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INFORMATION PROCESSING AND CHOICE BEllA VIOR 1 

PATRICK SUPPES 

Stanford University 

1. In..trooucCion. Because the dl.'1cussions at these meetings have 
heen· more philosophical than scientific, at least with resPect to 
problems in the social sciences, I have reorganized a.nd reoriented 
my paper 00 try to give a more philosophical discussion of current 
mathematical work in the sOcial sciences. I originaJly planned to 
try to give some sort of survey. albeit ra.ther superficial, of the 
current state of things in several of the social sciences, and empha­
me why I thought the work in economics and psychology waa at 
a. greater depth and had achieved more fundamental results than 
in the other social sciences. Wha.t I now choose to do is to concen­
trate on a. single topic. It represents, I would claim, an important 
direction of work since World War n and an important set Qf new 
ideas folt' the social sciences as a whole. Any such general claim 
about a wide variety of sciences is naturally subject to criticism, 
but I think there would be muoh agreement about its importance. 
In macussmg informa.tion prooessing a.nd ohoice behavior, I shall 
ooncentrate on the work in. economics and psychology which faDs 
under this general heading. 

There is a classical distinction in the social sciences that I shall 
use, although undell close sorutiny it can be challenged. This is 
the distinction between normative and descriptive theory. 

2. NfYI'mative theory. The no~mative theory of choice behavior has 
a very old history in economics; it certainly does not begin with 
economics since World War n. The roots of the theory go back 

& The research on which this pa.per is based has bc..'en supported by the 
U.S. Office of Education under Conh'a,ct 3-1t}-OO9 with Stanford University 
IWod by the Ca.rnegie Corpora.tion of New York. 

2'78 



INFOlUlATION PROCESSD<G A.. .... D CRO ICE SERA VIO a. :!';' 9 

to Adam Smith and it was developed in a. fairly continuous way 
in the latter half of the eighteenth century and throughout the 
nineteenth century . .After a certain amount of confusion as to how 
the theory should be formulated, it- was recognized by Pareto l 

a.t about the beginning of this century tha.t the classical ideas of 
individual choice behavior in economic contexts could be repre­
sented by merely ordinal choice. To take a simple example, suppose 
a. person is choosing between bread and beer, or more realisticaily 
between x amoWlt of bread, y amount of beer, and x' amount of 
bread and y' amoWlt of beer. The classical representation of this 
situation in terms of a demand curve would show· bread on the 
abscissa, say. and beer on the ordinant; the demand curve would 
ha.ve for any reasonable person a shape something like that shown 
in fig. 1. The formaliza.tion of economic behavior in terms of these 

Bread 
Fig. 1. Demand curve for bread and beer. 

simple ideas of preferring one bundle of goods to another and 
satisfying some obvious properties as expressed in the curve of 
fig. I, which is convex toward the origin, has been well formalized 
in the classical theory of demand. In many respects this theory 
is a. very finished piece of work as expounded, for example, in 
Wold and Jureen 2. By the time of World War n the ordinal theory 

1 V. Pareto, Manuale di economia politico, con una i",-trodu::wne eulla 
scienze 8Ociale. Societa. Editrice Libraria. lilian. Italy, .[906. 

I H. Wold and L. Jureen. Dewm,j, ..J.naZYa'!·a. a Slu,tiy in ECI)Ylomet1"iC8, 

John Wiley and 800,.,;. Yew York. 1\l.33. 
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of choice had very substantial developments in welfare economics, 
but I shall not pursue matters in that direction but rather restrict 
myself to the fundamental theory of choice. 

From a. conceptual standpoint ~he important limiting charac­
teristic of the classical ordinal theory is the requirement that a 
person know with certainty the consequences of his choice. The 
first new step was the an.alysis on many fronts of choice behavior 
in situations of uncertainty. Two distinguished investigators prior 
to W orId War II of this kind of analysis were Ramsey and De 
Finetti 1, but it is still true that the general recognition of the 
im.portance of decisions or choices taken in situations of uncertainty 
and of the inadequacy of ordinal preference theory comes after 
World War n. To illustrate the fundamental ideas, suppose a man 
is thinking about going to a football game,' and he is uncertain 
whether it is going to rain. He has some reasons for thinking it 
will rain and some reasons for thinking it will not rain. What it 
is natural here to label 8,8 states of the weather a.re ordinarily 
called states of nature, and for simplicity we have dichotomized 
the possible states of nature into just two: rain or no ra·in. With 
even more justification, it is natural to dichotomize the decisions 
the individual may take: (dl) go to the game or (d2) not go to the 
game. Moreover, we may easily represent in qualitative terms the 
consequences of the two decisions, depending on the two states 
of nature. If he goes to the game and it doesn't rain the consequence 
is something good, but if he goes and it rains then the consequences 

dl d2 
go not go 

a rain bad neutral 

1-8 no rain good neutral 

Fig. 2. 

1 1". P. Ramsey, Truth and proba.bility, in F. P. Ramsey, The Faun. 
datiOM of .l'lathematics and Other Logical Essays, Harcourt and Brace. ~ew 
York, 1931, pp. 156-198; B. de Finetti. 'La prevision.: ses lois logiquef!, ses 
sources subjectives', Ann. lnat. Po·incars 7 (1937), pp. 1-68. English trans· 
lation ill H. E. Kyburg Jr. and H. E. Smokler, eds .• Studies in Subfectice 
Probability . .fohn WiltlY amI Sons. Xew York. 1964, pp. 93-158. 



are bad. If he does not go we may simply describe the consequences 
for the present purposes as being . neutral. The situation may be 
represented as shown in fig. 2. ~ow we may assume that the indi­
vidual prefers the good Ci)r..'~<'quences to the neutral consequences, 
and the neutral consequences to the bad consequences, but it is 
also perfectly clear that even in this simple example a. m.erely 
ordinal knowledge of preference is not sufficient to determine what 
decision it is reasonable to take. In order for the 9rdinal theory 
to be applicable, it is necessary to know the state of nature '.vith 
certainty, but in this example and in many others, the individual 
ca.n only attach a certain probability to each state. 

The proposal of Ra.ms.ey, which in certain respects goes back 
at least to Bernoulli 1, is that a. rational person must behave as 
if he had a utility function on the outcomes or consequences, and 
a probability function on the states of natur.e, and then select 
the decision that max:imizes expected utility with respect to his. 
subjective proba.bility function on the states of nature. Thus in 
the present simple example if the individual assigns a probability 
8 to raining and I-a to not raining, the utilii;y 01 to the good 
consequences, the utility C2 to the neutral and the utility C3 to the 
ba.d consequences, as these phrases are used to refer to the situation 
desoribed in fig. 2, then the expectations of decisions d1 and dz are: 

E(dl) = 8Ca + (1 - a )et. 

E(d2) =8C2 + (1-8)02 = C2. 

The rule of behavior propos.ed by Ramsey and originating with 
Bernoulli represents a. specific new idea in the history of discussions 
of rational behavior. That new idea is th:1t the decision maker 
should maximize his expected utility. Thus in our simple example 
he should seleot that one of the two deci,,;ions which ha.i the greater 
expected utility. This concept of maximizing expected utility is 
very closely related to the Bayesian ideas thn.t have been tal1;:ed 
about in many of the dessions on inductive logic at thi3 colloquium, 

1 D. Bernoulli. Specimen theori .. e nc)vae de mensUl'30 ~ortis. Coment,~rii 
academiall acillntiarum imperiale.'t pp.tr')plJ!:tnwle. V, 1738. pp. 17.5-1:J::!. 
(Transl. by L. Sommer in &onometriCt3 22 \1',).34). pp. :!3-:::,l.} 
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would in many 
expected utility 

is one conte~t 
also 

with respect to 
theory.' I shall 

detail, but I 
"'''.''':'u~''''''. impact on phi­

UUI:!!Jj:.1UUUJ!~'U of von Neumann 
l~e'I!:l.iI'Qeu as optimal strategies 

The famous 
stability of behavior 

each is selecting 

The is matching pennies; 
the minimax ~tratf'll"\.r is to pick heads with 
probability with and then of course 
the eX1Pt'l{lted outoome hoth players is zero, 

The new concept one that I am sure 
will not swallowed by philosophers, is that the 

choice is and intimately tied to 
It is contral'y certainly to the main 

mS1r,m'lloru dlSCUI~Sl(mS in philosophy prudent or ra.tional 
behavior to come out that one should ignore 
much of - individual 

matlorv and intuitive the nature of the 
should, if one is up a clever, intelligent 

randomize in terms a. minimax strategy. The 
recommendation at a. normative level go 

from a standpoint, what I 
e""'",1,";.0"",,,, is this new tying the concept of 

concept of rationality. Explicit probability 

lI, ;L von NeUlfil:',nn a."l.d O. :;!orgenstern, of GamAJ8 and Economic 
Biha'lJior, Princeton UrJversity Press, Princeton N.J,. 1944, 1947, 1953. 



cOllcepts tlCCW" late in the history of thought. For 
example, in the vast llterature Greek astronomy there 
seems to no consideration in explicit form of the 
theory error, a situa.tion if ever there was one, for 
the introduction of and the concept of random error. 
The and perfection ma.thematios compared with 
the beginnings sev-enteen years later of the probability 
calculus is surprismg; very elementary probability questions were 
the subject of and prolonged discussions at a very late 
date. There seem to inherently diffioult and subtle things about 
the concept of"mndomness, whic,h perha.ps account for the lateness 
of its introduction, 

Without doubt an important aspect of the difficulty of the 
concept randomness is the strongly entrenched belief that every 
event must have a determinate cause. Insofar as this belief is 
dominant the concept randomness <mn at best be assigned a. 
deriva.tive position, for if every event must have a determinate, 
cause there can be no objective randomness in nature. And, so 
this line of thought goes, since there is no genuine randomness 
in nature, the concept of randomness can have no fundamental 
philosophical importance. To move from consideration of the ex­
ternal world to errors or ignorance on the part; of a human observer 
or a measuring instrument manipulated by someone is itself a 
highly sophisticated step, and this seems to have been required 
before the concept of randomness could come to the surface as an 
important scientific concept - not, oertainly, in violation of the 
principle of' determinate ca.usality. but as, roughly speaking, a 
measure subjective ignorance. Laplace puts the matter very 
succinctly in the opening lines of ah. 2 of his famous Philosophical 
Euay on Probahilitiell, 1951, first published in 1812. 

'All events, even those which on accotUlt of their insignificance 
do not seem to follow the great laws ot nature, are a. result 
of it just as necessarily as the revolutions of the sun. In igno­
rance of the ties which unite such events to the entire system 
of the universe, they have been m~\de to depend upon finat 
causes or upon hazard, according as they occur and are re-



peated with regularity, 01' appea,l' without regard to order; but 
these imaginary causes have. gradually receded with the 
widening b01.mds of knowledge and disappear entirely before 
Bound philosophy, which sees in them o.nly the expression of 
our ignorance of the true causes. 

"Present eV'ents are connected with preceding ones by a tie 
baaed upo:U the evideut principle that a thing cannot occur 
without a cause which produces it.' 

It is another long step from Laplace to von Neumann, from random­
ness as an expression of ignorance Jeo randomness as an expression 
of rationality. 

3. De..geriptive theory. Although it is possible to cite certain studies 
in economics and sociology, the main investiga,tions of the de­
floriptive theory of information processing and choice behavior 
haYs oertai.nly been in psyohology. Again, there are various links 
to be established to what went on before World War n; perhaps 
the primary predecessor is the general literature on psychometric 
scales, but the main results of that lit.erature are not of central 
importance to what I want to say today. 

In the ruscussion of descriptive theory I shan be concerned to 
look at increasingly detailed and complicated levels of analysis. 
These levels of analysis will relate to some of the problems of 
categoricity and incompleteness that have been mentioned in dis­
cussions of other topics at this colloquium, including the foundations 
of mathematics. The animadversions of many people about the 
inadequacy of mathematical work in the social sciences to express 
the full complexity of human behavior have in many cases rested 
on a misunderstanding of what can be expected of the work as 
yet done. It is in no sense categorical; it does not offer a categorical 
structural model of human thought a.nd human activity. The thrust 
ofthe models is to be highly noncategorical, to catch certain aspects 
of behavior, and to hope, in catching those aspects, to have got 
hold of something that can in itself be studied and analyzed without 
Wlderstanding the full mechanisms. This is a procedure that one 
can claim is ver~- similar to that followed in the history of physics. 



the first and most elementary level of a.nalysis is at 
level of simple choice behavior in selecting one of two alterna-

presented. One of the first points to be observed in the psycho­
logical literature is that the normative theory already described 

situa.tions is entirely too algebraic in character. Once an 
has applied, consciously or not, his utility function and 

sUbjective probability function to compute expectations of the 
which he may choose, then according to this 

algebraio theory should, with probability one, the deoision 
with highest expected The psyohologicaJ criticism 01 
this is that there are too many. situations in which the 
preference or choice of individuals will vary. From & philosophical 
standpoint it is always possible to a.rgue that the same situation 
is never presented twice, there is always So new element that &0-

counts ·£01' 9. cha.nge, and therefore the individual aJ.ways sa.tisfies 
the algebraio model. However, for scientific purposes it is much 
more fruitful to identify the circumstances as being of the same 
character and to ask what is the probability that alternative or 
object i will be selected over alternative or object i. The first 
kind of model I would like to mention is one due to Duncan Luce 1 

and others. It has been termed a. re8p0n8e-strength model. For sim­
plioity of disoussion, let us suppose we have 10 objects which might 
be 10 kinds of food and we wa.nt to look at the choices of an 
individual when presented with pairs of these objects. In generaJ. 
we will be looking at 45 parameters that describe the probability 
of choosing i over i. The only general constraint is tha.t Pi} ~ Pil = 1. 
(Here p€; is the probability thati will be chosen over i.) The natural 
first question is to ask what kind of model will lead to a. reaSonable 
reduction of the number of parameters to be considered. The 
response-strength model postulates that for each object or alterna­
tive i there is response strength ~'£. and the probability of choosing 
• over i is expressed by the following equation in terms of these 
response strengths 

(1) 

1 R. D. Luce, Irnliddua~ Choice Behcn-i,!r: A Thdoretiwl Ar>.aZ!I.ti.:l. John 
Wiley a.nd 8003, ~"w York, HMO. 
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It is obvious that this simple response-strength model reduces th~ 
number of parameters from 45 to 10. With this reduction we have 
something of manageable proportions and at the same time a, model 
that has sufficient theoredcal. implications to be tested against 
experimental da.ta, I shall not try to review the relevant experi. 
mental literature 1, 

Perhaps the most serious l:im1tl;>.tion of the response-strength 
model is that it :is static in cha:r~cter. It does not include in its 
conceptualization any process .that permits the individual's utility 
function or the individual's response strength to change on the 
basis of experience. 

'The nen move is to consider models of behavior in which we 
postulate mechanisms of adaptation or learning by means of which 

behavior will be affected over time depending upon the kind 
of environment in which the organism is placed. This takes us to 
learning models that are designed to handle this kind of situation. 
The' simplest sort I shall mention here is the linear model 2. The 
individual is presented with choices to be made, let us say from 
a. finite set - we might as well restrict it to a set of two responses 
lor the present purpose, and let PIl be the probability of making 
response 1 on trial n, and 1 - pn the probability of making re­
sponse 2. The model will be more meaningful if we consider it 
agai.nst the background of a characteristic experiment on choice 
behavior. The subject is facing aboard on which two lights are 
placed and his task, he is told, is to predict, on each trial, which 
light will flash. Now I think we aU recognize, if we put it in a 
philosophical context, the relation of this kind of experiment to 
some fairly simple problems of induction. I hasten to add. already 

! For a. discussion of this and a. good many of the other models to be 
mentioned below, see R. D. Luoe a.nd P. Suppes. 'Preference. utility and 
!lUbjectiv6 probability', in R. D. Luce, It. Bush a.nd E. Galanter. ads., 
Handbook of Mathematical Psychology, m, John Wiley and Sons. New York, 
1965, pp. 249-410. 

iD R. R. Bush and F. Mosteller, Stocha8tic .llodelB for Learning, John 
Wiley and Sons, New York, 1955; W. K. Estes and P. Suppes. 'A. linear 
model for a continuum of responses', in R. R. Bush and W. K. E:stes. eds .• 
Stw:Uea in Mathematical Learning Theo""j. ch. 8, Stanford t"niversity Press, 
Stanford, Cal., Hi59. pp. 137-179. 
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in this situation we oan generate problems of induction eon.;;iderabty 
more complex than any model of induction yet proposed in in­
ductive logic can handle. So even though this is a seemingly simple 
experimental situation, its conceptual analysis is not so simple. 
A schema of the experimental appa.ratus is shown in fig. 3. The 

o 
Ezlight 

n 
A, key 

Fig. 3. Schema of experimental apparatus. 

lights that flash are labeled E1 and E2• and are ordinarily caned 
the reinforcing events. The keys used by the subject to respond 
are labeled Ai and .42. It should be obvious tha:t the subject makes 
the A1 response to predict the El event, i.e., the £lashing of the 
light on the .teft. The linear model postulates a linear function for 
ptHl in terms of P'II if El occurs, and a. related linear function if 
82 occurs, with the first function being such that Pit+! > Pit if pra F 1 
and the second such that P1I+1 < P11 if pra "'" 0 - whence the appropri­
atenes.'l of the term rein/orcin(J €1:ent for EL and Ez. The occurrence 
of El reinforces response At and the OCCUlTence of Ez reinforces 
response .13• The linear model is defined by the equations defining 
the two linear functions already quaIita,ti~ely described. These t\VO 

functions are determined by a singte learning parameter fj thCl.t 
must be estimated from the experimental data. 

{ 
(1- 9) Pia + I) if El occurs 

1''11+1= (1- 8) Pia if Ez OCClIrs. 

Obviollsly this model :!"pends on a highly simple - in fact I should 



mecha·, 
sa.t:isfactory for oertain 

I am sur~it is 
experimental situ­

,.,"'.,""""' ...... >11 here and 
in which 

O.t~<I~VU of this kind of 
inductive problem, I take 
ocau.r:rence an E1 or E2 

f..'H:'~U"v,~,u.., "'UIJ'"'''' be based on the out.comes of the 
that if the sequence is finite, 

most powerful tools available, 
the optimum way to proceed 

oomplicated one that 
If we conceptualize the 

on to infinity, for 5ituations it seems 
linear model is wrong from a normative or opti­

and secondly, wha.t the appropriate solution 
when I this, it is too easy to think 

discrepancy hetween this kind of model and 
re(;!OlIlMjrlUC!e(( induotive beha,dor in terms of sitting outside the 

situation and in hand the experimenter's 
precisely what has happened and what will 

mu·u,,,,· .. on subsequent trials, the schedule as it is called of the 
events. I place a. competent inductive philosopher 

"".,mTO"'''' .• ''''''''' !!\1!""J""II.'v,',,"u in experimental environment it 
apparent ,without demonstra.tion that it is very easy 

I'.l'A''''''T'!>l.l':A ",or,,,,,,,...,,,,,,,, that be extremely difficult for him to 
predictions. The reason I think 

""+., .. d,;,, ... open, the degree of complexity 
schedule to be oonsidered are unbounded in 

"'1.".,,,,,,";,,,, data, for the linear model. see, W. K 
''''''''.''UlCll.r, in A. vv. )feltou. ed. Categories of Human 

IJ.n.Ml~l"f!I (prt)c(jedinlJ$ of the Michiga.n-ONR conference 01\ hum4ln learning). 
Academic New York, 1964, pp. 81).-128; and Luee and Suppos, op. cit. 



number. It is not only possible to criticize inductive theories of 
behavior - the kind of inductive logic that has be.en much discussed 
in this colloquium -- which not even begin to touch this prohlem, 

problem of an inductive inference in a stochastic 
process, but it can also be a problem to tax the best sta.tistica.l tools 
available. 

My point is that the study of the actual beha.vior of organisms 
in this kind of environment is not as oonceptually trivial, even 
from the standpoint of induction,· as might be supposed, and one 
of the kinds of things that can be studied of some interest from a 
mathematica.l standpoint is the following. With respect to a schedule 
8 of reinforcing events we may ask if a. model M is Bayesian or 
at least asymptotically Bayesian. If it is asymptotically Bayesian, 
then as the number of trials goes to infinity the model will select 
a Bayesian optimum strategy. As you might exp.;;ct, many learning 
models are not asymptotically Bayesian for some schedules, but 
the point of interest from the standpoint of induction is that the 
analysis of the situation in whioh one model is Bayesian and 
another model is not, is rather enlightening regarding the kind 
of information processing that is required in order to be Bayesian. 
Let me give an exa.xnple. If we have a. binomial distribution so that 
JGl occurs with probability n on every trial and E2 with probability 
1 - n, with exactly one of the two events occurring on each trial 
independent of what the subject does (simple noncontingent 
schedule), the.n the linear model is not Ba.yesian. To be Bayesian 
would require that lim FII=l if 7€>i and lim Pn=O if :r:<!, 

bilt in fa.ct for the linear model 

A model introduced by 1, the so··ca,l1ed beta, mf)dd that 
grows out of the dis('u>1.>lion respow;e:;trengths, is Bayesian for 
the noncontingent "'ml appropriJ,te choice of parameters. 
The OUe-pilrltmeter rnnckL like the linear modd. i . ., dt~fined 

1 R. D. Luco, op. cit. 



1. (These two equations aTe derived from equation 
p1$ to response strengths a.nd postulating linear 

tra.nsJ:Orl:o,a1hiOilS on the respon.se strengths to reflect the effects of 
fr.l"<,jn,1lI events El and 82.) argument to show that 

1, pfXJ = 1 if and only if ;n; > i is straightforward, 
nnr"t.lU,i'. fact about the beta. model is that the oper, 

a.tora p commute. In particular, if in the first 'It trials 
are m Fh events a.nd thus n - m E'I. events, it i8 easy to show 

We want t,o show that fFm-n --+0 with probability one as n -+ 00, 

and thus pn -+ 1. First we may define the l'andom variable Xn 
reoursively by 

{ 
X.+ log P with prob :n; 

JI. '1-
I'O"i" X,. - log {J with prob 1-n, 

which defines a. simple random walk. By the strong law of large 
numbers, with probability one as n - 00 

X.-I>-oo if n>1 
'X" -I>- - 00 if n<}. 

since Xn =(2m-n) log {J 

whence 

as desired. 

pam-. -+ 0 if:n:> i 
{pm-A -+ 00 if n < t. 

p_ -1>-1 if n>t 

'ft. - 0 if n<l. 



if we l'l.ow move to the next most simple 
contingent in which the 

""""'V\ln",,,, given At is equal to :t't and the 
pl"obability equal to 11:2, then the beta. model 
also is no longer Bayesian (this follows from Theorem I) of Lampetu 

Suppes l}. Indeed, under fairly general restrictions on the 
amount info:nnation is carried no oommuting-operator 
model is Mymptotically Bayesian simple contingent schedul!~5. 
One can begin to get a .rather ~nsitive by the consideration 
of various sohedules, the of models lead to inductively 
optimal beha:vior and the kind that do not. many respects the 
degree of complexity to be in learning models of the· sort 
disCll8SOO already exceeds tha.t inductive logic, which has yet 

. been sCMcely developed for temporally at'dared processes. 
In terms information processing the most relevant part or 

psychology is of concept formation. It is apparent that 
learning models of the sort already discussed do not provide a 
mechanism that will to explain or to account for the learning 
of a. concept by an organism,. and the next level of complexity in 
models of behavior is to move to the postulation of underlying 
mechanisms that a framework for the analysis of the 
learning process. I shall first consider models of stimulus-sampling 
theory, which in its standard formula.tion does not provide suf­
tlciently complex mechanisms to explainconoept formation, but 
does constitute a. la.rge step beyond the linear and beta models 
in providing a schema. of how relatively simple learning takes place. 
The baaic ideas of theory derive from an important and funda.­
mental paper of Estes 2. The axiomatic formulation given here 
follows that of Suppes and Atkinson '. The axioms will be formu­
lated verbally, but it is clear how to convert them into a. fot"mu· 
lation that is mn.thematicaJIy rigorou.~. The a.xioms depend upon 

1 J. LampElrti i:Utd P. Suppes, 'Some as:rmptotic propElrties of Luce''S 
beta. learning model" P<tychometrika 25 (1960), pp. 2:13-241. 

II W. K. Estes, 'Toward a tltatiJ:.tical theory of learning', Psychol. Bu'" 
57 (11150). pp. IH· .. li}7. 

I P. Suppei'J a.nd It. C. Atkinson, JI,zrkoli l.ea.min,;; J!,)del.j /<jl' J["::' 
~rllrm Inte;raction,1. Stanford. Pre~". dtauflm.f. W6\). 



fiv'e basic concepts of associa,tion and reinforcement psychology. 
These are the categories of stimulus, response and rein-
forcement, and two processes of stimulus sampling and stimulus 
conditioning. The formulation of the theory depends upon con­
ceiving the sequence of events that takes place on a trial as being 
l1'l!ll8entially of the following sort, A set of stimuli is presented to 
the subject. ~'rom this set he sampl~s a single stimulus 01' stimulus 
pattern, M it is often termed. On the basis of the conditioning of 
the $&ID.pled stimWU.B a response is made. After the response is 
made a, reinforcing event occurs a,nd depending upon the na.ture 

the reinforcing event the conditioning of the sampled stimulus 
is o.lumged 01' kept the same. The reconditioning of the sa.mpled 
itimuhl'il places subject in a new state of conditioning and he 
is now I'eady to begin another trial. The occurrences of the various 
Q.rvents described, a8 is made clear in. the formulation of the axioms, 
eze governed. by probability laws. The axioms as formula.ted are 
meant to apply to a finite set ot stimuli, a finite set of responses 
and a set of reinforcing events, with a natural 1-1 ,corre~ 
spondence obtaining between responses and reinforcing events of 
the sort described above in discussing paradigm experiments for 
the l.inea,l' and beta models. The axioms are divided into three 
groups with the first group dealing with the conditioning of sampled 
stimuli, the second group with the sampling of stimuli, and the 
third with responses. 

Conditioning Axioma 

Cl. On every trial eaoh stimulus element is conditioned to exactly 
one response. 

02. If a stimulus element is sampled on a trial, it becomes con­
ditioned with probability c to the response (if any) that is 
reinforced on that trial; if it is a.lready conditioned to that 
response, it remains so. 

C3. If no reinforcement occurs on a. trial, there is no change in 
conditioning on that trial. 

04. Stimulus elements tha,t are not sampled on a. given trial do 
not change their conditioning on that trial. 



r 
! 

C5. The probability c that. a sampled stimulus element will be 
conditioned to a reinforced reaponse is independent of the 
trial number and the preceding pattem of events. 

Sampling Axiom,s 

81. Exactly one stimulus element is: sampled on each trial. 
82. Given the S(lt of stimulus element.. "I available for sampling on 

a. trial, the probability of sampling a given element is inde~ 
pendent of the trial number and the preceding pa.ttern of 
events, and is the same for all available elements. 

ReSpo1UJ6 Axiom 

Rl. On any trial that response is made to which the sampled 
stimulus element is conditioned. 

It is important to note that in this formulation of stimulu.."l-sampling 
theory the processing of informa.tion is: formulated in terms of the 
conditioning of stimuli and not in terms of more explicit cognitive 
processes. This language of sampling and conditioning of stimuli 
would seem to stand in rather sharp contrast to the Bayesian 
ideas of information processing that were discussed earlier as part 
of normative theory. However, as we shall see later, this contrast 
is not as sharp as it seems. Another important remark about these 
axioms is that although they provide a. mechanism for the processing 
of infol'm at ion in terms of the sampling and conditioning of stimuli, 
they have restricted applicability to complex: information processing 
because no structure is imposed 011 the set of stimuli. Without 
some devices for imposing stl'ueture on the set of stimuli, or con­
structing structure by considering seta of sets of "timuli and so 
forth, as is done in axiomatie set theory in constructing clas3ical 
mathematical objects, there b little hope of dealing wieh problem.~ 
of complex: concept formation. 

The mathematic,11 tool for i1pplying stimulus-.:lamplingtheory to 
the noncontingent and simple contingent ilchedules CU"cll:::;ed earlier 
is the theory of finite :!tilW :'Iarkov chains. It i"1 8u3.iJhtfonvil.rd 
to derive from the axioms that for all the relative1YHillple rein-
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torc6Ine!lt "', .. "" .... ""'.,," the fUllctioIlS that describe the pos.sible sta.tes 

schedule. 

0. 
{61} 
{.rt} 

{Ill. ad 

stimulus' elements constitute a. fi.nite sta.te 
finiteness results from the fact that we have 

a, finite set of stimuli and a. finite set 
a finite number of possible sta.tes of 

111~1tr8.1t!'l how the theOlj" works out in deta.il, 
set 8 of stimuli contains only two elements 

represent the states of conditioning in the two- . 
of S conditioned to response AI. We 

states of conditioning corresponding to the four 
wV··'O."Jlll'OJ.J.IJ set {st. Ba}. It is easy to derive from 

above following transition ma.trix for the 
the simple nonoontingent reinforcement 

0 {all I {es} I {BI. ad 

I-en on/2 on/2 0 
o{l-n)/2 1-1:1/2 0 Mill 
0(1--:11:)/2 0 1-0/2 =/2 

0 e(I-:II:)/2 0(I-n)/2 l-o(l-n) 

From the elementary theory of Markov chains it is also stra.ight­
forward to show tha.t the Cesaro mean asymptotic limit of Pn is 
1ihe 8a.m6 as for the linear model, that is, n. 

The next step up in complexity is to models of be~vior that 
are adequate for a.nalysis of' concept formation. For many reasons 
it is appropriate to claim that the most complex act of information 
processing is that of forming a. new concept, and it is therefore 

surprising that an understanding of how organisms form 
concepts seems tabe a difficult and subtle affair of an as yet 
undeveloped theory. There has recently been a certain a.mount 
of about which aspects of concept formation represent 
innate structures and which structures are ·learned. My response 
to this is rather like that of a sta.rving man offered a choice between 
ohicken and steak. It scarcely matters which choice is ma.de at 
the moment. The fundamental and important thing for the present 
is to be able to conceiv~ a.nd define structures that are adequate 
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to account for the concepts that are ibrmed, regardless of' whether 
these structures turn' out to be inna.te or acquired. 

A natural cotu'se at this point would be to survey recent work 
.in psychology on concept formation and evaluate the' extent to 
which it is providing the sort of structures needed. Because of 
the paucity of deep-running theory I prefer to move in a. more 
philosophical direction and comment on the relation of the search 
for anadeqllate theory of concept formation to the aims and 
achievementso! constructivists working in a philosophical rather 
than. a. psychological or scientific tradition. (In mentioning philo~ 
sophical constructivists I naturally think ma.inly of Russell, White~ 
head, Carnap and Goodman.) It is natural to ask. what if any 
are the fundamental difference:!l ootween a psychological and a. 
philosophical theory of concept fo.rmation. 

Generally speaking, philosophers are wont to emphasize the 
differences and play down the similarities between philosophical 
and psychological approaches to concept formation. Part of this 
tendency perhaps arises from a. desire not to become entangled 
with the complexities, the uncertainties, the open-endedness, the 
conceptually vague character of much tra.ditional psychological 
resea.rch on concept formation, but there is also a deeper view 
supporting the separation. It sooras to be believed that a. satis~ 

factory pbilosopmcaJ theory of concept formation can be worked 
out more or less indepeudently of related scientific work in psy­
chology. There Me many reasons to be skeptical of this view. Of 
primary im penance in my mind is the fact that a satisfa.ctory 
theory must take acconnt of the special nature, the powers and 
limitations of human beings. It is philosophically interesting to 
anaJyze what can be said about the manner of knowing of an 
omn.iscientGod, or of a Turing machine, or of an idealized human 
with perfect memory and remarkable powers of perception, but 
such ana.lysis, even if satisfactory in its own right, does not fill 
the need for a. theory of human knowing. 

It is precisely the task of psychology to lay bare the neceasary 
Imd sufficient conditioD.."! of human learning a.nd concept formation. 
To imagine a philosophical theory of concept formation which wag 

hailed as a triumph but had no relevance for psychology and no 
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... "'.' .... "'"<1 defined relations to psychological theory seems to me as 
difficult as to imagine what it would be to have two distinct 
theories of the real numbers, one and the other 
mathematical 

human cha:rs,cteristics are not imposed, foreign uninter-
esting solutions to all sorts of concept problems are 
easily found. Suppose, to jake one example, we want a theory of, 
how to find or form the grammar of some natural language. If 

an adequate grammar can almost certainly be 
less than a million words, we can solve the prob~w;n. 

a completely finitistic way simplyenumeititmg 
possible of one million words. There are only a finite 

.... ww. ... ''''' .. of such strings because there a.re only a finite number of 
different words in standard English - or, if someone wants to argue 
this point, we can restrict the words occurring in the strings to 

occurring in the Unabridged Oxford Diotionary. Yet this 
solution is t,otilly uninteresting for reasons that are too obvious 
to mention. Admittedly my example is simple-minded and artificial, 
but still it is good enough to establish the point that philosophiea.! 
constructivists' approaches to concept formation lose interest if 
they stray far from the facts we know about human capacities 
and limitations. 

I would agree that philosophical theories of concept formation 
need not be identical in every respect with psychological theories 
of the same phenomena, just because the two sorts of theories 
(Ian be addressed to somewhat different aspects of the same phe­
nomena. For instance, a psychological theory will be concerned 

learning rates and the parsimonious introduction of learning 
J)wrall:!.eters - like the parameter of conditioning mentioned above 

. the discussion of stimulus-sampling theory. Such considerations, 
important for fundamental psychological theory a.nd practical 
applications as well, are not likely to be of much concern to even 
the most constructivist-minded philosophers. 

Indeed, one of the most important aspects of the rela.tion between 
adequate philosophical and scientifio theories of the same phe­
nomena is that a satisfactory philosophical theory can often be 
much less categorical and detailed than the cOITesponding scientific 



theory. folt" philosophical discussions the nature 
of matter seventeenth and eighteenth centuries Descartes 
and :Bosoovich provide two dear alternatives, with 
Descartes emphasizing the plenum and contact forcest and Boscovich 
the emptiness of space forces acting at a dista.nce 1, but neither 
Descartes nor Boscovich a physical theory of matter tha.t 
wu oorroot detail or of much help the development of quantiu 

• 

tativs physics. To take another sort of example. the theory of 
perception begun in Goodman 21 does even begin to account . 
for the west what we know about visual perception; 
lIS a psychologicru theory it is primitive and vastly incomplete in 
character. 

But I d~ not want to overemphasize this difference. Descartes' 
PriMipio, is also philosophically mushy in several parts, and Good· 
man's book. onJy begins the treatment of the philosophic&lly 
interesting problems of perception and ooncept f'ormat.fon. Unlike 
what some Oxford philosophers seem to believe, philosophical and 
psychological' theories cannot be of radically different sorts, with 
each discipline blithely free to go ita own way in seeking a satis­
factory theol'}'. How can this claim best be substantia.ted1 .One 
a.rgument is to point to the lack of such pairs of theories, one 
scientific and the other philosophical in other domains of experience. 
Philosophers who have attempted to comtruct theories about the 
physical world which were primarily independent of aotual scientific 
experimentation and detailed observa.ble fact seem uniformly to 
have come to pf. Descartes has a.lready been mentioned. Among 
ma.jor philosophers a. still bett..er example is Kant, The generalities 
of the Oritique of Pure ReQ8cm. ca.n. be argued every which way - as 
the fantastic secondary literature on Kant attests -, but the Meta­
pAy8ical Foundations of Natural Science, with all its a priori detail 
a.bout kinematIcs and dynamics, cannot be so easily twisted to 
fit any new scientifio development. Its beautifully clear wrong­
headedness is a. fitting monument to philosophers who desire to 

1 P. Suppes, 'Descartes and the problem of action at a. d..Lstancs', JO'Urr,al 
Of 'lie H'i,alory 0; ltfeaa 21 (1954), pp. 146--152. 

I N. Goodman, The St,.."cturs 01 Appearance, HaJ:"lard l:n.iversity reM. 
Cambridge. Mass. 1951. 
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. construct theories of real phenomena without an&l;rzing any em­
pirica1 d.ata. Chemists and· physicists don't theorize in exaotly the 
same way, alth~ugh there Is much . in what they do. Certain-

it would seem strange to S&y they were do.ing entirely different 
oorts of science totally independent of each other. And the same 
it seems to me is true of philosophel'S or philosophers 
and psychologists. 

I these last few paragraphs as if it were always the . 
ease philosophers were dependent on scientists, but not the 

In the present state of affairs psychologists 
COIWe11>t formation can learn a. good deal from oon­

_ ... "+',,,i,,+ philosophers like and Goodman, and probably 
one the reasons Carnap and Goodman often describe what. they 
are as if it could be independent of psychology is the lack 
of substantial systematic psyohological theories about concept 
formation or perception. And in fact Goodman's work has had 
oome impact in psychology I, 

But now the situation is fa.pidly changing and it is my own 
prediction that in the immediate future the most interesting 
construotive work will be done outside of philosophy by mathe­
:m.a.ticNly trained psychologists and by mathematicians, statisticians 
and~ngineers concerned with pattern recognition, the construction 

maohines that can learn and perceive, and related problems in 
artificial intelligence. The man entrusted to build a machine that 
can perceive a oup on a. table and pick it up has got to h,ave some 
sort of highly constructive, nearly ca.tegorical theory of perception 
and concept formation. As an evaluation of the depth of theory 
either in philosophy or psychology, we may ask what does either 
discipline have to offer such a man, and the answer, I am afraid. 
is pretty starkly negative. 

I do not want to end on this pessimistio note. I think we 
are at a. turning point in the history of these matters. The under~ 
brush has been cleared by hardworking constructive-minded myth 
choppers in both philosophy and psychology. A convergence of 

I See E. Gslanter, 'An axiomatic and experimenta.l study of sensory 
order and measure', Psychol. Rev. 63 (1956), pp. 16-28. 



effort on the most difficult cognitive problems, -(! of perception 
and concept, formation, has been building up a,: ~e,~llt dince l!)t:iO. 
and we could well on the edge of some genuinely spectf1euhr 
results. Ma.ny scientists working on these problems feel we ate 
getting very close to hitting on the one or two fundamental ideali 
needed to move rapidly a.head. If so, the theory of information 
processing a.nd concept formation might even give quantum me~ 
chanics and molecular biology a. run for their money for the title 
of most important scientific development 'of the twentieth century. 
Certainly the short run impa.ct of the technology of computers hi.'i 
already been far greater than waa generally anticipated. Even the! 
most widely acclaimed resuUs in molecular biology are best regarded 
as fundamental discoveries about the genetic code for information 
processing. Title-winner or not, there is no doubt that informa.tion 
processing and choice heha.vior are typioal major themes oftwentieth 
century science. I just wish I could have given them deeper and 
more thorough coverage at this colloquium. 
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DISCUSSION 

,J. C. HA1.tI:.lANYI: Bayesian theory and randomization - resol'uti6n of 
a paradox. 

I would like to comment on a problem connected with the concept 
of l'Mldomness.' Professor Suppes has pointed out that most laymen 
would he shocked by a. suggestion that they should use randomized 
8trategies. But statisticians, I take it, would be even more shocked 
by a. suggestion that they should not use randomized strategies, 
~uch as random sampling. 

Yet. paradoxically, this is precisely the conclusion one reaches 
on the basis of the Bayesian theory - even though the latter is 
in my opinion (and I believe Suppes takes a similar view) a highly 
convincing theory of rational behavior for individual, i.e., non­
game-theoretical, choice situations. Indeed, it is a well-known 
mathematical theorem that under the Bayesian approach it never 
pays to use a randomized strategy. 

Let me briefly indicate why this is so. Suppose a given individual 
has to choose between two alternatives having the utility values 
u and v, with u>v. Then any probability mixture of these two 
wternatives will have some intermediate utility value w, where 
u>w>v. Hence the randomized strategy yielding such a utility 
10 will always be inferior to the pure strategy yielding the utility u. 
On the other hand, if both alternatives yield the same utility u = v 
then any probability mixture of the two will also yield this same 
utility. Hence in this case the use of a randomized strategy will 
not do any harm but, will not do any good, either. Thus randomi­
zation is always pointless and is in most cases actually harmful. 

Now clearly we cannot fight against a mathematical theorem. 
But I think: we can overcome the paradox if we carefully consider 
the reasons why statisticians use random sampling (or what we 
caJI stratified random sampling), e.g. in public opinion polls. The 
basic reason is that nonrandom selection methods are likely to 
introduce a bias in their sample, i.e., a systematic tendency to 
have various currents of opinion overrepresented or underrepre­
sented in their sample as compared with the relative importance 
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of: these oun'ents of opinion in the whole population. In ot}j"t' 
worda, the purpose of random sampling is to avoid selt~ction criterh 
which may be positively or negatively correlated with the opinion 
variables we are interested in. . 

Thus the underlying hypothesis is that selection ba.<Jed on some 
table of random num bets is les..'l likely to introduce such unexpected 
systematic correlatio:tlsthan would be selection '[.'led on some 
nonrandom criteria, such a.<J taking t,he first one hundred names 
from an alphabetIc list (which may favor people of particula.r 
ethnic backgrounds), or taking every tenth house in a given street 
(which may. e.g., favor corner houses, whose inhabita.nts may have 
nontypical social characteristics), This hypothesis is really a hy­
pothesis a.bout the likely forID that sociological correlations will 
take, a.nd more generally about the likely form of the laws of 
nature in various fields. The use of ra.ndom numbers as such i~ 
less important than is the use of numbers free of any obvious and 
simple ma.thematical regularities. For instance, to use the digits 
oftha number n may do ju.'3t as well a.'3 to use true ra.ndom numbers, 
but to use numbers forming a. simple arithmetic or geometric 
progression may be rather risky. 

Of course, under the Bayesian model, any hypothesis that a 
given statisticia.n entertains about the likely form of lawlike regu­
larities in nature or in society represents a. partial description of 
his own prior subjective probability di8trib~ttion. Thus a. Bayesian 
philosopher of soience must seek the justification of random 
sampling, not in its random nature as such, but ra.ther in people':'! 
asa8ssment of certain prior prob9.bilities. He must seek the justi­
fication in the fact that statisticians iUld other scientists tend to 
assign tO'/l) prior probabilities to the existence oflawlike regularities 
of very complex and highly urmsual form - while assigning much 
higher prior probabilities to the existence of relatively simple lawlike 
regUlarities similar in their general form to already known and weU­
established laws of nature in that particular area. 

L. KISH: Randcnnizationin sample dp..sign. 

Should your sample aJwa,y>'l be random or never? ~either. To be 
consistent with their re5pedive current principles. it seem;'; th~l.t 
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classical (objectivist) statisticians should always randomize, but 
that those of the Bayesian (persona.list) persuasion must never do 
so. The theories are often preached in these extreme forms, and 
some people practice what they preach. However, my friends are 
wiser: whether objectivist or personalist, they both arrive readily 
at the same designs as I do for actual samples. Nevertheless we 
abhor wide chasms between theories and practice,· and we want to 
bridge them. 

Suppose first that we need to select one or two units (cities, 
schools, or hospitals) to represent a. population; most of us would 
prefer careful .personal choice rather than random selection.· This 
preference would often extend to the choice of 4 or 6 units. The 
powerful a.rguments against randomized strategies oan readily 
cover these situations of selection also. 

But suppose now that we agree to divide a population into 100 
strata. and to make two selections from each; this design is basic 
in survey sampling. This new field is even better suited than its 
venerable parent. experimental design for exploring some basic 
questions a.bout randomization. Should we select those pairs with 
:modomiza.tion or with careful personal judgment? Most of us would 
prefer random selection within strata; I emphasize the pa.radox 
that for any single stratum we should, as a.bove, prefer personal 
choice. The ana.logy with stra.tegies appears different when applied 
to the union of 200 separate strategies. Generally the preference 
would also extend to subsets of 50 or 20 strata. 

We need a theory in which these opposite decisions about 
randomiza.tion a.re consequences of the sa.me principles. The differ­
ence in decisions is due chiefly to balancing possible biases of 
personal selection against ra.ndom selection errors. The latter loom 
large for selecting only 2 units, but small for 200. Consider also 
the cost of 200 careful persona.l selections; also the public chara.cter, 
objectivity, communicability of random selection. These consider­
ations of bias, ra.ndom error, cost, and communicability are not 
extraneous j they occupy central roles in statistics. A satisfactory 
statistical philosophy must eventually embrace them to bridge the 
gap from theory to practice. 

Persona.l selections tend to be biased because they are not inde-
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pendent from the experimental (or survey) variables. Unfortunately 
the relationships are too elusive to be placed under control. Further­
more, the lack of independence not only biases the principal results, 
but also interferes with a valid assessment of measurement errors, 
as Fisher argue~ in The De..'lign of Experiments. The literature of 
diverse sciences is replete with examples of effect of selection 
biases; with cases where assumptions about naturaJ randomization 
of the wiiverse fa.iled ba.dly and openly. Only after these failures 
are revealed ,within a. particular field, do its scientists feel obliged 
to undertake the extra effort of formal randomization. 

As Professor Suppes points out, millenia were needed to reconcile 
science to the inevitability of errol'. But after reluctantly aban­
doning an errorless uniformity. the scientist first imagines a. new 
kind of uniformity: the uniformity of random variation. In place 
of a. determinate universe, he would substitute a universe that is 
simply, uniformly random, like a well-mixed urn, or a. table of 
random numbers. Unfortunately, natural irregularity does not 
generally possess that uniformity of simple random variation. 
Rather the distribution of irregularity is often characterized by 
'lumpiness': by local, irregular, and elusive clustering of charac­
teristics. Randomization is strategy against such lumpiness (as I 
argue in Survey Sampling, sec. 1.7). 

Random sampling then is an economical way of obtaining large 
samples wh~ correspondence to the populations can be readily 
accepted with high confidence. Stating clearly its proper functions 
poses challenging problems for the philosophy of science, for sta­
tistical inference, and especially for Bayesian theory. 

P. SUPPES: Reply. 

There do not seem to. be any major differences between Harsanyi. 
Kish and me about randomization, but 1 feel there are still a. good 
many things to be said, and I would like to say some of them here. 

Both Ha.:rsanyi and Kish have emphasized that randomization 
provides a method of achieving objective result!Sl, which in the 
present context may be characterized as interperson agreement. 
I think a.nother closely related aspect of randomiza.tion is jllilt ad 
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important. Likelihoods of observ8,tions under 1tarious possible 
hypotheses may be calmtlated under the simplification introduced 
by randomization. This simplicity of calculation can be important 
~ven for the single observer. Put this way, randomization is a 
powerful procedure of simplification - a procedure for eliminating 
UlI.wieldy Clomplexities. A simple artificial example will illustrate 
the point. Suppose I am sampling balls from an urn and I know 
that either 10 of the 30 balls are white and the remainder black, 
or 20 per cent of the balls are white. I am permitted to draw three 
balls with replacement. Each' time I replace a ball I consider it 
wise to shake th6 urn or use some other physical procedure to make 
rmre the drawn ban is now well mixed in. The complexities of 
calculating the likelihoods are thus notably reduced. 

The second related point I want to note is that randomization 
usually involves some physical act, and is not just an intellectual 
change of viewpoint. Either the act of randomization or its conse­
quences in making a selection, perhaps both, have physical conse­
quences. What Harsanyi says in the last paragraph of his remarks 
is relevant and important in this connection. It is a natural, ad­
ditional Bayesia.n question to ask how these physical acts of 
mndomization are to be interpreted. As Harsanyi points out, the 
physical procedures of randomization must be ones that tend to 
assign low prior probabilities to the existence of unusual lawlike 
regularities. But it seems to me that the other side of the coin 
requires an equal emphasis. The physical procedures of randomi­
zation com.monly used are accepted because they embody principles 
of symmetry that have very high probabilities of being controlling, 
and it is these prineiples of symmetry that make calculations of 
likelihoods practically possible, whether it be a case of a game of 
chance or a survey sample, 

The explicit formulation of relevant principles of symmetry for 
a significant range of cases of ra,ndom sampling would be a useful 
step toward developing a deeper constructive theory of randomi­
.zation. SIll'ely in most easel'! common acceptance of certain appli­
cable prin.ciples symmetry is the basis for interperson agreement 
about likel.ih0 Oli'l, 


