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INFORMATION PROCESSING AND CHOICE BEHAVIOR!

PATRICK SUPPES
 Stanford University

1. Introduction. Because the discussions at these meetings have
been more philosophical than scientific, at least with respect to
problems in the social sciences, I have reorganized and reoriented
my paper to try to give s more philosophical discussion of current
mathematical work in the social sciences. I originally planned to
fry to give some sort of survey, albeit rather superficisl, of the
current state of things in saveral of the social sciences, and empha-
gize why I thought the work in economics and psychology was at
& greater depth and had achieved more fundamental results than
in the other social sciences. What I now choose to do is to concen-
trate on a single topic. It represents, I would claim, an important
direction of work since World War o and an important set of new
ideas for the social sciences as a whole. Any such genersl claim
sbout s wide variety of sciences is naturally subject to criticism,
but I think there would be much agreement about its importance.
In discussing information processing and choice behavior, I shall
concentrate on the work in economics and psychology which falls
under this general heading.

There is & classical distinction in the social sciences that I shall
use, although under close scrutiny it can be challenged. This is
the distinction between normative and descriptive theory.

2. Normative theory. The normative theory of choice behavior has
a very old history in economics; it certainly does not begin with
economics since World War . The roots of the theory go back

} The research on which this paper is based has been supported by the
.5, Office of ¥ducation under Contract 3—10-009 with Stanford University
snd by the Carnegie Corporation of New York.
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to Adam Smith and it was developed in a fairly continuous way
in the latter half of the eighteenth century and throughout the
nineteenth century. After a certain amount of confusion as to how
the theory should be formulated, it was recognized by Pareto?
at about the beginning of this century that the classical ideas of
individual choice behavior in economic contexts could be repre-
sented by merely ordinal choice. To take a simple example, suppose
& person is choosing between bread and beer, or more realisticaily
between 2z amount of bread, y amount of beer, and =’ amount of
bread and y’ amount of beer. The classical representation of this
situation in terms of a demand curve would show bread on the
abscissa, say, and beer on the ordinant; the demand curve would
have for any reasonable person a shape something like that shown
in fig. 1. The formalization of economic behavior in terms of these

Beer

Bread -
Fig. 1. Demand curve for bread and beer.

simple ideas of preferring one bundle of goods to another and
satisfying some obvious properties as expressed in the curve of
fig. 1, which is convex toward the origin, has been well formalized
in the classical theory of demand. In many respects this theory
is a very finished piece of work as expounded, for example, in
Wold and Jureen 2. By the time of World War 1 the ordinal theory

3 V. Pareto, Manuale di economia politica, con una introduzione sulla
scienze sociale, Societd Editrice Libraria, Milan, Iraly, 1906.

¢ H. Wold and L. Jureen, Demand Analysis, a Stuwdy in Econometrics,
John Wiley and Sops, New York, 1933.
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of choice had very substantial developments in welfare economies,
but I shall not pursue matters in that direction but rather restrict
myself to the fundamental theory of choice.

From a conceptusal standpoint -he important limiting charac-
teristic of the classical ordinal theory is the requirement that a
person know with certainty the consequences of his choice. The
first new step was the analysis on many fronts of choice behavior
in situations of uncertainty. Two distinguished investigators prior
to World War o of this kind of analysis were Ramsey and De
Finetti !, but it is still true that the general recognition of the
importance of decisions or choices taken in situations of uncertainty
and of the inadequacy of ordinal preference theory comes after
World War 1. To illustrate the fundamental ideas, suppose a man
is thinking about going to a football game, and he is uncertain
whether it is going to rain. He has some reasons for thinking it
will rain and some reasons for thinking it will not rain. What it
is matural here to label as states of the weather are ordinarily
called states of nature, and for simplicity we have dichotomized
the possible states of nature into just two: rain or no rain. With
even more justification, it is natural to dichotomize the decisions
the individual may take: (di) go to the game or (dz) not go to the
game. Moreover, we may easily represent in qualitative terms the
consequences of the two decisions, depending on the two states
of nature. If he goes to the game and it doesn’t rain the consequence
is something good, but if he goes and it rains then the consequences

dy da
go not go
8 rain bad neutral
J—g no rain good neutral

Fig. 2.

T PP Ramsey, Truth and probability, in F. P. Ramsey, The Foun-
dations of Mathematics and Other Leogical Essays, Harcourt and Brace, New
York, 1931, pp. 156~198; B. de Finetti, ‘La prévision: ses lois logiques, ses
sources subjectives’, dnn. Inst. Poincaré 7 (1937), pp. 1-68. English trans-
istion in H. E. Kyburg Jr. and H,_ E. Smokler, eds., Studies in Subjective
Probabiiity, John Wiley and Sons, New York, 1964, pp. 93~138.
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are bad. If he does not go we may simply describe the consequences
for the present purposes as being neutral. The sitvation may be
represented as shown in fig. 2. Now we may assume that the indi-
vidual prefers the good consequences to the neutral consequences,
and the neutral consequences to the bad consequences, but it is
also perfectly clear that even in this simple example a merely
ordinal knowledge of preference is not sufficient to determine what
decision it is reasonable to take. In order for the ordinal theory -
to be applicable, it i3 necessary to know the state of nature with
certainty, but in this example and in many others, the individual
can only attach a certain probability to each state.

The proposal of Ramsey, which in certain respects goes back
at least to Bernoullil, is that a rational person must behave as
if he had a utility function on the outcomes or consequences, and
& probability function on the states of nature, and then select

~ the decision that maximizes expected utility with respect to his.

subjective probability function on the states of nature. Thus in
the present simple example if the individual assigns a probability
8 to raining and 1-—-¢ to not raining, the utility c¢; to the good
consequences, the utility ¢z to the neutral and the utility ¢z to the
bad consequences, as these phrases are used to refer to the situation
described in fig. 2, then the expectations of decisions d; and d; are:

E(d)=sc3+ (1 ~3)ey,
E(ds)=sc2+ (1 —s)ca=ca.

The rule of behavior proposed by Ramsey and originating with
Bernoulli represents a specific new idea in the history of discussions
of rational behavior. That new idea is that the decision maker
should maximize his expected utility. Thus in our simple example
he should select that one of the two decisions which has the greater
expected utility. This concept of maximizing expected utility is
very closely related to the Bayesian ideas that have been talied
about in many of the sessions oun inductive logic at this colloquium,

1 D. Bernoulli, Specimen theoriae novae de mensuva sortis, Comentari
academiae gcienticrum mperiales petripolltoane, v, 1738, pp. 175103,
{Transl. by L. Sommer in Econometrica 23 119534), pp. 23-33.)
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and this framework of ideas has been investigated in both economics
and related parts of statistics,

The Bayesians are clearly impevialistic and would in many
contexts malntein that the rule of maximizing expected utility
ghould be held to without exception. But there is one context in
which & very good counter-case can be made and also in which
& second, absolutely fundamental new concept with respect to
rationality hag been introduced. The context is game theory. I shall
not atteropt o describe any of the resuits in detail, but I think
they ecan be sketched in terms of their conceptual impact on phi-
losophy rether simply. It was the contribution of von Neumann
to define and analyze what are to be regarded as optimal strategies
in purely competitive games between two. players. The famous
minimax theorem of von Neumant shows that stability of bebavior
resulbs befween two intelligent opponents when each is selecting
& minimax strabtegy

The simplest interesting example perhaps is matching pennies;
the minimax strategy for matching pennies iz to pick heads with
probability half and tails with probability half, and then of course
the expected ocutoome for both players is zero.

The fundamentally new concept hers, and one that I am sure
will not be easily swallowed by many philosophers, is that the
concept of randomness of choice is directly and intimately tied to
the concept of rationality. It is contrary certainly to the main
thrust of historical discussions in philosophy of prudent or rational
behavior to come out with a recommendstion that one should ignore
much of what one knows about the situation — individual predi-
Isetions, past history and intuitive insights info the nature of the
universe - and should, if one i3 up against a clever, intelligent
opponent, simply randomize in terms of & minimax strategy. The
spplications of this recommendation at & normative level go in
goveral directions, but from a philosophical standpoint, what I
would like Y0 emphasize is this new step of tying the concept of
randomness to the concept of rationality. Explicit probability

1 J. von Newmnenn and O. Morgenatern, Theory of Games and Economic
Behawvior, Princeton University Press, Princeton N.J., 1944, 1947, 1953.
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concepts oceur surprisingly late in the history of thought. For
example, in the vast technical literature of Greek astronomy there
seema to be no systematic consideration in explicit form of the
theory of errer, a ready-made situation if ever there was one, for
the imtroduction of probability and the concept of random error.
The depth and perfection of Greek mathematics compared with
the beginnings seventeen hundred years later of the probability
ealenfus is surprising; very clementary probability questions were
the subject of heated and prolonged discussions at a very late
date. There seem o be inherently difficnlt and subtle things about
the concept of randomness, which yerhap& account for the lateness
of its introduction.

Without doubt an important aspect of the difficulty of the
concept of randomness is the strongly entrenched belief that every
event must have a determinate cause. Insofar as this belief is
dominant the concept of randomness csn at best be assigned a
derivative position, for if every event must have a determinate
cause there can be no objective randomness in nature. And, so
this line of thought goes, since thers is no genuine randomness
in nature, the concept of randomness can have no fundamental
philosophicsl importance. To move from consideration of the ex-
ternal world to errors or ignorance on the part of a human observer

© or a measuring instrument manipulated by someone is itself a

highly sophisticated step, and this seems to have been required
before the concept of randomness could come to the surface as an
important scientific concept — not, certainly, in violation of the
principle of determinate causality, but as, roughly speaking, a
mesasure of subjective ignorance. Laplace puts the matter very
succinetly in the opening lines of ch. 2 of his famous Philosophical
Kssay on Probabilities, 1951, first published in 1812

‘All events, even those which on account of their insignificance
do nob seem to follow the great laws of nature, are a result
of it just as necessarily as the revolutions of the sun. In igno-
rance of the ties which unite such events to the entire system
of the universe, they have been made to depend upon final
causes or upon hazard, according as they occur and are re-
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peated with regularity, or appear without regard to order; bub
these imaginary causes have. gradually receded with the
widening hounds of knowledge and disappear entirely before
sound philosophy, which sees in them only the expression of
our ignorance of the true causes.

“Present events are connected with preceding ones by a tie
based upon the evident principle that a thing cannot occur
without a cause which produces ib.

i is another long step from Laplace to von Neumann, from random-
ness as an expression of ignorance to randomness as an expression
of rationality. ’

3. Descriptive theory. Although it is possible to cite certain studies
in economics and sociclogy, the main investigations of the de-
soriptive theory of information processing and choice behavior
have certainly been in psychology. Again, there are various links
t0 be established to what went on before World War 1; perhaps
the primary predecessor is the general literature on psychometric
geales, but the main results of that literature are not of central
importance to what I want to say today.

In the discussion of descriptive theory I shall be concerned to
look at increasingly detailed and complicated levels of analysis.
These levels of analysis will relate to some of the problems of
categoricity and incompleteness that have been mentioned in dis-
cussions of other topics at this colloquium, including the foundations
of mathematics. The animadversions of many people about the
inadequacy of mathematical work in the social sciences to express
the full complexity of human behavior have in many cases rested
on a misunderstanding of what can be expected of the work as
yet done. It is in no sense categorical; it does not offer a categorical
structural model of human thought and human activity. The thrust
of the models is to be highly noncategorical, to catch certain aspects
of behavior, and to hope, in catching those aspects, to have got
hold of something that can in itself be studied and analyzed without
onderstanding the full mechanisms. This is a procedure that one
can clalm is very similar to that followed in the history of physics.
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Perbaps the first and most elementary level of analysis is at
the level of simple choice behavior in selecting one of two alterna-
tives presented. One of the first points to be observed in the psycho-
logica! literature is that the normative theory already described
for such situations is entirely too algebraic in character. Once an
individual has applied, consciously or not, his utility function and
subjective probability function to compute expectations of the
decisions among which he may choose, then according to this
algebraic theory he should, with probabilily one, pick the decision
with the highest expected value. The psychological criticism of
this model iz that there are too many situations in which the
preforence or choice of individuals will vary. From a philosophical
sfandpoint it is always possible to argue that the same situation
is never presented twice, there is always a new element that ac-
counts for a changs, and therefore the individual always satisfies
the algebraic model. However, for scientific purposes it is much
more fruitful to identify the circumstances as being of the same
character and to ask what is the probability that alternative or
object ¢ will be selected over alternative or object §. The first
kind of modsl I would like to mention is one due to Duncan Luce !
and others, Tt has been termed a response-strength model. For sim-
plicity of discussion, let us suppose we have 10 objects which might
be 10 kinds of food and we want to look at the choices of an
individual when presented with pairs of these objects. In general
we will be looking at 45 parameters that deseribe the probabzhty
of choosing ¢ over 7. The only general constraint is that py+~p;i=1.
(Here py; is the probability that ¢ will be chosen over j.) The natural
first question is to ask what kind of model will lead to a reasonable
reduction of the number of parameters to be considered. The
response-strength model postulates that for each object or alterna-
tive 4 there is response strength v;, and the probability of choosing
i over § is expressed by the following equation in terms of these
response strengths

Ui
1 , L
(1) Py Py

' R. D. Luce, Individual Choice Behaviur: 4 Thaoretical Analysis, John
. Wiley and Sons, New York, 1039
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It is obvious that this simple response-strength model reduces the
number of parameters from 45 to 10, With this reduction we have
something of manageable proportions and at the same time a model
that bas sufficient theoretical implications to be tested against
experimental data. T s}mﬁ not try to review the relevant experi-
mental literature 1. ‘

Perhaps the most serious limitation of the response-strength
model is that it is static in character. It does not include in its
eonceptualization any process that permits the individual’s utility
fanction or the individual’s response strength to change on the
basis of experxence

The wext move is to consider models of behavior in which we
postulate mechanisms of adaptation or learning by means of which
the behavior will be affected over time depending upon the kind
of environment in which the organism is placed. This takes us to
learning models that are designed to handle this kind of situation.
The simplest sort I shall mention here is the linear model 2. The
individual is presented with choices to be made, let us say from
& finite set — we might as well restrict it to a set of two responses
for the present purpose, and let p, be the probability of making
response 1 on trial #, and 1—p, the probability of making re-
sponse 2, The model will be more meaningful if we consider it
against the background of a characteristic experiment on choice
behavior. The subject is facing a board on which two lights are
placed and his task, he is told, is to predict, on each trial, which.
light will flash, Now I think we all recognize, if we put it in a
philosophical context, the relation of this kind of experiment to
some fairly simple problems of induction. I hasten to add, already

1 For & discussion of this and & good many of the other models to be
mentioned below, see R. D. Luce and P. Suppes, ‘Preference, utility and
gubjective probability’, in R. D. Luce, R. Bush and E. Galanter, eds.,
Handbook of Mathematical Psychology, 11, John Wiley and Sons, New York,
1965, pp. 249-410. '

3 R. B. Bush and F. Mosteller, Stochastic Models for Learning, John
Wiley and Sons, New York, 1933; W. K. Estes and P. Suppes, ‘A linear
model for & continuum of responses’, in K. R. Bush and W. K. Estes, eds.,
Studies in Mathematical Learning Theory, ch. 8, Stanford University Press,
&tanford, Cal,, 1059, pp. 137-179,
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in this situation we can generate problems of induction considerably
more complex than any model of induction yet proposed in in-
ductive logic can handle. 8o even though this is a seemingly simple
experimental situation, its conceptual analysis is not so simple.
A schema of the experimental apparatus is shown in fig. 3. The

O
E light  E,light
M Il

A, key Azkey

~ Fig. 3. Schema of experimental appamt.us.

lights that flash are labeled Ey and E», and are ordinarily called
the reinforcing events. The keys used by the subject to respond
are labeled 4; and 4. It should be obvious that the subject makes
the A; response to predict the £ event, i.e., the flashing of the
light on the left. The linear model postulates a linear function for
Pa+1 in terms of p, if E occurs, and a related linear function if
Ej occurs, with the first function being such that pasi> ps if pa#1
and the second such that ps.y < py if pa#0 ~ whence the appropri-
ateness of the term reinforcing event for Ey and E3. The occurrence
of E; reinforces response 4; and the occurrence of E; reinforces
response Az The linear model is defined by the equations defining
the two linear functions already qualitatively described. These two
functions are determined by a single learning parameter § that
must be estimated from the experimental data,

{(1-«-6)p,.+6 if E| occurs
Pail= 1 (1~ pn  if £ occurs.

Obviously this model :I»pends on a highly simple ~ in fact T should
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say for many situations a highly simple-minded - adaptive mecha-
wism, The linear model turns ous to he satisfactory for certain
Yinds of situstions, and, in view of its simplicity, I am sure it is
ne surprise thet it s also not difficuld to find experimental situ-
ations in which it is not satisfactory. I am no$ concerned hers and
eertainly do not have the time Yo review the situations in which
it works and those in which it does not work !,

What I would like to emphasize is the relation of this kind of -
model to the theory of induction. The inductive problem, I take
i, is to predict from trlal b9 trial the occurrence of an Hy or B
event, and the predictions should be based on the outcomes of the
previgus trisls. The first point is that if the sequence is finite,
then even from the standpoint of the most powerful tools available,
the imposition snd justification of the optimum way to proceed
is by no mesans a trivial task, in fact a very complicated one that
is pot fully and satisfactorily solved. If we conoceptualize the
situsdion as going on to infinity, for many situations it seems
nhvious that the linear model is wrong from & normative or opti-
pizing standpoint, and secondly, what the appropriate solution
should be. But remembsr, when I ssy this, it is too easy to think
of deseribing the discrepancy between this kind of model and
recommended inductive behavior in terms of sitting outside the
gxperimental sitnation and having in hand the experimenter’s
verbal degcription of precisely what has happened and what will
happen on subsequent trials, the schedule as it is called of the
reinforcing events. If 1 place & competent inductive philosopher
or & competent statisticinn in the experimental environment it
should be apparent without demonstration that it is very easy
#0 generale sequences that will be extremely difficult for him to
handle in terms of optimizing his predictions. The reason I think
is apparent. If wo leave the situation open, the degree of complexity
and the types of schedule to be considered are unbounded in

! For s summary of experimental dste for the linear model, ses, W. K
Estes, ‘Probability learning’, in A. W. Melton, ed. Categories of Human
Learning (Procsedings of the Mickigan-ONE conference on human learning),
Academic Press, Now York, 1864, pp. 80-128; snd Luce and Suppes, op. cit.
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number. It is not only possible to criticize inductive theories of
behavior - the kind of induetive logic that has been much discussed
in this colloquium ~ which do not even begin to touch this problem,
the problem of making an inductive inference in a stochastic
process, but it can also be a problem to tax the best statistical tools

- available.

My point is that the study of the actual behavior of organisms
in this kind of environment is not as conceptually trivial, even
from the standpoint of induction, as might be supposed, and one
of the kinds of things that can be studied of some interest from a
mathematical standpoint is the following. With respect to a schedule
8 of reinforcing events we may ask if a model M is Bayesian or
at least asymptotically Bayesian. If it is asymptotically Bayesian,
then as the number of trials goes to infinity the model will select
& Bayesian optimum strategy. As you might expect, many learning
models are not asymptotically Bavesian for some schedules, but
the point of interest from the standpoint of induction iz that the
analysis of the situation in which one model is Bayesian and
another model is not, is rather enlightening regarding the kind
of information processing that is required in order to be Bayesian.
Let me give an example, If we have a binomial distribution so that
1 ocours with probability = on every trial and E» with probability
1 —n, with exactly one of the two events occurring on each trial
independent of what the subject does (simple noncontingent
schedule), then the linear model is not Bayesian. To be Bayesian
would require that lim py=1 if x>} and lim p,=0 if z<l,

Fooom OO Anie 1K

but in fact for the linear model

-
m - z Pm =%
sesce W omay
A model introduced by Lucel, the so-called beta model that
grows out of the discussion of response strengths, is Bayesian for
e noncontingent schednle and appropriate choice of parameters,
th tingent schedal 1 apg te choice of te
The one-parameter beta model, like the linear model. i3 defined

o s

t R, 0. Luce, op. eit.
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by two equations

P

W'if B oerurs
%‘f‘ﬁuf‘"%) " ,

Py =
if By oocurs,

T
{ P+ (1/8) (1 —pa)

with 0 < f# < 1. (These two equations are derived from using equation
(1) to relate p, to response sirengths and by postulating linear
transformations on the response strengths to reflect the effects of
the reinforeing events Ky and #s.) The argument to show that
with probability 1, p=1 if and only if n>} is straightforward.

The most important fact about the beta model is that the oper-
stors § and 1/§ commute. In particular, if in the first n trials
thers are m 1 events and thus n—m &3 events, it is easy to show
that

Py == 2
2+l -y

We want to show that g2m—% — 0 with probability one as n — oo,
and thus p, -~ 1. First we may define the random variable X,
recursively by

1 { X+ log B with prob =
M Xy~ log with prob 1 -z,
which defines s simple random walk, By the atrong law .of Iarge
numbers, with probability one as n — co

Xy—»00 ifm>}
Xn > — oo if m<,
and since Xp=(2m—n)log g
gm0 if m>4
' gim-n oo if m<},
whence
Pu->1if >}
pa -+ 0 if <},
a8 desired.
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On the other band, if we now move to the next most simple
schedule, namely, the simple contingent schedule in which the
probability of an E) response given dp iz equal to m; and the
probability of By given 4; is equal to mz, then the beta model
also is no longer Bayesian (this follows from Theoren § of Lampebti
and Suppes!). Indeed, under fairly general restrictions on the
amount of information that is carried no commuting-operator
model is asymptotically Bayesian for simple contingent schedules.
One oan begin to get a rather sensitive idea, by the consideration
of various schedules, of the kind of models that lead to inductively
optimal behavior and the kind that do not. In many respects the
degree of complexity to be found in learning models of the sort
discussed already exceeds that of inductive logic, which has yet

been scarcely developed for temporally ordered processes.

In terms of information processing the most relevant part of
psychology is the theory of concept formation. It is apparent that
learning models of the sort already discussed do not provide a
mechanism that will begin to explain or to aceount for the learning
of a concept by an organism, and the next level of complexity in
models of behavior is to move to the postulation of underlying
mechanisms that will provide s framework for the analysis of the
learning process. I shall first consider models of stimulus-sampling
theory, which in its standard formulation does not provide suf-
ficiently complex mechanisms to explain concept formation, but
does constitute a large step beyond the linear and beta models
in providing a schema, of how relatively simple learning takes place.
The basic ideas of the theory derive from an important and funda-
mental paper of Estes 2. The axiomatic formulation given here
follows that of Suppes and Atkinson 3. The axioms will be formu-
lated verbally, but it is clear how to convert them into a formu-
lation that is mathematically rigorous. The axioms depend upon

t . Laroperti and P, Suppes, ‘Some asymptotic properties of Luce's
bota lesrning model’, Peychometriba 23 (1960), pp. 233-241,

W, K. Eastes, “Toward s atatistical theory of learning’, Psychol. Bev.
57 (1850), pp. H-107.

¥ P, Suppes and R. O, Atkioson, Markoy Learning Models for Mull
persone Interactions, Stanford Tnlversvy Press, Stanfurd, Cal, 1960,
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five basic concepts of association and reinforcement psychology.
These are the three categories of stimulus, response and rein-
foreement, and the two processes of stimulus sarpling and stimulus
sonditioning. The formulation of the theory depends upon com-
esiving the sequence of events that takes place on s trial as being
esgentially of the following sort. A set of stimuli is preseuted to
the subject. From this set he samples a single stimulus or stimulus
pattern, as it is often termed. On the basis of the conditioning of -
the sampled stimulus a response is made. After the response is
made & reinforcing event occurs and depending upon the nature
of the reinforeing event the conditioning of the sampled stimulus
is changed or kept the same, The reconditioning of the sempled
stimulus places the subject in & new state of conditioning and he
in now ready to begin another trial. The occurrences of the various
events described, ag is made clear in the formulation of the axioms,
are governed by probability laws. The axioms as formulated are
meant to apply to a finite set of stimuli, » finite set of responses
and & finite set of reinforcing events, with a natural 1-1 corre-
spondence obtaining between responses and reinforcing events of
the sort described above in discussing paradigm experiments for
the linesr and beta models. The axioms are divided into three

-groups with the first group dealing with the conditioning of sampled

stimunli, the second group with the sampling of stimuli, and the
third with responses.

Conditioning Axioms

Cl.  Onevery trial each stimulus element is conditioned to exactly
one response.

C2. If a stimulus element is sampled on a trial, it becomes con-
ditioned with probability ¢ to the response (if any) that is
reinforced on that trial; if it is already conditioned to that

. responss, it remains so.

€3. If no reinforcement occurs on a trial, there is no change in
conditioning on that trial.

C4. Stimulus elements that are not sampled oa a given trial do
mot change their conditioning on that trial.
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5. The probability ¢ that & sampled stimulus element will be
conditioned to a reinforced response iz independent of the
trial number and the preceding pattern of events.

Sampling Axioms

S1.  Exactly one stimulus element is sampled on each trial.

82. Given the set of stimulus elements svailable for sampling on
@ trial, the probability of sampling a given element is inde-
pendent of the trial number and the preceding pattern of
events, and is the same for all available elements.

Response dziom

R1. On any trial that response is made to which the sampled
stimulus element is conditioned.

It is important to note that in this formulation of stimulus-sampling
theory the processing of information is formulated in terms of the
conditioning of stimuli and not in terras of more explicit cognitive
processes. This language of sampling and conditioning of stimuli
would seem to stand in rather sharp contrast to the Bayesian
ideas of information processing that were discussed earlier as part
of normative theory. However, as we shsll see later, this contrast
is not as sharp as it seercs. Another important remark about these
axioms is that although they provide a mechanism for the processing
of information in terms of the sampling and conditioning of stimuli,
they have restricted applicability to complex information processing
because no structure is imposed on the set of stimuli. Withous
some devices for imposing structure on the set of stimuli, or con-
structing structure by considering sets of sets of stimuli and so
forth, as is done in axiomatic set theory in constructing classical
mathematical objects, there ig little hope of dealing with problewms
of complex concept formation.

The mathematical tool for applying stimulus-sampling theory to
the noncontingent and simple contingent schedules dizscussed earlier
is the theory of finite state Markov chaing. It is straightforward
to derive from the agioms that for all the relatively simple rein-
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forcement schedules the functions that describe the possible states

of conditioning of the stimulus elements constitute a finite state

Markov chain. The finiteness results from the fact that we have

sssumed that there is only & finite set of stimuli and a finite set

of responses and thersfore, a finite number of possible states of

eonditioning. To lustrate how the theory works out in detail,

Iot us suppose that the set § of stimuli contains only two elements
& and s3, We may represent the states of conditioning in the two- .
response case by the subset of § conditioned to response 4;. We

then have four states of conditioning corresponding to the four

subsets of the fwo-element set {s, sa}. It is easy to derive from

the axioms stated sbove the following transition matrix for the

two-eloment model and the simple noncontingent reinforcement

sehedule, '

) {54} {as} {31, #a}
8 Yomgrp onf2 enf% 0
{or} e{1—)/2 f—y 0 /2
{ea} o{1mm)/2 0 B BT en/2
{2, 83} 0 {1 —m)/2 e{1—m)/2 1—o(]—n)

~ From the elementary theory of Markov chains it is also straight-
forward to show that the Cesaro mean asymptotic limit of p, is
the seme as for the linear model, that is, .

The nest step up in complexity is to models of behavior that
are adequate for analysis of concept formation. For many reasons
it is appropriate to claim that the most complex act of information
processing is that of forming & new concept, and it is therefore
not surprising that an understanding of how organisms form
concepts seems to be a difficult and subtle affair of an as yet
undeveloped theory. There has recently been a certain amount
of controversy about which aspects of concept formation represent
innate structures and which structures are learned. My response
to this is rather like that of a starving man offered a choice between
chicken and steak. It scarcely matters which choice is made at
the moment. The fundamental and important thing for the present
is to be able to conceive and define structures that are adequate
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to accouns for the concepts that are formed, regardless of whether
these structures turn out to be innate or acquired.

A natural cotirse at this point wonld be to survey recent work
in psychology on concept formation and evaluate the extent to
which it is providing the sort of structures needed. Because of
the paucity of deep-running theory I prefer to move in a more
philosophical direction and comment on the relation of the search
for an adequate theory of concept formation to ths aims and
achievements of constructivists working in a philosophical rather
than a psychological or scientific tradition. (In mentioning philo-
sophical constructivists I naturally think maioly of Russell, White-
head, Carnap snd Goodman.) It is natural to ask what if any

. are the fundamental differences between a psychological and a

philosophical theory of concept formation.

Generally speaking, philosophers are wont to emphasize the
differences and play down the similarities between philosophical
and psychological approaches to concept formation. Part of this
tendency perhaps arises from a desire not to become entangled
with the complexities, the uncertainties, the open-endedness, the
eonceptuslly vague character of much traditional psychological
research on concept formation, but there is also a deeper view
supporting the separation. It seems to be believed that a satis-
factory philosophical theory of concept formation can be worked
out more or less independently of related scientific work in psy-
chology. There are many reasons to be skeptical of this view. Of
primary importance in my mind is the fact that a satisfactory
theory must take account of the special nature, the powers and
limitations of human beings. It is philosophically interesting to
analyze what can be said about the manner of knowing of an
ormniscient God, or of a Turing machine, or of an idealized human
with perfect memory and remarkable powers of perception, but
such analysis, even if satisfactory in its own right, does not fill
the need for a theory of human knowing.

It is precizely the task of psychology to lay bare the necessary
and sufficient conditions of human learning and concept formation.
To imagine a philosophical theory of concept formation which waas
hailed ae & triumph but bad no relevance for psychology and no
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sharply defined relations to psychelogical theory seems to me as
difficult as to imagine what it would be bike to have two distinct
theories of the real numbers, one philosophical and the other
mathematical.

If human characteristics are not imposed, foreign snd uninter-
esting solutions to all sorts of concept formation problems are
easily found. Suppose, to take one example, we want a theory of
how to find or form the grammar of some natural language. If
we grant that an adequate grammar can almost certainly be
written in less than a million words, we can solve the problem
in theory and in a completely finitistic way by simply enumérating
all possible strings of one million words. There are only a finite
mamber of such strings because there are only a finite number of
different words in standard English — or, if someone wants to argue
this point, we can restrict the words occurring in the strings to
those ocourring in the Unabridged Oxford Dictionary. Yet this
solution is totally uninteresting for reasons that are too obvious
to mention. Admittedly my example is simple-minded and artificial,
but still it is good snough to establish the point that philosophical
constructivists’ approaches to concept formation lose interest if
they stray far from the facts we know about human capacities
snd limitations.

I would agree that philosophical theories of concept formation
need not be identical in every respect with psychological theories
of the same phenomena, just because the two sorts of theories
can be addressed to somewhat different aspects of the same phe-
nomens. For instance, & psychological theory will be concerned
with learning rates and the parsimonious introduction of learning
p&mmeters like the parameter of conditioning mentioned above
in the discussion of stimulus-sampling theory. Such considerations,
important for fundamental psychological theory and practical
applications as well, are not likely to be of much concern to even
the most constructivist-minded philosophers.

Indeed, one of the most important aspects of the relation between
adequate philosophical and scientific theories of the same phe-
nomena is that a satisfactory philosophical theory can often be
much less categorical and detailed than the corresponding scientifie
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theory. For example, for philosophical discussions of the nature
of matter in the seventeenth and eighteenth centuries Descartes
and Boscovich previde two conceptually clear alternatives, with
Deseartes emphasizing the plenum and contact forces, and Boscovich
the emptiness of space and forces acting at a distance !, but neither
Descartes nor Boscovich offered a physical theory af matter that
was correct in detail or of much help in the deve!egment of quanti-
tative physics. To take another sort of example, the theory of
perception begun in Goodman ? does not even begin to account
for the barest fraction of what we know about visual perception;
a8 & psychological theory it is primitive and vastly incomplete in
character. :

Bug I do not want to overemphasize this difference. Descartes’
Principie is also philosophieally musby in several parts, and Good-
man’s book only begins the itreatment of the philosophically
interesting problems of perception and concept formation. Unlike
what some Oxford philosophers seem to believe, philosophical and
psychological theories cannot be of radically different sorts, with
each discipline blithely free to go ita own way in seeking a satis-
factory theory. How can this claim best be substantiated? Oune
argument is to point to the lack of such pairs of theories, one
scientific and the other philosophical in other domains of experience.
Philosophers who have attempted to construct theories about the
physical world which were primarily independent of actual scientifie
experimentation and detailed observable fact seem uniformly to
have come to grief. Descartes has already been mentioned. Among
major philosophers a stili better example is Kant. The generalities
of the Critique of Pure Reason can be argued every which way - as
the fantastic secondary literature on Eant attests —, but the MHeta-
physical Foundations of Natural Science, with all its @ priori detail
about kinematics and dymamics, cannot be so easily twisted to
fit any new scientific development. Its beautifully clear wrong-
headedness is a fitting monument to philosophers who desire to

i P. Suppes, ‘Descartes and the problem of action at a distance’, Foumal
of the History of Idens 21 (1834), pp. 146-132.

& N. Goodmen, The Structurs of dppearance, Harvard Ualversity Press,
Cambridge, Mass, 1851,
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‘construct theories of real phenomens without analyzing any em-

pirical data. Chemists and physicists don’t theorize in exactly the
same way, although there is much overlap in what they do. Certain-
Iy it would seem strange to say they were doing entirely different
sorts of science totally independent of each other. And the same
it seems o me is true of philosophers and physicists, or philosophers
and psychologists.

I have written these last few par&.gra,phs as If it were alwa,ys the -
eass that philosophers were dependent on scientists, but not the
other way around. In the present state of affairs psyehologists
interested in concept formation can learn a good deal from con-
structivist philosophers like Carnap and Goodman, and probably
one of the reasons Camap and Goodman often describe what they
are doing as if it could be independent of psychology is the lack
of subetantial systematic psychological theories about concept
formation or perception. And in fact (Goodman’s work has had
some impact in psychology 1.

But new the situation is rapidly changing and it is my own
prediction that in the immediate future the most interesting
constructive work will be done outside of philosophy by mathe-
matically trained psychologists and by mathematicians, statisticians
and engineers concerned with pattern recognition, the construction
of machines that can learn and perceive, and related problems in
artificial intelligence. The man entrusted to build & machine that
@an perceive & oup on a table and pick it up has got to have some
sort of highly constructive, nearly categorical theory of perception
and concept formation. As an evaluation of the depth of theory
either in philosophy or psychology, we may ask what does either
diseiplme have to offer such a man, and the answer, I am afrmd
in still pretty starkly negative.

But I do not want to end on this pessimistic note. I think we
are at & turning point in the history of these matters. The under-
brush has been cleared by hardworking constructive-minded myth
choppers in both philosophy and psychology. A convergence of

! Ses E. Galanter, ‘An axiomatic and experimental study of sensory
order and measure’, Peychol. Rev. 83 (1056), pp. 16-28,
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effort on the most difficult cognitive problems, .2 of perception
and concept formation, has been building up a: lcast since 1969,
and we could well be on the edge of some genwinely spectacular
results. Many scientists workiug on these problems feel we are
getting very close to hitting on the one or two fundamental ideas
needed to move rapidly ahead. If so, the theory of information
processing and concept formation might even give quantum me-
chanics and molecular biology a run for their money for the title
of most important scientific development of the twentieth century.
Certainly the short run impaet of the technology of computers has
already been far greater than was generally anticipated. Even the
most widely acclaimed results in molecular biology are best regarded
a8 fundamental discoveries about the genetic code for information
processing. Title-winner or not, there is no doubt that information
processing and choice behavior are typical major themes of twentieth
century science. I just wish I could have given them deeper and
more thorough coverage at this colloguium.
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DISCUSSION

J. C. Harsanyr: Bayeszan theory and randomization — resolution of
a paradoz.

I would like to comment on & problem connected with the concept
of randomness. Professor Suppes has pointed out that most laymen
would be shocked by a suggestion that they should use randomized
strategies. But statisticians, I take it, would be even more shocked
by a suggestion that they should not use randomized strategies,
such as random sampling.

Yet, paradoxically, this is precisely the conclusion one reaches
on the basis of the Bayesian theory — even though the latter is
in my opinion (and I believe Suppes takes a similar view) a highly
convincing theory of rational behavior for individual, i.e., non-
game-theoretical, choice situations. Indeed, it is a well-known
mathematical theorem that under the Bayesian approach it never
pays to use a randomized strategy.

Let me briefly indicate why this is so. Suppose a given individual
haa to choose between two alternatives having the utility values
% and v, with #>». Then any probability mixture of these two
alternatives will have some intermediate utility value w, where
#>w>v, Hence the randomized strategy yielding such a utility
w will always be inferior to the pure strategy yielding the utility u.
On the other hand, if both alternatives yield the same utility u=v
then any probability mizture of the two will also yield this same
utility. Hence in this case the use of a randomized strategy will
not do any harm but. will not do any good, either. Thus randomi-
zation is always pointless and is in most cases actually harmful.

Now clearly we cannot fight against a mathematical theorem.
But I think we can overcome the paradox if we carefully consider
the reasons why statisticians use random sampling (or what we
eall stratified random sampling), e.g. in public opinion polls. The
basic reason is that nonrandom selection methods are likely to
introduce & dias in their sample, i.e., a systematic tendency to
bave various currents of opinion overrepresented or underrepre-
sented in their sample as compared with the relative importance

300
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of these currents of opinion in the whole population. In other
words, the purpose of random sampling is to avoid seiection criteria
which may be positively or negatively correlated with the opinion
veriables we are interested in. ,

Thus the underlying hypothesis is that selection based on some
table of random numbers is less likely to introduce such unexpected
systematic correlations than would be selection '1sed on some
nonrandom criteria, such as taking the first one hundred names
from an alphabetic list (which may favor people of particular
ethnic backgrounds), or taking every tenth house in a given street
{which may, e.g., favor corner honses, whose inhabitants may have
pontypical social characteristics). This hypothesis is really a hy-
- pothesis about the likely form that sociological correlations will
take, and more generally about the likely form of the laws of
nabure in various fields. The use of random numbers as such is
less important than is the use of numbers free of any obvious and
gimple mathematical regularities. For instance, to use the digits
of the number z may do just as well as to use true random numbers,
but to use numbers forming a simple arithmetic or geometric
progreszion may be rather risky.

Of course, under the Bayesian model, any hypothesis that a
given statistician entertains about the likely form of lawlike regu-
larities in nature or in society represents a partial description of
his own prior subjective probability distribution. Thus a Bayesian
philosopher of science must seek the justification of random
sampling, not in its random nature as such, but rather in people’s
assessment of certain prior probabilities. He must seek the justi-
fication in the fact that statisticians and other scientists tend to
assign {ow prior probabilities to the existence of lawlike regularities
of very complex and highly unusual form - while assigning much
higher prior probabilities to the existence of relatively simple lawlike
regularities similar in their general form to already known and well-
established laws of nature in shat particular area.

L. Kisa:  Randomization in sample design.

Should your sample always be random or never? Neither. To be
consistent with their respective current principles, it seems that
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classical (objectivist) statisticians should always randomize, but
that those of the Bayesian (personalist) persuasion must never do
so. The theories are often preached in these extreme forms, and
some people practice what they preach. However, my friends are
wiser: whether objectivist or personalist, they both: arrive readily
at the same designs as I do for actual samples. Nevertheless we
abhor wide chasms between theories and practice, and we want to
bridge them. '

Suppose first that we need to select one or two units (cities,
schools, or hospitals) to represent a population; most of us would
prefer careful personal choice rather than random selection. This
preference would often extend to the choice of 4 or 6 units., The
powerful arguments against randomized . strategies can readily
cover these situations of selection also.

But suppose now that we agree to divide a population into 10{)
gtrata and to make two selections from each; this design is basic
in survey ssmpling. This new field is even better suited than its
venerable parent, experimental design for exploring some basic
questions about randomization. Should we select those pairs with
randomization or with careful personal judgment? Most of us would
prefer random selection within strata. I emphasize the paradox
that for any single stratum we should, as above, prefer personal
choice. The analogy with strategies appears different when applied
to the union of 200 separate strategies. Generally the preference
would also extend to subsets of 50 or 20 strata.

We need a theory in which these opposite decisions about
randomization are consequences of the same principles. The differ-
ence in decisions is due chiefly to balancing possible biases of
personal selection against random selection errors. The latter loom
large for selecting only 2 units, but small for 200. Consider also
the cost of 200 careful personal selections; also the public character,
objectivity, communicability of random selection. These consider-
ations of bias, random error, cost, and communicability are not
extraneous; they occupy central roles in statistics. A satisfactory
statistical philosophy must eventually embrace them to bridge the
gap from theory to practice.

Personal selections tend to be biased because they are not inde-
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pendent from the experimental (or survey) variables. Unfortunately
the relationships are too elusive to be placed under control. Further-
more, the lack of independence not only biases the principal results,
but also interferes with a valid assessment of messurement errors,
as Fisher argues in The Design of Exzperiments. The literature of
diverse sciences is replete with examples of effect of selection
biases; with cases where assumptions about natural randomization
of the universe failed badly and openly. Only after these failures
are revealed within a particular field, do its scientists feel obliged
to undertake the extra effort of formal randomization.

As Professor Suppes points out, millenia were needed to reconcile
science to the inevitability of error. But after reluctantly aban-
doning sn errorless uniformity, the scientist first imagines a new
kind of uniformity: the uniformity of random variation. In place
of & determinate universe, he would substitute a universe that is
simply, uniformly random, like a well-mixed urn, or & table of
random numbers. Unfortunately, natural irregularity does not
generally possess that uniformity of simple random variation.
Rather the distribution of irregularity is often characterized by
‘Tumpiness’: by local, irregular, and elusive clustering of charac-
teristics. Randomization is stratégy against such lumpiness (as I
argue in Survey Sampling, sec. 1.7).

Random sampling then is an economical way of obtaining large
ssmples whose correspondence to the populations can be readﬂy
accepted with hxgh confidence. Stating clearly its proper functions
poses challenging problems for the philosophy of science, for sta-
tistical inference, and especially for Bayesian theory.

P. Supees: Reply.

There do not seem to be any major differences between Harsanyi,
Kish and me about randomization, but I feel there are still a good
many things to be said, and I would like to say some of them here.

Both Harsanyi and Kish have emphasized that randomization
provides a method of achieving objective results, which in the
present context may be characterized as interperson agreement.
1 think another closely related aspect of randomization is just as
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important. Likelihoods of observations under various possible
hypotheses may be calculated under the simplification introduced
by randomization. This simplicity of calculation can be important
gven for the single observer. Pubt this way, randomization is a
powerful procedure of simplification — a procedure for eliminating
unwieldy complexities. A simple artificial example will illustrate
the point. Suppose I am sampling balls from an wrn and I know
that either 10 of the 30 balls are white and the remainder black,
or 20 per cent of the balls are white. I am permitted to draw three
balls with replacement. Each time I replace a ball I consider it
wise to shake the urn or use some other physical procedure to make
sure the drawn bhall is now well mixed in. The complexities of
sajoulating the likelihoods are thus notably reduced.

The second related point I want to note is that randomization
ususily involves some physical act, and is not just an intellectual
change of viewpoint. Either the act of randomization or its conse-
quences in making a selection, perhaps both, have physical conse-
guences. What Harsanyi says in the last paragraph of his remarks
is relevant and important in this connection. It is a natural, ad-
ditional Fayesian question to ask how these physical acts of
randomization are to be interpreted. As Harsanyi points out, the
physical procedures of randomization must be ones that tend to
assign low prior probabilities to the existence of unusual lawlike
regularities, But it seems to me that the other side of the coin
requires an equal emphasis. The physical procedures of randomi-
zation commonly used are accepted because they embody principles
of symmetry that have very high probabilities of being controlling,
and it is these principles of symmetry that make calculations of
likelihoods practically possible, whether it be a case of a game of
chance or a swvey sample,

The explicit formulation of relevant principles of symmetry for
& significant range of cases of random sampling would be a useful
step toward developing a deeper constructive theory of randomi-
zation. Surely in most cases common acceptance of certain appli-
vable principles of symmetry is the basis for interperson agreement
about likelihoods.



