maps we 
discuss for the remainder of this article. Our main goal is to 
identify the presence of strong diagonals. As stated before, 
the classification rates are good when TLM is regularized, 
especially when the number of channels used is large. 

In Fig. 8, the p(k) are the ERPs for single channel mk, 

and the q(k) are the weight vectors extracted from the 
regularized MCC solution for channel mk. By observing 
the diagonal, or using any of the metrics above, we see that 
the regularized solution of a linear model yields prototypes 
which resemble the corresponding ERPs. All these proto­
types are in fact similar to those of the SCC case shown 
above. Such similarity seems to be characteristic of weights 
that yield good classification rates. 

When no regularization is used, not only do the 
classification rates deteriorate [13], but the resemblances 
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among the prototypes also disappear. Fig. 9 is similar to 
Fig. 8, except that the q(k) are extracted from the non­
regularized MCC weights. Not only does the diagonal 
disappear in this case, but classification rates are also poor, 
yielding rates close to the chance level of 30 out of 240. As 
the number of channels increases, the diagonals become 
less distinct, paralleling poorer classification rates. 

The same strategy can be used to see the multichannel 
effect of TLM by setting p(k) to be the weights computed 
for each channel, instead of the averaged prototype (with 
or without regularization). In Fig. 10, the p(k) are the non­
regularized SCC weights and the q(k) are the extracted 
non-regularized MCC weights. In Fig. 11, p(k) are the 
regularized SCC solutions and q(k) the non-regularized 
MCC weights. In both figures, diagonals are not distinct 
when k gets large, showing how similarity among 
corresponding prototypes disappears with non-regularized 
q(k). 

Figs. 12 and 13 are the same as Figs. 10 and 11, except 
that the q(k) are regularized. In these cases, similarity exists 
even with a large k, regardless of whether the p(k) are 
regularized or not. Regularization of MCC yields weights 
that preserve similarity to the sec, and at the same time, 
achieves better classification rates than those without 
regularization. Given large perceptIOns whose inputs are 
training trials of dimension kN + 1 (where k is the number 
of channels and N is the length of a downsampled training 
trial), channel concatenation remains a good scheme both 
in terms of obtaining classification rates. 

4. Conclusion 

By linking a Tikhonov-regularized linear model 
to averaging (ERP) and observing their equivalence in the 
asymptotic case, TLM weights become more interpretable. 
In the single-channel case, the weight vecto~J£~!i,£1;>e viewed 
as a non-linear mixture of the average'sa,n&:'t~~;Jpseudoin-
verse solution. /' 

We naturally first stressed the' impQtt~v:2C of the linear 
model that yielded the best classific~.i\niji",aie. But it is also 
desirable to have a physical intefp.r~t.~tion of what the 
weights of the best model re~,<~wBl~;:!;§:o- our answer is that 
the temporal sequence oK"wefg!;ltS'· of the best model 
resembles the time series ·''Ot;;,~.i~i;age amplitudes of the 
ERP model. But of eqria~~;;J#tgrest are the differences 
between this ERP timeJ~~.rj"~~rand the weights of the best 
model. The most ~~~§9Jl~~)~1:'conjecture, it seems to us, is 
that the best modei~li,~~H~Mminated some of the extraneous 
noise still present in the ERP time series. It has also taken 
explicit account of diff~rences among stimulus-associated 
classes. These differences are the foundation of linear 
discriminant statistical analysis. 
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