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Chapter 1

Introduction

Section 1.1

Suppose we can observe n independent and identically distributed
random variables, gl, oo 4 gn, taking values in some measurable space,
< 8,0L> Also suppose we want td test the hypothesis that a certain
family of probability measures on (J{, {PG, Be®} , contains the distri-
bution which is common to the {Ej}a Assume that there are N

()[—measurable partitions of 8, denoted by‘(ﬁl, o6 ’CHN where

such that we are able to compute the probabilities
k k
pi( 9) - PQ{EleAi] °

Now let

n

. . k
=1 falling into Ai .

M? = the number of the {gj}

Motivated by the chi-square goodness-of=-fit test we define

Work on this project was accomplished while the author heid =
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, N %k (M - npl(6))°
ﬂn(e) _ Z Z 1 2

k=1 i=0 np?(@)

and let ﬁi = inf ﬁi(@)‘ We then consider a test of the form:
Bl S

2
. . EN
reject if nn to

‘where tO is a constant depending on the significance'level:we‘have

chosen.

We shall refer to this test as the minimum-sr2 goodness-of-Tit test

based on Cﬂl, or e ,(Hﬁ, If N =1, this is the usual chiuéquare.teste
Associated with this test is a method of estimating the parameter

& which we shall call the minimumrﬂ2 methodlgf estimstion basedlgg_

011’ ses ,LRN. Roughly speaking, the minimum.-ﬂ2 estimate,‘whiéh we shall
always denote by Gn, is that element of @ such that

2 2,
™ = ﬂn(en) .

A more precise definition is given in Chapter k.

Section 1.2
The purpose of this dissertation is 1o analyze some of the.
asymptotic properties of ﬂi and gn' In particular we examine the
following questions:
(a) In the two cases of a simple and a composite hypothesis, what
is the asymptotiec distribution of ﬁi? In these two cases,

what are the asymptotic mean and variance of this test

statistic.



(b) In the case of a composite hypothesis, what are the asymptotic
properties of En’ i.e., consistency, asymptotic normality,
rate of cthistency, ete? Alsc,; how does BH compare with
other estimgtes based on the same information?

The reader interested in possible uses of this technique should
turn to Chapber 5 which treats some applications of this theory. The
main impetus for considering this problem was the Atkinson and Calfee
appiication of this test in the evaluation of certain learning models
which is discussed in Chapter 5.

The gquestion of comparing the minimumrﬁe test with other reasonable
competitors has been completely ignored here, as has been the question
of optimaliity of tests of any form in this situation. In view of the

results here obtained it would seem that considerable care should be

exercised in applying this test in practice.



Chapter 2
Basic Notation, Definitions

and Slementary Results

In this chapter we lay down the basic notaticn to be used
throughout the remainder of the discussion and state some elementary

results which we shall need in the sequel.

Secticn 2.1
We shall always be working in the context of the rather general
situation described in (1.1) and shall continue to use the definitions
k k 2 2 )
of OTik’ AL o pi(e), M?, N, ﬂn(e) and #  made there. Since ve
shall use vector and matrix notaticn constantly we make the convention

that unless transposed, all vectors are rows. If A is a matrix then

tr(A) and r{A) denote the trace and rank of A respectively. If x
is a vector then by DX we meén the diagonal matrix based on = in
the obvious way. Also HXH will denote the euclidean length of X.
Let e denote the vector of ones, e = (1, 1, ... , 1), and exp(x)
denote the expcnential function. We shall use the words rcots and
eigenvalues interchangeably.

By the notation N(a, B) we shall mean the multivarizte normal
law with mean vector s and covariance matrix B. .By "asymptotically
distributed as" we shall mean what is usually called éonvergence in
distribution of the relevant random variables, and it will be denoted
by L(xn)—+ L(x). x ~ N(a, B) means that x has HN(a, B) as its

distribution law. N




Letting M? be defined as in (1.1) we set Mk = (Mk

0 Mi )

l .
and M= (M, ..., MN). Observe that Mk is the multinomial random

vector determined by the partition C}(k of S and the observations

gl, Cee gn. M 1is a vector of these multinomial vectors and con-

stitutes all the information from the sample &, ... , & which we
1 n

can use.

In (1.1) we defined p?(@), 50 in & manner analogous to the
definitions of M' and M we set pk(e) = (pg(e), cee pi (0)) and -
‘ k
1 b
p(@) = (P (9)1 e 3 P (9))°

We define the following Jjoint probabilities:

ki k Y
v;,(0) = Pglese &y N Ay
1 N
D. C(8) =P fle.enA N oo A
ll " lN Q ]_ ll l‘N
where ik =0, -0y O and k=1, ..., N.

For the most part the parameter ¢ only complicates the notation,

so we shall make a habit of supressing it unless it aids the discussion.

PkE . pk£
0] Ocz
Pkﬂ _
pk pkﬂ
ckO ckc£



P P
o P2N
.and set
O
ki .
Note that P = D,ka We also define
o .
EY) ky' A
% o= -
o = F (p7) »
and let
PN D
11 1N
2:
e o Z
le NN

Then it is easy tc see that we may write

L=D +P-7p
p PP

Using these definitions we may write ni(e) in the following useful

forms

2 1 -1 1 !
i(9) = = (M - np(Q)DP(Q) i (M - np(8))




For convenience later we let

N
50 that z Cp = Ne.
k=1

Finslly, we shall have occasion to say that two partiticns Cﬂ,k
and Cﬂ.g are independent. By this all we mean is that for all 1

and jJ and 6 &

p??(@) = p?(ﬁ)pﬁ(e)

We now proceed to state some simple properties of M.

Section 2.2
M is a (cl + 1) + -0 (cN + 1) = (e + 1) dimensional
random vector, partitioned naturally into (Ml, cee MN). It will

be convenient to let +t dencte an arbitrary Buclidean vector of the

same dimension, partitioned in & like manner.

Lemma 2.1
If t 1is defined as above then the moment generating function

of M, @n(t), is given by:

¢l °y v, n
o0 = (L % ew{Tdls
i=0 1,0 k=1 Y T Fpeely



Lemma 2.2:

(2) BG) = mp B =nmp (0) Covld, 1) = n% Cov(t, M) = a3
Simple computations establish these lemmas. It should be noted
that it was tacitly assumed in the above lemmas that there is a "true”
parameter e® such that the distribution of M is determined by

P i (V). The next lemma gives us the asymptotic distribution of M.
oy

Lemmz 35.3%

If ¥ dis the "true" parameters then

L(}l'- (M - op(y)) - Lix)

n

where x ~ N(0,Z ). Note that x is a singular multivariate normal

v

random variable.

Proof:

The moment genersting function of —%;(M - np) is:
n

I N
1+,1:_ E ! Z tl:fi - ptt Pi .
io...1. t k= k e
fnll 1, k=1 1 N
N N )2
= Y t. - pt'| b, . 1
2n i, iN k=1 ~k / Lyt * O(n)



where no(%) — 0 uniformly for t in any fixed compact set. The

second term in this expansion vanishes because

N C

i k
k x .k ,
DI Lty ey eolin T 2 .Z p; b =t
ll"'lN =1 k 1 N k=1 i.=0 k "k

Using this result we see that the third term of the expansion becomes
N 2

1 k A2
ST B R ey
N .

But (pt')2 = (pt') ' (pt') = tp'pt’. So we look at the first quantity

in the braces. It may be written as:

Ny,
.Z. Zlﬂzltltiﬂpio.il\]
11"'1N k= = 3
N o
PR ) O NPRL D W S
11.,.,1N k=1 k 1 N 11,..1N ¥/ k 24 1 N
C C [¢]
b %k 2 x4
X {“ k k k& £
= 2 '20 bl Py 7 Zﬂ Lo Lty P15
k=1 1= k k k= 1k=0 1£—O k
= tD t' + tPt’
b

Putting everything together we find that the moment generating function

of = (M - np} is given by:
n

(1 +% (% tZp') + o(%) >



which converges uniformly con compact +t-sets to
1
exp{§t x ot}

which is the moment generating funection Tor a N(O,Z) law. Now apply-
the continuity theorem for moment generating functions we cbtain the

desired result.

Q.E.D.

10




Chapter 3

Agymptotic Theory for a Simple Hypothesis

Section 3.1
k
Throughout this chapter we, of course, always assume that P, > o.

In this case € i1s a singleton set so we have the representaticn

- H
w, = —= (M - np) Db == (M - 1p)
i ;

Using this representation we can easily establish tThe next result.

Theorem 3.1:

P

l .
2 2o
Let m = xx' where x ~ N(O,Qp 2D

then under the null hypothesis we have
L(:rti) S ()

Proof:

Let y ~ N(0,E), +then by lemma 2.3 we have

L(fé (M - 1p)) - L(y) .

But tDél t' 1is a continuous function of 4, so by a standard

result on convergence in distributicn we have
2 -1
L) > LD~ ¥')

i1



+

Now let x = prE, then yD;ly' = xx', and furthermore

1 1

X o~ N(O,D;EE D;e) which establishes the theorem
QﬂE.D.
Corollary:
ni is asymptotically distributed as a linear combination of
independent chi-square random variables with one degree of freedom

each. The linear welghts are the non-zero eigenvalues of

£ 2
D25 p?2,
P e
Proof': 1 1
Iet I' be orthogonal and diagonalize D > Dp2 so that
b

i 1

D, = I'D 2D °r
A p p

1
But =xx' = xI'T'x' = xI'(xI') = 22' where 2z =x[. 2~ N(O,Dl) 80
that it at once follows that 2zz' = Z:h,u§ where uj are independent

. 3 J

Lol
N(0, 1) and the {kj} are the non-zero roots of ngz ng.
Q.E.D.
At this point we know the asymptotic distributicn of ni up to

a complicated set of parameters, {kj], and so it is a reasonable

task to see what we car find out about these eigenvalues.

12



Section 3.2

In this section we shall list, in a series of lemmss, some

1 1
relevant properties of the rcots of the matrix 1522 nga
Lemma 5.1:

AL
Let A A be th ts of D 22 D 2 th
et Ay, < N{c+1) e e roots b b en

kj > o and at least .mﬁxick] but no more than Ne of them are

resitive.
Proof:
L L
2

2 . . . . . . co
DX Dp is a non-negative definite matrix since it is a
P
covariance matrix and hence its roots must be non-negative.

New the number of positive roots is just the rank of

1 1 1

DPEE Dﬁg which 1s the same as the rank of X since D 2 is
P

non-singular.

'
But for each k, Ekk =D, - (pk) p.  is matrix which is well

b

. i ri z
known to have rank Ck Hence there is a ck.x Ck submatrix of Y

which has & non-zero determinant and hence for each k, X has a

'Ck X Cy submatrix which has a non-zero determinant. So we have

z) > {
r(Z) = mﬁxhck}

Now let ey be a vector partitioned like M and of the form:
e. = (o, 05 +ev , &€, O ¢+« 0) where e = {1, 1, ... , 1} dis in the

k

kth gsiot of the partitioning of ek. We note that the system {ek}

1s orthogonal and hence independent. But we now observe that

i3



ekz = (ezkl) E}E 2 e esz)

t
But eikﬂ = ePkﬂ - epk pﬂ = PE - Pﬂ =0

Since Z is (Ne + N) x (Ne + N) and by the above argument possesses
N independent vectors in its null space, the rank of Z cannot
exceed Ne.

Q.E.D.

I view cf the lasi result, henceforth we shall ignore those N roots

11

DPEE ng which must be zero and label the A's from 1 +to Ne.

As an aid in stating and interpreting the next two lemmas, we let A

denocte a random variable which is uniformly distributed over the
values ll, Cee ch counting multiplicities. The moments of A

give us useful information sbout the {XJ} themselves. In the next

two lemmas we shall derive the mean and variance of A,

Lemma 3.2
B(A) =1
Proof:
e 101 L
1 1 o, o 1 T2 > 2
A = — AN, = N = e - T
E()\) T ng 3= watriD Dp 1= 5T+ DP PDp DP P pDP

l —l
= =INe + N + O - ¢ !

_ s pel ]e £ -
= NC[NC + N - pe'l= NC[NC + N - NI

=1
Q.E.D.

1h




Pkﬂ
2 KLY o 2l
Let T_, = _Z_ 1 e il anda T = ;.TM, then
15 PPy kEE

Proof:

We consider

tr (Z pTix D‘l)
P P

S -1 -1 -1
=t[I+PD -~ p'pD I+PD "~ - p'pd ]
r|( o < 2P0, ) RS BN )
-1 -1 -1 -1 -1
= tr|I + PD" - p'e + PD_~ + PD PD_ - p'ePD
T[ p ~P€ D pop TP
-1 1 1
- ple - Ppp p'e + p'ep e]
T A1l '
= Ne + (N - 1) - 2ePe’ + tr(PDP PDP )
But
ePe' = D p?? = N(W¥ - 1)
KZL i,3 Y

Purthermore we have

tr(PD7iPD 7YY = tr
b ® KZ4

kg -1 Lk -1
D gP kD k
® b

15




also

ki
| kb -1 Pk -1 ke Pij
tr]\P e e I T,
i p p 1):] ipj
Hence we have
cr(PD7TPDY) = T o+ MW - 1)
P P
Finally we have the result that
e
k? = Ne + T2
j=1 ¢
However
Ne
1 2 1 2
Var(?u) -l\?(‘_? j=l7\,j -1 = '].TIET

Q.E.D.

The quantity TE in lemma 3.3 is called the theoretical

£

mean-square contingency between the two partitions (J{ . and {j[z.

It is 2 common measure of assoclation in contingency tables. Some of
its well-known properties are listed below.

(a) 0O< Tiﬂ < min{ck, cz]

2 . , .
(b) Ty =0 if and only if O‘{k and OI,@ are independent

partitions as defined in Chapter 2.

(e) Tkgz

and (Tlg is a subpartition of the other.

= mln{ck, cﬁ} if and only if one of the partitions Cﬂk

(d) If we let M?? be the number cf cbservations falling into

)/
AE N Aj, then the obvious estimate of qfﬂ,

16




%2

(u7)2
= .z: —. _ ]
4
BTy e
14
has some known properties. . Its exact mean and variance are
complicated but known to varicus orders of magnitude.
For a thorough discussion of Tiﬂ the reader should consult

Kendall and Stuart, Advanced Thecory of Statistics, vol. 2, or Cramer,

Mathematical Methods of Statisties.

Using these facts and lemma 5.3 we can deduce further properties

of the A's.

Temma 3.L:

A, =1 for J=1, ... , Ne if and only if all of the partitions

are palrwise independent.

Proot:
Var(i) :O¢>T§£ =0 for all k £ £<=>O[k and 0"(3 are
independent for all k £ 4. ‘But Var(r) = 06 xj =1 for
Jg=21, ... , Ne.
Q.E.D.
The next two lemmas give us upper bounds on Var(i) which we

shall use in the next section_to find bounds on the asymptotic

. 2
variance of ﬂn.

Lemma 3.5:

Assume that ¢, <ec <. <e then

1-="2 N’

L7




Var(h) < E{N - % E-lﬂ

i
Proof:
Var(A)
ERN RS 2
Ne 2y B0 Mo & 5 X
. N-L i) N-1 N
ST\% min{ck, cﬂ} ~i\]% D ey
k=1 A=k+1 k=1 £=k+1
N-1 N N
2 2 2
== 3 c(N-k)==DN Y c -== ) ke
Ne K= k Ne Kol k e Kol k

2{# g} k % |
i ) k=1 Ne
Q.E.D.
The bound Jjust attained is fairly complicated and it is hard to

see exactly how large it is. The next lemma gives us an idea of how

big this bound can get.

Lemma 3.6
;f ¢y =< 5 < 0 < y then
N Cp :
2{1\1- > k_}gw-l
o1 Ne
and equality holds if and only if e, = ¢, = *+- = ¢Cc_ = ¢C

1

18




Proof':

iy el
2N - ) k EU 5g maximized if and only if the choice of {c }
s} e _ k

c N ¢

il k k “k
minimizes ) k Tor But > Fo -l Fa20 ¢ < cre oy and we
k=1 k=1
observe that
N c N N ¢
k k
Lrge ) L&
K=l e §T gy Ne
N C c,
Hence f{c | minimize } k== if and only if == minimize
k Ne Ne
k=1
iy N
EE ZZ Px
J=1 k=]
N
subject to: g >0, k;& P =1 and py < +er <py

But it is a standard result that these conditions on {pk} imply that

1
Py Z W
>
Py TPy1 ZF
N -1
Py T ey 2 T
pN+ +pl =1

N N
> 0  we minimize ) ) Py 1if and

It is clear that since Py 2
| =1 k=]

N
only if we minimize each of the sums Py
k=]

But from the above it is clear that this occurs if and only if

19



I c

o == forall k. So we find that ) k —= is minimized if &nd
x N Ne
k=1
only if Cp = "t o= ey = oe But if ¢ 1s not an integer, as it might
N c
not be, this minimum cannot be achieved. In this case z: k Te will
k=1

exceed the minimum value found below. We now evaluate this minimum

value.

"Hence it follows that

N c .
2{N— y k-N—ké}Sz{ ~N;l}=m-1
B ¥}

Corollary:

0 < Var(M) <N - 1, Var{(:) = 0 if and only if the partitions are
pairwise independent and Var(A) = N - 1 if and only if the partitions
ére'identical.

If desired, higher moments of the A's may be computed by con-
1 1

sidering the trace of corresponding powers of DP2 Z Dp2 as in the
rroof of lemma 3.3%. Bub even for the third moment this guickly
becomes tedious. In themselves these moments are not too interesting

but appear in the computation of the asymptotic moments of ﬂi which

we shall now consider.

20



Section 3.3

The following theorem gives us the asymptotic mean and variance

of ﬁ2.
n
Theorem 5.2:

1 1

Let #° = xx' where X ~ N(o, DPEZ DPE) then:

(a) E(ﬁg) = Ne

(b) var(s") = 2Ne[l + Var(h)] = 2Ne[l + éfg 72
Proof:
o e
() E(s7) = ) r, =1Ne
Coodn
s e 5
(b) vVar(a") =2 } xj = 2Nell + var(r)]
j=1

Q.E.D.
In a completely straight-forward way other moments of ﬂg may
‘be computed in terms of the moments of A. As a corollary to the last

. 2
result and lemms 3.6 we get a crude bound on the variance of = .

Corollary:

2le < Var(ﬂg) < N(2Ne)

We observe that tThis upper bound is approached as the partitions
become more and more identical and is achieved only when they are, in
fact, identical. If the dependence between the partitions is small

2
as measured by T = E: Tﬁﬂ then Var(ﬂg) is close to the lower bound.
kEd

21



Section 3.4

By the chi-square associated with ﬂe I shall mean a chi-sguare

distribution with Nec degrees of freedom. We can restate thecrem 3.2

tc assert

Lemma 3.7:
ﬂ2 and its associated chi-sguare both have the same mean, but
the variance of ﬁ2 is never smaller than that of the chi-square. The
variances agree if and oniy if the partitions are pairwise Iindependent.
The relationship between ﬂ2 and its chi-square is of interest because
in actual pracitice one might try to get an idea of the significance of
a value of ﬂi by referring it to a chi-sguare table with Ne
degrees of freedom. Since the case in which the partitions are all
rairwise independent is not really of great applicability the next

theorem shows a basie limitation to this approximation.

Theorem 5.3:
ﬁg has a chi-square distribution if and only if the partitions

are pairwise independent and in this case it has Nec degrees of

freedom.
Proof:
It Ozjf e OTN are pairwise independent then by lemma 3.4
: 5 Ne ~
A, =1 for j=1, ..., Nc and hence © = ) 2. where the z,
d ' j=1 dJ J

are independent N(0, 1). Sc ﬁg is chi-square with Nc degrees of

[#]
freedom.

22



Now suppose n2 has a chi-square distribution with 4 degrees of
freedom. Let @(t) be its charscteristic function. Then

4
o(t) = (1 - 21%) ©

But we also have = = > X.Z?; 50

Nc -%
o(t) = [] (1 - 21rse)
i1

1

This gives us two prime factorizations of the polynomial [®p(%)] 2

and hence
d = Ne and for all t and
1l -2it =1 - QiXJt

Hence kj =1 for j=1, ... , N and the‘desired result then
follows from lemms 3.%. |
Q.E.D.
To examine the relationship between ﬁ2 and its chi-sguare a bit

more closely we define
2
F(X) = P{]T >X]

and let G(x) denote the corresponding guantity for the chi-sguare
distribution with HNe degrees of Treedom. When referring .Ki to
a chi-square table when n is large, it would be desirable to know

at least what inequalities exist between F(x) and. C(x) for the

25



relevant values of x. As distribution functions 1 - F(x) and
1 - G(x) Dboth have the same mean but the variance of 1 - F(x) is
larger than that of 1 - G(x). Hence, intuitively it would appear

that for all x large enough we have
F(x) > G(x)

2
This would mean that by referring ﬁn to a chi-square table we will

under estimate the significance level of the test, at least for small

significance levels. In a sense this is a conservative approximation

since we shall reject the null hypothesis when it is correct more
often than we think we shall, and in the gcodness-of-fit problem one
is often more interested in giving the null hypothesis a hard time
than its alternatives.

The abcve remasrks are only intuitive observations and unfor-
tunately I do not have a rigorous procf for them. There are some
indications that they are correct in some respects and I shall discuss
these now.

Consider the case where N =2 and ¢, =¢, = ¢ Now when

N=2=2 Wé can say & bit more about the A's which makes them somewhat

easier to handle.

Thearem 3.4

If N =2 +then the {KJ} are symretrically placed sbout 1
between zero and two.

To prove this, one merely shows that the odd central moments of

A vanish, but a different point of view has to be adopted towards

2k




the A's themselves which makes for more notation than is reasonabls.
Hence we leave the detfails of this proof.to the appendix.
Let ‘21, ces ch be independent and identically distributed

as N(0, 1). From thecrem 3.4 we can set ?\:J. =1 - UJ. J=1 ey

A =1 +gq, jJ=1, .., ¢ where 0O < oj < 1l.' Then we have

‘ ¢ 2 g o ;
F(x) = P E_l (1 - cj)Zj + j{:l (1 + CFJ)ZCJrj > x}

2c
G(x) =P( 2% > x}
2 T

Now in the case of identity of 0'(1 and ([, we have o,=1, so

that

F(x) P{exi > x)

G(x)

2
p s
P{ e x)

where Xi denotes & chi-sguare distributed random varilable with ©

degrees of freedom. If we lel x =2y we get
2
Flay) = P{Xc > yi
e(2y) = P(XE_ > 2y)
2¢

Direct examination of chi-square tables shows that for smaller
values of ¥, P[Xii >y} 1is the lesser of the two, while for larger
values of y the reverse holds. If we let ;yc denote the point of
equality and pc = P{Xi > yc] then the foliowing table gives

approximate values for these.

25
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These facts seem to support the earlier intuition at least in the case
of extreme dependence between the partitions, and suggest that for

the usual significance levels the approximation is conservative.
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Chapter b4

Asymptotic Theory for a Composite Hypothesis

Section L.1

In order to proceed with this case it is necessary tc make some

k
gsgumptions concerning the nature of the funciions pi(e) and the

parameter space, &. The assumptions made here are natural modifica-

tions to the multi-partition case of those made by Birch_(l96h)o

(&)

(B)
(c)

(D)

(=)

8 1s a subset of Euclidean s-space with a non-veid interior,
@o’ and such that © is contained in the eclosure of @09
s < Ne. .
k, . kl{
For each 09c@, pi(e) >0 and ) pi(e) =1,
' i=0
p?(“) is continuous in ©® and possesses a2 total differential

at each 96@0-

dpk
iid i .
Let J8 = 555 s a. {ck + 1) X s matrix, and set

1

JQ
To =1 ’

N

Tg

a (Nc + N) X s metrix. Assume that for all QECB, J is

e
of rank 8.

For every € >0 and 6, &%® there exists & >0 such

~that it [le - ox[[ > e then [p(0) - p(eX)|| >5.

B is the so called "true" parameter.
P

Q

27



Observe that the inequality, s < Ne, in (A) follows from (D). If
we let & be defined as in the proof of lemma 3.1, then we observe

that ekJQ = 0, so0 that JQ has at least N Independent vectors in its

null space. Hence r(JQ)IS Ne. By requiring r(J.) = s it follows

o)
that s < Ne.
Condition (B) insures that ni(@) is defined and is finite for
all ©Be®,
By condition (C) I mean that for each &cB 0 pk(e) exists and
o] 593 i

as 8% -0 in @O we have
x K S d x
p,(6%) = p,(6) + jgi (e§ - ej) Eggpi(e) + ollle - o%])

ol {6 - 0%|])

where 5To%

- 0 as ”9 - 9*” - 0,

Assumption (E) merely says that p(+) as a function of 8, has a
contimuous inverse on the image of 8.

By condition (F) I shall mean that there is a parameter value,
WG®O, such that the measure P\lr on < S,CK > induces the correct dis-

tribution on the random vector M. Hence, PW might not be the actual
distribution of the original random variables [gj} but by locking only
at M, we can never ascertain that fact. I shall not consider the case
where ¥ is not an interior point of &.

Condition (D) deserves a special discussion. As mentioned above it
impiies that s < Ne, but it can imply much stronger restrictions on s
in special cases. For example, suppose thatb Cp = ¢y =t = oy = C,

and by some relabeling of the cells in the partitions we have

o8




g) = o0 = pN(Q)ﬂ This means, of course, that

Wow asserting that r(JQ) = 5 implies that r(JéJe) = 5, but

N 1 .
e - 5 @' - Wy o

1
so that r[(Jé) (Jé)] = g, However, it 18 a standard fact that

3
) (Jé)}-f r(Jé) and since edv

r[(J 5

A = 0 we also have r(Jé)‘S ¢, hence
we conclude that s < c.

We observe that this fact in no way depends on the dependencies
between the various partitions but in the case of total identity of the
partitions the sltuation outlined in the last paragraph obtains and as

we might expect, one can estimate at most ¢ parameters. The curious

fact is that the same thing may be true even if the partitions are

independent. Despite some of its bizarre consequences, assumption (D)
does have the nice property that it can be verified by only looking at
the functions {p?(e)} instead of considering the typically more

complicated {p??(e)},

Section 4.2
In a manner similar to that of Birch (1964), within the context of

the above set of assumptions we make the following definition:

el

Definition: en is a minimum-—:r2 estimate of 6 if there exists g

sequence {qﬂ} in @O such that
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{(a) 1lim Gm = 0

> oo &
(b) 1im x°(6.) = inf 7°(6) =
n-m n
m—s o e

2

n(e): 9e®} Thas only non=-

Tor each fixed value of M the set {n
negative elements, and hence its infimum, ﬂi, always exists, and ié
finite. Furthermcre ® has no isolated points from condition (A), so
‘for each value of M +the sequence {Sm} can always be found. 8o we
conclude that at least one minim.umwﬁ2 estimate always exists. There
are two minor difficulties. Pirst, if & 1is unbounded then En might
possibly be infinite. Second, there may exist more than one minimumpﬁe
estimate. It will be a consequence of theorem 4.1 that the first prob-
Jlem oceurs with a probability that goes to zero as n -»x, The same
result also shows that any two choices of the seguence of estimates
{En} differ by an amount which goes to zero in probability even when

multiplied by /n. Hence, as regards their asymptotic properties they

are indistinguishable.

Section 4.3

The basic large sample argument which we shall consider in the
next few sections of this chapter is due to Birch ﬁho used 1t to prove
- the Fisher~Pearson Theorem on the asymptotic distribution of the chi-
square goodness-of-fit test (196Lk). His argument will be seen to extend
without alteration to our more general situation. We shall also draw
on the elegant notion of "in probability" due to Pratt (1959) for which
Birch's lemmas seem singularly suitable., The essential feature of this

srgument is the separation of the purely analytic from the purely

30




stochastic elements of the problem. In this section we shall examine the
analytic aspects of the préblem.and there will be no references at all
to probabilistic considerations.

Throughout this section we shall use the 0, o notation already

used in stating condition (C), and assume familiarity withcito

k : L
Let v, >0 1=0, oco y 0, k=1, ... , N, and > vy =L
k k k =0
Let w = (uo, sos 5V, ) and define
k
V = (Vl; LA ] vN) e

Consider the function Sg(v, 6) given by:

=1

s%(v, 6) = (v - B(8))D 4,

(v - p(e))" .

2,1

Since ﬂi(@) = nd o M, 8), it is natural to consider Se(v, ). W

should be thought of as a particular value of % M, but is not random.

Lerma 4.1: As € -y and v — p(¥)

s%(v, 8) = (v = p(¥) - (0 - VINLy(v - (%) - (6 - VT
+ ol - ¥l + v - 20 1F)

Proof: Suppressing k for the moment, by (C) we have as 8 —

op, (¥)
p,(8) = p,(¥) +_§: (QJ. - ‘lfj) "g'é?’-’ + o(lle = ¥l) .

Also, since pi(w) >0 ‘ang pi(?) is continuous at ¢ we have
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[0,(8)17" = [p, (117

i + o(1) as @ -V

Sc it fellows that as 6 —= ¥,

(v, - p,(6)%(p,(6)17"

2
<o ) = T ey - v )~ | o, 017+ ol - ¥IP)
J J

s (v, = p,(10)%0(1) + (v, = 2,()o(ll6 - ¥l

Summing on i and reintroducing k we have

k (V5 - 20)F s e
= 1 k bS i k -1
= c =0 W) - ) (9, - ) —-g*——] [po(¥)]

+o(lle = B + VS - o0 [Po()

+ o VE - B ) Ille - wll)

I'rom the definiticn of © one can easily show

o(lle - W12y + o(lle - ¥[IVE - 25N + oflvE - B W)

= oflle = ¥)F + IV - P as 6 »v and VE o oR(w) .

In matrix notation this is written as:

O O RN O GO
p (6)
- (- 55 - (e - w>J$f)D'§(¢)<vk B AORECERIE N
1Y

+o(lle - wiB + IV - S [B)

522



Summing on k gives us the desired result.

Q.E.D.

The expansion of Sg(v, 6) given above reveals the essential
structure of this function in the neighborhood of (p{¥), ¥). It is not
too useful an expansion as it stands, but it leads to a very useful one

we derive in the next corollary. For convenience we define the Tollow-

ing quantities

S
2
By = Dp(e)J9
2 ~ ) o=l
R7(x) = x(I Aw(AIIIAw) Aﬂ!)x
L
N ) 2
Bo= (v p(w))Dpw)
_ oa y-1
¢ =Y + qu(AwAw)

Note that condition (D)} insures that A'A is non-singular.

LR

Corollary:

s°(v, 0) = F(w) + (8 - 9)aga (6 - 9)" + oful® + o - o)

Ay

ags K =0 and 8 — V.
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Proof:

(v = B(¥) - (0 - WINDTL5 (v - 2(¥) - (6 - V)

(v-p(¥)-(@-0+0- w)J*)D w) - p(¥) - (9 0+ Q- w)J$)

i

(b - (9 - 0)ay - pa (a4)" A)(u (6 - @)ay - ua (A4 ) A)

i "ll E q '
w(T - Aw(AwAW) Aw)u + (8 - $)AwA¢(Q - 9)

it

-~ oulI - A (AwAw) A' a,(6 - ?)

The last term is seen to vanish, so all that remains is to examine the
"order of magnitude” terms in the expansion of lemmsa 4.1.

But K =0 ¢ v 5p(y) and by the ¢, - inequality we have

k
lo - ¥ <2lle ~ of® + 2ol

where ¢ 1s a constant. Hence we have

lo_= % + v - o7 _ 2o - ol + 2ofull® + Blul®
lo - ol + Mf® T e - ol® + wif®

< some fixed constant .
From this it quickly follows that
2 2 2 2
offle - w[® + llv - p(W)II7) = o(lle ~ ol + ul7)

as M =0 and @ -V, Putting everything together the desired result
follows,

Q.E.D.
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In analogy to an we make the following definition. For each
value of v let 8{v) be any value in the closure of @o such that
there exists a sequence {Gm} in @O with the property that

(a) lim.@m = 8(v)

I oo
(b) 1im 8%(v, 6_) = inf s°(v, 6)
m

m— ® @

In the rest of the discussion we shall always assume that for each v,
a fixed choice of the value of 6(v) has been made--if there are more
than one possible value for 6(v). The next result, which is Birch's
ﬁain lemma, shows that all.choices of 0(v) give the s&me asymptotic

properties.
Lemma 4.2: @(v) =¥ + qu(A&Aw)_l + olflel) as v - p(¥).

Proof: We want to show that ¢ € >0, I8 >0 such that if
v -« W)l <5 then |6{v) - o] < ¢|p]l. It will suffice to prove that

v € >0, 38 >0 such that if |lv - p(v)|l <& +then

inf Sg(v, 9) >82(v, ?)
o=l > < iiie]i

This is because Sg(v, ®) > inf Sg(v, 8) and therefore there exist
)
points in @, arbitrarily close to 8(v), call them [Gm], such that

for all m

inf sg(v, 8) >82(v, 8_}
16-all >ellu| "

and hence for all m Hem - ol < ellw]l. But this means {6(v) - $”‘§ el
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So pick € >0 and fix it for the rest of the argument. Iy (D)
JW is of rank s, and hence AIL'{AIII iz positive definite. Let M\ De
its least eigen-value, therefore A > O.

By the above corolilary 5361 and Wl > ¢ such that if

|8%(v, 8) - B%(w) - (6 - o)A (0 - 0)| <—=25 (Jull® + Jlo - ol®)
: : 2 + e
and hence we have
R(u) + (6 - ¢)A'A (6 )“--———fm (al® + lle - ol®)
PIAGA (6 - @ AL -9

2
<s%(v, 8) <R + (0 - daga (o - )"+ =5 (Il + Jlo - o)
2t ¢

Case 1: (Consider first 8He® such that

R

and suppose v - n(¥)] < 5., then we have
2 2 2 2 2
s(v, 8) >R (1) + Ao - 9l - (uf= + lie - olI%)
. 2 + ¢
2 2
= R°(u) + 5 lls - oll HMH
2 + e 2 + e
2 ohe® 2
s R() + 2 2 . 2
2 + ¢ 2 + e

2
RO(k) + —25 [ulf®
2 + e
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But using the other half of the inequality we get

2
N2
— ]

2-7-62

Szfv, p) < R (1) +

Hence if |lv - p(¢)] < 51 we have

int & (v, 6) > (v, )
cllal < lle-oll <

Case 2: Now consider ©6¢® such that
le - ol >n,
By (E) there exists N, >0 such that if
1
e - ¥l >3 My

then |p(8) - p(y)|! >T]2‘ Furthermore v — p{¥) implies that

Se(v, 9} - C. Hence there exists 52 >0 such that 52 <°J§' n, and if

Iv - 2] <3,
1.2

T oo

So now assume v - p(¥)]| < 3,, and we have:

then both /¢ - V| <3 %, and L(v, 9) <

lo = vl > flle - ol -l - ¥l >3,

Hence [p(8) - p(¥){ >n,.
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But 0 < pl;( 6) <1 so it follows that

2(

(v, 8) > [jv - p(e)[FF

> [linta) - (0] - v - pw)||°

1

2 .2
>§ 0, >8

)2

> (n, - 3, (v, @)

So if ”p(w) - v” < 52 then

inf sg(v, 6) > sg(v, P)-
le-pll >n,

Letting & = min{&l, 62] concludes the argument.

q.E.D.

Section 4.4

In this section we begin to examine the stochastic eléments of the
problem. The main tool is Pratt's notion of "in probability” which we
assume is familiar to the reader, see [Pratt {1959)]. We shall use the

following standard notation.

X = op(rn) iff ¥ e, 8 >0 AN such that

n_>N=>P[]xn/rn| <8} >1-c¢

x =0(r ) iff ye >0 3 1 >0 and N such that

HEN:’P[’Xn/rnI <nl >1 - €

In appiying Prattis theory we need a sequence of probability spaces

< Xn’ Bn’ Pn >, s0 in the sequel it will be understood that Xn is the.

set of all possible wvalues of -% M, Bn is the class of all subsets of
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X since Xn ig finite, and P  will be the measure induced on Br
1

n
(4]
by P . Also let X = :X( X .
v n=1 n

The result obtained in th%s section is the classical expansion of

5 about ¥ in powers of n 20 From it the main asympfotic properties
n

~

of Qn are simple corollaries.

Theorem 4,1: 0 = ¥ o+ = yB 4+ 0 L as n -»» where

B By

€

y, = /(- p(‘xu))D;fw

and

|
B, = A\F(%Aﬁr)

Proof: Let Vn be a point in Xn, and define S < X by

3 = {kvl, Vs eee YeXe v, - p(¥) = 0 Pﬁé{} .

Also define T < X Tby:

T {(Vl’ R E AR RN N PR (T/%)} °

n

But v, - p(¥) =0

—é)@ Vn—ap(ﬂ;) and

ofllv, - »(¥)) = 0(0

l))_ 1
2 ol
al
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Hence by lemms 4.2 we have

But by lemma 2.3 we have
1
Li/m (5 M - p(y))] - w(o, Z)

1 : 1
d hence — M - =0 |—
and hence = ply) P(

n
that S "occurs in probability,” and because S < T it follows that T

must also occur in probability. But this is the same thing a5 saying

. This means, in Pratt's terminology,

_ 1 :
0, =0(ZM =v =+ (M- p(w))Dp(¢)B¢ + Op(};}

Q.E.D.
Section 4.5
We make a slight detour at this juncture to discuss various
"information matrices” which arise in the analysis of the asymptotic
properties of ﬂe and 8 .,
n n
Associated with the system of partitions, Cﬂl’ 0“5 ’(HN’ and the

sequence of random variables [Ej} is a set of random variables

Ul’ sae g Uﬁ defined by

It immediately follows that



Now consider the following s-dimensional random vector

k . e )
5 log py (¥) = (52— log p% (V)s oo s 55~ log p% v
k 1 k 5 Ik

Various covariance matrices involiving d log pﬁ (w) will arise in the
k
later sections of this chapter, so we define them now.

Ikﬂ = Cov (8 log pk (¥} , 0 log Pﬂ (W))
Yk Yy

m

72, = cov ® (5 108 5 (), 20 208 5 Wy )| -

We observe that Ikk is the usual Fisher information matrix assoclated -
with the partition Ozko

The following lemma gives us formulas for Ikﬂ and Jiﬂ“

o (5L gl

)
Vs VoS Y

() I° = (55 p L Pyt pmipml S
R O I S IR OO I

Lemma»MDB: (a) Ikﬂ

i1



Proof: (a) The (i, j)th component of IKE is

B[53- log p° (V) 53 log T, (w))
i k 3 f)
_ B {[pl; 1 < ot (w)[pﬂﬂ(w)]‘l - (w)}
i X J

= ¥ (™ 5--; Ol pﬁw))'ly (N 5 (¥)

(Jk)Dl PMD 7t
ot Y p(ﬂr)“’

which is what we wanted to show.

(0) Tne (1, 5)™ component of J& is

E

E {E(% log pﬁkw) v, 3‘% Log pﬁﬂ(w U,

) mé
e.n K, \q=1 D me) 0ol g,y PtV
= LT 1™ 5 ) . o DGR Al ——L—-p;ﬂw)]
S o501 52 w)z (¥) z——%—)-[ L1t S o)
-_ pB pm 7p(¢f) 7 B_mip?
() vy P Py Jﬂ)
R e T S A TONI I
and the lemma is proved.
8.8.D,

&P



We observe as a corollary the following facts:

y E

@ i = | 2 “5 -
Corollary: (a) AwAm - =1 Ikk (b) AWDP(w)P Dpcw)AW kgé Ikﬂ

Proof':
(&) &4 =30t .7 =gt p, Dt g o= §; (7'l Pyt K
A e R SO A D 00 e B e e e O
i)
= T
k;_ i
2 s
.3 5 el -1
(0) AP Loy = T4Puu)® Pl %y
D N € SRS -t e A :
k;?, Vo A Y kg’ﬂlu
Q.E.D.

Section 4.6
We return to the main stream of the argument now, and establish two

Impertant asymptotic properties of en—wconsistency and asymptotic

normality.

Theorem 4,21 (a) En ~ ¥ in probability

- e i -1 . N -1
b Liv/n(6 -w)]am(o,(ZI I (-ZI )
Proof: (a) From Theorem k.1 we have

~ 1 1

6 =% +— yB + o [—

n TV Y P@)
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1
where ¥ = JE(& M - p(w))Dmg o But from lemma 2.3 we get
n n p(¥)

1 1

iz 2
W,) - N(O? o) Er o ()

and hence y = Op(l)a Therefore we have
5 =y + o(—£ + o | =
9 Vn P\v/n

This means that Sn =y + op(l) which proves {(z).

(b) Vﬁ(gn - y) = y'nB_III + op(l), and we already know that

'l 1

o ”5
% Doy (w))“

L(y ) - N

S50 it follows from a standard large sample argument that

,& L
~ 2
L{/n(e_ - 0, B!D B
(/e - 0] =t ( pN0 o) ¢)
But Bllr w W ) so this covariance matrix can be written as:
e
2 2 2 2
ATA A [(I+D P D - D ‘pD YA
w) [T+ Dy P D7 = D7p'eD TIA Ay

iy



Now we rotice that

1
ldé-i_ v_lrz tal
Apr P! = Jpr P JWE
d k
P. )
1 %;Wll 0
(I ey @YD 5] =f . :
k
1 ZZ\SQ_P:L o/l .
ki s

This orthogeonality relationship allows us a bit of simplification, the

covarlance matrix becomes:

1 1

R 22 |
(AwAw) [AwAw + Apr P Dp Aw](AwAw) .

Applying the corollary to lemma 4.3 concludes the proof.
Q-E.D.
We note that if N = 1, then gn is just the minimum chi-square
estimate and from Theorem 4.2 it follows that its asymptotic covariance
matrix is just Iii, a standard result. It follows thait if r(JE) = 5,
then I-l is the asymptotic covariance matrix for the minimum - chi-square

kk
estimate of & Tbased on.O(k, alone.

Section 4.7

We now use the results of the previous sections to obtain the

asymptotic distribution of ﬂi,
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. 2 _ - 1 =1y 3
Lemma b, w = yn(I Aw(AWAW) Aw)yﬁ + Op(l) where

1

2
(M - HP(W))DP(w)

!
=
]
=

Proof: As in Theorem 4.1 we shall use Pratt's "in proebability” notions.

Let Vn be a point of Xn as before and define Sc X by

Sz{(vl’ Vor ner JK vy - pl¥) O(&ﬁl)}

and define T <o X by:

- - 2
2= {0y, vy o dexs n i Sl 0) = (- ST + oD}
Now suprose that for each v, & value of 6(v) has been chosen, then

there exists a seguence {Bn(v)} such that
Qn(v) €@

8 (v) - o(v) = o(-—l—)

n

Sg(v, Qn(v)) = inf Sg(v, 8) + o(%l) .

6

Surpose that (vl, V.., auo.) € 8, then v_ - p(y) = O{;L) g0 that from
2 n _ A . ) .
the proef of Theorem 4.1 we have

b6



1
. -] B |
0(vy) =¥+ (v = 2(V)ID LA (AR )T + o

1
n

and hence the same expansion is valid for Gn(vn)o But this means

Qn(vn) — ¥ 80 by the corollary 4o lemma 4.1 we have:

1
v, 0,0) = G, - g + of ol L) + otod) + o)
2
= B ((v, - 20D T 4) + o)

How we hsve

. 2 2 1

= f ! =

n Zl.gf S (vnj 0} =n 8 (v, en‘vn)) +n o(n)
i

P

2 2
{v - pl - +
n R7((v, - p0)IDy) + o(1)

1l

and hence (vl, v 2o JeT, Thus S < T. Again 8 occurs in proba-

2"

bility by lemma 2.3, and consequently so dees T. But this means that:

1

*Ew, 0) = 0 (G W - 2D 2,)) + 0 (1)

%% = n inf § (=
n 9 n
and the desired result follows.

§.E.D,

2 =1
Theorem 4.3: Let n° = xz(I - 4 {A'A A'Ix'  vwhere
i oter o = x( - A () M)

o -

x ~ N(O, D?%W)Z¢D£%¢)) then under thg null hypothesis we have
o, .2,
L(ﬂn) - L(ﬁg) -

W



i

Proof: If v, = -\-;L_— (M - np(ﬂr))Dp%w, then
L — | -

L(yh) - L{x)

and hence L[yn(l - A\I;(A\I'!Aw)"lA\l;)yr’l]%L[x(I - AW(AJIAW)_]'AJI)X‘]D But

ﬁi = Rg(Yn) + op(l) 50 by a standard large sample argument

L(n2) - B (x) .
n
Q-E.D.
In analogy to the corollary of Theorem 3.1 we state the following

corollary of Theorem L4.3.

- 2 . .
Corcllary: Hn is asymptotically distributed as & linear combination of
Independent chi-square random-variables with one degree of freedom each.

The linear weights are the non-zero eigenvalues of

1 1
-1 2 o -1
- 1 1 ¥ - 1 1
(T = A CApa ) TAID (B D) (T = A (AA ) Ay
- L
: 2 2 -1
Proof: Let A, = z o= - g 1,
100 e " DP(W) ¢DP(W) and set F¢ I Aw(AWAW) Aw Then we
have
2 [ T — !
o= X wa = x Fwax = (x FW)(X Fw)

' vwhere ~N{o, 7 AT .
Yy ¥ (,Mw)

Let ' TDe orthogonal and diagonalize F AR i.e. MrARLD = .
g & ¥y s URAN T

2 .
Then we have % = z z' where 3z ~ N(O, DX) .
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2 . . . . .
Hence =x can be written as a linear combination of chi-square random

variables with one degree of freedom and the non-zero rooits of

Ay

a5 The linear welghts.

Q.E.D,
The next theorem is & partial analogue to Theorem 3.% in that it shows
that pairwise independence of the partitions is a sufficlient condition

for ﬂi to have an asymptotic chi-square distribution with Ne¢ - s 4d.f.

Theorem 4.4: IT Cﬂl, sea ’CHN are pairwise independent then ﬂi is
asymptotically distributed as a chi-square random varisble with Ne - s

degrees of freedom.

Procf: If (nl, PN ’OIN are palirwise independent then for k % £ we

have
kg _ k ¢
Consequently
Ja1 1
-(p7) o 0
P-r1p'p= -
N1 N
0 -(z)
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Now let ¢ Aw)mlA’ and set

v = Ay ¥
V=1pp-P

thern the A's sare the roots of

12
(T = )T ~ D2V D )NI-c).
s 9] e U
Wow we observe that
L1 L
2 2. =1 -1
DV Do =DV DT (AA Al
r ¥ T pw(wr) v
But
1 1 -1
{(p7)'p 0 D] 0
P
VD'1= : .
is]
v -
0 (pg)“pk 0 DIJ\}
P
1+t
(p7) e 0
I, ¢
0 {(p)e
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Henece

(pl)?e C ii-
-1 . o
v Dp Jﬁ = . .
0 (pN)ie JN
v
(p)'e Jﬂ%
(pN)Eng
k aPIi{(@) x 0 .k | .
But e JW = (1, +o0 , 1) ——555— = L 355 pi(Q) = 0. 5o we hgve
.
DY n° =o0.
P p ¥

With this simplification we £ind that the A's are the roots of

O |
2 2 2
I-C «D°VD - G+ C -
a o ) L
2
But CW = CIlr s0 the A's are the roots of
R
T-¢ ~D%yD°2.
R P P
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Now we observe that

I
, 5 B2
I-0C -DVD
\ ¥ P p)
1 11 11,
e e el o o Bl = s _;,;:-' "
—T-C -DYDE g +C?~D2VD2+[D2VDdI
L 1% D Y ¥ P D D v
B S L i
=I-G=~D2VD2-D2VD2+[D2\TD2]
¥ P D P g
L o L L R
But [DEVD2}=D2VD23 So I ~C «D°V D~ is symmetric and
P » P » W P B

idempotent and therefore only has zercs and ones as elgenvalues. Its
Trace .gives us the number of ones and this is easily seen to e HNc -~ s.
From this the theorem follows. |
Q.E.D.
Section 4.8
In this section we shall state some relevant properties of the roots

of FAF , which we denote {hj} as. before.,

LA

Temms 4.5 kj >0, and at least T(EWD - & but no more than

min{r{z Ne + W - s} of them are pesitive. We remember that

w.)}
:max{ck} < r{Z\U} < Nec, so we know that at most Nec of the M, are
X ;

postive,

Proof: We note that the number of non-zero roots of F AR i the sans

LR

as the number of non-zero rocts of P A . We also see

vy
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since FIlr is symmetric and idempotent. Furthermore

(e} <z(a) ==2(8) <Nc .
mix ot S r(f, r(Z,) < Ne

Now apply Sylvester’s rank inequalities and we get

r(2¢) -5 < r(Awa) 5:min{r(zw), Ne + N - s} .

QeBaDo
It is possible that the bounds in the last lemma might be improved,
‘but I have not been able to do so.
We now coﬁpute two simple functions of the {lj} which will give

us the ssymptotic mean and variance of ﬂip

25 2, 5]

Lemma 4.6: Z:kj = Ne - & where
| J
1 1

8 = tr[
! s L
2 2

. . 9 -1, P — - 2 .
Proof: Let CW = Aw(AwAw) Aw, q p(w)Dp(w) and Q Dp(w)P Dp(w)

' We note that from an argument made in the proof of part (b) of Theorem L.2

we have

~_tr(£¢¢w5¢) = tr(FﬁAw)

tr[(I - Cw)(I +Q - q'q)]

[~

-
e
i

I

tr(I -~ g'q + Q =~ Cy

Nc+NwI\T+O~tI’[%(I+Q)]

- CwQ]

il
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So we examine

_ _1" !
J . —_ 1 2
'tr[ClII(I + Q)] = tr AIII wA ) A\II(I + D °p 1 )i|
’ Loz
—_ . T H 2 2
= ‘I:r ) (A A pr P D A\II)}

tr Z:rkk ,2 T ]

QGEBDO
Lemms 4.7
Z)L2=1\Tc+—T +tr{HZI )”‘i I HE}—E‘I:I'[EI -1 voa
3 v R B PRy B £ A g M
where
k

- pij(\}f) }

R O L

Voo gy T pli{(\ir)pg(w) ,

Proof: Using the notation of the last lemme we have:

tr[(F

il

2
ij FW) 1 = tr[ Fxp%) ]

2
: ¥y
J

Hi

; _ B 2
tr(I - g'q + Q Cy CwQ)

A simple computation using the most elementary properties of the trace

operator gives us:

tr(quAw)g =Ne + N(I » 1) - s - 2qQq' + tr(Qg)

2 2
- D tr(G¢Q) -2 tr(CwQ )y + tr(ch)

5k



But we have:

)id
qQq' = e Pe' = Y ¥} pij = N(N - 1)
k=f 1,

2 4 N(N - 1)

2, Sl =1,
tr(Q7) = tr(P D P :Dp ) = i

from the proof of lemma 3.3%.

tr(c¢Q) = tx[C, (T + Q)] - *’T(Cw)
i =Ly, - i =L
= tr[(AwAw) AwCI + Q)AW] tr[(AwAw) AwAw]
= tr[( s T } _—
%: kk k%i 1d
2 2
tr(ch) = tr(Cw(Q + 1) - cw)

tr{cw(Q + I)]2 - 2 tr[c (g + I)j + tr[Cw]

of

L

2
- J - 2 tr[

]

%:Ikk),l(kgﬂ .

-1 }
L yoI + s
RV DS
= L
tr[(A”A )" tarp %p p7lp D %A ]
L4 P P

¥ ¥ p L
tr[ @1(

11

tr(CwQE)

1

- =1 -1
JIDPD PD
Vo P D W)}

S I
£ Kk
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But

-1 =l -1
J'D"PD PD J
¥p sl p v

=L
J¢DP (

i

-1 -1 -1 -1
P+D)D(P+D)DJ, -2J3'D "PD ~J, -~J'D )
p) T ( p) PV PP v Tp v

—_— m - =
= ij.sz 2 ¥ L, E:Ikk

Now we pult everything together and get:

ij? = We + N(N - 1) - 5 - oN(N - 1) + Ti + N(¥ - 1)
J

S| e DR BT N D |

e (PR W | FERE L A

R AN ERIEE
L[N BRI R e i D]

Q.E.D.
Section 4.9

In this sectlion we compute the asymptotic mean and variance of

o
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1 1

Theorenm 4.5: Let < = Rg(x) where x ~ N(O, Dp%ﬂf)zlif])pﬁllf)) then

(=) By = te - trﬂ% Ikk)_l o IMH
(8) ver(sc) = 2 {NC + T, b H% 0 2 Ikzﬂg
-2 t:r{ %Ikk -1 k%;m JEE)D

Proof: (a) BEB(x") = ij and (b) Var(ﬂgj =2 YK, .

J J
Q.E.D.

We shall end this section by discussing a bound on E(:rc2) which

}SNS

Proof: All inequalities on matrices will be in the sense of non-negative

mey be useful.

% Ikk)_l(kgz e

Lemma, 4.8: O_<_tr{

definiteness. We have

L L

2 - 2
I YT, YT >0
" Xk ) ki n kk

since Y I,y > 0 and hence
L L
. 2 2
tr{zl Y1 ) > I }go

i kk ) ke x kk

g0 the lower bound is easy.

o7



Now is the notation of section 4.5 let

5, =3 log pﬁk(w)

s ) —_ f —
then E(sk)— 0 and I, =E(5:5,)= Cov(8,, 5,). Let
51
S =1 =
Sy
then we hawve
> L. =) B(s!s ) = E(8'S)
£ ke &Kk
Y L,= Y E(S'S):EZS') Zs)
i By S £ g

Fle 8) (e 8) = B(sTe’e 8) .

Consequently we want an upper bound for

1 1
tl{(E(S'S)) 2 E(s'e’e 8)(E(s's)) 2}

Consider I - % e'e, it is well known that this matrix is non-negative

definite, hence

sH(1 - ’1%1 ele)s >0
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R N

and

B[S'(I - % e'e)s] >0

S0
i : \
E{(s8'S) >5 E(Ste’e 8) .
It follows that
1 L
NI>[E(s's)] 2 a{stere S)[E(s'S)] ° .
Hence
trHZ Ikk)"l > I, }5 N tr{I) = Ns
k k,2
Q.E.D.
As a consequence of this lemms we get the following crude bound
on E(ﬂg),

Corollary: Nec - Ns < E(ﬂ2)‘f Ne .

The lower bound i1s reasonably satisfying since it will be achieved
when the partitions are identical. However, the upper bound seems Loo
large and one would like to replace it by something like Ne - s since
this is the value of E(ﬁg) in the case where the partitions are all
palirwise independent. That this cannot be done follows from thié

example.
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Example: Let N =2, s=1, c, = ¢, = 2 and suppose the following

matrix displays all the relevant joint and marginal probabilities in the

obvious way

¥ oy 0 1 - 26 0<6 <-%
5
8 p _ 0 6 - 2p 0<p S:E
6 ) o) g - 2p
1-20| 6-20| 6-20| 1+ 4o - 8)

One can easily show that

2
- _ 2 _ _Llo - &)
T =t T gT oz Tio T It P - 20)2

Thus we get

Since o <'% 9 in 0 <98 <-% , & may be less than one, so E(ﬂg) is
larger than Nc - 1 = 3. In fact & can get arbitrarily close to zero

for various values of p and &,

Section 4.10

In this section some additional questions concerniné the estimate,
En,'are considered. |

To begin With, because of the very close relationship of the present

work to the arguments used in the standard minimum chi-square theory,

many facts about minimum chi-square estimates are alsc true in slightly

&0



modified forms for En, In particular, the almost suré'convergence
established under very simple conditions by Rao (l955)3also holds for

Qno The condition necessary for this is that ¢ e >0 ds >0 such

that |9 - QO[ > e implies

(2(8) - 2,00 5 y(2(0) = (5" >5 -

Similarly, in analogy to a standard result in minimum chi-square
theory, one may show that if gq d4s the true vector of theoretical
proportions for % M, then Gn converges to that value in the closure

of ©® which minimizes the vaiue of

(a - p(eN)D gy (a - p(8)) .

" I omit the proofs of these last two facts since fhey are ﬁxactly the
same as the corresponding procofs for the minimum chinQuaré estimate.
Next we consider two possible competitors for gno The compsriscn,
as far.as it goes; is based on the asymptotic varianceslof the.estimateso
Of course, ofie can always improve upon En .by using more information
from the original observations so I shall congider only certain estimates
which are functions of M. In particular, I shall examine the‘twe eghi=
mates described below.

(a) ILet Qn be the minimum chi-square estimate basedtnzcnk_ alone,

2k
N .
and let o = (ai, sve aN) where ak >0 and kgi & = 1. . Then define



The most cobvious estimates of this form are: each Qn individually

2k

and

=1

N Lard
Z: a8 , their average value.
k=1 n,k

(v) Let 8 =(6., ... , 6) and let 5(4) i =1, «o. , 5 be that
S n

i
nminimm chi-square estimate of ei pogsessing the smallest asymptotic

variance of the N possible minimum chi-square estimates. Then define

Evidently, there are many other estimates one might consider, but
these two are reasonable and about the simplest possible. Note that in
all of this discussion we are assuming that s Sfmin{ck} and that

Jk k
T = sS.
(75).

The Fisher lower-bound for the asymptotic-variance of any regular,
consistent, asymptotically normal estimate of 6 which is only a function
of M i1is too difficult to compute due to the complicated nature of the
distribution of M. It would be nice to have this gquantity available
in order to establish the overall efficilency of Qn, It can be found in
the case of independent partitions and, &s one ﬁight suspect, agrees with
the asymptotic covariance matrix of Qn in that case.

Recall that, in genreral, the asymptotic covariance matrix of Qn is

1% _1 N, N -1

I > I > I ) .

k=1 K S Biys B
£=1

If the partitions were all independent, it follows that this simplifies

to
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- -1
(.kgl Ikk): °

Now it is a standard matrix inequality that in the non-negative definite-

ness sense if Ikk >0 k=1, s00o , N then for any k

N
T 2 (BEEL Iﬂﬂ)

But Iml is the asymptotic covariance matrix of 5 Eence it follows

kk
that in the case of independent partiticns En is better than each

n,k’

8 and consequently 1s better than & .
n,k n

The next lemma and corollary are relevant tc the present discussion.

Lemma 4.9: IF Ikk >0 k=1, 200 3 N then

=i
1=

k

I > I I I
1 kk — ) kk X ké K kk

Y

Proof: Let S =0 log po (¥) k=1, +.. , N then %(S)= 0 and

LE090 % Uk : g
] —

B(S5,) = T, et

N .
= i
Then k;i Ikk E(s'8) ang

z: Ikﬁ = E(S'e'e §) .
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Now we observe that

so0 that we have

s (T - ‘Flr ele)s >0

and hence
3 l LY
E[s'(I -Fe e)sl >0 .
Therefore we have

E(S'8) > B(s8'e'es)

=l

from which it follows that

But from the convexiiy of the inverse functiion for positive definite

matrices 1t follows that

and the desired result follows.

Q.E.D.
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‘We have at once the following corollary.

Corollary: If Ill = eer = INN .then
-1 -1 ) -1
I >y Y L, (YT ) .
11 A kk ) ki T kk

This coroliary can be interpreted as: 1if the partitions are equally

informative then Bn is better than each Eﬁ I and therefore better
3

than gno Note that the last result does not depend at all on the inde-

pendence of the partitions. It seems clear that for "nearly” independent

e

partitions or for "nearly" squally infTormative partitions Qn should be

Fa

better than © and hence 6 .,
n,k i}
The following example shows that in the case of s = 1 the best

mwinimum chi-sguare estimate can be better than eno The above resulis

show it can be worse.

Example: Let N =2, s=1, cy=c,=e = 2 and the relevant joint
and marginal probabilities be given by the following matrix in the

obvicus way.

T
- o BN
8 26 1~ 36
8 Pq Py g - Py = Pp
II 6 oy oo 9 -0y -0y
1-26 | 6-20, | 2(0-p,) | 150+ 20p) *p,)

where O<6<-l-, OSplS-g,‘ OSp2 and
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Think of 8 as a parameter and Pyr Py as unspecified functions of &
satisfying the above rather weak conditions.
Let D= 6°(1 - 26)(1 - 30) and p = p, *+ p, then some caleulation

ghows us that

[}
|

11 = 36(1 - 26)/D

=
Il

oo 26(1 - 308)/D

|

2
I, =2(p - 387)/D .

@2

Hence the asymptotic variance of is

(bo + 50 - 2492)D
6°(5 - 120)°

Now we obgerve that for all 8

Iy > I

so that & is uniformly beiter than 5 o But now we observe that

n,L n,2

the asymptotic variance of Gn 1
2

. 8(5 - 99) 1
if p >~g(z—:d§57° For 0<8< Z we have

6(5 - 96
(G 29%

and consequently the condition that insures Qn 1 is uniformly better
2

than Qn ie compatible with the other restrictions on &,

is smaller than that of en if and only

< and Pse
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If s =1 from lemma 4.9 we can conclude thet

s0 we know that En is always better than the worst minimum chi-square
estimate, but the gbove example shows that it may not be betier than the
best one.

I s > 1 the situation can arisge in which one partition is very
informative about one parameter and uninformative about a second param-
eter while just the reverse can hold for g different fartition. In this
case the two informstion matrices would be non-comparable and the quanti-
ties min{Il_{liL:} and max{I;k

k k ~
The above discussion shows that for some situations Qn is better

}  would be meaningless.

than gn and for others it is worse. Also 1t shows a similar state of
affairs obtains for the best minimum chi-square estimaie {(which is a
special case of 5n(a)) when compared Lo Bno

Using the asymptotic expansion for each Bn,k and a standard large-

sample argument one can easily establish the next theorem.

Theorem 4.5: L[%h(anﬁa) - V)] - N(0o, Ma)) where
May = ) oo it ot

oy K AR

This gives us the general form of the asymptotic covariance matrix

~ . .
of Qn(a), but because of ocur eariier discussion we know there exists no
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simpte relationship between it and the asymptotic covariance matrix of

L

Qﬂ, However, in the special case of independent partitions we do have

a nice result.

Theorem 4.7: If O'Il, sse ’U(I\T are pairwise independent then Qn is

better than Sn(cx) for any «.

Proof: If O(l’ evo ’O(I\T are pairwise independent then

and

k

Now without loss of generality suppose that cxl >0, was (XM > 0,

QM+1 =0, cos , aN = 0 for some M <N, then we observe that

-1
>

M
I
L T

N 1
D
k=1

sc all we need to establisgh is that
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M o 1 M )—l
IRl [ R
2 % = | & K|
Now let é;lkk = Ek > 0, then we want to show that
M -1 M )_,-1 .
LoonB 2 ) ol ) e
L Uk = O] o

But this last relation holds because of the convexity of: the inverse
function for positive definite matrices.

Q.E.D.
In the special case where o =~%, k=1, soo ’fN  one might think
that Sn could be shown to be better than gn(a), butfekcept in the

special case proved below I have not been able to do;so in-general°

Theorem 4.8: If N =2 and s =1, En is better thén B

o

=l
o=

K nyk

Proof: In this case all the matrices reduce to realnnumbers; so we let

We want to show that

o

. .

1L

o A, .a, ] > - .

o & ailalJaJJ et (:LZ alJ)//(.Z %44
5d 1

But we observe that

- a22)2‘2>0 and hence that:
” _ ‘
)

(g,

>ha . a Since a,, >0 we have

(apq *a,, 11%0°
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a1 t 28, tay, ! T 2a, tay,
La_ _a — 2 °
11722 (all + agg)

a + 2a + g,
But = > af%a.,at% = 1L 12 22 4nd hence the theorem is
i ii713733 ha _a

1,3 11522

Q.E.D.
The upshot of this discussion is that in deciding which of the
various estimators proposed here 1o use a considerable amount of work
must be done;wso much that in practice the problem will probably be

ignored.
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Chapter 5

An Application and Example

Section 5.1

In attempting to develop a statistiecal tool that would be widely
applicable in the analysis of complicated stochastic learning models,
Calfee and Atkinson {(1965) suggested a goodness-of-fit measure on which
the present resuits have a direct beéring. In this section, I shall
develop thelr measure in a falrly general framework, and relate it to my
results, Thelr procedure is also discussed in some detail by Atkinson,
Bower,.and Crothers (1965).

Buppose there is a zero-one valued? discrete-time, stochastic
process {Yt’ t =1, 2co } from which we cén observe n independent

gample paths. Also suppose there is a "model" for (¥ which gives

+)
us 1ts probability distribution up to some parameter 6¢®. SBuppose
further that {Yf} absorbs at zero with probability one both in fact and

according to the "model," i.e., for each 6<@

P {Y, = 1 infinitely often} = O .

9{ T

This set-up is an ideslization of the data from a gimple paired-associate
learning experiment where subjects are run until they meet a criterion,

.and only errors and successes are recorded. Typically, the subject-item
protocols gre assumed to be independent sample paths from the same under-

lying stochastic procesg representing the abstract learning process. This

T1



+ ig eclearly an assumption that may or may not be satisfied by a particular
set of data. Observe that a "model” for the learning process is not
amenable to this analysis unless it is complete enough to give us the
probability distribution of the process {Yf], at least in principle.

.In this rather general framework, it is desired to construct a
statistical test of the adequacy of the "model" in accounting for the

Because Y, eventually takes on only

observed sample paths from {Yt], +

the value zero, it is intuitively clear that the only information con-
tained in an observation on {Yt] is the behavior of the sample path
before absorptibna So 1f m 1is large enough, it seems plausible that
ﬁe shall get almost all of the information in a sample path from its

initial segment of length m. Hence we partition the observed sample

paths of {Yt] on the basis of the Em possible outcomes of
Yl’ oo Ym’ and ignore everything that happens after Yﬁ» If it is

then feasible to compute all of the values of

PQ{Yl =Yy eee s Y= ym}

we are iln a position to construct the obvious chi-square goodness-of-fit
test based on this particular partition of the observations. In doing

so, we obtain a test of the "model" having a number of known properties
as well as & consistent estimate of the parameter, 6. However, in
actuai practice there are some practical difficulties with thig procedure.

(a) If m >5 the theoretical probabilities

Pe{Yl = yl, s 68 3 Ym = ym]

become quite numerous and hard to compute.
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(b) If m>5 then Em_2’32 and there are typically many cells with
very smell expected values and frequencies, even with two or three hundred
subject-items.

(c) If m< 4, then we are ignoring a large part of the data from
each subject-item which may have an important bearing on the "model"” in
guestion. .

As a partial solution to these problems, Calfee and Atkinson (1965)
suggested a simple modification of the.above chi-square procedure.

Choose m small enough so that the first two difficulties are not
eritical and large enough so that initial segments of length 2m contain
most of the interesting data from the sample paths. Now form the following
339 partitions of the observations. The first, as before, is based on
the 2™ possible outcomes of Y., ... , Ym°' The second is the partition

1

based on the 2" possible outcomes of Y ., ... , Y . Now form the
- Tmtl 2m

chi-square expressions for each of these partitions, add them together,
and minimize the resulting sum over all ©eB. This minimized sum is then
treated as a goodness-of-fit statistic in a manner znalogous to the pre-
 viously mentioned chi-square stetistic,

It is obvious that this procedure is a special case of the one
analyzed in the previous chapters of this dissertation. The restrictions

to two partitions of equal size based on non-overlapping seguences are

more or less irrelevant but do simplify the discussion.

Section 5.2
In this section, I shall use some of the results of the previous

chapters to analyze part of the data presented by Calfee and Atkinson
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(1965). It should be clear ffom the results in the previous chapters
thal exact significance levels et ceters are typically not feasible even
asymptotically, so one must be content with a crude analysis which does
little more than support intuitions that obviously present themselves
upon a glance at the data. From the results of Chapter 4 crude, bdut
useful, bounds on the asymptotic mean of ﬁg are obtained. Turthermore,
by consildering the asymptotic distribution of ﬁ2 in the two seemingly
extreme cases of stochastic independence on the one hand and complete
identity of the two partitions on the other, we caﬁ get a rough ides of
the significance levels attained by a particular set of data,

In the Calfee-Atkinson paper, five stochastic models for paired-
associate anticipation learning experiments are examined. They ran three
separate grqups of subjects, the only difference between the experimental
conditions of the groups being the length of the list of items, which
'were nihe, fifteen, and twenty-one respectively. Tor threé of the models,
‘a minimumn-ﬂ2 measure of fit was computed for each of the'three experi-
mental groups. The two partitions used to construct this test were those
determined by trials two through five and trials six through nine. The
Ireason for omitting trial one in the analysis was that this is a guessing
trial and no information about the learning process can be obtained from
it. The three modeis which are examined in this manner are: the "linear”
model (L), the "all or none" model (AN} and the "long-short memory
model with three parameters” (ILS-3). This is not the place to develop
@he details of these models so I shall assume the reader tc be familiar
.With them as the relevant papers are readily accessible. I shall try to

use Atkinson and Calfee's terminology whenever it is convenient.
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Table 1 gives the minimum—zr2 values for each experimental group along
with the number of parameters estimated for each model and the number of
2
subject=items that went into the computation of the minimum-n~ values for

gach experimental group.

Table 1
model no. parameters 9 items 15 items 21 items
L 1 9G.0 383.2 609.4
AN 1 63.8 82.3 g7.8
153 3 35.1 23.5 28.8
no. subject-items 225 375 525

I shall use the phrase "under model L" or "under the LS-3 model”
to mean under the hypothesis that the particular model mentioned is
"ecorrect" in the sense of Chapter 1. No mgntion of the particular model
meant will be made if there is no possibility of confusioﬁo Further-
more, the terms "significance” and "significance level” will be used
strictly in the technical sense of the probability, under the model in
guestion, of exceeding the observed value of the random variable whose
gsignificance is being discussed. These random variables will be either
a minimum,—st2 value or some functlon of several minimumnﬂ2 values.

Functions of minimumu:lr2 values arise due to the following problem.
For each of the three models, we can observe three, independent
minimum-n2 valueg, one from each experimental grour. We would like %o

use all three simultaneously to make some statement as to the adequacy

of the model in accounting for the observed data. Atkinson and Calfee
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ignored this problem and merecly used the sum of the three minimumpnﬂ2
values as an overall measure of fit of each model. This seems natural_
in view of the fact that the chi-sguare expressions for the two partitions
were added 0 obtain the minimumFﬁE vaiue. However, a priori, there are
a myriad of different methods one could use to combine the observed
minimummﬂg values into an overall measure of fit. Perhaps the most
bbvious besides adding them is to take their maximum,. It is clear that
similar remarks hold for our original decision to add the chi-square
expressions for each partition. We could have done many other things
including taking the maximum for each walue of Be® and minimizing the
result. However, given that we made the choice in the definition of ﬂi
that we did, there is still the problem of combining the results from
independent experiments. I do not wish to deal with this genersl sta=
tistical problem here, and conseguently I shall merely report the
significance levels attained for the sum of the three ﬁg values and for
their maximum.

The linear model (L) is unigue among the three in being the only
one considered for which the event of an error on one trial is independent
of errors on other trials and hence the two partitions being based on
non-overiapping sequences of trials are stochastically independent.
Consequently, we know the asymptotic distribution of ﬂi in this case,
ise., chiwsquare with 29 degrees of freedom (dofe)a A glance gt Table 1
feveals ﬂi values which are individually significant far in excess of
the .00l ievel. Furthermore, so are the significance levels of both the

sum and the maximum of the three values. This is a quanﬁitative way of
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stating the obvious Ffact that this model is very poor in accounting for
the observed data.

The all or none model (AN) is already too complicated to lead to
the independence of the two relevant partitions. The same thing is true
for the long-short model (ILS~3}). Hence in both these cases we do not
know even the correct asymptotic distribution which as & conseguence of
the results of Chapter 4 is not parameter-free. C(Consequently, I shall
merely relate the crude analysis mentioned in the first paragraph of
section 5.2.

I the two partitions were independent, then ﬂi‘ would bhe
asymptotically chi-square distributed with 29 d.f. and if they were
identical then it would be asymptotically distributed as twiee a chi-
square with 14 d.f. Furthermore the asymptotic mean of ﬁi lles between
28 and 3C. This bound on the mean suggeéts that the obéerved values of
ﬂi Tfor this model are still too largelevén though they are considerably
smaller than those for model L. Table 2 gives the significance levels
under the two extreme cases for each of the éxperimental groups as well
as for thelr sum and maximm. By "< .001" we mean that the significance

is less than the .001 level.

Table 2
independent case identical case
9 items < .001 .00k
15 items < 001 < .00L
21 items < .001 < .00L
sum < .001 < .001
max < 001 < 001
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These figures support the feeling that the AN model is also inadequate
in accounting for the data from these experiments.

If one looks at Table 1 there is a striking_tendency for the linear
and all-or-none models to do increasingly poorly as the number of items
‘increaseso This is probably an effect in the linear model, but for the
gll-orrnone model it is primarily due to‘the increase in the number of
subjéct-items as the list léngth increases and the fact that the model
does not fit the data very well. If the observed value of ﬁi is
divided by the nuwber of subject-items goling into it we get a measure of

the discrepancy between the observed data and the model which is inde-

rendent of the size of n. Table 3 gives us the values of this quantity.

Table 3
model 9 items 15 items 21 items
L Uk 1.02 1.16
AN 285 .218 187

The quentities in Table 3 all tend (in probsbility} to certain
unknown constants as n, the number of subject-items, tends tc infinity.
1

The unknown constants all depend on the models in question and the 'true'

values of

Il

P{Y, Vpr e s Y = V)

and

P{Y6 =

|
o
-
.
°
“
o
\O
\O°<§
-
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Since we essentially do not know these constants it is hard to interpret
the values in Table 3. Bo much for the poorly fitting models.

In turning to the I8~3% model, we Tirst observe that it has three
free parameters whereas the last two models only have cne. This leads
us to suspect that it should come closer than the other models, and indeed
it does upon examination of Table 1. Again we shall use the crude
analysis discussed above.

If the partitions were independent, Ki would be asymptotically
chi-square distributed with 27 d.f., and if they were identical it would
be asymptotically distributed as twice a chi-square with 12 4.f. Further-
more, the asymptotic mean of - ﬁi lies between 24 and 30. These bounds
suggest that the observed values of ﬂi. are not bad at all. Table I
gives the significance levels under the two extreme cases for each of the

experimental groups as well as for their sum and maximum.

Table 4
independent case identical case
9 items 135 . 130
15 items . 320 255
21 items - 370 ‘ i 275
sum : «150 » 100+
max . 35L o Bl

These figures give us some feeling for the adequacy of the IS-3 model
as measured by its minim.umf-ﬁ2 values. Of course this says nothing con-

cerning its inadequacy with respect to fitting other aspects of the data.
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Calfee and Atkinson used the sum of the minimum-ﬁ2 values for a
reasonlwhich we shall now discuss. Besides the three stochastic learning
models mentioned above, they considered two cthers--the "trial-dependent-
forgetting model” (TDF) and a revision of this model referred to as the
TDF-Rev. For both of these models, the various parameters involved are
invariant, theoretically, under a change of list length. Hence they
chose to estimate parameters and obtain an cverall measure of it by
forming the chi-square expressions for each partition and each
experiment-~-a total of six--adding them all together, and minimizing the
result over all parameter values. Hence they used thé sum criterion in
order to have "comparable" measures of fit for all Tive models over all
three experiments. An alternative procedure would have been to use the
same technigue used on the other modelé and to look to see if the three
sets of parameter values found for these two models varied noticeably
over the three experiments. Although, the technigue used to measure the
overall fit of the TDF and TDF-Rev models is similar to the minimum_-ft2
procedure discussed in this dissertation, its distribution theory does
not follow directly from my results. It is clear that the same technique
will work, though. Table 5 is the analogoﬁs one to Tabie 1 for the TDF

and TDF-Rev models.

Table 5
model. no. parameters minimized sum
TDF 2 169.1
TDF-Rev 3 ' : 115.5
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In analogy to the crude analysis performed above we lock at the
significance levels attained in the extreme cases of independence and
identity of the partitions to get a rough idea of the actual significance
level. If the partitions were independent. the asymptotic distribution
of the minimized sum would by chi-square with 88 4.f. for the TDF model
-and 87 d.f. for the TDF=Rev. If they were identical then it would be
asymptotically distributed as twice a chi-square with 43 énd hp a.f.

respectively. Table 6 summarizes these results.

Table 6
model independent case identical case
TDF < .001 < .001
TDF=-Rev. about .02 - 05+

As z final remark I would like “o menbion the method used to find
the minimumrng estimate in practice; Calfee and Atkinson used a computer
program which minimizes ﬂi(@) numerically. This is probably the best
method avallable in most practical situations since the analytic formula
for En is very complicated. Xven the obvious analogue to the standard
"modified minimum chi-square method” does not really simplify this problem
significantly. The definition of En used in this dissertation scems
to lend itself naturally to This numerical minimization technique and this
was one of the reasons for its use. There is always the problem of
insuring that the numerical minimization technique chosen does, in fact,
fird the minimum of ﬁi(@)g but this is an entirely separate guestion

and is not considered here.
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Appendix

In this appendix I shall give the proof of Theorem 3.4 mentioned
in section 3.k&.

.The mzin obstacle is the notation, once it is properly defeioped,
the proof is simple. In order to avoid unnscessary redefinitions, we
make the following convention throughout this appendix: in all of the

1e

guantities pk, p; M, M; Zkg’ Z; D Kk’ Dp’ we drop any row, column or
D

element having a zZero subscript. Thus, for example, we have

k k
YA OV L VL
My o
1
M= (M, ... ,MN)
k
By 0
D, = .
X .
p 0 pi
k

Now using this convention it is a standard result [see Wilks (1962),

pg. 261-262] that

c k k.2
k (M., - np.)
i i 1 k k -1 L k k
¥ T =— M -np) 5 — (M -np)’
i=o “Fy ¥n m
k k - . ' .
Note that %, =D, - (p™)' P, and by redefining it as we have it

P
is now non-singular with
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L
det(Z‘kk) = H p, >0
i:
Now let
5 0

Then it follows that & > 0 and

Tl v -mp)

n

(M - np)Q~

B Mo
E‘\lil""

Hence L(ﬂi)-—aL(ﬂe) where

and

y "{‘N(OJ Z‘.)
=

S0 set x =y 8 2, then we have

2 ;
T = XX
where

L L
2

x ~ W0, 0% 592

From this it follows, as usual, that ﬂi is asymptotically - distributed
a8 a linear combination of independent chi-square random variables, each
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L1

2

a

with one d.f. The linear welghts, {Xj}, are the roots of { 2 50
Now we observe that the A's which occur here must be the same as the
A's which occurred in Chapfer 3 except that in the previocus context
there were KN A's which we knew to be zero from rank considerations.
These zero ‘h‘s do not appear in the new set, and hence the new set of
A's coincides with the only oneg from the old set which interésted us.

50 we examine the matrix

L 1
r=0%30%.
First of all we note that
1
= [P ©
9) = . 1

end hence the (k, g)th block of A is

1 1

B 2
Beg ™ Tk Txp Tpg t
Coneequently A has identity matrices for its diagonal blocks.

IA

1o ee oD

1N

L AU . N

0

Now consider the case of N = 2. In this case we have
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<

Bp
(o - 1) =

Ly O )

From this it follows that any odd power of A - I will have the form

Consequently, for any odd power, m, we have
tr(a - )™ =0
But A is symmetric and can therefore be orthogonally diagonalized

H =T Dh Tt ' I' is orthogonal

Hence we have

tr(D, -I) =0 for all odd m.

But
m m
tr(D)L ) JZ()\J, - 1) .

It Tollows that all of the odd central moments of the A's wvanish and
consequently, since kj >0 and ﬁ% Z:kj =1, ﬁe must have the A's

J
symuetrically placed about 1 between zero and ¥wo. This proves the

agsertion in Theorem 3.L.
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Tt is clear upon multiplying out the powers of A - T for N >2
that, in general, this symmetry result does not hcld. However, one can

easily show for general N, that if

| - 2] > L = 5,=0

then the same symmetry result dees hold. The proof is exactly the same
as for Theorem 3.4, Observe that it is enough that the condition be
satisfied for some relabeling of the partitions. Although it is a bit
obtuse, this condition might be approximately satisfied in a situation
like that described in section 5.1. It might not be unreasonable that
partitions based on non-cortiguous sets of sequences {in the case of

more than two partitions) be zlmost independent.
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