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CHAPTER 1

INTRODUCTION

This paper deals with the effects of "non-contingent success"
schedules in human probability learning. This chapter describes this
elass of schedules, and outlines the reasons for studying them. Chapters
2 and 3 deal with the predictions derivable from various mathemstical
models for probability learning. Chapter 4 reports an experiment inves-
tigating two non-contingent success schedules, and Appendices A and B
contain proofs of results used elsevhere in the paper.

The research desgcribed in this paper was motivated by problems
that.. arise in evaluating mathematical models for probability learning.
Throughout the discussion we will be concerned with the particular probé-
bility learning situation that has been most widely studied from the

standpoint of mathematical learning theory. This is the binary prediction

situation, in which a subject is required, on each of a sequence of trials,
to predict which one of two outgomes, 0, Or Oy, will occur. Following
each predictioﬁ the experimenter causes one of the outcomés to oeccur. As
an example, in a typical experiment subjects were required to predict
which one of two lights would come on at the end of each trial; the sub-
Jject indicated his prediction by pressing the appropriate member of &

palr of butions and following This response one or the other light came

on (Friedmen, Burke, Cole, Keller, Millward, and Estes, 1964). A

Work on this project was supported by The National Institute of
Mental Health (Predoctoral Fellowship 5-FL-MH-19386-03 (PS)), The
National Science Foundation (Grant (B-3878), and the United States
Public Health Service (Grant MH-6154). '



reinforcement schedule for a binary prediction experiment is a rule for

determining which ocutcoms will be presented on each trial. More precisely,

let a and =& dencte the responses assoclated with the prediction of

1 2
o) and O, respectively, and l=t Ai - and O1 q denote events corre-
-k o

sponding to the oceccurrence of a, sand Oj on trial n. We define

indicator random varisbles A and o by

A =
s}
A -
LL' - AEEn
1 i 0
+E l,n
O =
0
i it O
g + 2,n

- How a reinforcement scheduie for z bissry prediction experiment--that is,
Tor a sequence of binary predisztion trials indexed by n-- can be definad

as a sequence of functions iﬂ%} W e iy determines the conditionsl

L ~

probability of Ol L, &8s a funeticn of the observable history of the
E .

experiment through the resporse on trial o. Most experimental and
theoretical work has dealt with the special case in which 'ﬂh‘ depends
at most on the response on trisgl =n. This is referred to as the case of

P

simple contingent reinforcement:

Definition A reinforecement schedule is a simple contingent scheduls

if and only if for soms .ﬂ:_i and HE-’ and every n

n
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(1) RO A 0 s A s e, 0 M) =

[l
A

(1.2) P(Oa,nlga,n’ Opors Bygs vov 5 Oy A) =7,

Binary prediction'experiments designed expliicitly to evaluate
mathematical learning models have most often employed a special case
of simple centingent relnforcement in which the outcomes are completely
independent 6f the history of the experiment, i.e., ﬂl = 1 - ﬁ2. In
this case, which is usually referred to as "non-contingent reinforce-
ment", the common velue ‘of ‘xty and 1 - x, is denoted by w. we will call

schedules of this sort non-contingent outcome (NCO) schedules. This

terminol ogy points up the féct that when ﬂl =1 - ﬁa it is the
outcomes, rather than "reinforcemenfs" in the sense of "rewards",
which are independent of the subjects' responses. We emphasize the
distinection because in this paper we are concerned with a class of
simple contingent schedules in which "rewards" are, in fact, indepen-

dent of the subjects' responses:

Definition A non-contingent success (NCS) schedule with barameter o}

is a simple contingent schedule in which ﬁl = KE = B
In other Wofds, under a NCS -schedule the probability thalt the outcome
will agree with the prediction is regardleés of the prediction.
Consequently there is no way for the subject to increase (or decrease)
hie percentage of cofrect predictions. Under NCO schedules, on the

other hand, (and in general under all simple contingent schedules

except those for which - X o=@

9 2) the probability of a correct

prediction is directly proportional to the probability of predicting



. the outcome having the higher propability of cceurrence. NCO and NCS
schedules are eguivalent only in the special case = =0 = .5,

This thesis is concerned with NCS schedules as a means for comparing
two learning models which, although very different conceptually, are
Virtually uﬁdistinguishable under NCO schedules. The next section
describes these modelg and indicates briefly how each can be regarded
as represgentative of a wider class of models generated by certain simple

assumptions.

Linear and Pattern Models

In the class of stochastic learning models intrcduced by Bush
and Mosteller (1955) a subject's "state of learning" on any trial n

of an experiment is represented by a vector of response probabilities

P = e . i
“n (pl,n’ p2,n’ 5 pr,n) The vector Prl completely determines

_the subject's behavior on trial n in the sense that, for

1=1,2, ... , » (where r is the number of responses available):

P(Ai,n1Pn’.Hn—l) - Pi,n

0 eos .
for every event Hn- of the form {Pn-lAh—l h-1 PlAlol} (We

1

assume a constant stimulus situation.) In the binary prediction
situation the vector Pn can be Treplaced by a scalar . pn:.

corresponding to a response probability on trial n. In working

1

with models of this sort it has generally been assumed that the process
by which the sequence of p values is generated is independent of

" path in the sense that P, depends only on p  and the (cbservable)

+1

reinforeing events on trial n (Sternberg, 1963). In the binary

L



prediction situation it is natural to consider as reinforcing events
the four possible response-outcome combinations (al’ Ol), (ae, Ol)’
(al, 02),_(a2, og)t Because of the symmetry of the situation it is
reascnable to assume that the event (ae, 02) has the same effect on
a

regponse probability ss the event (al, ol) has on a response

2 1

probability, and similarly that (al, 02) has the same effect on
1 - B, as (ag, Ol) has on D These considerations, together with

rath independence, lead to the general model

p, +ulp) AT AL O%n

| B, * vizy) i A0 %1n

(1.3) Pl p, - v(1-p) ir oA Oé,n
P, - u(l - Pn) it Ag,n OB,n

where u and v are suitably restricted functions.
As an initial specialization of (1.3) we consider the linear

model with experimenter-subject controlled evernts (Bush and Mosteller,

1955, Chapter 13).

(1 - el)pn + e, if Al)n ol’n
: - +
_ (1 Qg)pn 92 it AE,n Ol,n
(1.4) D =
n+l ‘ A

' (T - QE)Pn = Al,n Oa,n

(1 - Sl)pn if AE,n Oe,n
‘Except Tor the case ﬂi = ﬁg it has not been possible to determine the

asymptotie mean response. probability lim E(pn) (= 1im P(Al )) for
n— o n-s ® sH

5



the model (1.4). For this reason applications of this model to NCO

experiments have been confined to the special case Gl = 92 (experimenter

controlied events)c Although thisz would seem to be a serious restriction

it is doubtful that the general case of {Ll.4) would provide a substan-
tially better fit t¢ statistics computed from group data obtained
from NCO experiments. It‘can be shown (see Appendix A) that the
general model implies the following relation for the asymftotic P

distribution

(1.5) 0.8(p, - =) = (8, - o,)(2x - 1)E(x,(1 - p,)) -

Vanishing of the left side of (1.5) is equivalent to probability
matehing:

lim P(A. ) =x .
L1y 00 1l,n

. Bince the right side of (1.5) venishes if and only if 6, = 0,
(assuming =@ £ .5), it is clear that the linear model with experimenter-
subject controlled events predicts probability matching only for the
special case of experimenter controlled events. In view of the fact
that fairly close probability matching at the level of the group
learning curve is typically found in experiments using NCO schedules
(BEstes, 1965; Luce and Suppes, 1965).—~ at least when no monetary
pay-offs are involved -- it would seem that any attempt to estimate
el and Qé from group data in these experiments would necessarily

(That is, the difference between 5 and g -is

1 2
constrained-by'the closeness of the probebility matching.)

s Pl
lead to Gl-v 62u

6



From now on we will use the term "linear model” to refer to the
model (1.4) restricted to the special case 6, = 0,. Historically
this has been by far the most widely studied model for probsbility
learning. In spite of its simplicity the linear model’s vredictions
for a wide range of statistics have been remarkably accurate in
several experiments (e.c. Estes and Straughah, 1954 Friedman et al.
1964 ; Suppes and Atkinson, 196C). In one respect, however, the linear
model is always deficient: it seriously under-predicts the varilance
in asyﬁptotic response sequences. Becsuse of inédequacies of this
sort, and also because of certaln computational difficulties in the
linear model, attention has recently shifted to a model that is
based on guite different underlying assumptions. This is the N

element pattern model {Atkinson and Estes, 1963; Estes, 1959; Estes

and Suppes, 1959; Suppes and Atkinson, 1960). As applied to the
binary prediction situation (Atkinson and Estes, 1963) this model
assumes that the effective stimulus on each prediction trial can be
represented by a fixed set of N stimulus elements. Zach element is
conditioned either to 8, Or &as. On each trial the subject samples
exactly cne of the elements and makes the response conditioned to that
element. The probability of sampling any element is assumed to be

L

T If the response on a trial is correct the conditioning state of

the element sampled on that trial remsins unchanged. If the response

ie dincorxect (i,e., dissgrees with the outcome) the conditioning



state of the sampled element changes, with probability e, to agree
with the ocutcome that occurred, while with probarility 1 - ¢ the
conditioning state of the element reﬁains ﬁnchanged° In either event
the sampled element is returned to the pool of stimulus elements and
the same process is repeated on the next trial.

If we let kn denote the random variable corresponding to the
mumber of elements conditioned to &, on (at the beginning of)

trial n, we have

k
= 2
P(Al,nlkn’ Hﬁ-l) TN

which is analogous to the comparable “"state of learning” eguation for
the linear models. The "change of state” eguations for the N

element model can be written in the form

l(:n 1
—_ 4 =
Ty T AL %n G
k k
ntl n 1 .
(1.6) ¥ NN e A1,11 02,n Ch
5y
5 otherwise

where C_ is an "effectiveness of conditioning” event which has
probability ¢ of occurring on trial n independent of the rest of
~the process.

The N element model is a special case of the fixed sample size

model of stimulus sampling theory (Estes and Suppes, 1959; Atkinson



/

and Estes, 1965).- If we suppress the stimulus sampling aspect of the
process and let ¢ =1 it can also be regarded as a stochastic

model of the form (1.3), with response probability restricted to the

1 2 N-1
:ﬁ:ﬁ;“': N’

- lattice points O 1. BSince learning occurs only

on the events (al, 02) and (ag, Ol) we have u(%) =0, and
v(%) = %. Under this interpretation the N element model differs from
the linear model primarily in that it only permits changes in the state
of learning following an error, whereas the linear model allows for
changes on all trials regardless of the relstionship between reponses
and outecome.

Although comparisons of the N element and linear models for
NOQ schedules have found the N elemeﬁt mbdel to be somewhat supericr
(Friedman et al., 1964, p. 271; Suppes and Atkinson, 1960, ch. lO);
the dissue between the two models has not been resolved by these
experiments. To begin with, the N element model has two free
parameters: ¢ and N, while the linear model has only the learning
rate parameter 0. Alnatural wéy to equate the number of parameters
in the two models (and still retain the prediction of probability
matching in both cases) is to weaken the linear model's assumption
that the oceurrence of an outecme alwseys leads to a change in the »p
value. In place of this assumption we can suppose that the outcomes
'Ol,n and 02,n lead to the transformations (1 - 9)pn + 6 and

(1 - G)jpIl only with some probability e, while with probability 1 - ¢

P = Pn regardless of the outcome on trial n. In this case we have

n+l



(1 - 9)pn + 8 if 0 c

1l,n n
1. : = - i
(1..7) Do (1 - e)p, ir 0, . C
T " otherwise

n

where Cn is defined as in (1.6). In terms of Estes and Suppes'
formulation of the linear model (1959) this is equivalent to assuming
that with probability 1 - ¢ the outcome on any trial leads to an

EO reinforeing event. The effeéts of such an assumption in the context
cf paired associates leafning have been studied by Norman (1964), who

called this extended linear model the random trial increment (RTI)

modei. In paired associates learning the reason for introducing the
parameter ¢ 1is to account for the relatively small changes observed in
pre-criterion response probabilities. From the standpoint of probability
learning, however, it is clear that this extension does not change
anything important in the structgre of fhe linear model, or reduce the
fundamental conceptual differences between that model and the N

element model. In particular the RTI model retains the assumption that
changes in response probability can occur on ény trial regardless of
whether the subjects prediction is correct or incorrect. Intuitively
"the cnly effect of introducing the paraméter ¢ 1is to lncrease the
number of possible sample paths in the P, process, and thereby
increase the variance in the response process. Ne?ertheless it can be
shown that the RTT mcdel. and the N element model are virtually
identical for experiments using NCO reinforcement schedules.

Speeifically, it will be shown in Chspter 2 that in the case of NCO

10




reinforcement the two models imply exactly the same functional
relationships amoung the expectations of a large class of statistics,
including all those normally considered in the analysis of binary
predicticn experiments. A conseguence of this result is that if any
pair of statistics in this class is used (via the method of moments)

to estimate the parameters of both models, the two models will predict
exactly the same values for every other statistic in the class. From

8 practical point of view this result all bui eliminastes the possibility
of differentiating between the two models on the basis of results from
experiments using NCO schedules.

The fact that it is so difficult in principie to compare the N
element and RTI medels under NCO reinforcement 1s not too surprising,
since a schedule of this type does nol exploit the fundamental difference
between the two models. The situation under NCS reinforcement is gquite
different. Consider the case © = 1. Since the subject is always
Meorrecet” in this condition the N element model predicts that no
change will occur over trials in individual subject response prob-
abilities. If a subject begins = sequence of © =1 +trials with Xk
cf the N elements conditioned to = his subsequent responses will

1
; . . k
Torm a sequence of Bernowlli trials with parameter i Under the
assumptions of the RTI model, on the other hand, a sequence of such
trials will cause an individual subject's sequence of P, values to

converge t0O zero or one as n—-w. This convergence follows from the fact

that when © =1, (1.7) implies

11



(1.8) B(p, 125 Py g5 oor 5 D) =2

4 stochastic process which satisfies (1.8) is called a martingale
(Doob, 1953). It can be shown that every bounded martingale converges

with probability one to a limiting random variable -- which we call

- P, here. (an accessible proof is provided in Khinchin, 1957). In the

case of the RTT model the distribution of D, is concentrated at zero

and one, with
(1.9) P(p, = 1lp, =) =D

To prove {1.9) we note that {1.8), together with the Markov property of

the P, process, implies
%(s,) = B(5(s_[p._,)) = Bo__,)
which implies
2(p,,) = E(p;) -

In the special case in which pl is identically equal to some

constant p this becomes

E(p,) = p

Thus establishes that (1.9) is true provided P, 1s concentrated at
zero and one. To show this it is sufficient to cobserve that for any x

in (o, l),' and any € such that

. 8x {1 - x)
€ < min 5T DB

12



the probability that P, femains in (x - €, x + €) for m consecutive
trials, givén that it is in this neighborhood on some tr¥ial, is

(i - ey, Thué the pfobability that a sequence of p ~ values remains

in an € neighborhood of any x in (0, 1) on every trial after

some point in the experiment is zero. Consequently the probability

_ of a pn sequence converging tc any point in (O, 1} is zero. But

by the'ﬂmrtingale thecrem every realization of the pn Process
(strictly, almost every) convérges to some point in [C, 1], and

the only points remaining are 0O and 1.

The convergence of individual pn sequences in the case & =1
is reflected at the level of responses by a decrease over trials in
the probability Of an alternation--i.e., of a response which differs
from the precéding.response. It will be shown in Chapter 3 that
this probzbility decreases geometrically as (1 - ceg)n-l. The
N element model, of coursé, predicts that the probability of an
alternation reméins constant over any ﬁumber cof ©® = 1 trials. Thus
the ﬁCS schedule © = 1 provides a situation in which the N element
and RTTI models make sharply different predictions.

The case © =1 is not the only NCS schedule which permits a
clear comparison of the N element and RTI models. For sny © thé
RTT model predicts that the probability of an alternation following
m consecutive "success" trials (that is, trials on which the
schedule generates oﬁtcomes agreeing with whatever response the subject
happens to make) decreases geometrically with m, whereas the N

element model implies that this probability deces not depend on m.

15




If © is relatively large, so that the event "m consecutive success

trials" occurs a substantial number of times for several wvalues of m,

the observed conditionsl proporticns for m =1, 2, ... can be used to

compare the two models.

Previous Research

The general area of prcbability learning has recently been re-
viewed by Estes (1965) and by Luce and Suppes (1965). Previocus exper-
imental studies of NCS schedules for binary prediction appear to be

confined to the cases d = .5 and © = l._ A number of experiments have

it

employed sequences of © .5 trials, but this has always been regarded
as the =n = .5 case of NCO reinforcement, and no one. seems to have
reported sequential data that would permit.a comparison of the sort
mentioned in the previous paragraph. For the most part binary
prediction experiments using simple contingent reinforcement have

been concerned with the probability matching prediction of the linear

(and I element) models:

1 - ﬂg
(1.10) Lim P(A, ) = m————e
, s oo l,n 2 -y - T,
From this standpoint the case T,o= W, = .5 is not particularly

interesting; the symmetry'of the situation leads many models to prediet
matching here even though they do not predict it in general. Aé‘a
consequence blocks of © = .5 trials have usually not been included
in order to study the learning process for this condition, but in

order to preset the mean response probability at .5, or for "warm-up"

1k



purposes. Typically the block length has been gquite inadequate to
provide. sufficient data for a worthwhile comparison based on successive
double reward trisls. In the one experiment that apparently did
obtain a large amount of =n = .5 data (10 subjects, 1000 trials at

X = .5) +the estimated asymptotic mean response probability was W4
rather than .5. (Edwards, 1961, reported in Luce and Suppes, 1965.)
This anomalous result suggesis an asymmetry in the experimental design,
sipce n = .5 uniformly leads to probability matching in other
experiments.

The case © =1 was Tirst studied from the standpoint of the
linear model by Bush and Mosteller (1955), who proved the convergence
of pn in this condition. Rose (1965) studied this situation from
the standpoint of a general family of models satisfying (1.5) and
certain weak assumptions on the function u. His résults include a
convergence theorem that is not based on martingale theory, and conditions
under which the response process An contains at most a finite number
of alternations. (Interestingly, almost sure convergence of the response
probability process is not sufficient to imply the latter; Rose gives
a counteruexample.) Rose also analysed a number of experiments in
which every response was "correct"; none of these were binary pre-~
diction experiments. Norman and Yellott (1966) studied the same family
cf models from a somewhat different point of view. They were concerned
with the "double reward" (5 = 1) situation as a basis for restricting

this class of models to forms which vredict marginal constancy when & = 1:

(1.11) P(Al’n) = P(Al,l) n=1, 2, ...

15



The name "marginal constancy” for this prediction was sﬁggested by

W.K. Estes. Norman and Yellctt considered the implicaﬁions fqr_all
other simple contingent schedules of assuming that a modei (of the
family mentioned sbove) predicts (1.11) under double rewafd, angd showed
that among such models only the linear model couid also predict certain
types of probability matching.

The only binary prediction experiment in which the'reinforcement
schedule was NCS: ® = 1 appears to be one reported ﬁy Agima'(l965).
In this experiment L0 subjects were run through 30 consecutive © =1
trials as part of a larger stﬁdy dealing with the éffécté‘of'ffee Versus

forced choice trials in probability learning. Before bégiﬁning the
% =1 phase all subjects had fifty n = .5 trisls as:a wafmfup. Thé
results of the © = 1 phase were consistent with the ﬁaréiﬁal-constancy
prediction; but this would be expected from the symmetr& Qf‘the
 situation. /The nature of the marginal constaney obtaiped in_this
experiment is suggested by Arima's comment: "Closer inspec£i§nl§f the
performance of the 40 free-choice control [5 = 1] subjects revealed
that 10 subjects perseverated position responses [i.e., made the same
response on all 30 trials] and 10 subjects perseverated pafferns of
single, double, and triple alternations over the 30 trials." Arima's
results appear to be reasonably consistent with those reported in
Chapter 4; they will be discussed in that chapter.

An outline of the rest of the paper is as follows,‘ Chgpfer 2
‘deals with the RTI and .N' element model predictions for NCO schédules.
The class cof statistics within which these models must make: identical

predictions is described and a proof of this result is presented. This

16




chapter also describes a third model--the "N element-linear model'--
which is equivalent to the other two Within_ the same class of statistics.
Chapter % deals with the predictions of the RTI, N element, and N
element-linear models under NCS reinforcement schedules. Chapter b
describes an experiment which studied two NCS schedules: 8 = .8

and © = 1.

17



CHAPTER 2
SOME DIFFICULTIES IN COMPARING MODELS FOR
EXPERIMENTS WITH NON-CONTINGENT OUTCOMES

The object of this chapter is to shdw that experiments with non-
contingent outcome schedules will not readily distingﬁ&sh between the
W element and RTI mocdels for binary prediction. A more precise state-
ment of this clalm would be awkward at this point, but ﬁe can describe
the results of the chapter as indicating that such experiments will not
allow a straightforward comparison of the two models based only on their
"first order" predicticns. An implication is that NCO experiments are
not very efficient devices for comparing the two models.

The results of binary prediction experiments are usually analysed in
terms of a number of summary statistics. These generaily include the mean
learning curve and various "asymptotic sequential statisties.” The latter
are the averages (across subjecté) of the averages (oyer trials)} of such
- random variables as (AhOnAn+l)" Normally these are evaluated for n > n¥,
where n¥ 1is relatively large, sazy 100, in order that they may be assumed
to be estimates of corresponding asymptotic probabilities, e.g.,

lim P(AHO A see, for example, Friedman et al., 1964). The legit-

n n+l)' (

n— e
imacy of this assumption need not be discussed here; all the models we

consider imply that the stochastie process of observable responses and
outecomes is ergodic in the sense that its asymptotlic behavior is staticnary
and independent of the initial "state of learning." Thus we may accept the
fact that such quantities as lim P(AnOnAh+l) exist and devend only on the
n—s o

“reinforcement schedule and certain learning rate parameters. And we may
18



assume that there exist statistiices (the Cesarc means described zbove)
which are essentially unbiased estimates of these asymptotic probabilities
and in fact converge to them in probability as the number of trials in

an experiment becomes large. (Lamperti and Suppes, 1963; Atkinson

and Estes, 1963; Rose, 196.4)

These assumptions Jjustify the standard procedure for evaluating
models for binary prediction. Typically a model Specifies the
expectations of various statistices as funetions of its paraﬁetersn
These parameters are estimated by equating a sufficient number of ob-
gserved statistics to thelir theoretiecal expectations and solving these
equations for the parameters. The estimates obtained in this way are
used to "pz'ed:'Lc-t'.t the remsining statistics by substituting into the
expressions Tor their expectations. In this sense evaluation involves
using the model to predict relationships beitween observed statistics;
the model fits the data to the extent that the observed statistics
gatisfy the predicted relationships between their expectations. Other
estimation methods are ﬁsed, e.g., least squares minimization and
pseudo maximum likelihocod techniques (Suppes and Atkinson, 1960}, but
these achieve essentially the same result. A comparison between Two
models involves exactly the same procedure; predictions are computed
for both models and compared tc the data; one model is judged
superior to another if its predictions are uniformly {and substantially)
closer te the data. |

Clearly the results of the sort of comparison procedure just

described will depend on the class of statistics considered. To take
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an extreme example, 1f only the mean learning curve is examined in an
NCO experiment the one element case of the N element model cannot he
distinguished from the RTI model, since in both cases the appropriate

theoretical expression is
P(a. ) =x+ {1 -2 Hpa ) - n)
1,n 1,1

where @ equals ¢ for the one element model and c¢& for the RTIL
model. However the two models are easlly distinguished on the basis

of the seguential statistie P(Al n*lIAl o 0 This suggests that
3 ' >

l,n)5
the more statistics considered the better. In practice, however, the
number of statistics employed in evaluation is limited by the amount of
computation involved in obtaining theoretiecasl =xpressions, and, more
significantly, by the requirement that statisiics used for this purpose
be based on a substantial number of cases.

"We now consider a class of statistics which ineludes all the
quanfities normally used in evaluating models for the NCO case of
binary prediction. In fact, most experiments have considered only
a few of these statistics, and apparently omnly one study (Suppes and
Atkinson, 1960, ch, 10} has considered an asymptotic sequential
statistic that is not in this class. We can define this class,
denoted by Z, as the set of all statistics in a binsry predietion

experiment which have as their expectations any one of the following

quantities:

(2.1.1) P(Al,n) ;n=1, 2, o
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(2.1.2) llmfP(Al,n,Oi,n_lAj,nnl) i=1,2;3=1, 2
-
.y (2.1.3) tim P4, . A, ) i=1l,2;3;m=1,2, ...
- s o0 ¥ Js
(2,1.4) lim P(Al Il+m[o. n) j=1,2;m=1, 2, ...
'n'%oo > J’
m
(2.1.5) _ tim Var{ ) A m= 1, 2, coo
n— k=1
(2.1.6) Lin PlA) enlO5n 77 O 1)
-y

i=l,2,‘m l,g,awo

In principle, of course, a finite experiment may not yield statistics
with expectations exactly equal to the limiting probabilities (2.1.2)-
(2,1.6). However as we noted earlier the evaluation of binary prediction
models depends heavily on the (justifiable) practice of assuming that
the_terminal porfion of a long experiment 1s a réalization of a station=
ary étochastic process. From a practical point of view, & corresponds
to the statistics that we use to estimate the quantities (2°iol)~(29156)a
Now suppose we set out to compare the RTI and N element models
on the.bas;s of the elass Z. Let Si and Sj denote any pair of
statistics in £ +hat can be used to estimate parameters under both
models, and let Rk(c, 0) and N (c, N) denote the expectationé of

k

any Sk in Z under the RTT and N element models respectively. We
intend to show that i1f the parameters of both models are egtimated by

E: solving the equations
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(2.2) S, 8)

1l
=
d
—
n
N
—
|
=v}
—
Q
o

and

Ni ( C.y N)

(2.3) s

EN(Si)

5, = EN(SJ) = Nj(c, W)

for ¢ and O, and c¢ and N, then the predictions of the two models

for any S, will be identical. Letting wij and Gij denote the

k
solutions of (2.2), and cij' and Nij the solutions of (2.3),
we can express this result ag

p Wis)

(2.F) Blbysr 055) = M(ey,

for every S, Sj’ and 8_ in Z. (note that both sides of (2.4) are
egpressions in Si and. Sj,) Tn 6thér words 1f we use the same pair of
sfatistics to estimate parameters under both models, their predictidns’
will agree for every statistic in %, and this holds for any pair of
estimators. From a practical standpoint this means that a comparison
based on Z will be entirely inconcluéive; the two models cannot be
distinguished over this set of statistics°

We note at this point that if (2.4) holds for a partiéular i and 3,
and all k, then it holds for every. i, 3, k. Fof suppose (2.4) is true
for Sl and 82 and any Sk' If we pick another pairl Si’ Sj to esti-
mate the parameters < ¢, € > and < ¢, N>, we can use these to predict
Sl and 52 for both models. But>the two models will necessarily predict

the same value for S and the same value for o since

1 2’
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by assumption Si ig the same Ffunction of 8. and S, under both

i 2

models and Sj is the same function of S and 82 under both

iR

models. Since the predicted Sl and 82 values are the same for
both models, we can treat these predictions as if they were data,
solve for (wlg, ng) and (612’ NiEJ’ (we necessarily obtain the
original (wij’ eij) and (ciéJ Nij)) and predict the remaining
statistics. By assumption these predictions will Dbe the same for both
models, and they are the predictions generated by (¢ij’ g..) and

1]
( ).

In order to prove (2.4) it is convenient to consider a very

c.., N,,
1J 1J

general and rather cumbersome model for binary prediction which we
call the c~8-N model. This model contains as special cases the
linear model, the N element model, the RTI model, and a third
two-parameter model: The N element-linear model, which is equivalent
to the other twc over the class Z. The c-9-N model was
originally suggested by W. K. Estes as a device for comparing these
special cases. By estimating all the parameters of the genersl model
from the results of an experiment one could, hopefully, determine
Which of the special cases came closest to the data without having to -
perform & separate analysis for each case. The difficulties which
arcse in attempting to carry out this program led to the result which
is the subject of this chapter.

In the N' element model we assume that each of the stimulus
elements is conditioned in an all or none fashion tc a, or a,. The

L 2

c-6-N model generalizes this notion by assuming that corresponding to
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every element Wi there is a number 0 < Ws < 1 which represents the

probability of making response a, When Wi is sampled. Let

1

(i =1, 2, ==+ , N} dencte the a, Tresponse probability attached

W,
i,n
to element Wi at the beginning of trial n. We assume that
Al. On every trial the subject samples exactly one element; the
probability of sampling any element is %.

Az, If Wi is sampled on trial n, and wi n = w, the probability
>

of A, is  w.
i,n

A3x, If Wi is sampled on trial 'n, thern regardless of the response

on trial n,

= (1 - e)wi o T 90, with probability c
and

Viontl T Vin with probability 1 - ¢

where ¢ 1s & constant for all n and 1.

Alg, Ir Wi is not sampled on trial n, then with prebability one

W, = W,
i,n+l i,n

Relevant special cases of the ¢=-G- model arise wvhen ¢ = N = 1
(the linear model); N =1 (the RTI model); 8 =1 {(the N element
model); and ¢ =1 (the N element-linear model). Occasionally in
the remainder of the paper we will refer to the three iwo-parameter

cases in terms of their free parameters:
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The c~-6 model ~ RTI model,

c-N model ~ N element model,

8- model ~ N element-lineasr model.

In appendix B the following expressions are derived from the c¢-8-N
model for a binary prediction experiment with non-contingent outcomes

and ol"probability e

.(2'6) P(Al,n) B [l - %ﬁ]nhlP(Al’l) + :r{l - (1 - -CNE n_l]
1) B =[5 ] Le 15

(2.8)  P(a,]on) - il - cQ:I 7\ :N - 1}

9 o) - s e e i B8] o2 [
a0 syl - x e =[5 - 4] - s [
(2.11)  B(alo) =L+ {l i -1?]

(2.12) .P(Alloe) - ﬂ[l - ENEJ

(2:13) Bl a) = =+ g5 o [1 - w1 - co)

(2.14)  P(a[A) == - ﬁ (1 - cf]

(2.15) i—j—-—)moo cov(a , A ) = [1 i %Jk'l[l = CQJ[Q?él——e;ﬁ)J
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M

(2.16) 1lim Var Ay = Me(l - n)
n—wo k=1 .
2n(l - 2)(1 - cd) ) | ?;};_if‘ co M ]
c(2 - ) M- l_*. T-% ‘
L c9 coy k-1
(2.17) ;1m P(Al,n+k|02,n) =7 o= g (l - T
Nn— oo

In the expressions above the absence of subscripts,‘e,g;;'in
(2.7), indicates this is the limit of the corresponding sequential

probability, e.g., Llim P(Al,nlol,n_lAl,n—l)'
n—> e

In expressions involving 7:

_20%(1 - 8) + 16
7= 2 -6

it will be seeﬁ that (2.6) corresponds to (E.l.l),'(Q,T)-through
(2.10) to (2.1.2), (2.15) to (2.1.3), (2.16) to (2.1.5), and £2.17)
to (2.1.4). ‘The quantity {2.1.8) is equivalent to the.learniné curve
(2.6) if we substitute = for P(Al,l)’ m for n, and 1 .or 0
for = accordingly as 0O, =0, or 0,. Equations in (2.6)-{2.17)
that do not directliy correépond toc one of the guantities in (2.1) are
included for convenience.
Now suppose Sl and 82 are any two statistics in 2 which can
be used to estimate parameters for any of the two parameter cases of the
c-6-N model. It is convenient, to suppose that Sl is an estimate of

the learning rate %? (i.e., cB, %, or % respectively for the

c-8, ¢-N, and. 6-N models.) TFor example we can let
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Sl = 1

§(A1102)
- L2

Q; so that we can set %g = Sl in (2.6-2.17). It is clear that any

expression involving only %? as a unit will be the same function of

Sl for all three of the two parameter models. This takes care of the
learning curve (2.6}, the first order sequential probability (2.11),

and the remote assoeciation curve (2.17).

To estimate the twe parameters cof every model separately we take

~ P(A[8) - = (1 - ¢8)
2 " 1 - T oN(2 - 9)

S

Solving for the parameters in terms of 9 and S2 yields

1
(¢ =808 +8
e = 5[5 3
(e-N model)<
1
N_
\ Sl + 82
/ S
2y,
¢ = 5= [s2 -8, * 1]
o
(c-8 .model)<
. 2s,
\ S, -8 +1
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2 1
g =
8, - 8§
(6-N model}#
. 28, - 8
sl[s2 - s@

Now we note from (2.13) and {2.14) that P(AliAl) + P(AlIAg) = 2%, 80
P(AI[AQ) depends only on 82 and its predicted value will be the same
for all three models as a funcﬁion of 82.

Next consider the asymptotic variance in blocks of size
M- eg. (2.16). We see that except for the factor

2n(l - 1}{1 - ¢6)
" (2 - 9) ?

the expression (2.16) depends only on the learning rate A simple

c8
T
corputation shows that

1-c8 P(AlIAl) } P(AilAe)
cl2 - 8) P& To;) - P(A 0,)

and both the numerator and denominator of the right side of this

equation have already been shown to be identical functions of Sl snd

82 for ali three models. Thus the variance expression is the same

Tunction of Sl and 82 for all three models. This suggests that the

covariance (Ah’ ) - eg. (2.15) will also be the same for all three

An+k
models, and computation shows this to be the case.
We have now shown the required identities for all eguations except

(2.7), (2.8), (2.9), and (2.10). It is clear from symmetry considerations
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that we need only cons;der P(A1|02A1) and P(A11OlA1). (Since
P(A1[QEA2) =1 - P(AeloeAg), which is equivalent to 1 - P(AllolAl)
by a relabeling of =x; and P(Al!OlAE) =1 -_P(A2|01A2) is ecuivalent

by the same relabeling to 1 - P(AliOQAl).) Since

P(4)[0,4)) = P(& ][04, ) + %?

it remains only to show the required identity for P(Al|02A1). A
lengthy calculation shows that, for all three of the two psrameter

cases,
P(AllozAl) =x[1l - sl] + 52(1 -] .

‘This completes the proof of (2.4).

Barlier we mentioned that there is one type of asymptotic sequential
statistic that has been used Lo evaluate models for NCO experiments
(Suppes and Atkinson, 1960, ch. 10), but is not in Z. This is the set

of second order sequentisl statisties corresponding to

iiﬁn P(Ai,nloj,n-lAk,n-l’ QE,n-EAm,n-B)
These quantities were excluded from % because (2.4) does not, in fact
held for them. A moment's thought will indicate the reascn for this.
It will be recalled from Chepter 1 that the conditional probability of
an alternation following m success: trials under NCS.reiﬁfOrcemént
is & constant for all m in the .N element model, but declines

geometrically with wm  in the RTI model whenever c¢6 > 0, In particular
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consider the quantities

(2.18) Lim P(a #A |A ;=0 ), and -
— oo .
(2.19) lim P(A_ % A 1A =0 1,4 =0 ) -

11— oo

Under NCS reinforcement with C < ® < 1 the RTI model implies that (2.19)
is strictly less than (2.18) if ¢@ > 0: the ratic (2.19) over (2.18)

is (1 - c@e). The N element model , on the other hand, implies

(2.19) = (2.18) for all values of ¢ and N, if ¢ > C. (see Chapter 3).
- Since the NCS schedule © = .5 is equivalent tc the NCO schedule = = .5
it is clear that the W element and RTI meodels are not identical for alil
NCO schedules. In particular, (2;4) cannot hold if % includes statistics
whose expectations are equal to (2.18) and (2.19). Since (2.19) is a
compound of.the second order sequential probabilities

P(A_ |o 0

n- l n-1"n- 2 n- 2)’
excluded from Z if (2.4) is to hold. However it should be noted that,

it is clear that these quantities must be

for the range of parameters normally encountered in practice, the ratio
of (2.19) to (2.18) implied by the RTT model will be very close to 1,
.i.e,, (1 - c92) will be on the order of .97. Consequently we would
not expect the second order sequential statistics of a =n = .5 exper-
iment té éuppdrt a clear chbice of éﬁe model over the other.

The reader is now in a position to evaluafe our original claim that
experiments with NCO schedules will not "readily” distinguish between the
RTT and N element models. The qualifier is required because it is

rossible in principle to differentiate between the models on the basis
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of an NCC experiment. However it is certainly clear that we cannot
confine a comparison to the "first-order" predictions corresponding to
the X statisties. In the next chapter we deal with NCS schedules,

and show that for these schedules the two models make non-parameirically
different first-order predictions which are easily evaluated in an

experiment ¢f reasonable dimensions.

31




CHAPTER 3

PREDICTIONS FOR NON-CONTINGENT SUCCESS SCHEDULES

In this chapter we examine the predictions of the N element, RTI,
and N element=linear modelgs for non=éontingent success schedules. In
view of the results discussed in Chapter 2 we are particularly interested
in predictions that differentiate the models on a non-parametric basis.
This means that we will be concerned with the two kinds of marginal
constancy (eqo (loll)) discussed in Chapter 1: the marginal constancy
of the W element model, which reflects a corresponding stocﬁastic
constancy (stationarity) in the individuasl response sequences; and the
marginal constancy of the RTT model, which masks & gradual fixation in
individual response seguences.

First, some notation. Recall from Chapter I that a non-contingent

success {NCS) schedule is a simple contingent schedule in which

2( 25nlA2,n)

= P(0O = 8. These schedules can be thought of as

Ol,nIAl,n)

generating Bernoulli sequences of “successes” and "failures” in the same

way that NCO schedules generate Bernoulli sequences of ol‘s “and 0255.

We will use Ah to denote the event corregponding to a success on

trial n, and Zn to dencte the complement of Ah’ i.e.; a failure on
Ttrial na‘ A (response) alternation is said to occur on trisl n if

the response on trial n is different than the response on trial n - 1,

[54]

l.e., An % Anml° We define indicator random variables '{S ] by

n’' n=2

Sn - An(l - Anml) * An»l(l - An) ‘
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Cleariy Sn = 1 if an alternation occurs on trial n, and Sn =0
otherwise., We will be particulariy concerned with the conditional
probability of an alternation given m consecubtive success trials:
P(Sn =1ja 4 Ah_m)u Occasionally we will denote the intersection

A A et A
=

m
n-1"n-2 by Ah

nE

in this case we write P(8 = lIAm ).
m n n=-1

Except for an occasional reference to martingale theory the methods
used Lo obtain the results below are those commonly employed with these
nodels (Atkinson and Estes, 196%; Estes and Suppes, 1959; Sternberg,
196%). Since NCS schedules are a specizl case of simple contingent
schedules, and the latter have been widely studied, we can make use of
a number of previous results. In particular, whenever 0 <& < 1 and
the iearning rate parameter is greater then zero (i.e., c@ >0, c/N >0,
Q/N >0 in the c=0, c-N, 6-N models respectively) the response probae
bility random variables P, kn/N, and W(n) have asymptotic.distri-
butions that depend oniy on © and the learning parameters. .In the
case of the N element model this is shown in Atkinson and Estes (1963).
For the RTI model it folliows from a theorem of Lamperti and Suppes
(1965, Theorem.hal) if we let the events cnol,n and cnoe)n correspond
to the events "En = 1" and ”En = 2" in their formulation, and
interpret the event En (Cn complement) to be their "En = 0" event.

A proof for the N element-linear model follows from the ergodicity of

o]

the RTI model. TFor consider the process {w. _}
i,n"n=1

corresponding to
stimulus element Wi” ir Wi is sampled (with probability 1/N),

then w,

= - + 3
1,n+1 (1 e)wi,n 60 _, otherwise LA

=w, . Bince O
0+l i,n n

‘depends only on An’ the change in [wi n} when wi is sampled depends
7 b
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only on the current value of the proceésm It is clear then that

{wi n] is an RTI process, with e = 1/N. And it is clear that as

H

n — «, the random variables Voo i=1,2, ... , N, become inde-
32

pendent and idenfically distributed; so that

= || lim Plw, Say) .-
I=1 ns

lim Plw, <., oe0 5, W < w
7l o0 l;n" L

The case © = 1 leads to a non-ergodic process in all of the models
considered, Consequently we deal with it separately, beginning with the

N element model.

§ = 1: The K FElement Model

As béfore we let kn denote the number of elements conditioned to

&, at the beginning of trial n. Clearly in the case & =1, k =Xk

l el l}
since no element can change its conditioning state on a success trial.

Consequently for = fixed value of k. the sequence {An; n=171, 2, sos |}

1

is a Bernoulli sequence, with

(3.1) P(A = 1|A

3 L
nml’ naa,A k)='ﬁk n=l, 2, PR

17 7L 1

The probability of an alternation in such = sequence is

) 1
(3.2) . . P(Sn— _L[kl) = Eﬁkl(l-ﬁkl) n=2, 3, .
In general we regard kl ag a random variable, with Vl = % E(kl),
v, = ie E(ki), ‘Taking expectations in (3.1) and (3.2) leads to

; o : _ ) .
(3»5) P(a = 1) =V,
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(3.4) | P(Sn =1) = 2(v1 - v2) .

In experimental applications we are concerned with the trial by

trial proportions of al responses and alternations over a group of

subjects, Let An(i) and Sn(i) denote A ~and S for subject i,
i=1, 2, ¢0. 5 8, kl i the initial response random variable for
2

subject i, and let

x|
I
LI
o
s
e

In particular, suppose that a group of subjects is run for a large number
§f trials on an NCO schedule with .Ol probability ﬂo, and then shifted
to a double reward schedule. The asgymptotic digtribution of the number
of conditioned elements in the NCO phase will be binomial with parameters
4R and N (Atkinson and Estes, 1963), so this will also be the distri=

bution of kl in the double reward phase. In this case

(3.5) B(A) = n_
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-1
N

o

(3.6) E(S,) = 2n (1 - n)

8 = 1: The RIT Model

Rose (1965) provides a very thorough treatment of the case ¢ = 1
(the linear model). We will confine our discussion to a few predictions
on which the RTI and N element models disagree.

Under double reward we have

B(p,41p,) = (1 = e)p, + cp [(1 - 8)p + 6] +c(l - p)[(1 - 6)p,]

:pna

Because of the Markov property of the p, Process we can write

(3.7) B(p_q |y B qs ooe 5 By) =D, -

This is the martingale property referred to in Chapter 1. From (3.7)

it follows that

(3.8) E(p ) = E(p)) n=1, 2, ...
Since P(Al’n) = E(P(Al’n|pn)) = E(pn), (%.8) implies
(3.9) P(Al’n) =V, n=1,2, ...

where Vl = E(pl)o Equations (3.3) and (3.9) express the marginal
constancy predictions of the N element and RTI models for the'double

reward condition.
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D 2\ 2
Now let V, = B(p,). From the fact that E(pn+l) = E(E(pn+llpn))

we obtain the recursion

} 2
VE,n+l = (1L - c@ )V2,n + c92V1 .

Letting V., =V ; We have the solution
e 2 2,1

Syn=1
(3.10) Vg,n =V, ¥ (v2 - Vl)(l - c69) .

The convergence of the P, random varisbles can be measured by
2 .

E(Pn - Pn_l) . Using (3.10), we have

2

)

= (V] - Vy)eo(1 - c6P)m2

(Boll) E(Pn = Pl’lw-l 1

i.e., the convergence is geometric in (1 =~ c92)a At the level of
responses we measufe the convergence by the probability of an alternation

on trial n:

P(s = 1) E(An +A .- RAA }

1 n n=1

Il

oV, - 2E(A A
n N=

1 l)

To compute the last term:

E(A A )

A1 E(E(A

nAnulipnwl))

E[(1 - o)p._| +ep (1= &)p  +6)]

av

(1~ CQ)VQ,n«l + eV, .
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Using (3.10) we have

(3.12) (s = 1) = 2(1 - c8) (v, - V,)(1 - cePY?

ote that in (5012) the quantities Vl and V2 can be regarded either
. . . 2 .
as moments of a non-degenerste Py distribution, or as p apd j¢) in

the case of a particular sequence with initial a, response probability

1
By = D

A comparison of (3.12) and (3.4) indicates a clear difference
between the RTI and N element models. According to (3.12) the
expected proportion of alternations per trial should decrease geomefri-
cally to zero whenever the learning rate ¢ 1s positive, whereas
according to (3.4) there should be no trend at all over a seguence of

success trials of any length.

& = 1: The N Elenent-Linear Model

The asymptotic behavior of the 6-N model under double reward is
determined by the fact that each of the response probability processes

(w, Y, i=1,2, ... , N, is in effect an RTT process, consequently

i,n

a martingale, and hence converges to one or zero, with

P(lim LA l'wi,l)
n—> ®

Wi,l .

In the 1imit then, each of the LA will be zero or one, and the behavior
of the subject will hbe determined by random sampling from a collection
of what amount to conditioned elements, Jjust as it isg in the N element

model.. The difference between the two models 1s that in the 6-N model
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the probability of an alternstion decreases to the asymptotic value,
whereas the N element model implies that this probability is a constant

over the entire sequence of success trials.

=

: Let w_ = i w, . For any element W., we have
i s} N . i,n i
P i=1
E(Wi,n) = E(E(Wi’nlwi,n_l))
- E(Wi,n-l

so that E(En) = E(gi)o Then since
p(a; ) = E(R(ay [w))) = BGr)
we have marginal constancy:

(3.13) P(Al,n) =V, n=1, 2, oss

where Vl = E(ﬁi)a In order to compute P(Sn = 1) it is convenient %o

assume that (w.

5 l}iml are identically distributed and pairwise
,17 1=

uncorrelated. This is true if the distribution of W(1l) 1is the
asymptotic distribution corresponding to any NGO schedule. (See Appen=

dix B for & proof.) We have

P(s, = 1) = 2v) - 2B(A A .)

and we need to compute E(AnAn- Recall that Wi n denotes the event

2

l)°

corresponding to the sampling of element W, on trial n., Now we can

. write
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N N
P(Al,nAl,nnl) - izi jéi P[Al,nwi,nAl,n-le,nrl,w(n B l)]dFW(n-l)

and using the assumptions of the model in a straightforward fashion, we

obtain

_ = 8 —_ 2
(3.14) B(a, Ay ) = B[(w, )71 + 5 Blv ) - 2 E(Ziwi,n—l) .

To evaluate the right hand side of (3.14) we begin with

2 o
E(W) pep) =BG a1y )
5 2
8 2 9
= o o —
(l N E(Wi,n-e) i E(Wi,n-e

62 n=-2 o
v, ) - (1= T o ) - B2 )

Since the w. are identically distributed we can let V. = E(w? ):
o i,1 2 i1
2y n=2
2 e
(i) =V F (l - _1\“1') SPRREY
Thus
5 62 n-2
(3.15) B ;Wi,n-l = W, + NV, - V,)|1 - "1'\?)
Now consider E{(Eﬁmz)e]a We have
1 z 2 1 2 2
= E W, = = ¥ B(w, ) =) ) E(w, W, )
N2 T i,n-1 N2 1 i,n-1 N2 i< i,n=-1"j,n~1
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It is easily shown by induction that, for any i1 # J

BV} 1%y, 0e1) = 20 995 4)

and by assumption Wi and WJ , &re uncorrelated. Conseguently
2 2
E(wi’n_le’n_l = B( i,l)E(wj’l)
2
= Vl .

Using (3.15) we have then

v, V., =V 2y n=-2
: - 2 1 2 1 0 N-1
(3.16)  ELGr, %) = 5 ¢ ( ) :

Using (%.15) and (3.16), we can evaluate (3.14):

v (v, = V.) 2\n=2
1, N=1_.2 , ,. 2 1 8
(3.27) E(AnAnul) =gVt (1 -9) — (1 - .

Consequently

(3.18) P(s._ = 1)

-1, ,(1-8) 2)n-2

N 8
av, (1 - Vl) w t 2 = (vl - Ve)(l - %
The second term in (3.18) vanishes as 1n — ®, so that in the limit the
probability of an alternation is simply 2Vl( 1 - Vl)(N - 1)/N. Assuming
prior training to asymptote on an NCCO schedule with = = HO we have

N« 1
N

(3.19) 1im P(Sn =1) = Eﬁo(l - no)

n—> o
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which is exactly P(srl = 1) for the N element model under the same

assumpticn. For pre-asymptotic trials

1-0 el
(3.20) P(Sn =1) - Plg =1) = 2( 5 ) (v1 - Vz)[l “ T&r‘]

oo

. 2
i.e., the decrease in alternation probability is geometric in [1 = %ﬁ)n

Thies completes the discussion of the case & = 1. We next consider

NCS schedules with © < 1, beginning with the RIT model.

& < 1l: The RTI Model

We begin by noting that, according to the assumptions of the c-8-N
model (ALl through A, Chapter 2) the "average effect” of a non-contingent
failure trial on the response probability process Wy corresponding

2

to a typical element Wi is given by

~ B E
E(Wi,nﬂlwi,nﬁn) = [1 N] Yi,n

¢ 1. - ' .
+-ﬁ [Wi,n[(l - e)wi,nJ - (l - Wi,n)[(l - e)wi,n * QJ

c c -
- = R - +
(l I\T]Wi,n 7 [(1-28)w;  +96],
and the average effect of 2 non-contingent success trial by

c
A = - —
E(Wi,nfl Wi,n n) [l N] Wi,n

Lp



Wow for any c-6-N model with O < (¢8/N) < 1, the learning curve in.

the case NCS: B <1 is

N L . n-_’l : 1
(3.21) Pay =5+ (-0 -39,
where A\ = gﬁgi&ﬁ;mél, and

Ji
1 -
Vi,i=w P i; Vi S Vo

Fguation (3.21) follows from the fact that, for any ¢, 9, N:

c
- - = £ + - - + .
E(Wi,n+l|wi,n) [l N] i n % [Swi,n (1 -8)[(1 26)Wi’n 9]}

Taking expectations on both sides leads to

. 2e(l - B3)6 cO(L - 8)
B nep) = (l - T )E(Wi,n) M :
When 0O < cG/N < 1 <his has the solution.
1 n=1; 1
E(Wi,n) - _2' - (l = ;\') I.E(Wi,l) = 5] b

end, since P(A, ) = E(i}n), (3.21) follows. If ¢ =6 =N=1, (3.21)
holds provided 0 <8 <1, If © =0 and cG/N is i, the predicted
response-outcome process is an alternating sequence of the form

(al, 02), (ae, ol), (al, 02), oe 5 and A is determined by A;. In

experimental applications tThe learning rate is never close to one, and

it is convenient to have (5021) held for a1l 8 < 1, so in the remalinder
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"of the chapter we will assume O <'%? < 1. In this case for every

<1 we have, from (3.21)

; !
(3.22) Lin P(a; ) =35 .
n— .
In the RTT model, (3,21) becomes
1 n-1 1
. = + - - 8)cB -
(3.23) Py ) =3+ (1 -2(2-8)e817 (V) - 3)
wvhere V. _ = E(p,) = P(& ). Generalizing the V notation, we let
1,17 7L 1,1
_ J
vj,n - E(Pn)
V. o= limV, .
Js N o0 97

To compute the conditional probability of an alternation given mnm

consecutive success trisls we have, for any n >m + 1,

1
P(S = 1A sae A ):[ P(s = 1A
n T = n

eee A
=1 m o n

= p)afF__ (p)

-’ Prem m

i

where F o is the distribution function of P’ {Note that we can

write this because {p

n mFS pl and A <o A are independent.

n-1 n-m

P(Sn = 1|A IERREL VAN S p) is simply the probability of an alter-

nation on trial m+ 1 of a & = 1 seguence, with,‘Vl = p. Using

(3.12), we have

1
Ps, =1la 4 rern )= [To1 - co) (1 - 8™ o

2.
- Jo - Pn_iq) an_m(P) 3

In-m

-,

Lo




or

) =2(1 - eo)(1 - 6°)% (v ]

-V
1l,n-m 2,n-1

Al

— aouA
(3.24) P(Sn o, 4 oeem B

In the l1imit then‘

. \ B ) 2ym-1,1
(3.25) ii?mP(sn = LA L Ah_m) = 2(1L =~ ¢8)(1 = &) (2 vg,m) .
To compute V2,n we have

m(pZ,,0p) = (1 - e)p? + o8l [(1 - 8)p_+61% + (1 - p)((1 - 6)p 1%

+o(l = 8){p [(1-0)p 1%+ (1= p)(L-8)p +01%) .
Simplifying and taking expectations
{3.26) Va,n+1 = Vayn{l - B[4 - 30 - 4B(L - 8)]
+ V. {8(25 = 1) + 2(1-- B)(1 - 8)) + oL - B)6° ,

1;n

In the 1imit V = é, and the sclution is
i,n 2

o 2(1L~-8){1-8) +0
(3.27) . Vo,0 =3[k = 36 - &5(T - 877 °

To obtain the conditional probability of an alternation given m

successive failure trials we first note that (3o23) implies that

n

P(A % if v -1 Then

l,m) i,1 2’
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PcAl,nLAh~l Ah-m) B E[P(Al,nléh-l e A'n—mpn-m)]
1 m 1yq 7
= P - - —
E[5 + (1 - 2c6) (p,_ - 35)]
1 m 1
=37 (1 - 208) (Vl,npm.- 5)
_ 2
=
at asymptote. Next, let V. {8} denote V as a function of &,
: : 2,n 2,n _

Then, in the case & = O,

1
P(Al,n+lAl,n) 3\/; P(Al,n+lAl,nlpn = p)aF, (p)

= (1 - ce)vz’n(o)

Now in the case V, , = %, and 5 = 0, (3.26) has the explicit solution:
2
% R ) -1 [, _(e-6) L, 2-8
ngn(o) [1- co(k - 38)] {Vegl 51E = 30)] T 3% - 39)
(The * indicates speciszlization to the case Vl 1= %n) Combining
2
- 1
these results we have, for & = Q, Vl,l =3
f=-d zi oo o A = an - * N
P(sn+l 1A, Al) 1 - 2(1 ce)ve’n(o)
Consequently in the general case & >0,
| 1
hmﬂ%zlamlwa%m)iapmn=”%dD”émwpmmzmﬂgm

n—

il

1-2(1 - ce)vg,m(o)

Lo



where VX% m(o) is evalusted for V, ; =7V J(3). That is,
2
(3.28) lim P(s = 1|A | =o- A )
l’l—ﬁ °°.

=1 -2(1- o) {(1- "N, -5+ )

where

x = cO(k - 30)
{2 -8)

Y = BE - %)
Vg,m = vzﬁm(a)_u

Tet s(m) denote the right side of (3.28) as a function of m. Then

for any & >0, (V - ¥) >0, and s(a) is increasing in m. In

2,0
other words, the conditional probability of an alternation, given m
consecutive failure trials, increases with m. It will be shown below
that this is not the case in the N element model; there the probability
is independent of m.

The last results we will present for the RII model are the asymptotic

Tirst order sequential probabilities., These are useful in parameter

estimationa

(3.29) lim,P(Al’n+llOl,nAljn) =2(1 - ce)vg,00 + 0
s

(3.30)  lim P(Al,n+1102’nAl,n) = 2(1 - 0)V,

(3.31) .- 1im P(Al’n+lf02ynA2,n) = (1« e8)(1 - eve’w)

b



(3.32) Lim P(A fo ) =1 -2(1- o)V,

1,n+11 91, nf2 1

Equations (3.31) and (3.32) can be obtained immediately from (3.29) and
(3.30) respectively from symmetry considerations. Since the asymptotic
distribution F_(p) is symmetrical around p = %, and the outcome

probabilities are %, the probability of any "asymptotic" sequence of

responses and outcomes o is always equal to the probability of the

1

"qual" sequence o, obtained from o, by converting Al’s and Ol’s

to Az's and O,'s, and vice versa. Thus, for example

2

o, A ) = 1lim P(A 0, A )

lim P(A
2,n 1,n hes e,ntl' "1l,m 2,n

s 0 1,0+l

The derivations of (3u29) and (5030) are straightforward; only that for

(3.29) will be presented.

)

PA) 118 0010
57, .

1,n+1iAl,nOl,n) -

|
]
[N
=]

lim P(4

5 V1
=€jhmj HALEHﬂﬁLnﬂJEQﬂh

p [(1 - ce)pn + celaF

I
M
‘_ﬁ
}—1-
B
cr‘ﬁj
|._J

i - +
2 1im (1 ce)Vg,n cQVl,n

= + N
2(1 ce)va’m )

We conclude discussion of the RTI model by showing that a number

of its predictions for NCS schedules generalize to essentially all
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marginally constant models of the form (1.3) with experiment controlled

events (i.e., u = v). Consider the case B

i

1. We have, in general,
B(p_qlp) =p +pulp) - (1-plu(l-p).

Now if we require that P(Al n) = P(Al l) for all n, and consider the
: 3 2

special cases p, = p, D€ [0, 1], for n = 2, we have

pu{p) = (1 - p)u{l ~ p)

for all p. For p < (0, 1), we define

w(p) = 3

and the requirement of marginal constancy implies w(p) = w(l - p),

p e (0, 1). We define the class of marginally constant two-operator

models to be all models of the form (105), with
(3.33.1) u(p) = v(p) = (1L - p)w(p) p e [0, 1]
(3.33.2) w(p) = w(l - p) p e [0, 1]

where w 1is continuous and positive on [0, 11, w(p) <1, and

p+ (1 - p)w(p) is non-decreasing {cf. Worman and Yellott, 1966; Rose,
1965), These models generalize the notions of path independence and
experimenter controlled events to essentially arbitrary operators con-
strained only by the requirement.of predicting marginal constancy under

& = ]. contingencies.
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Now, the essential properties of the RIT model under NCS reinforce-

ment are marginal constancy together with convergence of individual

sample paths in the case 5 = 1, ard lim P(Al n) =-% together with a
N < ’
decreasing P(S I& soe A ) (as a function of m) in the case
n' hel Tl

5 < 1, The first pair of predictions cleariy holds for any model satis-

Pying (3.33) and the associated assumptions. To begin With, we have

E(p, /2,2 1 **° ;) = pn[pn + wip (1 - pn)] + (1 - pn)[p;1 - W(pn)pn]

S0 D is a martingale and marginal constancy follows immediately. Since
w 1is bounded away from zZero, no P, sequence can converge to a limit

in the open interval (O, l), so almost all sequences converge to one.or
zero. Next, in the case © < 1, consider the class of all marginally
congtant two operator models that are ergodic under NCE reinforcement
with ® < l=-ergodic in the sense that for each & < 1, and every Py
distribution, the seguence {Fn] of 1 distributions converges to a

unigue asymptotic distribution ¥ which depends only on 8 and the
B,w

function w. Then it can be shown that for every o < 1 the mean of

Since ergodicity is assumed we need only

i (i.e., V. ) is %

&,w 1,c0

consider a single p. distribution. Suppose p, = ée Then for any 8
1 . I =2

it is easily shown by induction that for every n, the possible values

i.€.,

of. P, are symmetrically distribubted around %,

P(pn =x) = P(pn =1~-x) for x e [0, 1]. Consequently.
E(pn) = P(Al 1q) =% for all n, and we conclude that the prediction
2

1lim P(A L

n—
operator models.

1 n) =3 is common to all ergodic marginslly constant two
3
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Finally, let s(m) = lim P(Sn = lléh-l see Ah-m)' In the linear
model s(m) decreases as {1 - 92)m“lo For marginally constant two
operator models in general we can show that the sequence s(m) is bounded
by a geometric seguence, i.e., for some ¢ < 1, s(m) 5?Kcmo (To show
that s(m) is monotone decreasing it appears that an additional assumption
. . 2 : .
is reguired, namely {max w(p))” < (min w(p)). This has the effect of
restricting the extreme deviations of w from its mean valuve. We will

not pursue the point here.) To show that s(m) is bounded in this way

2 1 “ 3 m — FRE-I-1
we note-flrst that, letting Ah-l = AhFlAhﬁg &hrm’
m m m
s(m} = Blp [A |1 +Elp /o 1 -28[aA . [&° ]
m 2 m

1

EE[(I - W(pn-l))pnwl(l - pnml)IAh=2 o Ah-m]

2R[(1 - w(o ))p_ (1= p)]al] .

(The last line on the assumption that we are dealing with the stationary

process al asymptote.) Next, we have

It

Elp, (1 - p)a ]

n n=-1 ),A A ]

E[(l - We(pn-l))pnml(l =P = Tl=1m

n=1

m=1
iy

i

BI(1 - w(p))p, (2 - o,

< o Blp (1 - pn)lﬂh:i] .

where o = max[l - We(p)], 0 < p<1. By itersting this procedure we

have
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. m m
CEBlp(l-p)a 150 (Vl,m - Vg’m) ,

Then since

2il {1 - wlp ))p (1 - Pn)IAQZi] < 2E[(1 ~ WE(PH))Pn(l - Pn)lég:i]

: m
= 2B[p (1 - )2, ;] ,

we have s(m) < od™(v

-V, ) = d1 - 2v. ). (cf. eq. (3.25).)
2

1,0

2,9

These common predictions of the marginally constant two~operator
models are preserved if we tack on a random trial increment notion,
~i.e., for ¢ >0, assume that with probability {1 - ¢) on any trial:

_ . . 1 . = T
D = p_s vhile with probability c: p_,, = [1 w(pn)]pn + Onw(pn).

n+li
The only effect of this assumption is to slow down the process; it does
not distort it. Tt can readily be seen that all the results that we have
shown to characterize the msrginslly constant two-operator models under
NCS schedules are aléo true for their RTI extensions. Consequently as
far as comparisons with the N element model are concerned, we can say
that this extended class of RTI models stands or falls with the linear
.model. Clearly if the convergence predictions of the linear model are
not at least roughly consistent with the results of NCS experiments,

there is no point in considering generalizations along the line of non-

linear operators,

8 < 1: The N Element Model

The learning curve is given by (3.21), with 8 =1, i.e.,

(3.3h) B(a, ) =3+ (1 _2e(1 -P))n-—l(v

-
i 1,1 "2

I 52



where Vl,l,=.% E(kl)u To determine the asymptotic distribution, we
Jet

bk(n) = P(kn = k)
and

b = lim P(kn =k) .

Now bk satisfies the relation

b, = bk(l = (1= 3)e) + (1~ S)Cbk_l [i“—--(il\’;—'—}l] +'(1 - a)cbkﬂ[l&_%_l]

which simplifies to

b_N-(k-l)b k + 1
k N k=1 N k+l
Thus the asymptotic distribution of kn is independent of & and c.
In the special case B =-% (i.e., == %) the distribution is known

0 be binomial with

_ fNY 1N
b = [xlfz)
(Atkinson and Estes, 1963). Consequently for every & < 1 we have

(3.35) lim P(k_ = X) = (11\{1“%]1\7 .
-y 0

Let vV, = ;L E(kJ), and V. o 1im V, . We make particular use of
_ SFRRS n Js nes o ©7 D :
v, for j =1, 2, and 3:

Js®
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' 1
(3.36.1) v =3

1,0
. ' ¥+ 1
(3.36.2) Vg,m =TI
_>+ N

(3.36.3) V53w = —gﬁ—f .

Now to compute ii?@P(Sn = l!éhul oo Ah-m} we_have from (3.2)

i
gl
o
el
o
I

P{S_ = 1|A coe A )
n n n=-

-1 il ' 1|Ahml A Fum T J)bj(n - m)

m

In the limit then

(3.37) lim P(sr'l = 1A

nN— «

Pen A =7 = S
1 o) = L= 2V
. We note that for the N element model, in contrast to the RTT model,
the asymptotic conditional probability of an alternation given m
consecutive success trials is independent of =m. (cf. eq. (3.25)) The
same relationship exists with respect to the conditional probability of

o alternation given m consecutive failure trials; for any m:

| im Pl x ~ oy _N-1
(5.38) Lim P(Sn - lléﬁnl Anmm) -
n— oo

=lo

(ef. eq. (3.28)). To prove (3.38) we note first that for the asymptotic

( stationary) process
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P(An = 1|A.n_l e Ahum) = %:P(An = 1 p-1 7 Benlnen T J)bJ
1 2¢ i 1%
=zt (l - Tf) V1. " 3

rol -

P(a, =1, &, , =18 , B )
= Ry =afa =1 k B % 3
where Zg;l = Zh_lzh_e ser A _.» and
b¥ = lim P(k . = |8, Zn_m) .
s o0
By (3.35), bg = bj’ 50 we have
Vim B(A +A o -2aA |E ) =1 - 2V, , - £ V) ) = NEET L + 5

n— oo

For our purposes (3.37) and (5.58), and thé correspdnding equations
(%.25) and (3.28), provide the major points of comparison between the
N element and RTI models for the case B < 1. The remainiﬁg results to
be presented in this section are the asymptotic first and second order
segquential probabilities of the N element model for & < 1. These are
primarily useful in evaluating the goodness of £it of the W element
model, apart from its comparastive merits vis £ vis the RTI model. All

the expressions below are obtained by standard methods, consequently
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derivations wiill not be given, It will be noted that only half of the
expressions actually need to be computed directly, the rest follow frbm
the symmetry considerations mentioned earlier.

Each of the gquantities below is the limit of the corresponding pre-
asymptotic.conditional probability. Yollowing standard practice the
trial indices are omitted, and the seguence of events in the conditionsli-

zation is given in decreasing time order from left to right. Thus:

Plagloga0.a) = iEF&P(Ak,nIOj,nwlAk,nles,UPQAt,nr2)

.VE and V5 are used to demote V, = and V5 . 25 given by (3.386).
(3.39) P(a,|0,4,) = 2V,
c
(3.40) P(AlfogAl) =2V, -
(3.43) 'P(A1|02A2) =1 - 27,
- £
(3.42) P(AllolAE) =1 [2v2 - N]
_ Vs
(3.43) P(AllOlAlOIAl) = ﬁ;
2(V2 - v3)
(3.44) P(AlIOlAlOEAE) = “37:"§v;"f
V3
(3,h5) P(Al]ogAgoeAg) =1- ﬁ;



(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(5.52)

(3.53)

(3.54)

(3.55)

(3.56)

(V. - £7,)
AT -
P(Al|02AlOlAl) -
2c c
Vsﬂ-“N'—VE-I-;wl;]-é
P(AllOlAlozAl) = —
2 72N
P(Ai[OQAEOlAE) =1 - P(AlIOlAlOEAl)
P(AilolAgoeAg) =1 - P(Al|02AlOlAl)
1
(v, = V) + 5 (5 - 7))
: ~ 27 '3 TRVE T Yo
P(4,10,8,0,4)) = 2 T,
he 1 c
2V, = V) + g (5 -V) * 2z
(4 [0,4,004,) = P
2T W
P(Al|02A102A2) =1 - P(AllolAQOlAl)
P(AIIOEAEOEAI) =1 - P(Al[OlAlOlAE)
P(AllogAgolAl) =1 P(AllolAlOEAE)
¢ 1
+ - + = -
v3 5 (1 zc)(2 eve)
P(AlfogAlogAl) = —
2 T BN
P(A ]0A0.8)) =1 - P(4,l0,4,0,4,)

172
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ngVB']“—CVE-;—NEC(l- c)
(3.57) P(a,]0,4,0,4,) = T
2 2N T 2
(3.58) P(Al|02A10lA2) =1 - P(AlfolAEOQAl) .

& <1: The N FElement-Linear Model

The learning curve is given by (3.21) with ¢ = 1:

(3.59) Play ) =3+ (1- (v, ;-3

ol

N

o6(1 - 6‘)_} n-1

where Vl,l = E(Wl)o

The probability of an alternation given m success trials is

(3.60) Lim B(s_=1[a , cee A )

n=1 n=m
n—
2
N -1 (L - 8) ,1 67 \m~1
=y t et (5 -V (- )
where V = lim E(w? ). Eguation (3.60) follows from (3.18):
2,2 i,n

I— o0

m m
P(Sn - llAn_l) - E(SﬂlAn_l)

BIB[S_|A" ., Wn - m)]iA;l_,l}

n-1’
N = 1
- gvl,n-m(:L - Vl,n—m) N
21m-1
(1 - 8) 8
+ - —— -
S L=l Unem ™ Y2, 0em
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{we have assumed here that the {wi 0 m}?_l are uncorrelated. This is
,n-m’i=

not true in general, but it is true in the limit, so for our purposes
there is no loss of generality in assuming it for trial n-m.)
Inspection of (3.60) indicates that the asympfotic.conditional
probability of an alternation decreases geometrically to the N element
N2§ l. It is clear that Vz’w fof the 9-N model wili

be the same function of & and & as V, . in the RTT model (eq. (3.27)),
E

model value of

gince the latter is independent of ¢ and we have already seen that

. 1
{Wi,n}n=l can be regarded as an RTI process with ¢ = T
The following results are useful in parameter estimation:
(3.61) lim P(A, _|a ok y=2l1-2)m +&
1,n'",n-1"1,n-1 N N’
(3.62) lim P(4, |4 0 y=2[1-2|m
1,n'"1,n-1"2,n-1 Nf "o’
. —>

2] .

where m = lim E[(w )
oo n
- s
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CHAPTER &4

AY EXPERIMENT WITH NON-CONTINGENT SUCCESS SCHEDULES

- in the lagt chapter we derived a number of predictions for NCS
experiments ffom the N element, RIT, and N element-linear models--
the three two-parameter specializationg of the c-8-N model. It Wés
shown that each of thése models predicts marginal constancy in the case
& = 1, and, in the case B < 1, each of them predicts that P(Al,n) —1/2
as I — o, regardless of the initial distribution of response proba-
bility. In addition, it was shown that the models disagree in certain
of their first-order predictions; most importantly, in their predictions
concerning the effects of a sequence of success trials on alternation
probability. We now report an experiment designed;, first of all, to
test the common implications of the ¢-8-¥ family, and secondly,
assuming that the common predictions do well, to determine whether any
one of the two-parameter members of the model family is differentially

supported.

Experimental Design

Two NCS schedules were studied: & = .8 and & = 1. Each of these
schedules was employed in a single bicck of prediction trials, with the
two NCS blocks forming two phases of a longer sequence of prediction
trigls. Ixcept for the use of WCS schedules the experiment was a
standard binary prediction experiment. The subject?s task was to predict

which of two letters, "X" or "Y," would appear in a display window,
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Fach trial began with the occurrence of a "ready" signal; as soon as
this signal appeared the subject indicated his prediction for that trial
by pressing one of two keys, marked "X" and "Y." Following this pre-
diction either "X" or "Y' appeared in the stimulus display window,
and remained on for one second. The letter then extinguished, there was
a 1.25 second inter=-trial intervasl, and the ready signal reappeared to
begin the next trial. The experiment consisted of 450 such trials; each
subject ran through the entire sequence in about 45 minutes, with a
two-minute rest period in the middle of the session. Subjects were
paid a Tixed amount for participstion, but no pay-offs were given for
correct responses, or penalties for errors.

From the experimenter®s point of viéw the h50 prediction‘trials
were divided into six phases, each phase corresponding to a particular
reinforcement schedule. The schedule and number of trials in each phase

are indicated in Table 1.

Table 1

Reinforcement Schedules in Phases I Through VI

Phase Schedules Trials
I NCO: = = .5 1-20

II NCO: = = .8 21-70
11T NCO: n = .2 T1-150
Iv NCS: & = .8 151=-350

v NCO: 7 = .8 351-400
VI . NCS: B = iao 401=450
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The Y outcome was arbitrarily designated 9y, 80 that in the NCO

phases, =« refers to the probebility of a Y outcome. The randomiza-
tions in each schedule were constrained by phase length, so that in each
NCOrphase the proportion of Y events was eXactiy i, and 1in each NCS
phase the proportion of successes was exactly 8. For each phase,
every subjects! ocutcome sequence was an independent random permutation
of.a fixed sequence of events; either X’s and Y's or successes and
failures,

The subjects were given no indicaticn of the existence of distinct
phases in the experiment; except for what could be learned from the
response-outcome sequence itself. The trial format was exactly the same
on NCO and NCS trials, and the transitions between phases were not
marked in any way. In running himself as a subject, the experimenter
could not determine with any certainty where one phase had ended and
gnother begun. It was expected that the fact that all trials were
ostensibly the same would lead subjects to empioy the same strategies
in both the NCO and NCS phases of the experiment; this expectation was,

by and large, fulfilled.
Apparstus

The experimental situation was fully automated through the use of
the verbal associative learning apparatus at the Institute for Mathe-
matical Studies in the Social Sciences, Stanford Univergity. The
apparatus was made available for this study by W. K. Estes. The subject
sat by himself at a table in a soundproofed, air-conditioned room which

contained only stimulus display and response spparatus. On the table
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in front of the subject was a response panel confalning two 7/8 in. by
1 in. response keys, 3 inches apart. These keys could be illuminated
to remind the subject which response he had made. The left hand key
was labeled X, the right hand key, Y. On a second table 5.5 ft. away
from the subject were two stimulus display boxes,; one 6n top of the
other. The front of each box was a 2 in. by 12 in. display window in
which alphénumeric characters could be made to appear to serve as the
ready signal and trial outcome. The ready signal on each trial was a
minus sign ("-")} in the center of the upper display window; the trial
outcome was an X" or "Y' appearing in the left-most position of the
lower display window,

A second room, adjoining the subject?s room, contained sn IBM 526
Summary Punch and additicnal storage and timing equipment. The verbal
- associative Jlearning apparatus generates a seguence of stimulus-response-
outcome ﬁrials controlled by pre-programmed information which is input
from punched cards via the 526 Summary Punch. Each card contains
informsetion which determines the stimulus (in thié case, the constant
ready signal) and outcome of a single irial. For this experiment the
épparatus was set To operate in a simple contingent reinforcement ﬁode,
' The control card for each trisl of the experimental seguence contained

three data fields, £ , T

o f.. Fielad fo was the same on every card;

1’ "2

it conteined the ready signal information. The other two fields each
contained a (coded) oubcome (icEaJ an X or Y)a If the subjectls

response was a prediction of Y (response al) the outcome in £. was

1

presented, if the response was a pfediction of X (response a2) the

outcome in f2 was presented. On NCO trials fl and f2 both
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éontained the same outgome, and this cutcome was presented regzrdless
of the subject’s response. In the NUS phases a success trial was
effected by letting fl contain a Y outcome and f2 an X outgome,
a failure trial by reversing these assigmments.

A deck of 450 cards was prepared for each subject. Fach deck
cénsisted of six blocks of cards corresponding to the six phases. Fach
of these blocks was an Independent random permutation of a Tixed
sequence of X and Y cards {in the NUG phases) success and Tailure
;ards (in the NCS phases) in the exact proportion of the gppropriate =
or 8 for the phase. The randomizations were done on an IBM 7090; a
program for this purpose was kindly provided by D. P. Horst.

The sequence of events on every trial was as follows. AL the
beginning of each trial both response keys and both.display windows were
dark. The trisl began with the 526 reading the first 20 columns of the
control card (field fo)o This causged the ready sigral to appear in the
upper display window. The equipment then walted for the subject's
response. Ag soon as the subject pressed a response key this key was
illuminated, At the same time the 526 punched the response, and then

procesged an additiconal Ten columns containing and fEe The out-

1
come (X or Y) was then displayed. The delay between the response

and the appearance of the cutcome was 1.5 seconds. The outcome remained
on for 1 second; at the end of this time both it and the illﬁminated
response key went off. The next control card was then advanced and the

cycle began again. Assuming a two second latency the time between one

ready signal onsget and the next was 5.75 seconds.
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Procedure

On arriving at the experimental rooms a subject was seated in

front of the response panel and asked to resd the following instructions:

"This experiment consists of a series of trials. On each
trial exactly one of two possible events, X" oor "Y,M will
occur; your task is to try to predict which event will occur.
Bvery trial will begin with the appearance of two small illu-
minated lines in the upper display window in front of you,; as

shown in Fig. 1 below. This is the signal for you to indicale

Fig. 1 Fig. 2

your prediction by pressing either the X or the Y button
on your response panel., Afier you make your prediction it
will be automatically recorded by the IBM equipment, and the
actual trial event=~either an X or a Y=-will appear in the
lower display window as shown in Fig. 2. If the trial event
agrees With your prediction you have made a correct response.
The upper and lower display windows will extinguish after a
brief period, and the next trial will begin s.hortly-thereafter°
It is impertant that you indicate your prediction as rapidly
as possible after the signal light appears at the start of the

trial, otherwise the experiment may run overtime.
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We will not give you any information on how best to make
correct predictions, éxcept to urge you to pay close attention
._to the event on each trial. If you have any questions about
“the procedure, please ask the experimenter. There will be

two short bresks during the session.”

After the subject finished reading, he was asked if he had any
guestions. If he did these were answered by paraphrasing the appro-
priate section of the instructiocons. The experimenter then ran through
several practice trials (NCO: = .5 trials; not part of Phase I) %o
make gure that the task was completely clear.to the subject. As soon
as this was certain the experimenter reminded the subject to respond

' and then returned to the control room. The .

“as guickly as possible,’
sequence of experimental trials began immedistely ard continued without
interruption for at least 250 trials. At a variable point between

trials 250 and 280 the sequence was stopped to allow a two minute rest
periodo The trial sequence then began again and continued without
further interruptions through trial 450. As soon as the last outcome

was ﬁresented the subject was questioned to determine whether he had
become suspicious of the task as a result of the final double reward
Thase. This interview was guite informal, but'it always began with

"I7d like you to tell me on what basis you were making your predictions.'
This queétion,appeared to be sufficient to partifion the subjects into
two distinetly different groups: <+those who had recognized that their
responses (in Phase VI) were actually determining the outcomes (5 out

of 55) and those who either had not noticed anything especially different

at the end of the experiment, or who thought that they had finally solved
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the problem (50 out of 55). Subjects in the first group were guestioned
further to_try to determine what had caused them to become suspicious;
subjects in the second group were asked if they had managed to find any
"pattern” in the outcome sequence "especially towards the end of the
experiment.'” (Some volunteered this information before being asked.)

if a subject answered that he had, he was asked to describe the pattern
and the information was recorded. Finally, the experimenter explained
~the actual nature of the task, paid the subject, and dismissed him with
the request that he not discuss the experiment with potential future

subjects.
Subjects

fifty-five,subjects were obiained from the Student Employment
‘Offices of Stanford University and Foothill Junior College. ZEach subject
was paid $1;75 for his participation. The subjects were all students;
they ranged from first guarter freshmen to graduate students {none in
‘psychology). Five subjects' data were not inciuded in the analysis
because they indicated in the post-experimental interview that they had
recognized the b = 1 contingencies in Phase VI. 'wo of these five
had récently partici?ated as subjectis in a social psychological experi-
ment involving deception: both claimed fhat this experience had made

them suspicious of psychologists.
Resuylts

We first examine data bearing on the common predictions of the

c-8=N family. Table 2 shows the group mean léarning curve in ten trial
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Table 2

Proportions of 8y Responses in Ten Trial Blocks:

All Subjects, Trials 1-450

Trials P(al) Trials P(al) Trials P(al)
I v
1-1¢ 486 151-160 .318 - 321-330 L6k
11-20 .516 161-170 . 588 331-340 .512
- 171-180 456 341-350 .508
21-30 470 181-190 .550 v
31-L0 .606 191-200 490 351-360 .52
£1-50 708 201-210 8l 361-370 730
51-60 .690 £211-220 .532 %71-3580 .75k
61-70 752 221-230 .508 381-390 RSN
11 231-240 486 391-400 L4l
71-80 60 241-250 450 VI
81-90 L3O 251-260 436 40o1-410 T34
91-100 326 261-270 486 411-420 .700
101-110 262 271-280 gl ] h21-430 .718
111-120 2bk 281-290 A476 431-440 732
121-130 .208 291-300 156 441 -450 724
1%1-140 .236 301-310 480
141-150 2he 311-320 . 506
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blocks. Each entry represents the proportion of a responses made by

1
all 50 subjects over the indicated ten trials. (The horizontal lines
separate phaseso) The same data are plotted in Figure 1. To a first
approximation, the mean learning curve predictions of the ¢=6-N model
are borne out by the data. Thé curve begins in the neighborhocd of .5

in Phase I, rises toward the probability matching value of .8 in Phase II,
decreases towards the matching value of .2 in FPhase III, and then moves
back to .> as predicted in Phase IV. In Phase V the curve moves again
toward .8, this time somewhat more smoothly, and then in Phase VI remains
guite constant at around .722. The data for Phase IV and Phase VI are

of particular interest. On the basis of Table 2 it appears that the
marginal constancy prediction is quite consistent with the results of
Phase VI. Certainly there is no evidence of any trend in the response
proportions over the five blocks of triale, and all the proportions are
satisfactorily close to the mean value of .722. Similarly the prediction
lim P(A

> co
overall proportion of a

. n) = % for & = ,8 seems Lo be consistent with the data; the
2

1 responses in the last 100 trisls of Phase IV
is 486, and over the last 50 trials, .494. It should be noted that
this reflects the actual proportion of Y prediections; no counter-
balancing of response assignments was used in the experiment.

Table 3 shows a breakdown of individual subject response proportions
in the.last 100 trials of Phase IV. The table gives the number of

subJjects whose proportion of a. responses over trials 251-350 fell

1
in the range 0-.10, .11~.20, etc. The distribution is somewhat skewed

to the left, but 36 of the 50 subjects fall in the range .L1-.60, and
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Table 3

Distributicn of al Response Proportions Over The

Last 100 Trials of Phase IV

0~ cli= 1.21= .30 | u1=|.51~|.61=].7T1=].81=].91=

Renge of P(a)) I" 101" 20| .50| “ko| .50 .60] .70 .80| .90| 1.0

Number of subjects| 1 3 1 L 121 | 15 2 2 0 1

the mean, as indicated previously, is .486. To anticipate a bit, we
show below that the dbserved variance is guite accurate predicted by the
N element model.

- We next consider those results which ought to differentiate beiween
the ¢~8, 06«N, and c¢=N models. In order to have a rough idea of what
to expect from each model we first estimate the common learning rate
parameter c8/N. On the basis of equations (3.26) and (3.30), (3.39)
and (3.40), and (3.61) and (3.62), we can estimate the learning rate
(i.e., the appropriate specialization of cG/N), from the terminal

portion of Phase IV by
S ' N :
cO/N = P(AllOlAl) - P(AlIOEAl)

where - P(AllojAl) denotes the observed proporition of times that the
event A, O, was followed by A in the last 100 trials of
l,n j,n 1;n+l
Phase IV. (Hereafter when we refer to asymptotic data from Phase IV it
will be understood that we mean data from the last 100 trials of that
i
phase.) The common estimate obtained in this way is c9/N = ,175. This

ig very close 0 estimates obtained in other experiments: Suppes and

Atkinson (1960) estimated a learning rate of .174 from data generated
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by an NCO: n = .6 schedule, and Friedman et al. (1964) reported an
estimate of .172 based on an NCO: n = .80 sequence. (Both of these
éstimates were also based on asymptotic sequential statistics.)

Now, since 092_2 c292, according to the RTI model (eq. (3.12)) the
probability of azn alternation on the nth trial of Phase VI decreases
at least as fast as (097)n-2, i.e., at least as fast as {1 - (Ea)gjn-e,
Consequentiy according to that model we expect the proportion of alter-
nations on the SOth trial of Phase VI to be no more than 25% of the
' corresponding proportion on the second trial. According o the N
element model, of course, there should be no tendency for alternations
to decresse over these trials., Table 4 shows the proportion of alter-
pations iﬁ Phase VI averaged in seven-trial blocks. Fach entry is the
observed proportion of alternation responses (i.e., Sn = 1) over all

subjects in the seven~trial block. The data are clearly inconsistent
with the RTI model; the maximum deviation of any proportion from the
mean of .250 is .03, and the last entry is .2L42, whereas according to
the RTI model it should be around .06. Moreoﬁer there 1s no evidence
of any consistent decrease éver trials; the rarnk order correlation
between block number and ordinal positicon in a rénking based on pro-
portion of alternations is 4%, which is not significant (p > .10).
Consequently there is no evidence to support the 6-N model prediction
of a monotonic decrease in alternation probability (eg. (3.18)). since
there is no apparent tendency for alternations to decrease over these

. blocks we conelude that the results of this phase are Incompatible with

the RTT and  6~N models, and guite consistent with the N element model.
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Table 4
gi .. Proportion of Alternation Responses

in 7 Trial Blocks: Phase VI

Proportion

Trizls of Alternations
ho2-408 257
40G=-115 S 27
L16-ko2 226
423529 .283
4350136 22
437l 223

- - bhhei50 242

We next examine the effects of consecutive success trials in the
& = .8 phase (IV). The RTI model prediction here is given by eguation

(3.25). On the basis of this equation and the parameter estimate

1
|2 1)

¢6 = .175 +the RTI model implies that P(Sn = 1]A§;1),5 (697)m’lP(s 1

n
‘For wm = 10 +this relation implies that the estimated conditional
~asymptotic Probability of an altermnation given 10 success trials ought
“to be no more than gbout 75% of the corresponding estimate for 1 success
trialn Table 5 gives the asymptotic propdrtibns of alternations follow=

L ing m consecutive success triagls for m=1, 2, ... 3 10. ZFach entry

is the observed value of the statistic

50 350
)

s=1 n=250+m
50 350
Z: Z: Ah(m: 3)

s=1 n=250+m

S¥(m) =

3



Table &

Observed Conditional Alternation Probabilities: Phase IV

m E( Sn [A?ll_l) Observations
1 313 Lo21
2 322 2200
3 .326 2555
b .335 2039
5 . 330 1637
6 . 326 1317
7 329 1062
8 N 871
9 312 711
10 311 _578
Average L5322
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where

1 if for subject s: Ahpléhyz 29 Ah—m
AN =
n(my s)
0 otherwise
and Sn g = Sn for subject s. In other words, a¥(m) 1is the estimated
3

asymptotic conditional probability of an alternation given m consecutive
success trials. On the basis of the entry .313% for m = 1, the RTI

model predicts that the entzry for m = 10 should be on the order of .23;
the observed wvalue is .311. The rank order correlation beitween m and
S¥(m) is = .3, which is not significant, and none of the entries differs
from the mean of .322 by more than .013. Conseguently it appears that
these results are quite consistent with the N element model prediction
of a constant S¥%(m), (eq. {3.37)}), and quite inconsistent with the RTI
model prediction of a geometrical decrease with m.

On the basis of the foregoing analysis the reader will probably
agree that we can reject the RTT model as being quite incomsistent with
_the results of Phases IV and VI, The case against the N element-
linear model is maturally not as strong, since the issue between that
model and the N element model 1s less sharp. However there is no
evidence in Tables 4 and 5 for the decreases in altermation probability
predicted by the 0O-N model, and these would be the only Jjustification
for apcepting it in preference to the N element model. Conseguently
we reject it also, and proceed to a more detailed evaluation of the N
element model. So far, 1t must be agreed, that model has given & very

good gccount of itself. ¥For purposes of the subsequent evaluation we
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re-estimate the parameters c and N in a manner that uses somewhat
more of the data than our earlier estimation. To estimate N we make
use of the fact that each of the entries in Table 5 is an estimate of
(¥ - 1}/N. {Bquation (3.37); these estimates, of course, are by no
means independent.) Taking the average of these values we obtain the
estimate ﬁ = 2,78, This is to.be interpreted as an estimate of the
‘gverage value of (the integer) N across subjects. (cf. Atkinson and
Estes, 1963. If we took N to be three and estimated ¢ accordingly
- the predictions below would not be altered very greatly.) We note by
way of comparison that the estimates of N obtained in the previously
“cited experimente by Suppes and Atkinson, and Friedman et al., were
3.48 and 1.84 respectively. To estimate c, we use the fact that for

o < 1:

lim P(S_ = 1[?§.n_l) - lim P(s, = 12 ) =%
(mquations (3.37) and (%.38).) The estimated asymptotic conditional
probability of an alternation given a failure on the previous trial is
19k (based on 979 observations)u From this we obtain a c/N egtimate
of .173, which is virtually identical to our previous estimate of .175.
Combining the ¢/N and N esbimabes we have © = .48. These estimates
will be used in subsequent compufations of predicted values.

Tgble 6 shows the predicted and observed values of a number of
asymptotic sequential statistics from Phase IV, All first and second:
order seguential probabilities are included, except those for which the

observed proportions in the last 100 trials of Phase L were based on
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Table 6

N Element Model Predictions and Observed Sequential Data:

n -~
Phase IV, Last 100 Trisls. (/N = .173, N = 2.78)

Pred. Obs . Sbeomvetions

P(Al[OlAl) .680 oyn 1618
P(4, [0,4) .507 Lg9 193
P(Al[OlAg) 493 .88 L86
P(A1I02A2) .320 301 2103
P(AlIOlAlOlAl) 760 730 1012
P(A1102A202A2) .240 .o54 1165
P(Al]QlAlogAg) . 500 .538 507
P(Al[OEAEOlAl) .500 438 516
_P(Al[ogAlolAl) .580 .500 264
P(Al[OlAgogAE) QMzly 73 29h
P(Al[OlAloeAl) 681 LBTT 158
P(Al[OEAEOlAg) .319 .282 195
P(Al[OlAlOlAE) .675 ThO 181
P(Al[OEAEOEAl) 325 257 206

350
Var ) A 206. 233. 50

n=251 '

T




fewer than 125 observations. ZFach entry (except the variance) is the
'average over all 50 subjects of the appropriate proportion of conditional
events in trials 251-3%50. Thus the observed entry for P(A [Al lAlol)

is the average over subjects of the sitatistic

5%0
A0 A 0O A
=052 n n-1 n-1 n-2 n-2
350 ’
0 A o] A
n=552 n-1 n-1 n-2 n-2

The observed variance entry is

. % 5;40 2
1 A - 50| .
0 o1 \n=51 ™°

The predicted entries for the sequential probabilities are based on
equations (3.39) - (3.58), and (3.356). The prediction for the variance
is based on the following W element model equation for the asymptotic

variance of the total number of a responses in a block of size M:

1
nt+M 1,
(h.1) lim Var ) A = E Z[ngm -3 (1 + x)}
. n— J=n+1

where

w™
I
]_l
i
>
§
=
i



gnd V, is given by (%.36.2). The derivation of (4.1) is straight-

>
forward but tedious; it will be omitted. We note that the wvariance
equation depends on the following expression for the asymptotic covariance
between An and An+j’ J =1, 2, 5as

(4.2) 1im Cov(An, An+j) = (1 __x)j'l{vgym - % (1 + x{i
n— ® . .
By and large the fit between predicted and observed values in

Table 6 is quite good; the largest deviation is .08, and as the number
of chbservatlions Increases the deviations tend to become smaller. The
fact that the model predicts a variance of the proper order of magnitude
is particularly impressive; this prediction is very sensitive to small
changes in the parameter wvalues. If the variance prediction were

computed in terms of the proportion of a responses over the 100 trial

1
blocks, so as to be comparable to the other predictions in the table,
it would be 021, as compared to an obsgerved value of .025. In evalua-
ting the goodness of fit of the model to the Fhase IV data, it should
be recalled that Table 5 also cohtains relevant asymptotic sequential
i

statistics: P(S_ = 1A

n-l) for ten values of m. The model predicts

all ten of these values with g maximum deviation of .02.

A persistent problem in fitting ¢-0-N models to binary prediction
data has been that the learning rate parameter estimated from asymptobic
statistics normaily does not permit a good prediction of the acquisition
portion of the learning curve (see, e.g., Friedman et al., 1964).
Typically (although not always) it has been found that the learniné rate

parameter needed to fit the learning curve is about one-third the wvalue
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of the same parameter as estimated from asymptotic sequential statistics.
(That is, in any of the ¢~6-N models the value of CG/N which must

be used in the equation for P(A

1 Il) to fit the observed acquisition
2

curve is about one-third the value which must be assigned to CQ/N

in order to correctly predict such quantities as P(Al]AlOl) in the
asymptotic phase of the same seqﬁence of trials.) In this respect the
present experiment is something of an exception; the asymptotic estimate
E7ﬁ‘= 2173 fits the learning curve for Phase IV relatively well. If
we let Vl,l51 = 242 (the observed mean proportion of a

over trials 141~l50), and compute the predicted learning curve for

| Tresponses
Phase IV using c/N = ,17%, the predictions are all quite close to the
observed values, except for two anomalous points which could not be f£it
by any choice of parameters. Table 7 compares the observed and pre-

dicted proportions of a responseg in ten~trial blocks in the acqui-~

1
sition portion.of Phase IVQ Ixcept for the two points mentioned above
the discrepancies between predicted and observed are all < .02.
Interestingly, however, and more in line with previous research,

¢/N = .173 will not fit the learning curves in the NCO phases (II, IIT,
and V). Here the required value is, in fact, about one-third of .173:

an adeguate fit of the first four points of the Phase V curve is obtained
with c/N = .058. This is the value that was estimated from the acéﬁi~
sition vhase of the = = .8 series of the Friedman et al. experiment
(recall that the same series yielded an asymptotic estimate of .17k,

which is firtually identical to the comparable estimate in the & = .8

series of the present experiment). One further parallel: Friedmen et al.
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Table 7

Comparison of Observed and Predicted 10 Trial

Block Learning Curves; Phase IV, First 100

Trials: ¢/N = .173; P(Al,l5l) = .2ho.

Trial Block

Predicted P(a

,)

Cbserved P(al)

ik1-150
151-160
161-170
- 171-180
181-190
191-200
201-210
211-220
221-2%0
231-240
2h1-250

L322
13
458
479
490
495
.98
-hoo
459
.500

W2h2
.318
.388
;u56'
.550
490
8L
.532
508
186
LGl
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ran a number of =« = .5 sequences with different values of %(Al’l)a

One of these was %(Al,l) = 2. From the acquisition curve of this
sequence they obtained an estimated o¢/N of .18. Since NCO: % = .5

ig equivalent to NCS: & = .5 +their result is almost exactly what would
be expected from the results of the present experiment: O = .5 1is the
one case in which the "effective" learning rate 2(1 - 8)¢/N is equal
to the parameter ¢/N. However it should also be noted that if c/N
actually had the same value throughout the Friedman et zl. experiment

the same learning rate estimate should have been obtained for every

: in fact the estimated ¢/N values ranged from .62

value of P(Al,l 3

to .07. HNevertheless it is of interest to note that in the only
éonditions of their experiment that are directly comparable to those of
the present experiment the parameter estimates are virtually identical.
We turn next to an evaluation‘of the N element model predictions
for Phase VI--the 8 = 1 phase. Recall first that.according to eq. (3.6)
the expected proportion of alternations in Phase VI, assuming previous
training to asymptote on a NCO schedule with P(Ol) = ﬁo, is ‘
Eﬂofl - ﬁo)(N - 1)/N. Sinee an NCO: % = .8 schedule obtained in Phase V,
this prediction would hold exactly if it qould be assumed that the
process had reached asymptote in that phase. Clearly this was not the
case, the learning curve in Phase V never gets zbove .76, and the
terminal value is .Thl4., However it is not unreasonable to suppose that
the distribution of k  at the end of this phase is almost binomial,
with a parameter of .74l rather than .8, Neglécting the "almost” and
substituting .T44 for T in (3.6) we obtain a prediction of .246 for

~ the overall proportion of alternations in Phase VI. The observed value
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(the average of the block values in Table 4) is .250., If for T, we

use the sctugl proporticn of a, responses in Phase VI (.722) the

1
prediction is .256.

We saw earlier that the trial by trial proportions of a, responses

1
and alternations computed over zl1l1 subjects (Tables 2 and 4) were con=
sistent with the N element model. At the individual subject level

the model makes the very strong prediction that each subjects response

seguence is a Bernoulli process. Moreover, the model implies that the

paremeter of this process (i.e., the individual probability of an a

1
response) must be a fraction of the form i/N, 1=0;1, 5. , N,
Table 8 gives an idea of the actual distribution of a, Tresponse
Tzbie 8
Distribution of Total aq Responses in Phase VI
Number of a; Responses 071 1-101 11~-20 | 21-307| 31-40 ['41-49 | 50
Number of Subjects in Range | 1 2 I 8 S 17 9

proportions. The table indicates that one subject made all S

responses in Phase VI, and nine subjects made 21l a, responses. The

1
Ffirst observation is congistent with what would be expected under our

assumption of a binomial distribution with parameter 722 if we take

~

N = 2.78 +to indicate a true N of 3; in that case the prcbability that

all 3 elements would be conditioned to a2 is = .02, Since we can

ignore the probability that a parameter value of < or more would lead

3

to 50 consecutive a, TYesponses, the expected number of protocols
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containing no al’s ig exactly one. However the same assumptions are

not as compatible with the fact that only nine subjects made only ay
responses; the expected number would be around 18. Of course our
assumptions are very restrictive here; it should be noted that 15 sub-
Jects made b5 or more al responses, so with a small allowan@e for
error the predicted figure is in the right neighborhood.

To test the single seguence stationarity prediction of the model -

each subject's ay probability was estimated by

1 20
. e *
Py 50 Eﬁ s 8
2
% . .
where An,s denotes Ah50+n for subject Bo The following X

statistic was then computed for each subject whose D was not 1 or O:

25 . z 50 o 2
[ o Ai,s - 25@5] [ X Az,s - 25ps]

X]E_( S) _ = I n=26 ,

2550, 258 d

Under the assumptions of the model this statistic has g limiting chi
square distribution with one degree of freedom (Holland, 1965). Six of

the subjects had X°

1 values significant at the .05 level; the rest

were not significant. OFf the six subjects with significant Xiﬁs only
two failed to make at least one alternation in the last ten trials of
the phase. The total Xi over a1l subjects was 58.52, which is not
guite significant at the .05 level for 40 degrees of freedom. All in

all, taking account of the 10 subjects whose protocols were "stationary”

8l




in the sense of showing no alternations af all, it appears that the
statioharity prediction is reasonably well borne out by the single sub-
Ject data. |

To test the predi;tion that the responses of a single subjects
protocol are independent the 25 pairs of successive responses (A§A§+l),

n=1, 3 5, coo , 4G 1in each protocol were partitioned into cells

17 8952 8505 Snp in the obvious manner, and the X2 statistic

o~ ~ 2
(W,. = B, P. 25)
Xg(s) _ z: lJSA i,s J,8
iyd Bi, Py, 620
was computed for each subject having ﬁs % 0, 1. (Nijs = number of
response pairs in aij; pi,s = ps if 1i=121, 1 =~ Ps if i = 2.) This

statistic has a limiting X2 distribution with 2 degrees of freedon.
Ten of the L0 subjects included in the analysis had Xg values signifi-
cant at the .05 level. Although the number of significant values here
is not much greater than in the stationarity analysis the relative size
of the significant chi sguare values indicated a considerably greater
deviation from the model on the part of some subiects. In the station-
arity analysis only two subjects had Xi values significant at the .01
level, and these just barely. In the independence analysis six subjects
had Xg*s significant at p < .01, and the total chi sguare over these
six subjects alone was =~ 122. (The entire analysis had 80 d.f.; the
total X2 was 208.) The reasons Tor these large deviations from the

2

model are of some interest; they are discussed in the next section.



Hypothesie Testing: Scme Phenomonology

In the interview aﬁ the end of Phase VI, several subjects volunteered
the information that they had solved the prediction probiem 'near the
end of the experiment" by discovering a pattern in the outcome sequence.
' By this they meant either that the seguence appeared to be formed by

et TN S

- repeating a fixed cycle of outcomes-=-e.g., <+« 010102 ololo2 tev , OT

that the outcomes came in runs which were of increasing, but predictable

A
length, e.g., 0,0,0,0.0 0’5&6‘0 sve . We will refer to reported

2122122271
patterns of the Tirgt type as "periodic" patterns, and to the others as
"aperiodic" patterns. OFf course the patterns discovered by these sub-
 jects were entirely their own creations, since the outcome séquence in
Phase VI wds simply a reéord of their responses. For Jjust this reason
they are of particular intefeSt; we would expeci the suﬁjéct to create
a pattefn of somé.sort if his behavior in the prediction situation were
determined by an effort to find such a paitern, i.e., if he were trylng
out plausible patterns in an gttempt to find one that fit the outcome
Sequence,

Table 9 gives each subject's Phase VI response protocol as a
'sequence of 1%s and 0's, The 1's denote Y predictiohs, the O's
X predictions. Subject 10 reported that towards the end of the exXperi-
ment he discovered the periocdic pattern < 5%, 2K > veo (i.e;, the
pgriodic pattern consisting of a repeating cycle of five consecutive
.Y*s followed by two X's.) The table indicates that his responses follow

this pattern throughout trials T7-50 6f Phase VI. With somewhat more

ingenuity, subject 12 discovered the pericdic pattern
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Table 9

Response Sequences in Phase VI: 1 =Y, 0 =X

. TRIALS
8ub 1 25 50
1 101110110101001000100000L00000001C00000C0070000000
2 1001000100001 000001 000000100C0000100000C00100C0000
3 111111111101001111111111010011213111111010011111111
b 110111311112021311131301111111170111111312¢111111]
5 11111111113101100111131171111011131111101111110111101
6 1001010121111111313113112112113111111111111111111111
©7  3131111131113113111011311111131131323111301211211311
8  11111101100100000000601010011011111111101001101000
G, 101111131131131131163331311731613311311101111111113
10 13131110311111001111100111.11001112.200111110011111.0011
11 111011131110111110111111101311113121111¢7111113111211
12 1101011111111130211110111101110110101111111111C111
12 111111120101111112111021111111161111130111101.1.0100
1% 0111111111111131112313131133131121131213131111121111 -
15 0110101101101101101011013011011011¢11011011011811.0
16 1123111311113111213132121211111111221313111111111%
17 00110000111.10000000001.111111120000000000111111.1111
18 - 00000000001.000010101010101.001.1.10000111121100000011
192 00110011001100110011001100110011001100110011001100
20 11133171111111231112331313112311111313131121113131211
217 100111101010111113111101010101.0101.0101.01010101.01010
22 111111111111131111113111111111311122.3131123313311111
23 0000111.1111111000111111111000000011111121110000000
24 1101.01000000000101.0111.1111.111.010100000C0000001,0101
© @5 11111111111311111131111112311111131111133711133311211
26 110101001.00001.000000000C1.00000C000010000010C000000
© 27 00010001110C¢00000001011120000101011111100011000211
28 (0111100111011100111011100111011100121.0111001110L1.
29 00000000001111000111111100111311001111110011111001
30 10010111111100101111110010111110010111111001011111
31 1011101131111111111000000000111111110C0001112011111
32 111211113111121111131313111311131231111111213213112
53 11111111111011001001110111111121111111110100101121
34 10011111311113111101110011111111111111011100111111
35  111111111113111111111111311111131311111211112111121
36, 11101010010110110100001001010110100000011.011.01011.1,
C37T 111112111121111111010110111121131131311010112111111
38 111171111111131111171311311111113111121111311113.111
39 1111101111110011111001111111001111111¢011111100111
%0 011110117111011111301111111011113111011111111110111
41 111112111010110111¢1121011111011111101111111011111
42 1111111101010111231111111010101.1121171111101010111
h3 101011111000101311110010111.11170101.0001 11101000001
_H# llllllllllllllllllllllllllllllllllllllllllllllllll
45 10111111111111111111111101011111010111111110101111
K6 11121111211311111111123121111213111122121111211111
L7 00001111010000101111.01011C10111.1100101.111110112101.
48 100000101100100030110010011.0001001.0001100110001111
49 10001111111113112311100001111113171111111111111131
QO000C0000000C0ONCCOCO00000H0OCAC0O00A0CO000000VCA0
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< 10Y, X, 9Y, X, ... , 2¥, X, >, and his responses correspond to this
pattern beginning with trial 17 of Phase VI. (He starts at 5Y.)
Altogether 26 subjects claimed to nave discovered some pattern in the
outcome sequence 'near the end of the experiment.” (This does not

include subjects who reported "all X" or "all Y.") These reports were

made with varying degrees of convictlon and precision; scme were
volunteered and others came only after the experimenter specifically

mentioned the possibility of patierns. The patterns themselves covered

g wide range of complexity and sophistication; subject 21, for example,

reported solving the problem with a simple alfernation YXYX ... , while

subject 1 fepbrted a periodic pattern based on the first six prime
numbers: < X, Y, 2X, Y, 3, ¥, 5%, Y, 7X, ¥, 11X, ¥ > (In the protocol
it appears he either miscounted at 11X or mistook 9 for a prime.) An
example of an apericdic hypothesis is provided by subject 2: he reportéd
X, Y, 2%, Y, 2%, Y ¢» aund this desﬁribes his protocol.

Analysis of these pattern.reports was concerned with two guesgtions,
First, did the pattern a subject reported having found in the outcome
sequence accurately describe his responses in Phase VI {in other words,
did he actually respond as he claimed to have responded), and second;
what features did the various patterns have in common with each other,
and with the = = .8 outcome sequence in Phase V. With respect to the
first question; a subject's reported pattern was regarded as confirmed
if the last.two complete runs of responses in his Phase VI protocol,
together with the final run (i.e., the run terminated by the end of the
experiment), formed = response (and hence an outcome) seguence consistent
with any part of the reported pattern. Thus, for example, subject 39
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claimed to have discovered the periodic solution < 6Y, 2X > and this.
pattern was confirmed; subject 34 reported the periodic pattérn

< 2Y, 3X > ; which was not confirmed. On the basis of this criterion
18 of the 26 psiterns reported were confirmed.

It would be impossible to give any general characterization of the
various patterns that subjects reported. BSome idez of the range of
camplexity is given by the examples already cited. In the case of the
periodic patterns the proportion of Y's in the repeating cyele could
be calculated; the mean of these proportions across all reported patterns
(including confirmed and non-confirmed) was .68, If we regard "all X"
and "all Y as patterns; the proportion of Y's across all reported
patterns is .76. It will be recalled that the schedule in Phase V was
NCO: n = .8; consequently we can say that the patterns discovered by the
gubjects, or at least the patfierns that seemed pleusible to the subjects,
tended to probability matech in the mean. This would be expected if the
effect of an NCO schedule were tc restrict subjects ”Working hypotheses"
to those that are consistent with the observed sequence of {nons
contingent) ocutcomes: either in a general sense (e.g., matching the
observed proportions of oy and O, outcomes), or specifically in the
sense of being compatible with the actual sequence of previous outcomes
over the last few trials. However it should be noted that there was a
good deal of variability in the proportions; they range from .00 to 1.00.

It is now evident why the AnAh# independence analysis of FPhase VI

1
rroduced such highly significant X2 values for severzl subjects. These
were subjects who solved the problem in Phase VI with a periodic pattern

which could be detected by the X2 test, e.g., XYXY «-- (subject 21;
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2

s = 25.00). Of course this

_xg = 38.11), or 2%2Y --- (subject 19; X%
test would not pick up every subject whoe responded according to a
(confirmed) pattern: subject 10, for example, reported < 5Y, 2X >,

and this was confirmed,; but his Xe value was 1.96. At the same time

2
it should be noted that our criterion for confirming a reported pattern
is very liberal; only the last two runs are required to correspond to
any’paft of the pattern. From the standpoint of the N element model
the protocols that are clearly incompatible with the independence pre-
diction are those which show an ¢bvicus deterministic structure inde-

'pendent of the subject?s patiern report and these were, by and large,

detected by the test.

~ Summary of Regulsts

The mean learning curve predictions of the c¢~9=N family for the
KCS schedules & = .8 and B = 1 were confirmed. In Phase IV (& = .8)

the asymptotic proportion of =a responses was approximately .5 as

1

rredicted; in Phase VI the observed a response proporiions were

1
approximately counstant at .722. The effects of consecutive success
trials on alternation prcobablility as observed in Phases IV and VI were
gquite consistent with the N element model predictions, and clearly
incompatible with the RTI model. No evidence was found to support the
N element-linear model as opposed tc the N element model. A further
evaluation was made of the N element model predictions for a variety
of statistics in TPhases IV and VI. The fit of the model toc the Phase IV

data wag found to be gquite good. Both the mean learning curve and the

asymptotic seguential statistics could be predicted with the same
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parameter values, and the variance of the asymptotic response proportions
was predicted to a good approximation. Parameter estimatés from the

& = .8 phase were virtually identical to estimates obtained from NCO
scheduies in previous experiments.

In Phase VI (8 = 1) the N element model accurately predicted the
overall proportion of sltermations. Analysis of individual response
sequences supported the single segquence marginal constancy prediction
in Ui of the 50 cases. At the same time, it was found that several sub-
jects reacted to the B = 1 contingencies by "discovering' = simple
pattern in the outcome segquence, e.g., XXYXXY °*° . In the post
experimental interview 26 of the 50 subjects were able to report finding
some rational pattern in the outcome sequence "towards the end of the
experiment.” A comparison between the reported patterns and the Phase VI
response protocols indicated that 18 of the subjects could actually have
been responding on the basis of their reported pattern over at least

their last two runs of responses.

Conclusions and Discussion

Throughout the paper we have been concerned with NCS schedules as
a means for deciding between the RTT (i.e., linear) and N element
models for binary prediction experiments. From this standpoint the
results of the present experiment are guite unambiguous: the N element
model 18 clearly superior. The evidence on this point is sharpest in
the Phase VI data, but more convincing perhaps in Phase IV, where the
N. element model noct Pnly is superior from a comparative point of view,

but in addition appesrs to be consistent with all aspects of the data.
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Since the parameter estimstes of thie phase are virtually identical to
" those obtained in standard binary prediction experiments with NCO
schedules, there is good resson to believe that the conclusions implied
by our results can be generalized to other simple contingent schedules.,
In particular we would expect that an adequate comparison between the
two models based on data from an NCO experiment would also show the K
element model to be superior, slthough the results of Chapter 2 indicate
that such a comparison would not he a simple matter. A relatively direct
basis for compariscn that was not exploited in the present experiment
is provided by egs. (3.28) and (3.38) of Chapter 3. These eguations give
the respective predictions of the BRTI and N element models for the
effects of m consecutive non-contingent failure trials on alternation
'probability, It will be recalled that these predictibns differentiate
the models on a non-parametric basis. An adeguate comparison comparable
to that of Phase IV in the present experiment could be effected in a
straightforward fashion using, e.g., an NCS; © = .2 schedule.

The fact that several subjects “solved” the prediction problem with
a simple pattern under the & = 1 contingenéies was not unexpected. It
was noted in Chapter 1 that Arima's experiment (1965) led to a similar
result, although it appears that the patterns developed by his subjects
after 50 WCO: « = .5 preliminary irials were somewhat less complicated
than those developed in the present experiment after LOO trials and a
variety of schedules. A number of previous studies have found that
subjects in a binary prediction experiment report searching for patterns
(e.g., Nies, 1962). Feldman (1963) has attempted to simulate "hypothesis

testing” behavior in the binary prediciion situation, using as data a
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subject’'s trial by trial descriptions of the reasons for his responses.
of coursef?his technique puts a premium on a hypothesis testing strategy;
the subjec£ 1s expected to come up With‘some sensible rationale for each
response. In the present experiment, =0 far as could be determined, the
50 subjects included in the analysis were not aware of the 5 =1
contingencies; and the patterns discovered in Phase VI appeared to be
generated by strategies that were common to all phases of the experiment.
That is, some subjects were searching for patterns throughout the experi-
ment and the & =1 contingencies gave these subjects a chance to con-
firm a plausible hypothesis. These contingencies alsc give the experi-
menter a relatively objective means of discovering the characteristics
of subjects’ hypotheses at any point in a binary prediction experiment.
This last would bhe importaht in evaluating any binary prediction model
based on hypothesis testing notions.

In view of the fact that the N element model is gquite accurate
at the level of group mean statistics, it seems clear that an adeguate
model designed to account for idiosyncratic "pattern” responding on the
part of some subjects under & = 1 coniingencies will have to yield
group mean predictions for simple contingent schedules that are close
te N element model predictions. Rather than speculate on possible

models of this sort we leave the problem for future research.
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APPENDIX A

Our object here is to show that in the case of NCO reinforcement
with oy probability n, the linear model with experimenter-subject

controlled events (1.4) implies (1.5}, i.e.,

(a.1) 5,(E(n,) - %) = (8, - 6,)(27 - L)E(p,(1 - p,))

where P, has the limiting distribution of {pn}, i.e., E(pﬁ)

= 1im E(pi). The proof depends conly on the symmetry of the responses
n— @ ‘

in the model. We have

(a.2) E(p_,,) = E(E(p_ip ))

E[ﬁ[pn(pn *6,{1-p))+{1-p)Xp +6,(0 - p,))]

(- Rplp, - 0,) + (- )0, - 9 3,)])
which simplifies to

(2:3) 30, = 5o, + 22 16,3 - 2x) - 0,0 - 21)]

+ pn[el(an - 1) - egzu] + 92n]
Now in the limit E(pn+l) = E(pn) = E{p,), so we have
(a.4) 0 = E(pi)(l - 2“)(61 - 92) o E(pm)(Qﬂ)(Bl - 92) + 6% - QlE(pm)

or, rearranging

ok




(a.5) 0 =(8 - 6,)emBlp,(1 - p,)] - &E[p (1 - p,)]- 92E(p§) L Bom

How we can consider the same situation from the standpoint of 2, with
the substitutions (1.- p } for p_  and 1 - n for =. In this case

(2.:5) holds in the form

(2:6) 0= (8) - 8,021 - WElp, (1 - B,)] - 6;5lp,(1 - p,)]

- 6B[(1 - p)71 + 6,(1 - x).

Subtracting (a.6) from {a.5) yields {a.l), which completes the proof.
E(Rm(l - )} is positive unless the limiting distribution is concentrated
at the end points, which can happen only when 91 = 82 2 l’. or 62 = 0.
The first case matches, the second implies absorption at the end peints
with probability one, i.e., almost every prl seguence converges to zero
or one., (Of course the two cases are not eguivalent; when 92 = 0 the

process is not ergodic in the sense of Lamperti andé Suppes. The proof

here assumes ergodicity.}
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APPENDIX B

This appendix outlines the derivations of eguations (2.6)-(2,17) of
Chapter 2. All of these results are obtained in roughly the same manner,
consequently only a few of the derivations are carried out in detail.

The assumptions of the c-0-N model are given by Al-Ak of
Chapter 2 (p. 24). For convenience we review the notation:

W, (i=1, 2, ... , N) denotes stimulus element i, W, the a
i i,n 1
response probability "attached to” W, ab the beginning of trial n,

W(n) the vector of a, response probabilities (w

L s iy )
and w_ the mean of the componentscﬁ‘W(n): W = = E:w. . The event
- n . n N R :
that element wi 1s sampled on trial n is denoted by Wi 0’ Recall
' ?

that according to Al-Ak, w W if W; 1is not sampled on

iynt+l - i,n

trial nj; if Wi igs sampled (with probability l/N), then with proba-
o _ _ay + 0 . . c _

bility e, Vil (1 Q)Wi,n + 60_, while with probability 1 - ¢,

W W . We suppose that @ > 0. Clearly under any NCO schedule

i,n+l = Vi,n

{W(n)}z=l is a vectof valued Markov process. Furthermore it is clear
that {W(n)} is ergodic in the sense of Chapter 3, p. 33; this follows
from the ergodicity of the RTI model for NCO schedules, which in turn
follows from the results of Lamperti and Suppes (1963, Theorem 4.1).

We begin with the mean learning curve {eg. (2.6)}. In general we

have, for k=1, 2, -.-
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P[Al’m+le(m + 1)} = Ef§m+k|W(mA+ 1))
1 S B{w, [W(m + 1)} .
il n i,mtk
How
E{Wi’m+k|W(m + 1)) = E{E{wi,m+klwijm+k_lW(m + 1)} w(m + 1)}
= BlL - %g)wi,m+k-l i %? 7| wim + 1)
Let £ = %?. Then we have the recursion
(1.0) E{wi)m+kIW(m +1)} = (1 - ﬂ)E{wi’m+k_l|W(m + 1)} + xd
= (1 - ﬁ)k'lwi,m%l + [l - (1 - ﬂ)k-l] s

from which it follows that

IWm + 1)) = (1 - )5 5%+ a1 - (2 - 5.

P{A m+l

1,mtk

Taking expeciations yields

(b.1) By ) = (1 - )% tpa }orn(l - (1 - %Y.

Ay ke 1,m+l

Equation (2.6) follows from (b.1) by setting m =0, k =n. Also,

(b.1) implies

P{A ) = (1 - ﬂ)m’lﬁn+

1l O, 1% 2 7 0%, el 1
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where ﬂi =1, ﬂg = 0. This substantiates the claim on p. 26 regarding

the quantity (2.1.6).

Next, let Vij,n = E{wi,nwj,n}’ i 4 j. It is easily shown that
2¢h cfn
= - —— [ S +
Vig,me1 (l ¥ | Vign TN PVin T Y0

and it follows that

Il
a

(b.2) V.. =1limV,
[v4]

v

Conseguently lim Cov(wi a? ¥ ) = 0. It is also easy to show that
n— o« ‘

2
s s 2 _e2n (1 -8) + a0
(b.3) Vy = Him vV, = llm.E(wi,n) = %
n— o > ®

We denote the right hand side of (b.3) by ». Combining (b.2) and (b.3)

we have
. -\ 2 1 2
{b.4) 1im E{(Wn) 1= ﬁ'[7 + (W - 1)n%) .
n—
Now to prove (2.7) we have
. R
im P(Al,n+l'Al,nOl,n) =5 lin P(Al,rﬁlol,:rlj'\xl,n)
n—s T - ®
HUY n+101 Ay = BR(A 000 AL TH(n)))

"P(Al n+101 nl, nl (n)) g:%:P£Alyn+leyﬂ+lol,nAl,nwi,nlw(n)}
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P(AlJ n+lol}nAl)n-IW(I.1)) - Z Z P{Al) 11+le) I’l+lol;nAl,nwi)n[W(n)}

14

1
. Z:[éjﬁ L L AL )}}

le

1

- 1 L
T zj[N’.;lwg,n N [ Ppal +e8(1 Wi,n)]] N “i,n
i J#i
el — T 2
= 7{w ) hﬁ.Wﬂ_Fcegwi,n"

Taking expectations and passing to the limit we have (using (b.3) and

(b.k))

i?LHAl HanJqQ -3 Lly o+ (W - D) + o 2T,
and dividing by e yields (2.7). The other first order seguential
probabilities (2.8)-2.10) are computed in the same way. Equations
(2¢ll)—(2alﬁ) follow from (2.7)-(2.10) by elementary probability
principles. Equation (2.17)--the “remote effects" of an 0, outcome--
is easily obtained by the same method used to compute the learning
curve., All that remains are the asymptotic covariance of An,' A

tk?

and the asymptotic variance of the number of al’s per block. The last

follows directly from the covariance expression. Consequently we

conclude by outlining the computation of lim Cov(An, An+k):
n— o ;

Cov(A , A +k) = P(An+k =1, A = 1) - P(An+k = :L)P(Arl = 1)
DA =1 A =1) =E(PA , =1, 4 = 1{W(n}))
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P(A . =1, A = 1|w(n)) = iZJZP[Anﬂi = 1, Wj,n+kAl,nWi’n[W(n)] .
Z:Z:P{An+k.= 1 Wj,n+kAl,nwi,n!w(n)J

1d

W,
W(n)) eI

S B
- \é JZKI PUA 4y = lle,n-!-kAl,nwi,n N

Now, let W¥(n) denote a fixed value of W(n), i.e., the vector with

components w¥

o o0 WX Then
l,n’ 3 °

N,n

1 ~ 1
iy = * = = = ¥
JZNP(Am«k LW, oy, n¥y, i (0) _N{J;i 7)ol Ty o1 = )
= - * +
+ CﬂE{Wi,n+lei,n+l (1 Q)Wi,n' )
+ el - JT)E[Wi,n-Fk!Wi,n-I-l = (1 - Q)W?'f,n}

+ (1 - C)E{Wi,n+klwi,n+1 = w?,n}}'a

Using (b.0), this simplifies to

=1 - (1= ) e (- ) T - ) ey (- )<t

»

=i

Multiplying by LA and summing over 1, we obtain

POA) s By, W)

:ﬁﬁlw@wﬂﬁﬁ)+ﬂ-£ﬁdﬁg2+ﬂl¥ﬂblﬂﬁ-%2ﬁm)
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Taking expectations with respect to W(n) yields

PlA

= Ny k-1 L, a k-1 =2
Ve A ) = B - (- 2)T )+ (- 8) 7 TEG)

n

-1/ _— 1 2
+4(1 - 4) {ﬂE(wn) - % ZE(wi)n)} .
Tn the limit then

) =of(1- (1 -0+ (- )5 E o+ (r - 1))

1im P(A =

n—

l,n+lAl,n
+4(1 ~ z)k'l{nrg -7}

Subtracting e yields (2.15).
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