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A CORRELATED URN-SCHEME FOR A CONTINUUM OF RESPONSES#*

By

Barry Charles Arnold

INTRODUCTION

This thesis is concerned with the analysis of a new model to cover
the case of simple learning with a continuum of responses and reinforce-
ments. Suppes (1959) suggested a generalization of the finite response
linear model to cover this case as well as analogous generalizstions of
the pattern and component stimulus sampling models (1960)° Bome studies
of the empirical wvalidity of these models have appeared in the literature
(e.g., Suppes and Rousnet (1964), Suppes, Rouvanet, Levine and Frankmann
(1964)). It is apparent from these studies that the sbove mentioned
models perform unsatisfactorily when predicting sequential probabilities
and the dependence of responses on recent reinforcements. This prompts
a search for slternative models. The model advocated and studied in
this thesis has been called a correlated urn-scheme. Although this
model appears toc have numerous parameters and regularity assumptions,
it will be seen that it lesds to quite simple and tractable distribution
theory. It will also he seen that reasonably natural consistent estimates

of many of the parameters are obtainable. Bubt a new model is only

This research has been supported in part by the Air Forece Office of
Scientific Research under Contract AF49(638)-1253.
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Justifiable if it explains better empirically cbserved results. In
Appendix A will be found an empirical comparison of the correlated urn-
scheme with the linear and pattern models based on the data from Suppes,

Rouanet, Levine and Frankmann (1964).



CHAPTER I
BACKGROUND AND DEFINITION OF THE MODEL

We are concerned with the elementary variety of simple learning
situations wherein on each of a sequence of trials the subject makes a
response which is followed by a reinforcement. Usually the response
consists of selection by the subject of & member of a well specified
set, and the reinforcement consists of informing the subject as to what
his response should have been. We are concerned solely with what are
known as determinate reinforcement schedules. This may be freely trans-
lated as: schedules which require reinforcement on every trial.

One of the earliest models suggested to explain observed resrponse
variations in a simple learning situation was the urn scheme. Urn
gchemes have drifted in and out of the literature concerned with learning
for many years and may be dated back to Thurstone (1950) and possibly
beyond. We will describe the urn scheme for the case of two response
alternatives. Essentially the scheme proposes that the subject's
responses are governed by selection of a ball from an urn of variable
composition. At time zerc thé urn contains n red balls and m vwhite
balls (where n and m are positive integers). We assume the responses
may be numbered 1 and 2. If on a trial response 1 1is reinforced,
then w zred balls and x white balls are added tc the urn. If
response 2 1s reinforced then ¥y red balis and z white balls are
added. The subject makes response 1 on a trial if he draws a red

. ball and response 2 1If & white one, where the drawings ere assumed



to be with replacement. The reader is referred to Feller (1957,
Chapter 5) for a discussion of some of the properties of this type of
stochastic process, and tc Audley and Jonkheere (1956) for a discussion
ol some generalizations of this model.

A little reflection will show that the above scheme results in a
commutative operator model (i.e., the order of reinforcements is
immaterisl). Unfortunately, observation refutes the validity of such
medels. The order does matier, in that recent reinforcements have more
effect than those in the distant past. The simplest adjustment (and the
one which we exploit considerably in this sequel)_is to make the proha-
bility of drawing a ball depend on the length of time that the ball has
been in the urn. This yields what we call a correlated urn scheme.

The notatibns and derivations that are_presented are for the case of a
continuum of responses and reinforcements, but it will be clear that
they simplify to cover the case discussed here.

As we mentioned previously, urn schémes have a long histery. But
it must be admitted that they are no longer in vegue. Stimulus sampling
models are now in the spotlight. Theoretical justification for these
models has been attempted, and the consensus of opinion is that they
stand on a Tirmer psychological footing than urn schemes, which are
clearly mathematical fictions. Wevertheless, a study qf stimulus
sampling models (a good outline of them and their properties will be
found in Atkinson and Estes (1963) together with a useful bibliography)
reveals that they themselves may be considered urn schemes. Knowledge
of the underlying processes in learning has not yet reached a stage

which wiil permit discrimination between models on theoretical grounds,
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and the only available tésts are based,on the sbility pf ﬁodels to
predict behavior. Beariﬁg in mind that we are thué forced to cperate
for the present in the realm of mathemstical fictions, gnd that urn
schemes are tractable and adaptable, the author feels that perhaps
they have been prematurely discarded. However, since most people
working in the area are more familiar with response strength models,
lwe have developed the model as a generalization of Luce's (1959)
response strength model.. TI%f will be clear nevertheless that it can be
viewed as a continucus analog of an urn scheme, and would probably te
best thought of as such.

Luce (1959) introduced the concept of response strength for the
case of é countable number of alternatives. OQur fifst step is to
formulate an analcogcus concept for a continuum of alternatives. In
Tuce's setup the response strength is merely a function which assigns
a positive real number tc each response. Given such a function, the
probability of a given respcnse is well determined as the ratio of its
response strength to the total response strength of all possible
alternatives. This is naturally generalized as follows:

We assume that responses (and reinforcements) are points on a
continuum A = [a,b] which is a possitly infinite interval in the real

line. We pestulate the existence of a response meszsure dencted by v

which is a positive finite measure on A (With the usual Borel field)
such that the probability of a response in a Borel set B < A is given

by:

(1.1) P(E) = v(E)/v(A)
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We also assume that the response measure Vv 1s absolutely continuous
with respect to Lebesgue measure, and thus there exists a hon-negative

" measurable function s{x) on A such that:
(1.2) v(E) =k/j s(x)dx ¥EeB(A)

where B(A) is the ususl Borel field on A. :Wé call s(x). the response
function,. | | |

We assume that the effect of a reinforcement 1s to change the
response function in the following way. Corresponding to each subject
, ié postulated a set of measures which we shall call the spreading
measures (it will become evident later that these spreéding measures
" are similar to and.for certain parameterizations, identifiable wiﬁh .
-the measure correépohding to the smearing distiibutions introduced by
© Buppes (1959)}? The set of spreading measures is in&exed by yeA  and
denoted by -{vy].' In the model we shall considef-we a;sume that #here.

exists a positive real number ¢ such that
{1.3) R v (8) =c  vyea

This restriction could be relaxed; but at the price of complicating the
model greatly. However, in many expérimental setups it seems a reasonable
assumption. Again we assume absolute continuity with respect to

Lebesgue measure, and we denote. the corresponding Radon-Nikodym.deri#a—

| tives by

(1.4) (%) = a(x,¥)

gle
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vhere § 1is Lebesgue measure. The effect of reinforcement at yed

is to add q(x,y) to the response function s(x). (Note that at this
point we diverge from Luce's scheme in that he postulates multiplicative
rather than additive changes). If we then postulated that response
probabilities were defined by (1.1) we would have a commutative operator
model. Thus it becomes our task to make precise the greater dependence
on recent reinforcements that we wish ocur model to exhibit.

Let Xl’X2’°" be & sequence of random variables such that Xi is
the response on trial i, and let Yi,Yé,... be the reinforcements on
triels 1, 2... . ILet s,(x) be the response function at the start of
the experiment (sl(x) is assumed to be integrable) and  Sn(X) the
response function at trial n. By our assumptions on the effect of

reinforcement we have:

: n-1
(1.5) sﬂ(x) = Sl(X) + y q(x,Yi) n=2,3...
i=1

We postulate that

(1.6) P(x_ < xl¥...v ) =

where the 5i's are real non-negative numbers and

(r.7) - 1-v= Y 5, <1
' i=1 *
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n-1
(1.8) 1,xn = .éi ai

Clearly Kn-a Ao We will say that we have a correlated urn scheme of
order m 1f we have Si =0, ¥ >m. If 51 > 0, ¥1 we have a corre-
lated urn scheme of infinite order. Empirical evidence suggests that
the existence of learning situations to which correlated urn schemes of
high order could apply is unlikely. We will nevertheless consider the
general case., We call the parameters 81 correlation parameters which
Shbuld cause little surprise, and hopefully, little confusion.

The model described by equation (1.6) is perhaps best visualized as
an analog to the following simple urn scheme. As described earlier we
assume two responses and retain the rules for the composition of the urn's
contents. However, we now specify that on trial n the subject draws a
ball as follows: from those balls which entered the urn as a result of
the n-i'th reinforcement, with probability 51 (for 1 =1, 2...n-1);
from the entire urn at random with probability M

Several times_in this thesis we will compare predictions based on
correlated urn scheme with those based on the linear model. It will
therefore be convenient o have in mind the formulation of the linesr

model in terms of our notation. The linear model postulates that

— —_

u/1X si(x')dx’

(1.9) P(Xn-qulyi"'yh-l) = (1-0)771 2
T f Sl(xr)d_xl

n-1 n-l-i px
g(1-68
ry HL=0) alx', ¥, ax
P =] a,
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with the side conditions that ¢ =1 and k/ﬂb sl(x)dx = 1, and where
0 <8 < 1. The reader is referred to Suppesa(l959) for a discussion of
the properties of this model. The simildrity betwéen equations (1.6)
and (1.9) leads one to suspect that they will yield similar predictions.
As will often be noted in this thesis, this suspicion is justified. The
major cdifference lies in their predictions of sequential dependencies
(e.g., the probability that a response will be contained in a Borel set
E < A given that the preceding reinforcement was contained in the Borel
set FCA),.

The remaining chapters will be devoted to investigation of the
behavicr of the correlated urn scheme (as defined by equation (1.6))
under various kinds of reinforcement schedules. As is fhe case with
most models for a continuum of responses, the analysis becomes difficult
for complex contingent schedules (and even for simple ones). Chapter
1T is devoted to a careful analysis of the non-contingent case. The
contingent case is chsidered in Chapter III. In the final chapter will
be found a discussiqn of tests, generalizations and applications. As
noted in the intreduction, Appendix A might be considered the most
important part of the thesis. It ccntains a comparison of the correlated
urn scheme and the linear model on the bagis of their ability to predict
sequential dependencies. The remaining apprendix is devoted to a cumber=-
some computation left out of the body of the text.

With that road map in mind‘we'aré ready to attack the non-contingent

case.



CHAPTER II
BRHAVIOR OF .TEE MODEL UNDER NON-CONTINGENT REINFORCEMENT

It is well known, and in fact obvious, that ergodic behavior will
obtain only for certain reinforcéement schedules. In all likelihood,
the correlated urn scheme will be ergodic for most reinforcement schedules
of finite past dependence. -Due to the computational compléxities
resulting from extended past dependencies we will, essentially, restrict
discussion to two cases: non-contingent reinforcement and simple
contingent reinforcement. The first case will be studied quite thoroughly.'
In the seccond case we will essentially scratch the surface and indicate
the problems that arise.

By non-contingent reinforcement we mean that on each trial a rein-
forcement Y is given according to a probability measure P on A and
that reinforcements are independent of preceding responses and reinforce-
ments. As might be expected, the fact that reinforcements are inde-
pendent and identically distributed leads to straight—fbrward analysis.
We will first examine the response distributions, Jjoint response distri-
butions and the correlation between responses and preceding responses
and reinforcements. We then develop consistent estimates for certain

parametric functions and use these as a basis for tests of the model.

1. Response Distributions and Response Moments

Recalling that we denote the response random variable on trial n
by Xn we are naturally interested in the response distribution on each
trial and at asymptote. To this end, we define:

- 10 -



(2.1) R(x) =P(X <x); a<xz<b
Conditioning on preceding reinforcements and recalling (1.6), we have:

Rn(x) = E{P(Xn <YLY ...,Yn_l)}

.
1 i
.b/\ Sn(X ) ax n-1 9

. b3
=EB(X ab' _ + ) 2_1 b[‘ alx’, ¥, )ax!
s (x')ax’ =1 &
e D

Recalling (1.3) and (1.5), and defining.

b
(2.2) J[‘ sl(x)dx =5
a ) .
o
we see that b/\ sn(x)dx =8, + c{n-1). Thus if we denote
a .
X
— [} §
(2.5) 5,60 = | ey (x)ax
a
we may write
' hn Sl(x) ni% kn 6n i * -
Ro(x) = B (gt e BT gy
n sy + e(n-1 ] N +c (n-1) N ?
We introduce the notation
n 5
. B ) n-i
(2.4) p(i,n) = 7 Ey e
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and note that using (1.8) we have

-l (n—l)ln 1M
(2.5) _2: p(i,n) = P ) B
=L 1
Thus we have:
M sl( ) n-1 X
_ s H
R (x) = ey 2 p(in) B f a(x',Y, Jax
1 1=l )

Recalling that the Yi’s are ldentieally distributed and defining
X b

(2.6) k) = [ [ ey apaxs asx<o
a =

we deduce that by (2.5) we have:

8 (x) (n-1)x 1%

(2.7) Rn(x) - Sln+ D) + s. + c{n-1) + én

K(x)
1

N

The asymptotic result is clear from (2.7}, we have:

(2.8) R (x) = lim R (x) = = K(x)

h e

Having thus verified that there exists a well defined distribution
functicn % K(x) such that Rn(x) 5 % K(x) we become interested in

the behavior and existence of moments of the form:
) _ mexV
(2.9) we 'l = B(X))

where v  isg a positive real number.



Ir (a,b) is a finite interval, then trivially, all such moments exist

and we have:

n C

b
(2.10) 1 w4V 22 b/\ %" aK(x)

If (a,b) is an infinite interval then (2.10) will hold provided the
two following integrals exist:

b
v ( _
L/‘ X 8y x)} dx = dv

a

‘]ﬁb xv ax(x)

a

For then we have:

vy vy
B(x)) = E(E(Xn[YiYéochhul))
b
v
xnj; Vs (x) & n b
- E s ey e .Z: p{i,n) JF X q(x,Yi) dx
1 =1 |vYa
?un d‘_v (n-—l)?xn l—?xn fb v
= + + x' dK(x)
5, F ¢(n-1) 5, + c¢(n-1) o .

and the result follows. We note at this point that (2.8) and (2.10)
nold for fhe linear meodel ag defined by (i-9) (recalling c =1 for
this case).

The next functicns we wish to investigate are the response distri-
butions conditioned on previous reinforcements. The importance of these
statistiecs lies in the fact that af asymptote they enable cne to disérim—

inate between the correlated urn scheme and the linear and pattern models.
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(We noted sbove that this was not possible on the basis of the asymptotic

response distributions). Thus we are interested in:

P(X, <xY ¥ .. (k < n-1)

1 -2 'n—k)

Not surprisingly, we condition on the first n-k-1 reinforcements.

Thus:
P(X_ < x]Yh_l T oY ) FE (p(x < x{Yl Yé...Yh_l))
172 n-k-1
hn Sl(x) n-gfl [ ~x _ 1}
= E et p(i,n) b[\ a(x'jY,) ax'¥%
B SR SERES SURNER BN c(n-1) i Ja i |
— -
n-1 X
+ 2 »{i,n) k]ﬂ alx',Y,) dax’
i=n-k . a8 -
M Sl(x) n-k-1 x nb
SR Y p(l,n)[f [ ety e e
1 i=1 a a
n-1 X
+ p(i,n)[f q(X‘,Yi) ax!
i=n-k &

where we have used the fact that the Yi's are independent and identically
distributed.

Using (1.8) and (2.4) we may verify that

- n-k-1 (n-k-1)A A Y
(211) L p(i0) = sy e
) s, é(n-1) e

- 14 -




Then recalling the definition of ¥(x) (2.6) we deduce that

My 81(x)

P(x, < XIYn—l Yn—E"'Yn-k) = 5, + {n-1)

k-1 A - A
. (n-k-1) n .kt n K(x)
s. + c(n-1) ¢
-1
k X
+ ) p(n-i,n) f q(x',Y ) ax’
. n-i
i=1 a
Thus for k Tfixed, we have
A - A
n K+ n
oos = — + -
P(Xngxlyn_l LA Yn_k) K(x)| 3 =
k 61 b4
— 1
+.Z 5 f q(x',Yn 1) dx
i=1 a
+0o(l) [n-=]
whence we conclude:
(2.12)
: Kkﬂ.
nlimm PR, < xly, .1 ) = —— K(x)

k &, b'e
+ Yy = &/‘ alx',¥ ) ax!
. c n-i
i=1 a

From this one can then deduce the obvious expressions for the conditional
moments. However, they are of doubtful utility, and we shall omit them.
For purpcoses of compariscn we present the result analogous to (2.12)

for the linear model defined by (1.9). To avoid confusion we have
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placed a superscript L on the response random variables corresponding

to the linear model. We have:

(2.13)  lim P(xi <xly_.ex ) - (1-0)5 1 x(x)

0 — 1 n—k)

& 11| [

+ > 8(1-9) JF alx',Y. .) dx*
R n-i

i=l | a8

The procf parallels the proof of {2.12).

We next wish o derive joint distributions for successive reinforce-
ments. In principle we can derive asymptotic Joint distributions such
as
X < X

(2.14) Rm(XlX2°"Xk) = lim P(Xn < Xy n-1 S %pree Xn—k+l < xk)

n—s®
The general expression for arbitrary k is too complicated to be
meaningful. We will indicate the method by deriving the result for
k =2, and we will note the aﬁalogous result for k = 5. For k =2

we have:

P(X_ <x,K | <x,) =E {P(Xn <%, X . < xelYlYe...Yn"l)}-

E {P(Xﬂ < x| YY) R S x| YT - .Yn_E)}

n-1 X ' -2 X
E {[:_El p(ee) b ae,y,) dx“ s Jp(i,n-l)fEL - i, ¥,) dx]}

]

i=1

+0o(l) [n o]
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However, we recall that the Yi's are independent and ldentlically

distributed, and we define:

: : . S b m | Zs ; .
(2.15) K(Zlizeﬁ°"JZm)r= b/\ II JP alx,y) ax| aF
i=L ¥ a

g
Thuse. -

P(Xn = %y Xn—l = XE)

n~l n-z= X %
L% s(tn) p(a,nel) @ f ") ax|m| [ 7 aer) ax

i=1 J=1 a &
' n-2 o X. o X '
i,n) p{i,n-1) E [ . ,Y.) dx][ e x,Y.) dx]
+ 121 o p(i,n-1) { fa a(x, Y, fa alx,¥, }
+ o{1)
n-1 n-2
= 2 2 »(1,n) p(4,n-1) K(x;) K(x,)
i=1 j=1
Jfi
n-2
+ ), pli,n) p(i,n-1) K(x Xy 5% ) + of1)
i=1

n-1 n-2
- K(x,) K(xg){ ) p(i,n)ﬂ ) p(j,na)}
Lg=r ~ J

i=1

n-2
+ [K(Xl,xg) - K(x)) K(xg)].[ _;l p(i,n) p(i,n—l)] + o(1)

From (2.5), recalling that }"n — &, we have

n-1
2, p(i,n) ==+ o(1)

i=1

=17 -



To complete the derivation we note that:

neg nee M e B ®p-1-1
> »(i,n) p(i,n-1) = N NS
i=1 5 sy teln-l) e 5] * c(n-2) o
- i, A B
‘ (n-2) Xn Xn--l +‘?E? n n-l-i
[s, +eln-1)]ls; + c(n-2)] ;5 cols; + c(n-1))
- A . B 2 B 5
+.n22 n-l n-i nzz n-i “n-1-1
] c(sl + e(n-2)) = 2

| H(n-2) kn hnml + kn[l—Kn;l] + Kn—l[¥2nxn] .
+ c(n-l)][sl + ¢{n-2) | c(sl + ¢(n-1)) Efsl + c¢(n-2))

[sl

+
Q[
ol

s
1
[N

o

c?

i i+l

N
it
[t}

Thus we see that

n"e 1 B
ilim Z p(i,l‘l) P(iyn'l) = "'5 z Bi ai+l
n—o ji=1 ¢ =1

and conclude that:

n-—=w®= .:Xn—l S Xe)

o i=1

=']"'§ K(Xl_) K(Xg) +{ z 5 6:'L+1}[K(Xl’}{2) - K(xl) K(XQ)}}
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By making minor adjustments to the above proof, we mey deduce that:

X < X

(2.17)  1im P(X, < x, X < x,)

D= £§ K(Xl) K(Xg) + [iéi 51_51+k] [K(Xl’XE) - K(Xl) K(%Eﬁ

By the ssme type of argument we can derive joint distributions of
arbitrary order. The result for kK =3 already shows that they will

lack sesthetic appeal. We have

(2.18) Rm(xl,xg,XB) = nlimm P(Xrl < 'Xl,’ X | <%, X 5% x5)
=L K(x.,) K(x.) K(x,)
o 1 27 3

ok 'Z: ai 51%4 K(Xl)-K(XQ’XB) - K(xl) K(Xz) K(x5)w'

e o

~ 0 1 - -

+1 > 8, 8,1 K(xl,xg) K(xi) - K(xl) K(xg) K(x5)

+ [gl b1 Op] [Flrmy) Klag) - Kny) ) K(xs)]

- 00
+ [igi 5. %1 ai+2] [K(XL’XE’XB) - K(xl) K(XE) K(x5)]j}
We note that these expressions simplify considerably for a scheme of
order zero. In fact, in that situation, successive responses are

asymptotically independent.
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2. Correlation of Responses with Preceding Responses and Reinfdrcements

We noted in Section 1 that response distributions conditioned on
previous reinforcements for the correlated urn scheme were asymptotically
distinguishable from those for the linear or pattern models. In this
.sectlon we wish to investigate two more useful statistics which may be
yused to distingulsh the models. The first we wish to study is the
corrélation between a response and a preceding response. Thus we are

concerned with:

E(Xn+k Xn) - E(Xn+k) E(Xn)

. =1, 2...
(2.19) T = ’
. Yvar X Yvar X o k=1, 2...
However we computed earlier that
A d (n-1) A 1-A b
Yy n_v n n v _
E(Xn) - s, * e(n=1) * s, + e(n-1) T .j; X AK(x)

where

by
d; =L/“ x sl(x) dx

a

| | b
provided that we assume the existence of d, and b/\ x" dK(x). Under
a

.o

these assumptions we define

| b
(2.20) o =3 f x dK(x)

2 1 b 2 : 2
(2.21) _ch=-6fa x aK(x) - o

- 20 -



Clearly we may conclude that 1lim wvar Xn = 02

v and it remains to
IR s

consider E(X X)) - E(Xn+k) E(Xn)° As is our custom we condition

ntk n

on preceding reinforcements; and we have:

E(Xn Xn+k

However,

) = E(E(X, Xn+klyi°°'yn+k—l))

]

E{E(anYi,..Yh_l) E(Xn+k!Y1°°‘Yn+k-1)}

. _{ [ )8 b/\b x sl(x) dx  n-l

n Ya b
s, + c{n-1} * iéi »{1,n) t/; x Q(X:Yi) dx}

b
_km_kfa xosy(x) @ o .
x | 2k 23 e [ xator,) ax }
g,

Sl + e(n+k-1) {=1

the reinforcements are independent, and we can therefore write:

AA d2
E(X X ) _ n ntk 1
n - ntk [sl + c(n-l)][sl + c(n+k-1)]

A -
+ +'n?i+ill) HZ% p(i,n) c &
5 7 ¢ " i=1

CAh o d n+tk-1

n 1
ST D) Y p(i,ntk) ¢ «
sy + e(n-1 i3

n-1 n+k-1

. . 2 2

+ > p(i,n) p(,ntk) ¢ o

191 3=

(3#i)

n-1

[ *
+ z: o{i,n) p(i,n+k) 02 o

i=1
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where we have defined and assumed the existence of:

b
(2.22) cx% m(—:tE f {

a a

b : 2
JF x alx,y) dx]. ap

Recalling our computation of E(Xn) we then readily deduce that

B, %) - (%) B(,) = le"?1{ T (i) p(t,nm)

From this, recalling the definition cf

(2.23)  B(X X_) - B(X) B(X )

1
i=1L

p(i,n), we conclude that

(n-1) » A
2. % 2 +k
=cla-d 3{ e, + c(n—l)][sz o D]
. AR CEL . M - M) . nil o, aj_+k}
c(sl + c(n+k-1)) c(sl + ¢(n-1)) i CB

This eguaticn seems a little too cumbersome to be of great value. How-

ever, we can deduce two asympliotic results which are of interest.

Recalling that lim Kn = & we deduce that:

n - w
(2.24) 1im cov(Xn,Xn+k) =
n—w
and
(2.25) lim cov(Xn,Xn+k) =0
_ Koo

- 22 o
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The results for the correlations defined by (2.19) follow immediately

when we recall (assuming existence of the necessary moments) that

2

lim wvar X,.= Oy Thus we have
o o n
CZ% CXE ol
(2.26) lim r , = 5 .Z: 5, B,
1l — o a i=
X
(2.27) lim r, =0

It is apparent Trom (2.23) that the convergence in (2.24) and (2.26) is
uniform in k. We note in passing that (2.24) could have been obtained
from the asymptotic joint distribution given by (2.17). Certainly for
A a finite interval, the result is immediate. For the general case,
direct verification as above yields the desired result with the least
effort.

The second statistic we wish Lo investigate is the correlation
between a response and a preceding reinforcement. We thus define:

i E(Xn Yn_k) - E(Xn) E(Yh_k)

(2.28) pnk =

Jvar X Yvar Y
n n-k

Since the reinforcements are non-contingent, it is clear that a response
and a later reinfcecrcement are uncorrelated. Thus we need only concern

ourselves with Dn for 1 <k<n- 1. We still assume the existence

k

of o and Ui as defined by equations (2.20) and (2.21), and in

addition we assume the existence of:
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1 b b
(2.29) -2 [ by ax e
a g
and
b 2
(2.30) by (Y) = h/\ v~ 4P
a
We introduce the notation:
(2.31) Gpy = B - 1Y) @
where
' b
(2.32) s = [y ar
a

Suitably armed with the gbove notation and assumptioné, we can proceed

to evaluate p We have already computed E(Xﬁ) and, since rein-

nk’
forcements are non-contingent, we know that E(Yh) = p(Y) for
n=1, 2,... . Thus our first step towards evaluating Pk will Dbe

to compute E(Xn Yﬁ-k) for L <k< ﬁ - 1. As ususl, we condition on

the preceding reinforcemsnts and we have:

B(X Y_,) = B(B(X Yﬁnklyi°"yn-l))

b

Y A L/1 x s (x)dx n-1 I
nk n “a 1 .

= Ei S o(aoT) + ) pli,n) L k/ﬁ x q(x,Y,) dax

1 i=1 a

"N

-2 _



However, the reinforcements are independent and identically distributed

according to P. Thus:

A H(Y) d n-1 b B
B, V) = Sy ¢ L () KD f f x q(x,y) dax &P

{(ifn-k)

b b
S A A
a2 g

b b b
However u/‘ JF x g(x,y) dx 4P :Jf x@K(x) = Q¢
a Ya

=

and we may thus write the above expression as:

1 (n-1) 1-A

kn u(y) a
k) - s, + c{n-1) s

I

o
E(Xn Y uw(Y) ¢ e

1 + e(n-1) * ¢

+ p(n-k,n) [c B - p(Y) o c]

{where we have used (2.5)). However, using (2.31) and the fact that:

Mg (n-1) * LA
= + x
E(Xn) s, + c(n-1) s. .+ e(n-1) T ¢
1 1
we may conclude that:
(2.33) COV(Xn’Yh-k) = p(n-k,n) ¢ Oyy

.Thus, using the definition of p{i,n) we have:
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(2.5&) . lim cov(Xn,Yn
n - e

@,

-k) =0y Oy

If we then define
2 _ T B
(2.35) oy = Hp{¥) - [u(¥)]

and recall definition (2.21), we mﬁy conclude that

- {2.36} lim Pk = ak.oXY
. n —» @
where
g
Xy¥
(2.37) O =
XY gy oy

The close relation between &, and the asymptotic correlation between

k
a response end the Xk'th preceding reinforcement (i.e.
o} , .
Lim 525 = Pyy ¥ k) Justifies our naming the 8,'s correlation

n—»® kK
parameters.

We now turn our attention to estimation problems in the non-

contingent case.

%. Observeble Statistics

‘We will consider in this section certain observable sitatistics
which have asymptotically tractable distributions and will serve as
good estimates of parameters in the model. As our criterion of "goodness”

we will use consistency. We will first verify that the sample cumulative
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distribution funection of a protocol provides & good estimate of the_
asymptotic response distribution (i.e. % K(x}). To prove this we

first recall the definition

; A
(2.38) 'ﬁn(x) == ié& e(Xi - x): xela,b]
where
(2.39) e(x) =0 x>0
=1 <0

Clearly E[G(Xi -x)] = Ri(x) and, by our usual procedure (i.e.,
cenditiening on preceding reinforcements), we may compute the covariance

between E(Xn - x) and (X - ). We have

n+k

Ele(x -x) e(X . - x)] = BEle(X_-x) «(x_, -}y, v,.ov 1)

Oty ¥,...% ))

" Tntk-1

E{E(e(Xn—%)IYl Yo.o.x ) E(e(X -

fs() na )
2 [+ e [ ) o]
A S (X) n+k-1 x®

k 1 . ‘ r

Thus using methods exactly as those used to obtain (2.23) we cobtain:
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{2.40) .cov[e(Xn - %), e(Xn+k - x)]

(n-1) »_ X
o +k
= [K(x,x) - [K(x)]"] {[Sl T c(n—l)][sz +nc(n+k'l)}

A Y (A Y .1 08 B
n+k(l n) . n( K+l n+k) . nzl i i+l<:}
c(sl + e{n+k-1)) C(Sl + c(n-l)) il 02

_|_

(where K(x,x) is defined bty equation (2,15)). Before proceeding we
will introduce the Tollowing Lemms which probably is to be Tound some-

where in the literature, but which we repeat for completeness.

Lemma (1}: Let Xl X2.., be & sequence cof Jointly distributed random
variables, and let X be a random variable and let Fi Fé... and F
be the corresponding distribution functions.

If:

(1)‘ F_ S F
(2) E(Xn) - R(X)

(3) B(L) - B(K)

(4) The covariances Yok = cov(Xn,Xn+k)(n =1, 2,...3

k=1, 2, ...) satisfy:

(a) lim ¥ =0 ¥n
kKo nk

(b) 1lim 7 . = 7, @nd this convergence is uniform
now
in k.
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Then

ML E(X) where M -1
n s ] n n

}LMﬁ
>

i

Proof': E(M ) == z: E(X and clearly E(Mn) - BE(X)} since con-

vergence to a flnlte llmlt implies convergence in Cesaro mean to the
same limit. By the Tchebychev inequality it will suffice to prove
Lim varM = 0.

n -

Now

it

var M
e}

Z var X, +--- E Z cov(Xi,XJ_)

n n i=1 Jj=1i+l

E Z 73y o)

n i=1 j=1

Bo cur result will follow if we show

1 n n 1 n
NOW—“Z Z ’S—gz Y lr.l <= Yie+lrll for a
. . i n . k
n i=1 j=1 n i= J= i=1

large by 4{b).

. 1 v

—€+Ei§l|?’k|
and our result will follow if we show 1im TK = Q.

k 5w
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Suprose 7kf%90 ther ¥e there exists an arbitrarily large k such

£ . .
l’lk-?k < 'é- ’V‘k[thls is

possible by 4(b)] then for this n by (A) we cannot have .4(a)

that lykl > e (A). Choose n such that |7

Contradiction. .. 7, = 0. Q.E.D.

Now we wish to check whether the conditicns of the Lemma sre

satisfied by the sequence {e(Xi - X)J?=l . (1), (2), and (3) are

trivially satisfied where the limiting random variable is a Bernoulli
random variable equal to one with probability % K(x) and zero ctherwise.

The Vnk‘s were computed in equation (2.40), and we easily verify that

4(a) and 4(v) hold. U4(a) directly from (2.40) and (b) because

- AA
(n-1) n_ntk

| = |k(x,x) - [K(x)T] (5, * c(a-D s, + c(a¥k-1)]

lynk - 7’l<:

A - - -1 5.8 5, 8
. nvk (2-3) . Ml ™ M) NS % 3 itk
¥ R + - :
c(sl e{n+x-1)) C(Sl c¢(n-1)) Pc} o2 P o©
2 2 2 =
< + + +2y ) 5,8,
2 +
¢ (n-1) <" (n-1) ce(n—l) J=n J Ik
6 (24
< + Y 63

and this is uniform in k. Thus we may apply the Lemma and'conclude
(2.41) R (x) 2 L K(x) xeh

Our next interest is in the sample protocol moments. We define those we
will be chiefly interested in as follows
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1 1
(2.42) Moo= = .Z,Xi
i=1
L 3 2 8
(2.43) 5, = % .z: i n
i=1
2 1) o - > 5
(2.44 C = —— X, Y. - —_— X_) Y.>
knoon-k o0y 1Ak (00® N e N4 i

and we will prove that these are consistent estimates of important

parametric functions. In fact we have:

(2.45) M 2, «
(2.46) g 2,
n X .
P -
(2.47) C — 5k Oy k=1,2,

To prove {2.45) we apply our Lemma toc the sequence of observations

X, X

15 %55 Corditions (1), (2), (3) hold vrovided that regularity

conditions (discussed in Section 1 of this chapter) are met so that

% 2 2 . . . .
E( n) =0y + 0. The covariances are given by equation (2.23), and it
is easy to verify that condition (4) holds. (Exactly the way it was
done for the sequence {e(Xi - x}}). Thus (2.45) holds. For (2.46) we
need regularity conditions to ensure convergence of Lth moments of
responses (see Section 1), and this will ensure that conditions (1},

(2), (3) of our Lemma are verified for the sequence [Xi}-
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Now

(n-1) » i
COV(X2 X2 ) = C {V {[S T c(n—l)]{sz +J.:1c(n+k—l)]
. n+k(l A ) > ( K+l xn+k) nil 6j 63‘+k}
c(sl + c(n+k 1)) c(sl + e{n-1)}) Pl c2
where
b b
(2.48) -1 2 alx,y) dx &P
Vo= L L x q(x,y)

<
Il

(2.49) * —f U % q(x,y)dx]g ap

Again it is clear that condition (&%) of the Lemms holds. Thus

L
n

e

fiuga Vv and we already know that Mh—g—a C. Applyirg Slutsky's
i ‘

0 .
theorem we have Srl =2 Z: X% - Nﬁ £ v - oF - 02 which verifies
=1

i n : X
(2.46).

To verify (2.47) we first define

(2.48) P =

\
o)
?[H
i
!—lh
]
i)
e

(2.49) . ) = _Z xi.

\g
i
o
T |~
=

|~

(2.50) T = Yo,

g
o
i
B
'.J



Our proof that Mn L, u can be easily adjusted to prove Sk n
3

and since the Y,'s are independent and identically distributed, the

i
Weak Law of Large Numbers proves that T, ﬂ-ge n{Y). So it will suffice,
H

£, q

by Slutsky's theorem, if we can show P ﬁ—ge 6k Oy u{Y) C. However,
7

we recall (2.34) which states
= B

cov(Xn,Yn_ + O(l)i

w = % 9xy

With suitable moment éssump%ions (i.e., any we write are assumed

to exist) ve may verify that X_ yﬁ_k—‘ie W such that

lim E(xn Yn_k) = Bk aXqu(y) o = E(w)
n-— o

and
. _ 2 2 . 2 oo
in BE ) = (540F) (o2 4lp(¥) PU1-8,) ¢ B 1,y = BOF)
.where
: pb AD '
: 1 2 2
(2.51) _ Mop =7 f f x ¥y a(x,y) ax ap
~Ya Ya
To apply our Lemma to the sequence [Xi Yi k]m we neéd only compute
T i =k+]
coviXy Yy o XiagViaged =7y

and verify that condition (4) of the Lemms is satisfied. This is a
straightforward, though somewhat lengthy, computation and will be found

in Appendix B. The conclusion of that computation is:

(2.52) ' I 1im cov{Xi Y
)

X

it+g Yi—k+£

i—k, } .= 9]
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- (2.53) %y )

lim cov{X Yowr Kivp Yy

1~
‘ g ,
= i 6 -
M) @ oy By 8 B logy (D ey - BT (22 k]
o
(8, + By In(DIayy + oy yIBy [, By ) + 8 By + 8 By ]
where
L b b 2
(2.54) | wl=—§f y f x a(x,y) ax| ap
o] a8 & .

and where the convergence in (2.53) is uniform in £. Thus we mzy apply

the lemma and conclude

D
3] + o
Pen O Oxy TR(Y)

Whence, as suggested earlier, we may use Slutsky's theorem and obizin

the desired result (2.47).

4. Further Estimaticn

In Section % we developed estimates for several parametric funetions
with at least two important exceptions. We did not discuss estimation
: 1 .
of' Oy and < a{x,y). Unfortunately, there is no simple estimate of

o One avenue of approach is open to us, nevertheless. We recall

Xy®

that if % q(x,y) dis known, then ¢ is computable. Thus cur method

XY

will consist of estimating % a(x,y} and using this to compute an
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estimate of GXY, The sad fact remains that we will know little Qf thg

rroperties of such an estimate of Oy However, since no belier estimate
is available, we must acecept 1t and address'ourselves to the remaining
knotty problem, estimation of % a{x,y). |

One possible approach to this problem is to make use of eguaticn
(2.8}, We could estimate Rm(x) by the protocol sample distributioﬁ
function and solve the resulting integral equation (by numerical methods) .
One obvious disadvantage of this procedure is thﬁt it requires very long
protocols (or very many, with attendant reguirements of uniformity
among subjects) in order to get a reasonable estimate of % q(x,y)a Ag
might be expected; we can do somewhat better if we make some assumpltions
~as to the Tunctional form of % alx,y).

We wish to investigate the case where y enters only as a trans-
lation parsmeter. In some situations this may be reasonable (e.g., if
[a,b] = {~=, =) or if the end points a and b =are identical as in
& circular continuum). In general this could not bg expected for
[a,b] a finite interval. We will first consider the case where

[a,b] = (-, «) and where there exists a measursble function h{x)

defined on the real line, integrating to 1 and such that
1

(2.55) S alxy) = nlx-y) ¥,y e(-e, «)

In this case we consider the statistic

(2.56) _ ' D =X -Y¥
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Now we know that

Aoa n-1
_ n 1 -
E(Dn) - s, * c(n-1) * iéi p(i,n) '{h[\ x a(x, Y, ) d%} - u(Y)
but making use of (2.55) we have

b b b
b/\ X q(x,Yi) ax = cb/\ X h(x-Yi) dx = ¢ Yg + ck/W x hi{x) dx

a. a &

We introduce the notation

| b
(2057) m =b/w xn h(x) ax

n
a,

and we see that:

M4 (n-1) » 1-x
E(Dn) i 5) F e(n-1) s, * c(n-1) [ml * “(Y)] e = u(Y)
and clearly
(2.58) lim E(D ) =m,

n =

In general we have

Yoy s p
E(Dz) - B izg(i) xl ¥ lF'l)v %}
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We recall Xn and Yn are independent and that (assuming existence

of the necessary moments):

: b nb '
1
lim E(X;) =3 /q d[‘ % alx,y) ax ap

n—w 4, a

=fbfbxvh(x—y)dde
a, a

=LbLb (x+y)" n(x) ax aP

v .
= T () = BET
i=0

and .thus we have

1 5@ - (O s
i=0

Lo i-g

J

The moments of Y are known and thus D; may be used as an estimate

of the linear combination of mi's given by the right side of eguation

(2.59). Needless to say, we would like consistent estimstes of the mi‘s.
. VoV v Ay

To show that we can get them we must consider E(Dn Dn+k) - E(Dn) E(Dn+k)

and verify that the conditions of our Lemms are fulfiiled. This com-

putational exercise is omitted. We then define

(2.60) D =



and conclude that

(2.61) T, L i(‘;)(-z)"'i m(y"™ ) i (3’.) m, By V)
i=0 J=0

Thus, using Slutsky's theorem, we have consistent estimates for the

mi*s, although we still remain ignorant about the exact form of h(x).

However, this approach would be of use if we assumed h(x) to be of known

form with moments depending on a few parameters.

For the case of & finite continuum with identical end points the
analysis which led tc equation (2.61) is no longer valid. In this case
one is forced to assume & functioral form for h(x) depending on a few
parameters. One then computes theoretical response moments as functions
of these parameters, substitutes the observed response moments and solves
Tor the parameters. This is the approach used in Appendix A.. If the
end points are not identical, we cannct, as we'esrlier noted, expect
¥y to enter in % q(x,y) only as a translation parameter. For this
case the sclution of the approximate integral equation obtained from

(2.8) seems the only possible approach.
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CHAPTER TIIT
BEHAVIOR QF THE MODEL UNDER CONTINGENT REINFORCEMENT

We have seen that with non-contingent reinforcement, the analysis
of the correlated urn scheme is quite straightforward. The gquestion
arises of what happens 1f the reinforcement distribution does depend
on preceding respounses and/or reinforcements. This i1s the case of
contingent reinforcement. As might be expected, the analysis is more
complicated for this case. In fact, only for certain types of contingent
reinforcement will a limiting response distribution exist. We will
chiefly concern ourselves with the case of simple contingent reinforce-
ment. By this we mean: there exists a family of density functions

f(y!x) defined on [a,b] and indexed by xela,b] such that

_ b
(3.1) Py, <ylx, =) = [ rle) ay
a
In Secticn 2, where we develop sufficient conditions for the existence
of a limiting response distribution, we will consider more complicated
contingent schedules; but our main concern is with the simple contingent

case.

1. Asymptotic Response Distribution

As has become our custom we let Rn(x) = P(Xn < x) and we are
interested in the existence of a distributicn function Rm(x) with the

property that 'Rn(x)-fLeRw(x) in the case of simple contingent
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reinforcement (defined above). Now the reinforcements are nc longer
independent and identically distributed. Nevertheless, we can still

condition on preceding reinforcements and responses, and we have:

'Rn(x) = P(Xﬁ < x)

B(P(x < lel, LR

n-1’ £

1 Xpee Xy q))

1

E{%} + rll);:i o(i,n) f: q(x',Yi) dxi}

kn Sl(X)

n-1
i,n) B{Z,.{x
m+i§lp( ) (z,( ))

where
X

(5.2) 2,00 = [ alny) e 1=1, 2
4

New

It

B(z,(x)) = BIE(Z,(x)]x,)]

E{LXLb a(x',y) £ylx,) ax' d}

LXLbLb a(x',¥) £(yle) ax' ay dr, (o)

Substituting this value for E(Zi(x)) in our expression for Rn(x)

1]

)
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we deduce that the sequence {Rn(x)}zzl must satisfy the Following

relation:

kn Sl(X)

(3.3) Rn(x) = EI*;—E(E:ET

n-1 X b b
+ :'El p(i,n)fa fa ‘]; a(x',y) f(yle) ax' ay dr, (%)

If we can show that there exists a distribution function Rm(x) such
that ange- R_ (i.e., an asymptotic response distribution) and if
f(y]¢) is a continuous Function of © ; then we may deduce from (3.3)

that R (x) must satisfy the following integral equation:
1 Xx rnb rb

G R =2 [T [T e ole) av ay ar (o)
: a Ya a

The proof is straightforward. It clearly suffices to show that:

n-1 X At pb
(3.5) lim (i,n) (x',y) £lyle) ax' ay &R ()
Elp fa j; fa a(x',y) £{yle y AR, (o

= \/:f:ﬁb a(x,y) f{yle) ax' ay ar_(o)

However, complete convergence implies convergence of bounded continuous
functions; and convergence implies convergence in Cesaro mean o the

same limit. Thus we know:
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(3.6)  lim u% f f f a(x',y) £(yle) ax' ay ar (o)

n - 1—1
=LXLbLb alx',y) £(yle) ax' ay 4R (o)

Now let € > Q, and choose k so that I?vk - h[ < € then we have:

n-1

lim | ;1 o(i,n) E(2Z,(x)) - R _(x)]

n-1 &

n-1 A .
= iim | ) é‘lﬁﬁm B(Z, (x)) +i§l — E(z,(x)) - B (x)]

n—ow izl

n-1

A
< lin | 3 oty B () - MR (0
i 1

n—o i=]

n—l' ol
+ lim | Y - (1-2) R (x)]
n — o i=n-k+l
n-x &
+ 1m | 3 2L 5z (x))]
n —-e-i=l
= 1im A + lim B + 1im C
n-—»oe no-so n — oo

Where An’ Bn’ and Cn are obviocusly defined. Now, since )\.n'—> » and

Z T—l—y E(Z (x)) =R (x) (by (3.6)) we clearly have

n -

lim A = 0. Next we note that IE(Zl(x))[ < e and thus
n - '
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[xs]
¢ < Y 8 =A -i<e forall (large enough) n.

n {=x k
Finally
k-1 Bi
B,= | L B2 (x) - e BRG]+ Oy - M) B ()]
n—e« i=l
k-1 0O,
< iéi EE I:nl-:E:noo ]E(Zn_i(x)) -c Rm(x)q + €

where we have used the fact that 1im % E(Zn(x)) = Rw(x)° Thus we have
verified (3.5) and (3.4) follows t?i:i:lly.

In the remzinder of this chapter we will concern ourselves with the
problem of sufficient conditions for the existence of a limiting response
distribution. Before this, we wish to consider some implications cf
equation (3.4) (which we know the limiting response distribution, if it
exists, must satisfy); It was conjectured (Suppes, 1959) that the
asymptotic regponse distribution of the linear model with siwmple con-
tingent reinforcement would satisfy eguation (3.4). Under some restric-
tive hypotheses, the result is proved by Norman (1963). The general
result for the linear model remains unproven. Given that equation (3.L4)
holds, we are faced with a difficult problem when we try to estimate
% a(x,y). If we assume q(x,y) and f(yl®) are each continuous in
both variebles, it is easy to verify that.the asymptotic response density

r(x) satisfies:
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| b
(5.7) 2(x) < | ale0) 2(9) @

&

where

b
(5.8) g9 =2 [ alen) sGle) ay

€ Vg
Now (3.7) is a classical integral equation and is soivable for certain
functional forms of g and f. (For example if g(x,w) is degenerate,
by which we mean there exist continuous functions ai(i =1, 2,...n)
and bi(i =1, 2,,.nn) such that g(x,@) = .§; ai(x) bi(w)). Our
procedure for testing would therefore be to ;;sume alfunctional form
for % alx,y) probably with y aé a translation parameter and depend-
ing on a parameter related to the wvariance. Since. f(y]@) is known,
we then would know g{x,0}. Then soive (3.8). Hopefully our choiée of
functional form for % q(x,y) and our reinforcement choice f(ylm)
will allow aﬁ énalytic solution. Then we could compare moments of this
derived asymptotié response density with thé Cbserved respénsé moments.
The reader ié referred to Suppes and Frankmann (1961) for a discussion
of the effects of the exact form cof % a(x,y) on the'shape of the
asymptotic distribution. Their comments refer to the linear model, but
analogous results hold fof the correlated urn scheme. They conclude
that the important factor in % q(ﬁ,y), provided y 1s a translation
parameter, is its variance. With this in mind, for [a,b] = [0, 2x]
with identical end points, one ié prompted to assuﬁe % g(x,y) has the

form

o b



| i . ) 1 x-y 2n
(3.9) 5 aboy) = gy cos(TE

b
) 1
where k{n) is chosen such that ;\/ﬁ alx,y) dx =1 and n is an
a
integer valued parameter to be estimated from the data. ¥For a large
Tamily of.trigonometric reinforcement functions, f(y[¢), this will

vield degenerate kernels. It now remains to discuss conditions which

will guarantee the existence of a limiting response distribution.

2. SBufficient Conditions for the Existence of an Asymptotic Response

Distribution

Cur aim in this section is to develop a set of suffieclent conditions
(relating to the reinforecement schedule) which will ensure the existence
of an asymptctic response distribution for the correlated urn scheme with
contingent reinforcement. The tool we make use of is a theorem due to
Tonescu Tuleea (1959) in a modified form due to Norman (1964). The
theorem is applicable tc any chains of infinite order. We will use
Norman's notation as much as possible.

Let = . be a discrete parameter stochastic process

17 22, 25,,.
with state space Z. Let & be the Borel field of subsets E of 2
for which +transition probabilities P(Zn+l eElzn Zn—l°"zl) are
defined. We use the notation:

(3.10) P.(z

B ,o.zl) = P(zn+l eEIz Z aeed

z
n n-1
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_ _ s
(3.11) PK,B(Zn Zn—l°°'Zl) = P((Zn+k"'zn+l) € Blzrl zn_l,..zl), Be €

Iet Z be the collection of all possible finite histories of the process,
(28]
i.e., 7= U 2% For any bounded function f on 7 whose restriction
n=1 '
n
to Z is measurable with respect to SF for each positive integer n,

we define a new function Uf by:

(3.12) (ur)(z)) =8_-1(z_.. +2)

Zn

Wwhere 2 + 3z =z A
n+l n ( ntl =n

,,zl) if z = (Zn Zn—l"°zl)
and where the expectation is computed with respect to the probability

measure PE(En)n Clearly, it follows that

(3.13) (ka)(Eﬁ) = Eék)f((zn+k Z e 1 Fpen) T %)

where the expectaition is taken with respect to the probability measure

P, _(z ) defined by (3.11). We then have:
K,B*n

Theorem 1: -~ IF

0
(a) Z Ej < « where
I== sup

= - =, - ] 7 =iy _ o on
EJ {E; z', 2" ¢ Z3 z ¢ 79} iPE(Z +z') PE(z +z )|

(b) +there exists a probability measure K on & and a
positive number ¢ such that
PE(E) >t p(E) ¥Ee€& ¥z €3
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w, = _ - _ _ s lfz 7)) - 2z + 2]
ooz, 5" ey oz« zd ( ) . )

then there exists a constant Umf such that

U p(z) » U'r

uniformly in z as n — e,

We ﬁote here that both Icneseu-Tulcea's original theorem and
Norman's modification give estimates of the rate of convergence. For
application to the correlated urn scheme, it will not be possible to
give a meaningful rate of convergence. By this we mean that the rate
of convergence depends, in & rather complicated way, cn the sequence of
correlation parameters. Gilven a particular set of values for these
parameters, then a guick reference to either of Ioneseu-Tulcea's and
Norman's papers will enable one to cbtain an estimste of the rate of
convergence. For this reason, we will omit further comment on rates
of convergence.

We can apply Theorem 1 to okhtain a set of suffipient conditions
Tor the existence of a limiting response distribution for the correlated
urn scheme with contingent reinforcement. We denote the conditional

i i X v oo = | 3 o
density of Yn glven X Y Xn—l Yi Xl by fn( ] Yn Yﬁ—l Xn-l

¥, Xl) and we have:

Theorem 2: - For the correlated urn scheme with a contingent reinforce-
forcement schedule,sufficient conditions for the existence of a distri-
bution function R (x) irdependent of Rl(X) with the property that
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Rn(x) maRm(x) uniformly in x and in the distribution of X, are

given by

(1) There is a non-negative integer q and a function f

2q+
defined on A a+l such that, for n > g
fn(yIXn A R f(y|Xn LT S Yh_q)

(2) There exists a real mumber 7 > 0 and a density function

g{y) on A such that

£ ylx ¥ .x 1) 27 ely)

2nt+l

for all yeA and for all (X, Y,...X Y [ X)ea

n-1’

for all n.

(3) The correlation parameters {51} are such that

oo =],
> A, <o (where we recall A, =1 - ) &)
=l 1 i j=1 J

Proof: - We apply Theorem 1 to the stochastic process z, =X

1 1’
z, = (Yi, XE),Z5 = (Yé, X5),... . And as usual we use z, to denote
(zn Zn—l"°zl)' We note that from (3) we may deduce that there exists

M .
J such that Bj* > 0. Let D and E Dbe Borel subsets of A (and

*
let n>3% ). We have
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P (z ) = (Y eD, X

Dx E eEIZn)

n+l

:J; (j; aR - (xly+ En)> £ (vlz) 4

(x) =
=J; '<Ij;: "il'tj;;*—]'*—x— + ¥ pli,ntl) a(x, Y) dx?fn(ylgn) dy

Sl cn i=1

:2 il‘: 7fD<JjE a(x,y) dX> g(y) ay

Thus condition (b) of Theorem 1 is satisfied with ¢ = 53* ¥ and

o xm) =2 [ ([ ate) ax) et av-

Wow if n', n" >4 >4q and Eril" and E;l“ are such that

Zlv_5 = Z,rrl"—j’ 0<Jj<4#& then fnﬁ(yl 2;1‘) = fn,,(y] z;'ln) and we have:

i 1]
IPD XE(zn‘) - Py x IE:(Zn")l

(X) n' B
[f f ) a— Dty Z p(n'+1-i,n'+1) q(x, ¥’ e 1) fn,(y] z),) ax dy

+cn =

S (X) A "+l n‘r _
f f 5 7 izl p(n"+1-1i,n"+1) q(x, I;jl"'i*l 1) fr_l"(ylzrtl’) dx d{Y’I
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where Y]_:lr = Y;." =y

n'
._<_ 2?\£ +!~/;u/:\E igﬂ P(n'ﬂ--i:n’ﬂ) q(X’Yﬁ'ﬂ-i) fns(yl 2;11) dx d—y

f f E p(n"+1-1,0"41) q(x, ¥, )2, (vlZ!,) ax ay

1 1"t
Il

< 2k£ + Y e p(a'+l-i,n'+l) + )} ¢ p(n"+l-i,n"+1)
i=£ i=4

"

R nt ' " o n
+1L n +1
=Z< +cn> +cn> 25 +ZB +2X.&

i=¢ i=¢

Now we recall that z ?L <« and that this implies ?»n ~» 0. Thus
n=1
for large &, the flrst two terms are negligible, and each of the next

two terms is bounded by A e Thus we may certainly conclude that
) _ -n ’y
IPDXE(ZI].') PDXE(Zn")[ < 6 g

Thus condition {a) of Theorem 1 holds with

= BA
€y = 6%
Now if we let f(z) = DXE(z) we verify (exactly as above) that con-
dition (c) of Theorem 1 is satisfied with wg = 6h.. We thus msy apply

the theorem and conclude that for any x, € A there exists U “p

1 DXE
such that U™ B, (xl) - U Byp: Nowwelet D=A and E = [a,x]

and denote U P i 5% ] by Rm(x).
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The desired result follows when we note that

)

v’ PAx[a,x] (Xi) - P(Xn+l = xlXi -5

and recall that convergence is uniform in x Q.E.D.

1

In sﬁmmary we have shown that sufficient conditions for ergodic

behavior in the contingent case are given by:

(1) a reinforcement schedule of finite past dependence
(2) a nen-trivial history-independent component of the

reinforcement distribution

. [+.4]
(3) Z A < w
. 1
: i=L
We will show in Section 3 that these are nolt necessary.

3. Further Discussion

As we indicated in Section 1, our chief interest 1s in simple
contingent schedules. For such schedules, condition (1) of Theorem 2
is obviously satisfied. Condition (2) will be experimenter determined
and need nbt cause us undue worry. Then we come to condition (3). We
observe immediately that this condition implies * = 0. This will be
satisfied by an urn scﬁeme of finite order k provided that %: 8i =1.
This seems to indicate that the presence of a commutative compo:int
(M # 0) destroys ergodicity. However, this is not necessarily true.
At the end of this section we will exhibit a contingent schedulelwhich

yields ergodic behavior for the completely commutative scheme (A = 1).
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Nevertheless, we can use Theorém 2 to verify that ergodicity obtains -
under simple contingent reinforcement provided that the responses
depend only on a finite number (possibly or probably a large finite
nurmber) of preceding reinforcements. Since memories in the real world
are finite, this restriction on the degree of past dependence is not
totally unappéaling° We note for the case of a correlated urn scheme
of finite order k with A = 0 and simple contingent reinforcement,
th@t the stochagtic process 1z, = Xl* 32,=-(Yl, Xg),z5 = (Yé, XB),.E.
is a Markov process of order k.  This suggests a method of testing

whether this type of model is applicable. We could partition A into

a Tinite number of subsets Al AE"'Ap and define a Markov chain
@, Wy, Wy;s.. Where ®, = (3,k) if Y 4 € Aj and X € Akn. If the

original process was of order k then the derived chain will be of the
game order. One could then apply standard X2 tests for the order of
the derived ch%inu |

We conclude this chapter with the promised counterexsmple to the
necessity of the hypotheses: of Theorem 2. We will consider a correlated
urn scheme of order O‘ (i.e., 51 =0, ¥1i) and we will assume the

reinforcements are simple contingent such that:

(3.14) £{ylx)

It

£,.(y), x<o»

£(y), x>

vhere a <p <b and f., f, are densities defined on A = [a,b].

=

For this case we may rewrite (3.3) as follows:
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Sl(x) n-1J.

1 X br l
R (x) = m} igl m [f; _/; a(x',y) R (e) £,(¥)

+[1 - R(p)] fe(y)} dx’ dy]

If' we define
(3.25) ()fxfb[.() ()1 ol ) ax' ay

. Cogalx) = _ . (y) -7 alx',y :

1 o, L o\

and
(5.26) @ = [ [7 0 ate ) axt @

. x) = x', !

g JoJ, y) alx',y y

we may write:

5,(x) g0 [na ] 1) e
(3.27) Rn(x) - 51 +1c':(n-l)”+ [Sl +lc(n-15} [jzi Ri(p{} * s, + e(n-1)

Setting x = o and applying (3.17) to both Rn(p) and Rn_l(p) we

deduce that:

G38) R () - B3 0) - by {16 ) - <) R, 0) + 0]

We recall that gl(p) - ¢ < 0. It is then easy to verify (using (3.18))

that:
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g,(p)

Rl’i-l(p_) < o C gl o implles_li Rn-l(Q)' < Rn(_g) < m .
g,(p) | g,(p)

=

. . B . . 2
”Rn—l(p) > _ éZTET implies n_l(p) > Rn(p) > E—t—éizaj

g,(p) g,(p)

R _,(P) = g_—g?gy implies R (p) = ¢ - g @)

g,(e)
Thus 1lim Rn(p) =3 “2 ) Going back to egquation (3.17) we may
n—w© &y
then deduce that:
S T NN ) g,(x)
(3.19) lim R _(x) = ol
n—sw B c c - gl e c

and the limiting distribution does not depend on Rl(x)w (learly this

example violates condition (3) of Theorem 2.
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CHAPTER IV
TESTS, GENERALIZATIONS, AND APPLICATICNS

Several times in the earlier chapters we have suggested possible
tests to determine whether a particular consequence cf the correlated
urn scheme is upheld by a given set of data. In the first section of
this chapter we will outline a method of constructing an (almost)
arbitrarily stringent test based on sequential dependencies. Unfortu-
nately, measvures of the stringency of tests of learning models are
essentially non-existent; so that belief in the preceding statement is
a matter of personal preference. If one has great faith in minimum

- X2 estimates, then one would believe in the stringency of the
suggested test. An alternative procedure is suggested which avoids
minimum - X2 antics, but which is open to criticism from other direc-
tions as we shall see. Sections 2 and 3 will be devoted to generalized:
correlated urn schemes. Section 4 will consist of a brief discussion
of the application of the correlated urn scheme to two-person inter-

actions.

1. Testing the Model

The probiem of testing continuous-parameter learning models is not
a particularly pretty one. The conditional predictions used in finite
cases are no longer meaningful, but the rationale behind them may be
used by utilizing the device of discretizing the range. To this end,

we partition [a,b] into I response subsets Ay Ayseee,hp, and we
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also construct a second partition inte J reinforcement subsets
B, By,.-oB; (the two partitions can be identical if we wish). We
will restrict our discussion to the caese of non-contingent reinforce-

ment. We are interested in statistics of the form:

(k1) P(X_ € ArlYn_l € B, oY
where 1 <r<T and 1< jv_g Jd, v =1, 2,...k. Since we are in the
ron-contingent case, we know that the _Yi‘s are independent and
identically distributed according to the probability measure F. Ve

introduce the notation

(L.2) b, =P(B.) j=1,2,...
J J
Now |
(+.3) P(x_ e Ar[Yn_l ¢ B.l, Y € BJE,., ¥y € By )
k .
P(X €A, ¥ . €Bi,...Y . €By)
P(Yn_l € B ,..,Y e Bjk)

J1

It

X -1
b, P(X € A Y € B, ,...,Y € B,
(PI:[l 5) R ea, v em T 6B )

Eowever we have:
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PX eh, ¥ ;¢ By otk € By )

E(P(X_eA, Y , eB, ,...,¥ B lv. v....v _))

n-1 " 74 n-k- Tj, 1 27 el
L [
avs, Y, |5 *elnd
ro g Iy
n-1
+ % op(i,m) el Y)| ax @ ..dP
i=1

kn b/; sl(x) dx .

= b
¥ T ;
81 c(n-1} L

n-k-1 b
(i,n) (x,y) éx 4P
B wwn [ [ [ s || fvy
e 3 aeenn | [t aca LJ
o1 a 9B, b,

We then define:

b
(4.k) E = i f f g/x,y) dx 4P| = =1, 2...I
T COxy A Ya

1}
=
-
[k
H

i .
U (4.5} Vo m e b/\ b/1 af{x,y) ax dP|; r
rd  cagy D 2V,

[ J j=1, 2...3

il



In terms of these parameters we have

(%, eATlYn_l €B,, Y ,€B, ,...,¥  €B, )

31, n-2
A b/; sl(x) dx

n 1

" n-k-
s. + c(n-1) - iéi p(1,n) gr 9%y ©

k

+ Z P(n"‘i)n) y.. ¢ c
i I‘Ji XY

1<+:L‘)”
+ L2 B o c

M L/;r Sl(x) dx (n—k_l)Kn A
s, * c(n-1) R ¢(n-1) ¢ r XY

n

1

k

+ L ple-imn) 7 appc
$o rd, XY

So that, at asymptote, we have

(4.6} lim P(X e A |Y € B, ,...,Y e B, )
n - n roa- Ji Jye

= b + 5]

tr %y M1 E 7ry. 1 %%y
The quantities on the left of equation (4.6) can be estimated from the
gsample protocols in the obvious way.

We may use our consistent estimate Ckﬁn for Bk a Recalling that

n-1 Xy
Kn =L- ) Bi we see that the only unestimated parameters in (4.6)
]

- 58 -



yIs

1,1
I + IJ parameters. We can then use minimum -X2 estimates of the

are (Er)I and (yrj . Thus ve have IJ° estimates depending on
1
{gr} and {7rj} toc test the model.
An alternative test is suggested by our discussion in Section 4
of Chapter 2. For this test, we select a functional form for % alx,y)
with y entering as a translation parameter and depending on some
parameter w related to its varilance. We then compute the asymptotic
response variance as a funetion of w; equate this to the observed
*
response variance and solve for w. We denote the golution by w .
. . * I I,J
With this value of w we may compute {gr}l and [Vr'} . (recall
. l)l .
if w ig known, then % a(x,y) is completely determined). Substituting
these computed values into the right hand side of (456) and substituting

for © we cbhbtain what we call the theoretical wvalues for the

“kn k 7xy’
conditional probabilities. These may then be compared with the observed
values to test the model. This is the method used in Appendix A. We
intimated earlier that this method has drawbacks. The problem ig that
there is no basis upon'which to compare the theoretical and the observed
values. The degree of accuracy is not measurable. Nevertheless, this
method is useful for comparisons between models and, if "reasonable”

accuracy is obtained for repeated experiments, may be regarded as a

valid test.
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2. Generalization and Relation to the Linear Model

The meost cobvious generalization of the correlated ura scheme
(and the only one we shall discuss in this section) is the case where

the Biﬁs are allowed to depend on the trial number. Thus equation

(1.6) would be replaced by

(b.7)  P(x_ < X1V ... Y

e X g) =y fb s (x) ax

.+.
[
| 1
ek
o
fa
l_.l
o[k
>
=
N-_
\.l~<.‘
7
,_l

where the & ‘s
ni

(.8) O<h =1- 3 8 _<1

We will only lock at the non-contingent case. Fopr this case, we find

(2.7) still holds true, i.e.:

oS (x) (n-1) » -
R (x) = —2 3 + Kix) 2 r 2
nto sy + (n-1Yc = ° s, * c(n-1) c
K{x) n Dl(x) (n-1) 2 kn
= - + K(x) - —
c = + (n-1)e g, + cln-1 c
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Thus:

Kn s, K{x)
s, ¥ c{n-1) SL(X) B

(1.9) R (x) = 2L

and clearly (2.8) still holds, i.e.:

(4.10) lim R _{x} =
n—v n

K(x)

The most striking thing about this {at least at first glance) is that
we have made no assumptions on the 5ni“s except for (4.8). Note, in
particu}ar, we no longer assume Kn — &, At this point it seems
advisable to point out that these generalized models have more than
peripheral interest. The reader will note that the fairiy intensively
studied linear model as defined by (1.2) is merely a special case of
our generalized model provided & > % - The parameter values for the

linear model are:

{4.11) ﬁni = 9(1-9)1'l - (L-G)H"l i=1, 2,.00,0-1

Ir 8 < % then the linear model can be identifTied with the generalized
model only if n > max-{' =
(1-6)

1-0
ol 8 }‘ (4.12}., Clearly, Tor large

n, we may identify freely. The identification is trivial if we write

the generalized model as
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?un Sl (X)

P(Xn = xlyi“”°¥hnl) T 5.t cln-1)

1
ek kn ) ani L/ﬁb (%! ) :
¥ .z& 5. * c{n-1) L o i ’Yﬁui o
A
This is the same as (1.9) provided ¢ = s, =1, EE = (l~6)n_l and

ani = e(l-e)i‘l - ;E ;  With the stipulation that 0 < kn < 1. This
yields conditicn (4.12). Clearly for the linear model Kn -0 and
‘ 6ni >0 ¥ n,i- We also note that the asymptotic behavior of the linear
model will be indistinguishable from the asymptotic behavior of the

corralated urn scheme with parameters

(L.13) 5, = 9(1_9)i‘l

P =1, 2,000
i S

Clearly the convergence of résponse moments for the model described hy
(4.7) and (4.8) can be verified as in Chapter 2 {with the same regularity
conditions). Needless to sayrwe cannot repeat the remaining analysis of
Chapter 2 without further assumptions cn the bni?SD In fact, just about
the only tractable case is when ani = 5i + o{1} and this case will, of
course, be asymptotically indistinguishablie from the corfelated urn

scheme as criginally defined.
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3. FPeeudoreinforcements

The concept of pseudoreinforcement was intrecduced by Suppes and
Rouanet (1964). The concept was introduced in connection with the
linear model. However, the rationale behind it applies equally well to
the correlated urn scheme. Thoy suggest that, although reinforcements

Y., ¥ .. are given, the subject may react as if reinforcements

1’ "277
Zﬁ, Zé,nﬂﬁ were glven where the Zi?s are welighted averages of

7

praceding reinforcements. The Zi’s are called pseudoreinforcements.

Thus we have:

k
(h.1h) Z = 2 p, Y |
=0

k
where Z: pi = 1. Clearly, since the distribution of Yﬁ is known,
=0

the distribution of Zn as a function of po, R e is ‘then known.

1’0 k

"For example, we easily deduce that, if the reinforcemenis are non-
contingent, then the pseudcreinforcements will be identically distri-
buted though no longer independent. Theoretically we could assume that
the subjects' responses are determined by equation (1.6) with {Yi}
replaced by {Zil defined by (4.14). We could then compute conditicnal
probabilities of the {ype discussed in Section X of this chapter as

funetions of po, P.yeeeP Unfortunately, in actusl practice this will

17 k'
entail computation of (k + 1)- fold weighted convolutions of the
distribution of Y. Except for very special choices of the distribution

of Y (normal distributions are about the only ones that leap to mind),

this can be a Herculean task.
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In the same paper Suppes and Rouanet alsc suggested pseudcrein-

forcements of the form:

(L.15) z = [Yn +u(Y)1/2

for the non-contingent case. Naturally}_it is a sitraightforward matier
‘ to check whether a correlated urn scheme with pseudoreinforcement ZA
is to be preferred over a standard correlated urn scheme. Clearly all
 the results of Chapter 2 will hold for the peseudoreinforced scheme
provided we replace P (which corresponds to Yﬁ) by P', the
probability measure associated with the random variable [Yﬁ+ r(y)l/2.
As we have seen, most of the possible generalizations of the
correlated urn scheme are accompanied by great computational complexities.
Before leaving the subject of generalizations, we recall our earlier
(Chapter 1) remark that if we relax equation (1.3) by allowing
vy(A) = ¢(y), then we are in deep water again. OF all the generaliza-
tiong it would appear that the pseudoreinforced scheme (l.14h) is the
most promising (though, as we noted, among its promises is a lot of

hard work).

4. Application tc Two Person Interactions

(Thé reader is referred to Suppes and Atkinson (1960), Chapter 2,
for an example of this type of analysis with the stimulus sampling
model.) For this case we have the players predicting a point on the
continuum [a,b] and we denote their predictions on trial n by

, X(i) and Xig)u We assume that for each player a correlated urn scheme

ST



is applicable and that reinforcement is given to both players contingent

on both responses. That is we assume:

) s )

(k.26) P(Xgi) < x!Yﬁi)ogayfli ) =

(1) (1)

n-1 A &

+ n "CL-J (1) ? Y(l)) ax!
R O B PR & f ECE

Where Yél) is the reinforcement given to player 1 on trizl n. We
assume there exist two densities hél)(y) [1 =1,2] on [a,b] and
four families of densities hgl)(y[x) on [a,p] 1 =1,2; 3 =1, 2]

parsmeterized by x ¢la,b] such that

n *

: . : y s
cean 2o < el 1@« et [T a

=

Oéi)fay hl(.i)(y“!xél)) ay’

cof D [T 8 1xB)) ay 1=,

. i i i .
where Qé + Oi 9 =1 [; =1, 2]



It will be seen that the interaction is obtained by reinforcing contin-
gent on both players' responses. We also note that we assume that the
responses on trial n are conditionally independent (given
(1) (He) 1) (=) (1) (2) :

LA AT A SR ST LSuEe .). Provided that

T (1)

Z: Knl <o [i=1, 2] we may verify that, analogous to the result for
n=l

the linear model, at asymptote Ril)(x) [i =1, 2] satisfy:

. oft) b, .
(4.18) Ro(ol)(x) = T)_o_ W sP ) e g
c . & a 0

N ES |
+%ET [j f o P, y) hil)(ylcp) o' day a 3 (g)

ol i)

x pb pb . .
c2s [ P sPole) e a axPe)
cC a a =

[1=1, 2]

Naturally these will be difficult to solve unless we make very advanta-

geous assumptions about the form of the functions _%ET q(l)(x,y) and
» c .

h§1)(yfx)u The reader is referred to Suppes and Atkinson (1960) for

examples of particularly advantageous choices.
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We have presented this application as an illustration of the remark
that: 1in whatever situations a linéér model (or a stimulus sampling
model) might apply, a correlated urn scheme deserves consideration. The
asymptotic response distributions are identical, but the urn scheme
exhibits mére Tlexibility in dealling with sequential statisties. The
similarity in range of applicability between the linear model and the
urn scheme is clearly attributable to the fa;t that the former is

asymptotically indistinguishable from a special case of the latter.
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APPENDIX A
AN EMPIRICAL, COMPARISON WITH THE LINEAR MODEL

In this section we will make use of the data collected by Suppes,
Rouasnet, Levine, and Frankmann (1964). Our aim will be to compare the
sécond crder conditicnal predictions assuming a correlated urn scheme
with the predictions obtained by the above authors assuming a linear
model. The readér is referred to their paper Ffor z detailed descriptién
of the experiment and for the analysis leading tc the linear model
predictions: We will present here only those details necessar& for |
comparison;f

For:the experiment in question, the interval (a,b) was the circum-
Terence of a circle and responses and reinforcements were measured in
radians (i;ea, a =0, b= 2r). Non-contingent reinforcement was used

with reinforcement density:

(AL) 'f(y)fgy; _?Sy<%
-5 -y FEv <
S0 msy<d
= 35 (en - ¥); gE <y <Sex
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We assume

% a(x,y) = %g i Ix-yl <a
=0 3 |X - yl > g

where ]X - y[ is computed modulo 2n and where a 1s a parameter to
be estimated from the data. Using (2.8) we readily verify that the

asymptotic response density function is given by:

(A3) r(x) = —}§ (x2 + ae); C<x<a
ar
= 2% 3 a < x < . a
o
_E'_ _i_(l X)2+2" £—8.<X<]l
Tw T2 2 " &1 2 = 2
=r(x - x) ; g <xz<mn
=r(x -nw) ;3 =®w<x< SE
= r(en - x) ; §£ <x <2n

provided that s < % \

As we shall see our estimate of a is less than so that (43)

1A

is valid.
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* %
We define the suxiliary random variables Xn, Yh as follows:

* . . i-1)x im .

Xn =1i if 5 ) < Xn < 5 5 i=1,2, 3,4
% . .

voog ogr DT oy o 2 i=1,2,3, 4

n 2 n—2a

and we wiil consider the statistics:

_ % % % i=1,2, 3 4
(Ak) lim P(X_ = iIYn_l =3, ¥ , =k
n —» e y=1,2, 3, 4
k=1,2, 3 4
Referring to equation (4.6) we see that
. * * ¥
(45) lim P(X_ = 1IY£_1 =3, ¥, =k)
n—=wm=
- 5 8
By % %y T 715 %1 Oxy T Vax %2 Oxy
where
L 5 g
) t == [ 2 [l e was 121,258
Xy i-1)r Ya :
E
and

ix an

[}

‘ L 2 2 1 ' 1=1,2, 34
(A7) 7., = q(x,y) £(y) ay ax; r s
S JLE et st

XY Y (i-1)x

2 2
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Note that in (A7) we have used the fact that

im

(1 =2, 2, 3, k). Substituting for f(y) and

e

f(y) dy =
(i-1)r
2

% a(x,y) from (Al) and (42) we readily verify that

1 .
(28) | £y = bo gy t=1,2 54
and
y [1
) i ) k1 e
(49) 71,1 - 72,2 h 73:5 B 74:)4' - Iy _4 )-I-Jf:|
¥ 2
) _ _ 4 te At
1,2 772,10 T34 T Ty (e T
71,5 = 72,4 T 73,1 " 74,0 =0
T i
LY 72,37 3,20 Tkl ap [ g2

The equalities among the sbove parameters are well supported by the
data, and we have grouped them accordingly. Using the notation of the

Suppes, Rouanet, Levine and Frankmann paper we denote
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(410) 711 T 7y
Yo =7
713 = 7A
7T 7
We will write (i,j) =S if Y3y = 7g 3 (i,j) = L if 745 =7, etc.

Six hundred trials were run on each of 30 subjects in the experiment,
and to parallel the Suppes, Rouanet, Levine and Frankmann anslysis we
will base our results on the last 400 trials for each subject, grouped
over subjects. Based on the asymptotic response variance (i.e., the
last 40O trials) we estimate a by a8 = 0.1930 1. The reader is
referred to Suppes, Rouanet, Levine and Frankmann for the derivation
of this estimate. The derivation is valid for both the linear model
and the urn scheme since the asymptotic distribution is the same for
both models. |

An exercise in elementary calculus yields:

5 2

(A11) ' G = Tt +(a—2ﬂ)%€

XY

[‘Ol—q
=

% _ _
Substituting the value a = 0.1930 n in (49) and (All) yields:
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(A12) 7g = [0.808)/c

7y, = [0;168}/0XY
7y =0

7p = [oooeu]/oXY
Oy = 0.269 e

From the original data for the last LOO trials we have the estimates

(A13) 5 5. =0 107 @
3 1 9%y = C1,400 = 0-107 T
N _ : 5
5 o = = 0,003 =«

2 %%y = % hoo

where the bars are to indicate averaging over subjects. Thus cur esti-

mate of XB GXY ise
P
A g =g

3 XY XY C1,400 B Ce,uoo

(0.159) ==

Substitubting these estimates in (A5), we obtain the theoretical
urn scheme values given in Table 1. In the t&ble the first entry in
each triple is the observed proportion based on the last- 400 trials.
The second number is the theoretical proporticn assuming a linear model,

and the :last number is the theoretical proportion assuming an urn scheme.
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TABLE 1

% %
P(Xn =iy, =3, ¥ , = k}
(1,3) =
(i,k) = 8 L A P
0.433 0.258 0.168 0.150
3 0.550 0.345 0.291 0.299
0.478 0.224 0.157 0.167
0.419 0.277 0.148 ¢.151
L 0.410 0.206 0.152 0.160
0.470 0.216 0.149 0.159
0.394 0.3Lk 0.146 0.177
A 0.37h 0.169 0.115 0.124
0.469 0.215 0.148 0.158
0.388 0.287 0.146 0.1k
P 0.380 0.175 0,121 0.129
0.469 0.215 0.148 0.158

The average deviation between theoreticai and observed values of the
sixteen statistics is 0.061 for the linear model and 0.037 for the
correlated urn scheme. The theoretical proportions for the linear model
were based on s minimum -X° estimate of 6 (recall equation (1.9).

If we had used minimum X5 estimates of 51 and 52 then it is clear
from a study of equations (1.6) and {1.9) that the urn scheme predictions
could be no worse than the linear model predictions. The fact that the
urn scheme predictions are better than those of the linear model even
when the former are based on the theoretically consistent estimates

(C ] does indicate that the urn scheme shows promise.

i,n
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APPENDIX B
COVARIANCE COMPUTATICHNS

We wish to verify equations (2.52) and (2.53) in order to Jjustify

the application of Lemma 1 to the segquence in Yi k}m where k is
' T i=l

a fixed positive integer. Conditioning on preceding reinfcrcements, we

readily verify that:

E(Xn Zﬁ—k Xn+p Yh+p—k)

’

)\'n dl n-1 ~b
= B¢ Yl’l-k Yn-l-p-k m + igl P(l,l’l) Ja X Q,(Xin) dx

N\

kn+p dl nt+p-1 ' b
N x en-1) _Z: p(J,ntp) b/\ x Q(X:Yﬁ) dx | o
1 J=1 3

We must consider two cases depending on whether Xk 1s larger than p

or not.

Case 1 k>p

Expanding the above equation, we have
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2 2
Ao as[p(Y)]
- o 1
B, Yok Yy Ypap) = To, 7 (a0 105, o(mI]

dl n+p-1

A b
n .
* s) * e(n-1) B Yﬁ-k Yn+p-k: SZi p(l,n+p)h/; * q(x,Yi) dg

-

/7

}\'n+p d]_ n-1 b
+ s, + c{ntp-1) + E Yﬁ-k Yh+p~k _Z: p(l,n)k/1 X Q(X’Yi) ax
= i=l a
n-1 b
tEQY o Yn+p—k igl P(l,n)j; X q(x,yi) dx

. ntp-1 b
% > p(J,n+p)f x ax,¥;) ax
J=1 &

However from Chapter 2 we know:

rou(Y) a (n-1)x 1-*
E(X Y ) =-2 Loy n__ ., wly) ¢
n “n-k s ¥ c(n-1) 5, + e(n-1)
Kn Bk
* Sy + cfn—lj * S CGXY

Thus, making use of the fact that the Yi's are independent and

ldentically distributed we find:
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cov (Xn Yn—k’ Xn+p

A
n dl

sl + cfn—li

A d
- n+p 1

Yn+p—k

i

+ B

s, + c(n+p-1)

Yﬁ—k ¥£+p—k

)

n+p-1 b
: . ,
E (Yn-k Tnap-k L P(l!n”fp)fa x qfx,¥. ) ax

S

i=1
(n+p-1)>» 1-a |
- [u(y) ]2 c o otp n+p
A + 6]:{
nrp
- + —_—
w(¥) “Ixy s, + elntp-1) ¢

n-1 b
E
(Yn-k Yn+p-k Z p(j_,n)f x q(x’Yi) dx )
i=1 Y

~1)A -\
(nl)n 1

8, + ¢(n-1) - c

) e a n

by B
n k

- w(¥) “Oxy s; + e(n-1) e

n=1 b
2 »oli,n) J;_ x q(x,Yi). dx

i=1

n+p-1

o
x| X P(.J',n+p)f x ax,Y.) ax
J=1 a dJ

“13n Y +p-1)n -
(n-1) 0 1 0 (n+p-1) 4D 1

s, + c(n-1) t s

ntp

L elarp-1) T ©

(continued)
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. A o) A a)
_ c2 2 n k n+p k
c

%y 5] + c{n-1) * sl'+ c(nip-1) T

. S »Y A 3
- ) ao (2D, + " ntp + -k
XY s, + e{n-1) c s + c{n+tp-1) ¢
+p-1)A 1 - A A )
. (ntp-1) np__ . n-+p n .k
sy * c{n+p-1) ¢ s, + c(n-1) ¢

)

A+B+C-D-E-F

~ where A, B, C, D, E, and F are cbviously defined.

Now

A & 5
n d 2)hn-i-p ptk k

) | ; |
A= ————Hi Y ey (Y) e B - [u(Y)]" e @] 5, + c(np1) =t

Ny

A 3
n+p + K
c

s, * e{n+p-1)

= “(Y) CGXY

Y A e)
n dl n+p otk

- s, + c(n-1} n(Y) Oxy s, * e(n+p-1) M

where we have made use of the fact that oy, = B - (YY) . Completely

analogously we have

by d
n+tp 1
8y + c(n+p-1) 1(Y) Iy {s

B =
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Next we have

’ Hn+p-l
C-D=[uY) &£ ap - M) & F) jp(n-k,n) )3 p(s,mp)]
L 3=1

[§ # n-k
L J # ntp-k

Hn-!-, -1
+ p(ntp-k,n) % »(3,ntp)
L J=t _

(g £ n=k
| J # ntb-k

’-nwl
+ p(ntp-k,n+p) | ) plJ,n)

L3
j ok ]
J # n+p-k

—

n-1

+p(n-k,n+p)[ 2, pli,mn)

J=1
J # n-k
J # nitp-k

+ p(n-k,n) p(n-k,n+p)[u(Y) & w = (Y P & ]

S

+ plutp-k,n) p(n+p-k,n+p) [u(¥) & w - [w(Y) P 2 o]
+ p(n-k,n) plntp-k,ntp) [ B - [W(V)FF & o]

+ p(ntp-k,n) pln-k,ntp)[& B° - [w(¥)]° & &)
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b b 2
Where cnl = % f M4 [f b'd q(x,y) dx] dP and its existence is
c &8 a
assumed.
Thus:

A B

C-D=[k(Y) & @B - [ux)F & o "S’T%GTIT*EB
1

- - A
(n+p l)hm‘p 1 ntp

X
s, * e{ntp=1) * c
Y 5 +p-1)M -2
+ n “ k—pw (n#p-1) atp . nt+p
s. + e(n-1) 7 ¢ g, + c(ntp-1) c
1 ‘ i 1
i ~1)\ - A
+ nip + & (n-1) n " L n
s, + c{ntp-1) e s, + c{n-1) ¢
_ 1 | 1
xnﬁj 5k+;p (n 1)xn 1 0
+ + — +
s, + c(n+p-1) c 5y, + c¢(n-1) c
A & A o)
" n + B ntp + K2
s, + eln-1 c 5. + c{n+p-1) ¢
2 2 2 2
x [u(¥) ¢ @ + [N & oF -2 u(y) & @p]
A 3] A o]
n n + Ep n+p + E
By * e(n-1) c s; t ¢ n+p-1) ¢

X [u(Y) .cg ®; + (¥ P & & -2 u(x) & ap]
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A e] 5]
Y G- - T
s * c(u-1) ¢ sy * c{ntp-1}) ¢
x [ 68+ (NI & F - 2u(y) &€ @8]
A o) N &
" n . k-1 n+n N k+p
s, + e{n-1) c s, + e(nt+p-1) c

X [c2 52 + [u(Y)]2 e F . 2u(Y) c2 Bl

Now we recall cov(Xn Y )=A+B+C-D-F-F andwe

n-%’ Xn+p Ytn+p~-k

substitute the above values for A, B and C -~ D and simplify.

Thus, for k> p, we have

7
A4 A 9]
‘ n 4L ntp pik
= +
COV(Xn Yn—k’ Xn+p Yhfp—k) 1(¥) Oy sy ¥ e(n-1) s + e{n+p-1) c
5]
hn+p dl Kn X=p
+ +
s, + c({ntp-1}| I s, + c(n-1) o
1 1
A 5, -1 ) A 1 - A
+e puly) Go L 4 —RP (mp-2) nip_ LD
XY )5y * e(n=1) c s, * c{nt+p-1) c
s} LA -A
+ n+p . k+ (n-1) + L n
5, * e{n+p-1) c s; * e(n-1) ¢

{Continued)
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*[® B2+ ()P @ P - au(y) & aB]

A 5 A 8
% pal L _E-p ntp L KD
s. + e{n-1) c s. + c{n+p-1) e
1 1
2 2 2 2
() oy T - 2u(y) & ol
o)
)“n ak kn+p kip

X T e YT +
£ . n p-
s, + c(n-1 c 5, c{n+p-1) e

A o A B
o + KB n-p ;K (BL)
s * e(n-1) e s, + e(ntp-1) ¢

+

Case 2 k<P
For k <p anslogous methods yield

. il > +p 6p+k
e} n
COV(Xn Yn—k_’ Xl’l+p Yn+p-k XY Sl + c(n-l) Sl+ c(n-l—p._]_) c

A 5 (n-1)x 1-X
P n

5 : +
XY |s, + e(ntp-1) T s * c{n-1) c

n

A ) 1y 5
2 2 14} k n+p k+P e
xy ¥ 1(¥) @ - P ] s, * e(o-1) T c s + e{n+p-1) T (52)

+ c?[o

Equations (2.52} and (2.53) may then easily be deduced from (Bl) and (B2),

and the required uniformity condition is readily verified.
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