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Preface

In gome learning experiments with human subjects, it is often
observed that informing a subject that a particular response is correct
appears to alter his tendency to make this response as well as other
responses which are in some sense near the reinforced response.
Intuitiveiy, a generglization function is a function which measures the
magnitude of the effect of informing a subject that y 1is now correct
upon his tendency to make the response x in the future. A formal
definition must be postponed until & desgeription of the learning process
is completed.

In this report, we formulate and study some methods for obtaining
generalization functions from learning data. First we consider mathe-
matical guestions and conclude that the generalization function defined
with respect to a slight modification of a familiar learning model is
essentially determined. by the behavior of the individual subject in one
experiment. Next we show that generalization functions obtained by
arplication of the methcods can be used to predict certain empirical
functions with great accurscy. TFinally, we study the empirical generali-
zation functions and attempt to describe and account for the relationship

between the Function and distribution of reinforcements.
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THE GENERALIZATION FUNCTION IN THE
*
PROBABILITY LEARNING EXPERIMENT
by

Michael Victor Levine
Introduction

in & series of experiments, subjects Were shown s seguence of points
on the circumference of a circle. After each point was.shown, the sub-
Jject was asked to predict what point would be shown next.

In the thecretical analyses of this tagk, the subject's nﬁh
prediction is treated as a random variable. If j(‘) is the density
for this random variable and if y 1is the nth point shown by the
experimenter, then the density for the n+lSt prediction is giVen by
(1-6)3(") + 6k(*,y) where 6 is a constant in the unit interval and
k{-,y) is a probability density.

The funetion k(-,y) will be called the generalization function
about ¥y Tbecause the guantity k(x,y) indicates the degree to which
informing a subject that the point ¥y 18 correct lncreases his Tendency
to respond st x. The function of two variables k(+,') will be called
the generalization funetion.

th
The point presented by the experimenter after the subject’'s n

prediction is called the nth reinforcement. The nth reinforcement

is treated as a random variable which is independent of the preceding

reinforcements and predictions and which has density f£(-).

*This research has been supported in part by the Air Force Office of
Scientific:. Research under Contract AF 49(638)-1037, Air Force Grant
AFOSR 62-38U4, National Science Foundation Grante NSF G-14839 and

NSF GB-1462, and Public Health Research Grant No. MHAL5L for Computing
from National Institutes of Health. ' .

-1 -



The funetion f 1is chosen by the'experiménter and so is known
exactly. The generalizstion fuﬁcéion k and the rate of learning
parameter © are assumed to depend uPon the subject and the experimental
conditions.

These experiments are similar to prcbability learning experiments
in which the subject chooses one of a finite number of responses to
predict which one of a finite number of'random'events.is about to
occur. In the continuous prébability'learning experiments the responses
and reinforcing everits are in the same ordered set. The number of
elements in this set which are treated as distinct during data analysis
is 1limitéd only by practical considerations in the-contiﬂuous case.

In the first chapter we shall attempt to answer the cuestion,

"What can we infér zbout the generalization function from the behavior
of a single subject in a single EXperiment?"

In later chapters we shall apply the methods of the first chapter
to approximate generalization functions and to discover some of their

properties.



CHAPTER T
METHODS FOR OBTAINING GENERALIZATION FUNCTIONS FROM LEARNTNG DATA

The Learning Model

We shall formulate a learning model which is a2 model for certain
agpects of the behavior of the well-practiced subject in £he non-
contingent, determinate probability learning experiment only. However,
this model is very similar to the continuocus models of Suppes, and the
methods introduced in ‘this paper generalize to both the linear (1959)
and stimuius sempling continuous models (1966).

The essential part of all these continuous models is the linear

recursion for conditional distributions of predictions. The n+1St

conditional prediction distribution is & linear combination of the nth'
distribution and the yth element in a one parameter family of distri-
butions where y ig the nth point of reinforcement.

In the model, we state that the reinforcement density is bounded
and zero except on an interval. The generalization function k idis a
bounded funection of two varizbles. For fixed ¥y, which is to be
thought of as a prior reinforcement, k(:.,y) 1is & probability density
which is bounded and zero except on an interval. The average response
density on the nth trial is assumed to be independent of n. The
conditional response density on the nr1%%  trial is (1-6) times the
conditional density on the nth trial plus € times the generalization

function about the nth point of reinforcement, where ¢ 1s a constant

between zero and one.



In the remaining paragraphs of this section, we only restate these
assumptions in a more formal manner.

We shall present the model for the experiments by defining a
probability space. A point in this space will be a seqguence of numbers
which are to be interpreted as the first prediction, the first reinforce-
ment, the second predicticn, the second reinforcement,...the nth

s s . th .
prediction, the n reinforcement, ...

We define the probability space in terms of & sequence of functions

. ¥ . R . K . .
- Jl, Jl, dps Jég”:.. S Jn, .+« ~ which are to be interpreted as

jeint densities. We simultaneously define a sequence of functions -

c .+ - which are to be interpreted as conditional response

17 G mee Gy
densities.

These functicns are defined in the following list of assumptions
which also includes the restrictions we place on the reinforcement
density and the generalization function. We.use x's and y's with
and without subscripts to denote real numbers and n +to denote a

positive integer. The integral of a function, say g, over the whole

line will be written M/‘g(x) ax.

AQ. f:R =R is a bounded probability density which

is zero except on a bounded subset of R.

RER XR->R iz a bounded function such that for each
y such that f(y) # 0, k{.,y) is a
probability density which is zero except

on a bounded set.

i}

g ¢ (0,1]



B el =) =L e) a

A2, CE(X’yl’Xl) =« -

(l-e)cl(x) + Gk(x,yl), otherwise.

cn+2(x’yn+l’xn+l’yn’xn’ e yl’xl) =

’
0, if f(y

41 Cpe1 By ¥ oe %) = 0

= <.(l_e)cn+l(x’yn’xn’ ve- yl’xl) + Gk(x,yn+l),

otherwise.

Jn+l(x’yn’xn’ .o Yi;xl)

=c 00y L%, e yxE(y )3 (e vexg)

*

A3 Jn(y:Xn: LR yl’xl) = f(Y)Jn(Xny ‘e yl,xl)

*
It is easy to show that the functions jn, jn have all those

properties desired of joint densities, namely,



i 'R R
n

Ko 2n

Jn. R

[Ioeee I ; (xn, “es Yy Xl) Xm dyl . dxn =1

* B

ey (ys vee wys xg) dx) Ay v dy, =1

=

*

f Jn(x.’ yn_l) Xn_l.’ R yl} xl) d.X = Jn—}_(yn—l’ _Kn_lJ ot yl} xl)

*

J JH(Y: Xn

e Yiy Xl) dy = Jn(Xn) R Yl; Xl)'

The definition of the probability space is completed with one
technical consideration which is generally of nc interest to psychologists.
The reader who is wiiling to accept the mathematical results without
prooi may skip to the next section and still expect to understand the
methods introduced in this chapter and their applicatioﬁ in following
chapters.

We now define a probability measure on Rn, Those gets which can

be written in the following form are measureable.

A XA X ... A X ... A XEXEX ..., where for 1l <1i<mn, A,
1 2 i n - - i

is a Borel subset of R.



The probability of this typical set will be

g/;"'JCX.'x/; :u{; g(xn, .o Xi’_"' XE’Xl) dxn vas dxi v dx2 dxl,
n i 2 1

*
where g = jn/2 or

g = j(n+l)/2 according to whether
n is even or odd.

The probability measure P will be that unique measure defined on the
Borel field generated by the collection cf sets of the given form and

which has the value given by the above integral on the sets in the

generating collection.



Preliminary Considerations

We will begin our investigation of what can be learned about the
generalization function by experimental methods by informz=lly consider-
ing what cannot be learned from an experiment. For this purpose it is
convenient to be explicit about the dependence of the probability
measure P determined by the mcdel upon the generalization function: k,
the reinforcement density f and the learning parameter & by intrc-
ducing the symbol P(k, f, 8) for the probability measure determined
by a specific k, £ and 6. The most we learn from an experiment is
P(k, £, 8).

In the discussion which follows, we will suppose that k dis the
one generalization function which is appropriate for a particular subject
in a particular experiment. When we speak of the generalization function,
we are referrihg to k. When we say that k' is a possible generaliza-
ticn function or, more simply, k' is a generalization function, we
only mean that k' satisfies the restrictions placed on k in AO
on page 5.

Now consider two possible generalization functions, k' and k“.

We shall say that these functions are indistinguishable if P(k', £, &)

and P(k", f, 8) are equal as functions. Clearly, if k' and X"
are indistinguishable then it is impossible to decide on the basis of
an experiment which of k' or k" is the generalizstion function.
This term will be dropped at the end of this section.

Ir k is altered on any set of measure zZero to form a generali-
zation function k', +then k. and k' are indistinguishable. There-

fore, we can determine k almost everyvhere from an experiment, at best.

-8 -



When we know the indefinite integral of k over the plane, then
by differentiating we may cbtain a generslization function which agrees
with k almost everywhere.

Estimating the indefinite integrsl of the generalization funetion
is particularly aitractive because the indefinite integral is completely
determined by its value on a countsble number of sets, as, for example,
the rectangles eaéh corner ¢f which has rational coordinates. Further-
more, it is of interest to know the indefinite integral even on a finite
collection of sets. For example, if we knew the integral over the set
(xo—e,xo+e) X (yo—e, yo+e) for some particular (xo, yo) and some
smell positive €, we would know the degree to which a reinforcement
near y_ -increased the subjéct's tendency t¢ respond near X, By
comparing this number with the integral over (yo-e, yo+e) X (xo-e, xo+e),
we would have a (weak) test of the condition which is often assumed,
k(x,y) = E(y,x) for all x and vy.

But it is not possible to determine the indefinite integral of the
generalization funection from an experiment.

The techniques tc be presented hoth work by deducing the effect of
a reinforcément in a region, say 4, upon future responses. BSuch
techniques would be futile if no reinforcements ever occurred in the
region A. And almost surely, if b[;th) gt = 0, no reinforcéments
oceur in the region. Hence if A is a set of real nuwbers such that
y in A implies f(y) = O, +then nothing can be inferred about the
generalization function about ¥ fof y 1in A by these technigues.
In fact, nothing can be inferred by any technigue because if two
generalization funections k' and k" differ at most on the set

R X {y: f£(y) = 0} then k' :and k" are indistinguishable.

-9 -



Hence, the strongest result we may seek is a techrigue for deter-
nining the indefinite integral of the generalization function over the
subsets of R X [y: f(y) # 0}. Achieving this result is equivalent to
determining the indefinite integral of the function h given by

n(x,y) = k(x,y)f(y) which will be called the weighted generalization

Function. By differentiating and dividing the derivative by f where
f 1is not zero, we obitain a funetion X' such that k and k' are
indistinguishable.

Two techniques will be presented: one is used tc estimate the
indefinite integral of the gensrslizetion function restricted to the
subsets of R X {y: f©(y) # 0} and the cther is used to estimate the .
indefinite integral of the weighied generalization function.

We shall present these techniques after some more preliminary
considerations.

Routinely, dats from different subjects are pooled in order to
approximate the means of random variables which appear 1in learning
models. However, 1t seemed unlikely at the time this theory was being
developed that different subjects would have the same genéralization
function. ' In fact, it is now possible to argue from data that different
subJjects have different generalization functions: although we have
found the form of the generalization function to be independent of both
the subject and the reinforcement density, there are differences in
detail in the generalization functions of different subjects subjected
to the same experimental conditions which survive changes in the rein-

Y

forcement density.

- 10 -



When the theoretical results to be presented in this chapter and
the empirical resuits of the following chapters are considered, 1t is
seen that there is neither need nor justification for pooling data from
different subjects. Thus, we take ss the datum one sequence of predic-
tions and reinforcements from one subject.

Any experiment consists of a finite number of trials. However,
the experimenter is free to choose this number snd he may choose to
meke it very large.

The approximations we will consider are chosen so as to converge
as the number of trials upon which they are based becomes large. In
order to appreciate what might be learnedrfrom an experiment_with a very
large number of trials, we shall suppose that our datum is one infinite

sequence of real numbers.

Estimation of the Integral of the Weighted Generaslization Funetion

Over a Finite Number of Sets

Let us fix our attention upon the integral of the generalization
function over a rectangle containing the point (Xo’yo) say
A = A(xo) x.A(yO) where A(xo) is an interval containing xo'and A(yo)
is an interval containing Yo In addition, to avoid trivial cases, we
temporarily require thatb b/\

A(y,) =
Intuitively, we expect this quantity to be large if = reinforcement

£{t).dt be positive.

Y

near yo strongly increases the subject's tendency to anticipate a

reinforcement near Xo on future trials.

- 13 -



This consideration suggests that we count the number of times &
reinforcement in A(yo) is followed by a prediction in A(xo) to
approximate the integral over A. For precision, we will define some
random varisbles. For each non-negative integer M and positive

integer n, let Zo be given by
s 11

i, 1if (xn+x, yn) € A

0, otherwise.

For fixed A, the random variables =z are identicelly

A,n

2

distributed, and their expectations are given by
] = j hif dx & where Jj.lx) = kix,t)f(t) at
82, = [t Jaty ) HOIEW) @ dy, wrere 5100 = 1 k(e 002(0)

Bz, ) = [1-0(1-6) Tz ) + o) [ [y st ax a,
? o’ ? o]

2

for » > 1.

If these numbers were known exactly, then so would be the integral

of the weighted generalizaticon function h over A since

ﬂ% " =ﬂl(xo)fA(yO) k(x,y)f(y) ax ay

Bz 1) * gl[E(zx,l) - Bz ;)]

n

M )
E( kZ [E(z, ;) - B(z, )1+ ) I[B(z, ;) - E(zg ;)]
-1 s ’ ’ 2

z_ )+
0,1 A=M+L

- 12 -



where the Mﬁh remainder, henceforth called €y satisfies
0 ©
leyl =1 X=§+1[E(Z>ul) - Bz )] | < x%ﬂ | Bz, ,) - Bz ) |
< (-9

Since for fixed *», the 2, ., ore identically distributed, it
2

is natural to consider averaging the first N of them to obtain

ZIH

¥
R

A lengthy computation which will be found in the appendix establishes
that the variance of Zk N tends to zero as N +tends to infinity. For
J
all N and M the following inequality holds:

1 2
Var(ZK,N) < N-{?+2k + é}

Therefore, for fixed M, and by M+l applicaticons of Chebyshev's

inequality, the seguence in N whose Nth term is
M

+ Z, - Z_ ]
AZ£[ AN 0,N

J

converges in probability to

M
Blzg ,) Z E(Zx:L ’E(zo,l)]:ﬂh-“ M

which differs from the desired definite integral by no more than (l-G)M

Now consider the double seguence the general term of which is

s =% + Z - 4 .
M, N o, N AE;[ AN O,N]

- .



With this sequence, it is possible to determine \/; h to any degree of
accuracy in the following sense. For any € > 0, B >0 it is possible

to cheose Mo and No such that

. . . i g -—8
N >N implies that P{| SMO,N fAh | < e} > 1-8.

M
This is done by first choosing M_ so that (1-6) © < e/2 and then

repeating the argument which shows that SM N converges in probability
O}
to compute Nb.

KNotice that the two bounds used to find MO and No

< (1)

1 2
Var(ZK’N) < F {5+2)x + g}

depend upon only one unknown quantity, €, and are decreasing functions
of this unknown. :Therefore, ii is enough to have simply & positive lower
bound for € <o compute the number ¢f observations required to achieve
the desired degree of accuracy.

The definiticns of these random variables can be changed slightly

1
to obtain an estimate of the integral over some other set, say A( ).

(1)

Ayn

H

We define =z by

(1)

1, if (Xn+k’ yn) € A

0, otherwise

I



Sirilarly, we define

== z

AN N Ao Mm
s(1) - o1 L 3 ) )
MW 0,8 = 32 Th,N 0,

All of the relations given in this secticn for the random variables
without superscripts remain vsglid for the random variables with super-
scripts, provided the integralsh/l/; jl(x)f(y) dx dy and
¥/1/; k(x,y)f(y) dx dy =k/; h are replaced by L/;(l) gl(x)f(y) alx,y)
and ;/“(l) h, respectively.

A

In particular, since neither of the inequalities involved in the

computation of MO, No depend upon the set over which the integral is

being approximated, this same pair of integers satisfies

N (1)f 5
N> Nb implies P-{|SMD,N - A(l) h| < § > 1-06,

so that

- - -23,
N > I implies P {lSMO,N L) n| < e and | SMO,N R | < € > 1-2

There is no problem in extending this argument to a finite collecticn

of sets fA(l), A(E), ...A(l)} and using a lower bound for @ to
compute the number of cobservations sufficient to guarantee that with
probability arbitrarily close to one all of the spproximations will be

within € of the appropriate definite integral.

- 15 -



Estimation of the Indefinite Integral of the

Weighted Generalization Function

We continue our investigation of the weighted generalization
function by attempting to determine its integral on a ccuntable
collection cf sets. As remarked earlier for some countable collections
this 1s sufficient.

It is possible to define a seguence of functions which converge on
almost ever& point of R to the integral of the generalization function

over a particular subset, say 4, of R2. As before let 2y 1 te one

T2

or zero according to whether (£n+h’ §n) is or is not in A. Define

8] as befcore. Ior fixed M, S converges in probability to
M, N M,

A h plus an error term which depends on M. By increasing both indices

simultaneously one may define a sequence which converges with probability
. . . . . . S
one to L/; h In particular, if SM is defined as SM M2 then M
converges with probability one to [\ h. The proof is in the appendix.
Next we will determine the indefinite integral of the weighted

generalization function (end, equivalently, the indefinite integral of

the generalization function over R X {y: f(y) > 0}) by finding its

integral over an arbitrary sequence of open sets, say (A 1)}1 -1 We

shall define a double seguence of random variables ( ) so that

with probability one, S(l) - Jf h and S JF h and ...
n (1) (2)

The convergence will be uniform with respect to 1 in the sense that

. Tor each positive € and O, there will be some N such that
r} '} o (i) }
n N impl P - h | < > 1-B.
> implies {ﬂimﬁ (s (1) | 5}

- 16 -



Tr e gli) (1) _ 4(3)
we define M, N as before and put SM SM,MI’ then
P'{ﬁ%; (S(l) - 8 ;. \h)}. = 1. This is obvious since for i =1, 2, ... ,
i=1 ‘"M A(1)
P {S&l)does not converge to Jf(i) h)} = ¢ and the union of countably
- YA
many null sets is itself null.
A somewhat different definition of S&l) mzkes it possible to give
an easy proof of the desired uniformity. We shall define Sél) as
S(i) rather than 8(1) = S(l) . We do not lose convergence almost

M,2M! Mo MM

o : L]
everywhere in R when we make this change because M > ML,

Proofs of these assertions may be found in the appendix.

Estimation of the Integral of the Generalization Function

In the experimental porticn of this paper, we will be concerned
with finding properties of the generalizaticn function which do not
depend upon the reinforcement density. For this purpose it is simpler
to study integrals of the form&/i/;.k(x,y) dy dx rather than
J/L[; k(x,y)f(y) ay dx. Of course, when the indefinite integral of the
weighted generalizaticn function is known, so is the indefinite inﬁegral
of the generalization function restricted to subsets of R X {y: f(y) > CJ.
However, it may require infinitely many trials to determiﬁe the indef'-
inite integral of the weighted generalizstion function,

There are mathematical and experimental methods for disposing of
the function f wunder the integral signs. A mathematical method is
introduced in this section; the'éxperimental'methods are discussed in

the experimental sections.
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The method is slightly less zZeneral than the methods considered in
the previous sections. We cannot compute the integrai of the generali-
zation funection over all the subsets of R X {y: (y) > 0} which
interest us, but only those subsets A such that L/i/ﬁ —%—7 dy dx < =,

AT
This restriction ig of no practical importance. It is of little

thecretieal importance since

ffA k(x,y) dy ax = 1 ffA k(x,y) dy ax,

where A= AN (% X {y; f(y) > ill‘\
n n, o

We will first give an intuitive argument for the method and then
iist some results which can be obtained with the method. Proofs will be
found in the appendix.

Let us first see why the previoﬁs method gives the integral of the

weighted generalization function rather than the generalization function.
In the preceding sections we constructed approximations of an integral
over A = A(xo) % A(yo) by defining cértain indicator random variables
z, , Which were one or zero according to whether (§n+k’ ;ﬁ) was in A,

7

Now consider two points, ¥' and ¥y", in A(yo). Ir #{y') is twice
f(y"), then we expect ;n to be y' twice as often as it is y“;
Hence we expect the generalization function about ¥y’ +to contribute
twice as much to the approximaticn of the integral as the generslization
function zbout y". In general, it is plausible that the contribution

of the generalization function about ¥y +to the integral will be propor-

tional to f(y). Thus, we obtain the integral /W 0[1 k(x,y)f{y) dy dx
&
Ax,) Al
rather thanb/\ JF k(x,y) dy dx. The remedy for
A(x )7 Ay )
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this situation is to artificially introduce weights so that the general-
ization function about y' will make the same contribution as the
generalization function about ¥". We do this Fformslly by defining
some new random variables in the manner indicated below.
- ' o
For each A contaired in K such that B(4) T/TJZ ) dy dx

is finite, and for n>1, A>0, N>1, M>1, we define

, if (x ) € A =and f(}n) £0

n+d 7n

0, ctherwise

1 kil
W,ulA) 7§ n§l W?»,n(‘ﬂ‘)

M
Ty, (A = W (&) + )El[ww(A) - Vg, y(4)]

It can be shown that

1) w, (&) and W, _(A) are identically distributed
A,h A,m

2) The condition B(A) <= is sufficient to assure

the mean and variance of Wk n are finite
b

3) Ty y(a) ~ JJ, k(xy) @x dy - € in probability as
N — «, where

B[y ,(8)] - Blw, ,(4)]

M T (1-6)" 5

L) Ty pas (A1) - ffA k(x,y) dy dx, with probability one.
2 . .
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Conclusion

We are now ready to answer the question which was raiéed in the
introductory section of this chapter, "What can be inferred sbout the
generalizsgtion function from the behavior of a single subject in a
single experiment?"” We are able to infer the indefinite integral of
the generalization funetion cver the subsets of R X {y: f(y) > 0}
provided we are willing to consider experiments with infinitely many
trials. Otherwise, we are able to determine the integral over a finite

1
number of subset A of R X {y: © > 0} such thatji/1 dy dx
¥ (v) ATy W

is finite with any preassigned accuracy.
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CHAPTER II
An Experimental Applicaticn

In this section we adapt and apply the methcd for obtaining the
integral of the weighted generalization function. We do not contend
that the learning model gives an exact descripition of all aspects of
the subject's behavior. We do argue, however, that the model is
sufficiently accurate to permit application of the methods proposed
in the first chapter to cobtain functions by means of which one may
reconstruct aspects of the datz which have interested other investigators.
Specifically, we are able to reconstruct the average distribution of
responses and the average conditional distribution of responses given
the preceding reinforcement with great precision..

This chapter contains a description of the experiments, a descrip-
tion of the procedure'for‘estimating the generalization function and
graphs of the theoretical and empirical distributions.

We coneclude this introductory section with some general coneider-
ations which guided the design of the experiments.

The experiments were designed after the first methed outlined in
the preceding chapter but before the second method was discovered.
Rether than simply approximating the integral of the weighted general-
ization function, we devised an experimental procedure whick, when
successful, enables ohe to obtain the integral of the generalization
function by the first technigue.

We now give the reasoning which underlies the technique.
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k(i{x-y|, 0), may be analyzead

1l

The classical assumpbion, k(x,y)

into two independent assumptions:

(symmetry) k(x,y) = k(y,x)

(translation invariance) k(x,y) = k{xtz,y+z)
We concentrate upon the translation invariance.

Although analysis of pllot data lead us to doubt the translation
invariance assumption, a weaker version of it seemed plausible. We
assumed that for small e, k(x,y) is very nearly k(x+e,y+e). This
ig equivalent to the assumption that for y restricted to a small
interval, the generalization function about y at x 1is very nearly
equal to a function of x-y only.

When a particular version of the weakened form of the translation
invariance assumption is true, then the first method may be used to
obtain the integral of the generalization function. This version is
expressed in terms of a partition of R into intervals, Il’ I2, so e In,
000y and expresged as

1, ¥ E'In

K(my) = T 4k (xy),  where X (3) -
n
Oy ¥ ﬁf Il’l

The reason this form renders the first method sufficient is found in the

following consequencesg of the assumption:

i

. xty )
/ f k (t-y)f(y) dy at
JroYiw _
n

(fI £t) dt> <f_: kn(t) dt >

oo

\X+y.
[T ke ay e
DL Ve |

n

i
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so that when the agsumption is true, the components of generalization
kq, can be recovered.
L

In order for the technigue to be practical the intervals In must

be known and the numberéj/- f(t} dt wust not be too small. These

I
n

considerations suggest that the reinforcement density be chosen so that
all the reinforcements fall in a few small initervals. Sucﬁ a density
must be presented with care, for if the subject suspecte that all of the
reinforcements occur in a few small intervals, then the continuous
medels may Tail: the subject may cease to guess the approximate
location of the next reinforcement and instead atiempt to predict the
exact location.

In general the experimental technigue is Lo use two reinforcement
densities, one which is positive on an interval, say [az,b], and
another which is positive on & finite collection of smell bubt well-
spaced infervals which are contained in [a,b}. The first density is
applied long enough to discourage the subject’s satiempts to predict
the precise location of the next reinforcement from & small number of
peoints, but not so long that the subject becomes so familiar with the
first density that he easily detects the change tTo the second density.
In addition the two densities are chosen so that the two cumulatives
are approximately equal.

We now proceed to a detailed description of the experiments and

the experimental results.



Description of the Experiments

Subjects: Five male and three female young adults were selected from
fhose who responded to advertisements pcsted on the bulletin boards at
Stanford University. The subjects were chosen according to the ease
with which they could be scheduled. ZEach subject was pald two dellars
Tor each hour of participation. The data from four of the subjects will
be analyzed.

Apparatus: The sexperiments were conducted in an air-conditioned, sound-
proofed room fitted with acoustical wall tile and carpets to dampen
sounds originating in the room.

The subject faced a six foot sguare, vertical blue screen mounted
on an eight inch black base. Pale blue curtains, similar in hue and
texture to the screen under low levels of illumination, stretched from
the sides of the screen to the wall six feet in front of the screen.
Opague blue paper tacked to the top of the screen and the ceiling
completed a cubicle enciosing the subject.

The screen had been cohstructed by fastening transluscent plastic
to & four inch deep wooden box. The mechanism inside and behind the
box was a modification of that described by Suppes and Frankmann
(Suppes, 1961) and used all the empirical studies of which Suppes is
an author listed in the bibliography. A .375 inch diameter horizontal
shaft protruded from the front and the back of the enclosure formed by
the screen and the box. By twisting a knob attached to the subject’s
side of the shaft 21 inches in front of the screen, he controlled the

position of a bar of light which was projected onto the screen from
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within the enclosure. This bar of light was projected from z light-
tight box gttached to a counterbalaaced lever which was perpendicular
to the shaft and rigidly fized to the shaft.

The bar of light was .125 inches wide and .75 inches long.

Its long axis coincided with the long axis of the lever. The distance
from the center of the shaft o the center of the bar was 2.5 Teet.
The light source was & 6.3 volt pileot light (RCA No. L7}.

At the begloning cof each experimenitsl session, excepting the first,
the subject chose to sit upon either a Franklin chair with an arm rest
at shoulder level, and umnmodified Franklin chair or a tilting, uphol-
stered, swivel chair of adjustable height and with arm rests at elbow
level. He was free to use either hand and to change hands and position
45 he wished. On the first day sll subjects used the Franklin chair
with the arm rest.

A 23 inch diameter scale with 400 consecutively numbered arcs
of equal length was mounted on the experimenter's side of the enclosure
and centered about the shgfﬁn A pointer attached to the shaft indicated
the position of the bar of light. The entire scale could be rotated
and was rotated so that the thirty-second arc indicated the position
which the subject judged to be the zenith of the circle traced by the
light.

The medification of the eguipment used in the previous studies
was undertaken in order toc enasble the subject to respond quickly and
accurately: non-essential rotating parts were removed; essential
rotating parts which could not he converted to stationary parts were

placed as close to the long axis of the shaft as was. possible. The
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1.5 inch diameter knob used by the subject to turn the shaft was
replaced by a four ‘inch pulley.

These measures proved so successful that it became necessary to
employ an assistant to record responses while the experimenter adjusted
the bar of light. All subjects reéched rates of‘ 800 responses per
hour Which 1s more than double the rates of 300 reported in earlier
studies. In fact, the limit on the rate was sef by the experimenter's
abllity to accurately record responses and reset the mechanilsm.

A single incandescent lamp in series with a rheostat and mounted
“outside the subject's cuﬁicle and behind the opaque paper provided a
fairly constant low level. of illumination for the room. The light that
entered the cubicle diffused through the curtains after being reflected
from the walls of the room. This light was made so dim that it was

| difficult, but not impossible, for the subject to find stationary
irregularities on 6r about the screen with which to anchor his percep-

- tions. Lower levels of 1llumination were avoided, since it was noted
that with very low levels of illumination, the edges of the bar of
"light ceased *to be well defined.

Procedure: ZEach subject participated fo: at least éixtéen days. On

the first and second days a relnforcement densiﬁy which was positive on 
' : the upper eighth of the circle was applied. On the third day, this
density was replaced by one which was pﬁsitive on small separated sub-
intervalé of the upper eighth of the cirele. The subjects were not fore-
warned of this change and showed no indication of detecting 1t. _The

new density was applied for ten consecutive days. On the thirteenth

- day, the density was changed again. This time the subject was informed
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of the change. No Further changes were made. The exact densgities
which were used are'presented at the end of this s§ction.

On the first day, the subject was led into the experimental cubicle
and seated in the modified Frenklin chair. The experimenter dimmed the

light and read the following instructions:

“As I told you earlier on the telephone, your
task will be to predict the position of a patch of
light in a large field. After the first couple of
days of training you will prcbably get about as
proficient at this task as you are going to get.
Xven so, I would like +to continue the experiment
Tor some time thereafter so that I may determine in
some detall, the nature of your solution to this
problem.

Let me tell you some details. You see that
large blue screen before you. Try moving the dial
in the center of the screen. As you can see, doing
‘5o controls the position of the light. Now from
where I am seated, I too can move the dial. (If you
are holding the dial, please let go.) See?

I have before me a long ilist of dial pogiticns.
I shall show the first position, like sc. You are
to guess the second position on my list by moving the
light to where you think I will next place it. Then
I shall show you the second position on my iist so
that you may see how c¢lose you were. Then you make
your next predictiony then I show you how close you
wereg, and so on.

After you have made your prediction, you are to
say 'mark' and hold the pointer steady for a moment
while we record your response. 3o that you will have
nc doubts as Lo the exact position of the target, 1
shall say 'target' when I have moved it to the correct
pesition. Understand?

As you shall socn see, the pointer moves very
cerratically, and you will rarely be able to guess the
next position exactly. But as you become more experi-
enced, you shall find that you are close to the target more
frequently. Don't be discouraged if you dec not seem
te be doing very well at first; you'll get better soon
enough. ' ' ' ' -
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Two finsl notes: First, some subjects find it
disturbing at first to not be given a standsrd by
which they may determine how close g prediction must
be in order to bhe close enough; that is, where the
pointer must be placed in order to be considered s
correct prediction. I leave it to you to evaluate
your performesnce. 1 am very interested in how you
decide to dc so. We shall discuss this question
later; as for now, I shall simply record your
predictions. OK7?

Finally, I'd like you %o work guickly. You
wlll make thousands of predictions; don't spend
too much time considering s particular one. In
fact, if you exceed five seconds in meking a
prediction, I shall czll "time" and you will have
cne second to reposition the light. OK%

Any questions before we begin?®

There were no questions.

Before each experimental session, the subject was asked to turn
the dlal so as to place the bar of light as high on the screen as
possible. His attempts to do so determined the origin of the scale.
The exact procedure that was employed was to first ask the subject to
move the light from wherever 1t happened to be at the time tc the
zenith of its arc. The experimenter then moved the dial through at
least 50 but not more than 150 units in the positive direction of
the H#00 unit scale. The subject was instructed to indicate the
zenith again. The experimenter then turned the light between 50 and
150 units in the negative direction. The subjected attempted toc return
the light to its zenith zgain. This prccess was repeated with the
subject alternately resetting from a clockwise and counterclockwise
direction until three consecutive settings differed by less than 10

scale units. The scale was then set so that the thirty-second position

o the scale coincided with the mean of the last two setiings.
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Cn the second déy, the instructions were paraphrased. In addition,
the subjects were told that the successive positions of the bar of light
were not random. They were told that the positions were computed accord-
ing to extremely complicated rules, that they were not expected to
discover the rules and that they, like all other subjects in previous
experiments, would become more proficient without being able to verbalize
the rulies.

On the third day and each day thereafter, the experimental hour
was divided into three periods of about fifteen minutes. During each
of these pericds, at least 200 responses were recorded. The subject
was pernitied to take a twe minute rest between periods.

Questions relevant to the experiment were answered by paraphrasing
the instructions, with one exception. If the subject asked if the rules
determining the seguence of reinforcements had been changed, then they
were told that they had not been changed and that an announcement would
be made before they were changed. On the thirteenth day such an

announcement wag made.

Reinforcement Densities: 8Six reinforcement densities were used. They

were

A Uniform over the first 64 of the 400 positions on the

scale. .
B Proportional to [x], where [x] is the integer part of
X, for [x] =1,2, ... 6t and zero otherwise.
C Proportional to 65 - [x] for [x] =1,2, ... &4 ‘and

zero otherwise.
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A'  Constant for {x] =3, 7, 11, ... 63 and zero otherwise.

B' Proportional to [x] for {x] =3, 7, 11, ... 63 and zero

otherwise.
C' Proportionzl to 65 - [x] for [x] =2,6, 10, ... 62 and

zero Otherwise.

Each subject was presented with three reinforcement densities.
The densities were changed following days 2 and 12.

Subjects J and O were presented with A then A' +then €',
Subjects L and P were presented with A then A' then B'. The
remaining four subjects whose data will not be repcrted were presented
with either B then B' +then A' or € +then C' then A’.

The exact seguence of reinforcements was determined independently

for each subject.

Irregularities: There were two unplanned variations in the execution

of the experiments which necessitated analyzing data from different
subjects in slightly different manner.

On the beginning of J's twelfth session, the experimenter

. nd L. nd
adjusted the scale so that the 22 position rather than the 32
coincided with the position Jjudged tc be the highest.
t

On 0O's 1k h session, the density C' rather than B' was

applied. At the end of the lhth session, the experimenter suggested

that the subject participate for two extra days at two dollars per

session, and the subJject readily agreed without asking for an explanation

During the last four days of the experiment, the density B' was applied.
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Estimation of the Generalization Funciion

In this section we offer a detailed account of the estimstion
procedure.

The method of placing the bar of light to indicate a reinforcement
and recording predictions has infliuenced the choice of sets over which
the integral of the generalization function will be approximated. If
the seguence of reinforcements indicates that the nth reinforcement
is to be placed at y+e where y 1s an integer and O < e < 1, then
the experimenter moves the pointer over the movable scale until he is
able to bring it to rest at some point y* such that y <y* <y + L.
Furthermore, only the integer part of the response at x, written [x],
is recorded. Since this is the case, we can do no better than recover
the integral over the sets A{x,y) = {(s,t): [s] = [x] and [t] = [y]ll.
In fact, we shall approximate the integral over
B(x,y) = Alx,y) U A(x-1,y) for those 16 wvalues of y which are the
midpoints of the sub-intervals of unlit length on which the reinforce-
ment density is positive and fifty integers x chosen so that virtu-
ally all the responses fall one unit of exactly one of the x's. The
fifty x's are -17, -15, ... 79, 8l. Responses to the left of x

1

or t¢ the right of x are treated as 1f they cccurred at x, or

50 1

XSO’ respectively.
The estimate of the integral over B(x,y) for a particular subject
over a particular block of trials is initially taken as the fourth

estimate of the weighted generalization functicn
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1 K
where Z = = and
i AN W n§l "),
i, (xn+)\" yn) € B(XJY)
zx N =

0, otherwise.

This eétimate is revised in accordance with our probability interpretation
of the generalization function by replacing each negative estimate by zero
and by multiplying by that constant for each fixed y which assures us

-
 that we shall predict that J[}t:[t]=[y]}L/ﬁm k{s,t) dt 45 is equal to one.
. The data collected after the first ch;nge but before the second
change of the reinforcement density and the data collected on the final
three days for each subject are treated separately.

When computing the raw estimates, we have departed from the
procedure implicit in.the definition of the sums 7 in two ways. We
have ignored the first ten trials of each session in order to reduce the
effects warm-up and dark adeptation. In addition, we have computed the
product of fhe relative frequency of trials on which [;n] = [y] +times
the relative frequency of trials on which either [;n] = [x] or

[E ] = [x] - 1. We have used this statistic instead of 2 If the

n o,N’
model is correct, then both random varilables have the same expected

 value and both converge in probability as the number of trials is

-



increased. Both alternatives were tried. The one used, as a matter of

fact, gives much more satisfactory results.

The Unconditional Response Distribution

-In fhis section and the next we intend to justify further consider—
ation of the derived generslization functicns by showing that these
functions can be used to reconstruct certain time averages with satis-
factory precision.

We shall attempt to predict the relative frequency of responses
in certain intervals. The function we computermay be regarded as an
spproximate density, but this interpretation is not essential. ‘The
empirical function at x 1s simply the relative frequency of responses
which fall between x-3 and x+3 on the 400 wunit scale. The
theoretical function at x is simply the integral of theoretical
average response density between x-3 and x+3,k/;T;3b/\k(t,y)f(y) dt dy.

We have computed the two functions-for.fifty values of x, xl,

X, =X +2, ... Xyg = Xg * 2, x + 2. The results of the

2 =% 50 = *ug
computation are presented graphically as historams in Figures 1 and 2.
In the lower right hand corner of each pair of curves, the subject and
the reinforcement density are identified by a symbol which enables cone
to recall the shape of the graph of f.

In nearly all cases the fit is extraordinarily goocd. In one case
Ithe model appears to err systematically. It fails to prediet the depth

of the trough in the empirical graph for L, A'. The discrepancy may

be greatly reduced by revising the assumption that the rate of learning
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is constant. When the learning parameter & is replaced by s function
g(+) and the rate of learning is made contingent upon the lLocation of
the preceding reinforcement, the fit is substantially improved for this
subject. If 8(-) is taken as a step fuﬁction, then all the theoretical
results already presented in this paper carry over with minor changes,
and one may estimate 6(y) by minimizing the mean square difference
between the observed and predicted average distribution of responses
following & reinforcement near y.

We shall not pursue this program: 4o do so would lead us sway from
our main interest, and the Fit is more than adeguate for our purposes

without revising the model.
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Fig. 1. Comparison of Empirical and Theoretical Response Distributions for

Rectangulsr (A') Reinforcement’Distribution.
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Fig. 2. Comparison of Empirical and Theoretical Response Distributions for

Triangular (B' or C') Reinforcement Distributions.
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The Conditional Distributions

We now examine the function J{.,.), where J(X,Y) is the relative
frequency of responses in the set X given the preceding reinforcement
is in the set ¥,

The empirical value of J{X,Y) is computed by counting the numbeer
of times s reinforcemeﬁt in the set Y 1g followed by a response in
the set X and dividing this number by the total number of times a
reinforcement cccurs in the set Y in the bleck of trials which are
being studied.

The theoretical value of J(X,Y) is given by the following formula.

56,0 = (1-9) [ [ xCeme(n) an ax
J x

+ ev/;h/; k{x,y)f(y) dx d;y'/fY f(y) dy .

The numericel value of & 1is determined by a technique which will be
outlined later in this section.

As in the preceding section, we have chosen 50 wvalues of x.
For fixed Y, the value of the function we shall graph is simply
J([x-3, x+3), Y). In Figures 3, 4, 5, and 6, we have plotted the
theoretical functions as histograms and the empirical functions with
circles. Each of the eight plots on a figure is formed choosing as a
value of Y as one of the 16 sub-intervals of [1, 64}. The location.
of the conditioning interval is indicated by an arrow.

One value of 6 1is selected for each subject. We compute that
value of theta in the unit interval which minimizes the sguared
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Fig. 3. Comparison of Empiriecal and Theoretical Conditional Response
Distributions for Subject J with Rectangular (A')
Reinfcreement Pistribution.
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- Fig. . Comparison of Empirical and Theoretical Conditional Response
Distributions for Subject L with Rectangular (A')

Reinforcement Distribuiion.
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Fig. 5. Comparison of Empirical and Theoretical Conditional Response
Distributions for Subject ¢ with Rectangular (A')
Beinforcement Distribution.
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Fig. 6. Comparison of Fmpirical and Thecretical Conditional Response
Distributions for Subject P with Rectangular (A')

Reinforecement Distribution.
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difference between the observed and the theoretical values plotted
weighted by the number of observations which are considered in the
calculation. In symbols, we choose theta so as to minimize

2
¥ oY [E(x,Y) - T(x,Y; 8)1 FLY) where E. is the empirical
x Y .

function, T is the theoretical Ffunction and F(Y) is &/‘ £(t) dt.
The first summation is over the fifty values of x which zre plotted.
The second summation is over all 16 subintervals of f[1, 64].

The value of thets which minimizes the error is given by the

following formula.

K(x,T)E(x,Y)F(Y) - 2 E(x)R(x)

2

K (x, V)E(Y) - 3 R (x)

x+3
where K(x,¥) = k(t,y) dt &
(x,¥) fx . fY (t,y) at ay
E(x) =) B(x,Y)#(Y)
Y
R(x) =} K(x,Y)F(Y)
Y

The results of the calculation are shown in Table 1.

It will be noted that the fit is generally very good. Of course
it is not quite so good as the £it of the unconditional probabilities;
the curves in these figures are based upon approximately L/16 of the
observations taken into account in the previous section. The number of

observations is denoted by N and is noted beside each graph.
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Subject

J

L

Table 1

LEAST SQUARE ESTIMATE OF THETA

Long Block of Trial

1.1320%
L9721
L9773
-1553

Short Block

1.197h*
.9563
.9410
LTh62

*
Theta is taken as one whenever the estimate exceeds one.
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In Figures 7, 8, 9, and 10, this procedure is repeated with the
B' and ' data. The reader is asked Lo bear in mind that these
curves are based on roughly 25% of the observations considered in
Figures 3, &, 5, and &, and so the fit is not quite so good. The B
and C' reinforcement densities are approximately triangular, so that
one conditicnal distribution may be based upon sixteen times as mahy
observations as another. In Figure 8, one finds a histogrem which is
based on 8 observations distributed over fifty cells.

Theta is computed by the same formuls as was used for the A'
data. The results of the calculation are also given in Table 1.

The estimates of theta tend to be extremely large. They are often
so close to one that the empirical conditional distributions provide
good estimates of the integral of the generalization function. Fortu-
nately the subject P has a sufficiently slow rate of learning to
provide a test for the methods we introduce. And fortunately the
method used gives a superb account of the unusual functions plotted
in Figures 6 and 10.

It i1s seen that when there are sufficiently many observations for
the functions to be predicted to be orderly, order of the right kind is
predicted. We conclude that the derived generslizetion functions sre

relevant tc behavior and merit further study.
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‘Fig. 7. Comparison of Empirical and Theoretical Conditional Hesponse
Distributicns for Subject J with Triangular (Q')

Reinforcement Distribution.
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CHAPTER I1I
ANALYSTS OF EMPIRICAL GENERALIZATION FUNCTIONS

Irn this chapter we study the emplricsl generslization functions.
We shall show that, contrary to the expectations of other suthors, the
generalization function about y hae a minimum near y. Furthermore,
the classical assumption k(x,y) = k{|x-y|, 0) appears to be false.

We will introduce two alternatives to the c¢lasgsical assumption.
The first alternative gives a concilee description of the empirical
generalization functions and permits us to see precisely how the classical
assumption fails. The second alternative includes the earlier 8ssump-
tions as special cases and is based upon a conjectured relationship
between the generalizstion function and the distribution of reinforce-

nents.
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The Form of the Generalization Function

Study of the conditional histecgrams for the A! density has led us
to question the clasgsical restriction on the form of the generalization
function. The thecretical conditicnal histogram given a reinforcement
near y when theta is set equal to one {as in Figure 3) may be thought
of as an approximation to the generalization function about y. The
plots of these functions for the A' density data have two prominent
features. TFor virtually all values of y and all subjects, the graph
of the approximate generalization function about y-'is distinctly
bimodal with a minimum at y. Secondly, when the approximete generali-
zation function about ¥ and sbout ¥y' are contrasted for y' <y,
tne heights of the maxima in the two graphs are found to be consistently
ordered: the left peak of the graph about y' is lower than the left
peak of the graph about v Both effects are conspicuous in Figure 3,
the theoretical histograms for J whose estimated value of theta is
one. (We shall consider more subjects and other data in later sections
of this chapter.)

The first feature will be called the recency effect since it suggests

that subjects respond less freguently at the most recent point of rein-
forcement than would be normally expected. The second effect will be
called the end effect after Suppes who in 1959 predicted a similar
effect in a somewhat different setting.

The recency effect is not inconsistent with the classical assump-
tion. However, the generalization functions fitted to data in earlier
studies of this kind were of the form k(x,y) = u{y-x) where u was
unimodal and symmetric about zero. To show that the recency effect is
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not a consequence of the changes of procedure and apparatus-ihtroduced

in this study, we have reanalyzed some data collected prior to these
changes and reported by Suppes, Rouanet, Levine and Frankmann (1964).
In this study, the reinforcement density was bimodal and positive over
the whole circle except for two points.

The theoretical density for the random variable ;n - §n+1 is
p(a) =19 [ ji(yu.d)f(y) ay + o k(y-d,y)e(y) ay. If there is a
strong recency effect, then k(y-d,d) should be small for small |d]
and all values of y. In Figure 11, the histogram for ?n - §n+l which

I may be taken as an approximation of p(d) is displayed. For comparison

~

the histogram for yn - §n+l

is plotted beneath it. These histograms
have been computed by pooling data over the lagt 300 trials and over
29 subjects. (The data from subject 21 who confined nearly all his
predictions to one half of the appafatus have been excluded.) A com-
parison of the histograms shows that very few responses are close to the
preceding peoint of reinforcement relative to the number of reinforcements
clogze to the preceding point of reinforcement. Wote that, with the
exception of the one point 4 = 0, if |d| is small go is p(d).
This fact, together with the fact that the approximation of fjl(y—d)f(y)dy
is essentially comstant for |d| small is teken as evidence for & recency
effect in this study.

The end effect contradicts the classical assumption k(x,y)=k(|x-y|,0).
Thig restriction on the form of the generalization function implies
that the plots of the generalization functions about y and y' can be

gligned by a translation of one of them. More precisely, the assumption

implies k(x,y) = k(x + (y'~y}, y¥'). If this consequence were true,
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then the corresponding peaks of thergraphs of the two functions would be
of approximately the same heights.

Both of thege effects would be present if the generalization function
were a product of particular functions of one varisble so that ki(x,y) =
u(y-x)v({x). It would be sufficient for u to be bimodal with a minimum
gt zero to obtain the recency effect and for v +to be bell-shaped with
a shallow meximum near 32 but nearly zero outside of [1,64] to obtain
the end effect.

The representation of k as a product includes the classical
representation as a special case. This may be seen by putting v(x) =1
and uly-x} = k(‘x-yl,o).

If the representation is accurate, then uw and v are each
uniquely deitermined by k except for a multiplicative constant,

The graphical comparisons which lead to a rejection of the classieal
assumption are difficult and equivocal for the short blocks of trials.
However, if the more general hypothesis is true and 1f the functicns u
and v could be determined with suitable accuracy, the evaluation of the
consequence of the classical assumption could be made by comparing v(x)
for x near 1 and 64 with +v(x) for x near 32. If the former values
of v were many times smaller than the latter, then we would be Justi-
fied in rejecting the classical assumption becsuse the classical agsump-
tion implies (the new restriction and) that v 1is constant.

In_the ﬁext seétion, we begin the consideration of the hypothesis
that there are functions u and v such that for all x and Yy,

k(x,v) = w{y-x)v(%X) Ty developing methods for computing u and v

~from the approximate indefinite integral of k. The new hypothesis
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which will be referred to as the product hypothesis has the more concise

formulation, k{(x,x+y)k(s,s+t) = k(x,x+t}k(s,s+y), for all x,y,s,t.

At the present stage of analysis, the product hypothesis is to be
regarded as, at best, a lucky guess about the form of the generalizstion
function. In the final sections of this chapter, we will attempt to
embed the assumption in a theory about the relation between the generali-

zation function and the distribution of reinforcements.

Deveicpment of the Product Hypothesgis

The main result of this section is a method for determining the
components of generalization, u and v, from the limited information
which is éxperimentally‘available.

If we have approximated the indefinite integral of k restricted
to the subsets of 8 =R x {y: f(y) > 01, ‘then we may obtain an initial
estimate of k(x,y) for (x,y) in § without using the product hy-
pothesis by choosing some small set A containing (x,y) and dividing
the integral of k over AN 3 by the area of A N 8. The method ﬁe '
use to obtain u and v reguires that we also have an estimate of
k{x,y) for =ome (x;y) not in 8. We ﬁow develop a techﬁique for
obtaining such estimates.

Buppose we have slready approximated k restricted to some set
R » T where fT dy 1is finite. Let g be any bounded, non-negative
function such that g(y) 4is positive only if y dis in T. Let B be
a subset of RE. We multiply both sides of the functional equation of
the product hypothesis

| k(x,x+y)k(s,s+t) = k(x,x+t)k(s,s+t)
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by gl(stt) glx+t) gls+y) and integrate over (s,t) in B +to obtain

k(x,xty) [/ k(s,ett) glett) glxrt) elsty) as at

= ffB k(x,x+t) k{s,s+y) gls+t) glx+t) gi{sty) ds at

which will be referred to as the extension formula. Multiplying both

gides by the g's guarantees that we need only consider k regtricted
to R x T when we integrate.
If the integral on the left hand side of the last identity is

positive, then we have

fka(x,x+t)k(s,s+y)g(s+t)g(x+t)g(s+y) dsdt
k(X:X"'Y) =

JIgk(s,s+t)a(s+t)g(xrt)g(sty) ds at

This result permits us to extend the estimates of k beyond R x T
and to revise estimates of k restricted to R x T. Note that the
revised estimates may be better than the estimates which can be obtained
without the product hypothesis whenever the integrals can be estimated
with great precision.

The value of g(y) determines the relative contribution of the
estimated generalization funetion about ¥ 1in the extension formuls.
For this reason, it is advisable to choose g +to be monotonic with the
precision of the estimate of the generalization function about y.

Using either the Initial or the extended estimates of the generazli-
zation function, it is possible to obtain each of the components of

generalization except for constants of proportiocnality by the relation,
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for C,D subgets of R, there are real constants ¢ and d such that

E
S
1

c fC k(x,x+y) @x

A
z
1

a ID k(x,x+y) dy

These formulae are immediate comseguences of k(x,x+y) = u(y) v{x).
The details of the numerical calculation of u and v will now
be given.

We obtain some initial estimates k(xi,yj) where the x, are the

fifty values of x referred to before and y'j is the center of the jth

interval of unit length on which f is positive by taking k(xi,yj) o)

be the approximation of [ )k(t,s)dtds divided by two.

dJ
We define g(yj) a8 f(yj) for J
than  yi, Yo <00 Tyips g(y) 1is defined as zero.

B(Xi’y

1,2, ... 16, TFor vy other

Thus k is initially approximated on 50 x 16 points. It can be
reviged or extended by the discrete version of the extension formula

given by

o k(x,xt kix., ,x.+y. X,.ty. x+y ., x.t+
Growry) | T wleongryy) legtyy) sletyy) eleg)

. j%;B k(oxryy) k(xg,xp+y) 8lxg+y ) glxty) elxryy)
H .

.where B is a subset of (1,2,..., 50} * {1,2,..., 16}.

There 1s a techniczl problem which arises in the discrete case we
are now considering in which k(x,y) is approximated for x's which are
separated by four units. We wish to adapt the formula derived above for
computing u. An obvicus analogue is to fix a sef of indices C and

u(y) .

take u(y) proportional to. ) k(xi,xi+y) = ( D V(Xi)
: ieC ieC
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Unfortunately, this formula would enable us to compute u{y) for
too Tew values of y. To see this let the set of indiceg C The given.
We will attempt.to compute u(y) for some y such that there is an
integer i in C such that xi+y is not congruent to ¥y modulo k.
There 1s no initial estimate of k(xi’xi+y)“ We cannot use the extension
formula because for all real s,t the product g(s+t)g(xi+t)g,(s+y)
is zero.

To see this last fact, suppose on the contrary that there are real
g and t such that the product is positive. It follows that Tor such
s and 1t (s+t), (xi+t), (s+y) and y, are all congruent modulo b,
Then y,+¥, is congruent to (xi+t} + (s+y) is congruent to (xi+y) +
(t+s) is congruent to (xi+y) * oy Whence y, is congruent to X.+y
vhich is absurd.

This situation compels us to select the set of indices € so that
for i, in C, Xy is congruent to xj. But then we can only compute
u(y) for a set of y's such that no two of them are closer than four
units apart.

One obvious alternative which we have found unsatisfactory is to
interpolate to obtain new egtimates of k &and to define k(xi,yj+2) as

the mean of k(xi,yj) and k{x Unfortunately, this procedure

i’yj+1)'
chops the peaks and smooths the troughs of the graphs of the generalization
functions.

What we have done is to assume that if C is a suitable large set

of indices then the ratio of ) v(xi) and ) v(xi) is nearly one,
ieCl ieC2

is nearly one, where Cl = {ieC: Xy xl}

1]

and 02 = {ieC: x, = xg}u
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The assumption seems plausible since serious violation of it implies
a bizarre pattern of biases for certain parts of the continuum.
The assumption enables us to take u(y) %o be proporticnal to

Z: k*(xi,xi+y) for selected values of y where C(y) =
1eC(y)
{1: 10 <1 <kl & x+y =y;) and k¥ ig the estimate of k which is

obtained by applying the extension formula.
Analogous considerations ere invelved in the computation of v.

We will take v(xi} 0 be proportional to D k*(xi,xi+y), vhere
veb(x,)
D(Xi) ={y: =20 <y <23 &y+x, =y} end k* is the estimate of k

which is obtained by applying the extension Tormula.

The regults of these computations are presented in the next section.

Expressing the Generalization Function as a Product

In this section we attempt to reconstruct.the approximate generali-
zation function about y from the functions u and v compubed
according to the methods of the preceding section.

We shall compare the approximations of the generalization function
about ¥ which are obtained by smoothing the directly derived generali-
zation function with the approximation obitained by multiplying uv and .

The directly derived generaslization function about yj the center
of the jth sub=-interval is simply the mean of the approximstions of the
generalization function over the seis A(x~2,yj), A(X,yj) and A(x+2‘,yj),

This function is to be compared with what shall henceforth be
called the reduced generalization function about Vs kj(v) whose

value at x is simply a constant times u(yj—x*)=v(x*) where x© = X,
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where 1 1g the smallegt integer between one and fifty such that x 1s
as close to x, as to any of the other fifty wvalues of x.. ..The constant‘
ig chosen so that the sum over i of kj(xi} is one, because kj(D)

is an approximation of a density k(‘,yj} which appears to be zero

for x > X50°

The results of the calculation are given graphically. The reduced
generalization functioné are presented as histograms and the directly
derived functions with circles. An arrow indicates the location yju
The functions w and v are skelched at the top of the figures.

The it in Figures 12-15 is generally excellent. UNote in particular
the fit for subject L (Figure 13). In general the function u is
essentially bimodal as was suspected.

The method.for gbtaining u appears to fail Tor extreme values of
y. The ratio of u{y} and u(y+2) varies greatly for large values of
v. This fact is of little consequence when considering the data col-
lected whenr the A' density was applied because of the shape of the v
function. If the absolute value of y-x* is large, then the value of
v(x®) is small reletive to the value of wv{x") for those x such
that yjnx* is gsmall and u(yj—x*} is very large. These last menticned
values of x determine the shape of the predicted graphs and the contri-
bution of the tails of the wu function is small. This is not so for
the triangular densities which we shall consider shortly.

The analysis confirms our initial suspicions regarding the classical
hypothesis. It is seen that the v function, ingtead of belng essen-
tially constant appears to be the f function smoothed and, for extreme

*

values of x, v(x") is many times smaller than v(x*} for x* near 32.
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FPig. 12. Compariscn of Directly Derived Generalization Function, k(x,y),
and Reduced Generalization Function, u(y-x)v(x)}, for Subject

J with Rectangular (A') Reinforcement Distribution. i;
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Fig. 13. Comparison of Directly Derived Generalizstion Function, k(x,y),

and Reduced Generslization Function, u(y-z)v(x), for Subject

I, with Rectangular (A'). Reinforement Distribution.
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Fig. 14. Comparison of Directly Derived Generalization Function, x(x,¥y),.
and Reduced Generalizaticn Function, u(y—x)v(x), for Subject

0 with Rectangular (A') Reinforcement Distribution.
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Fig. 15. Comparison of Directly Derived Generalization Function, k(x,y),
and Reduced Generalization Function, u(y-x)v(x), Ffor Subject

P with Rectangular (A') Reinforcement Distribution.
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The analysls is repeated for the short block of trials and presented
in Figures 16-19. TIn most cases, wherever there is order in the derived
generalization function to be recovered, it is recovered.

Notice that the v function is roughly the same shape as the
function instead of being constant as required by the classiéal hypo-
thegis. One conseqguence of this fact is that for yj such that f(yj)
ig gmall, there are values of x suchk that yj-x* ig large in absolute
value, and u(yj—x*) is multiplied by a relatively large rather than
g relatively small value of v(x¥). Thus, as with the directly derived
generalizgtion function about yj, it is difficult to obtain goecd
estimates when f(yj) is small.

it will.be recalled_that we have not attempted to choose u and
v 50 as 1o maximize this fit. The fits are greatly improved in some
cages when the computed functions are smoothed. The computed function
u may be replzaced by a smooth sharply peaked bimodai function with a
minimum at zero,

Bven before smoothing the fit appears good enough motivate further

considerstion of the product hypothesis.
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Fig. 16. Comparison of Directly Derived Generalization Function, k(x,vy),
and Reduced Ceneralization Function, u{y-x)v{(x), for Subject
J with Trisngular (C') Reinforcement Distribution.
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Fig. 17. Comparison of Directly Derived Generslization Function, k(x,y),
' and Reduced Generalization Function, u(y-x)v(x), for Subject

L with Triangular (B') Reinforcement Distribution.

- £E -



o v ¢ @40 o u
ooaa2a 0 R P Pos ™ o°
o >
e:“." e “%h'.od”“e [ v
m.ae 1 * %‘QL‘
3 83

Fig. 18.

O, =

k(x,y),

and Reduced Ceneralization Function, u(y-x)v(xz), for Subject

Comparison of Directly Derived Generalization Funection,

0 with Triangular (C') Reinforcement Distribution.
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Fig. 19. Comparison of Directly Derived Generalization Function, k(x,y),
and Reduced Generalization Function, u(y-x)v{x)}, for Subject

P with Triangular (B') Reianforcement Distribution.
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Relzation between the Generalization Function and the

Distribution of Reinforcements

The product hypothesis was introduced as a descriptive device. It
has proven useful in expressing in what way the classicael hypothesis is
ungatisfactory. Furthermore, by means of the extension formula implied
by the hypothesis, we can pass from an approximation of the integral
of the generalizstion function to an approximation of the function itself.
Finally, by using the hypothesis we can express the generalization func-
tion as a product of two functions of one variable, thereby achieving
an enormous reduction in the number of parameters required to approxi-
mate data.

Unfortunately, there is no theoretical reason for the generalization
function to satisfy the hypothesis. In the absence of a theory it is
difficult to interpret or analyze the functions u and v and it is
unreasonable to expect that the hypothesis will be satisfied in new
experiments.

In this section we will attempt to remedy this defect by genera-
lizing the hypothesis and by interpreting the functions uw and v
which appear in the more genersl formuletion. The generalization is
undertaken because we have not found a satisfactory interpretation for
the hypothesis in its present form.

The more general version of the product hypothesis is:

There are functions u and v such that if f(y) £ 0 then

u(y-x) v(x)
k(x3) = e Ve 6
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Clearly the_original hypothesis implies this one for by the original
hypothesis [ u{y-t) v(t) dt = J x(t,y) dt = 1. (Actually it was the
more general version which is supported by the aﬁalysis in the preceding
section since in the calculation for each y the reduced generalization
function about y was multiplied by a constant so that the area under
the predicted function would be independent of ¥.) |

In crder to interpret the new hypothesis we consider a hypothetical
process which takes place after each reinforcement. In the discrete
probability learning experiments a reinforcing event msy be thought of
as evoking a particular covert response. Here we assume that a reinforce-
ment causes the subject to recognize a set of points which have & parti-
cular relationship to the two preceding reinforcements. We say two
preceding reinforcements beéause we consider the subjeet to be trying
to predict both the next reinforcement and the separaticn between the
last reinforcement and the next. (Of course, if he could do either
perfectly, there would be no need for him to consider the other for he
would necessarily be doing it perfectly, toco.)

5

More formally, we conjecture that there is a relation C on R7,

. 7t
.

written =xCy,y' and read, "x 1is cofrect with respect to y and ¥

In terms of C we may define a random variable W which 1s one if

xc§n,§ﬁ+l and zero otherwise. For each x, v(x) is assumed to be the

probabllity that a response x 1is correct with respect the pair of

reinforcements ;n and §n+l’ i.e., the probability that W 1is one.
The function - u 1is ldentified similarly. If W 1is a random

variable which is one if (?h—d)0§n,§n+l and zero otherwise, than u{d)

is the probability that W 1is one. Intuitively, u(d) 1is the
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probability that a response which differs from the preceding reinforce-
ment by exactly 4 will be correct with respect to the preceding and
the following reinforcements.

We now place restrictions on €. We will agsume that whether or
not x is corréct with respect to two successive reinforcements, say
y followed by y', will depend on 2 distinet criteria. The separation
between x and y' must be small. Secondly, the displacement from ¥y
to x must be like the displacement which was being predicted. (More
precigely, the sgecond criterion is a condition on the pair of numbers,

y-x and y-y'.) Formelly, we assume ithere are relations A and D on

5

R such that
xhy, v ie7 (x-y') AD,0
®Wy,y!  Iff (x-y ) A0, (y'-y)
XCY,v' iff {xAy,y' and 'ny?y?)

In order %o demonstrate the efficacy of these ideas, tc augment
thgir gurplus meaning and to motivate an important generalization, we
offer an example. Suppose for a pariicular subject in a particular
experiment of the kind just described x 1s correct with respect to
the last reinforecement y' and the one which preceded it, y, 1if énd
only if the subject falls to discriminate between the points on the
continuum corresponding to x and y' and also between the segments
y to x and y to y'. For simplicity suppese that ail discrimination
probabilities are zero or one and that ihe 2 discriminations are inde-
pendent. If the subject's ability to distinguish points depends only

on their separation, if Weber's law is satisfiled for the discrimination
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of.lengths and if directions (in the sense that a to % and b to g
have - opposite direciions unless a = b} are discriminated perfectly,
then generally there will be an (acuity) constant a and a constant
(Weber fraction) o such that x will be correct with respect to ¥

and y' whenever both |x-yY| <a and

Yoy
1+w

<y-x < (y-y')e (L)

If in this experiment the reinforcements are uniformly distributed
over [-1,1], if a 1is equal to 1/3 and if o is equal to 1/10,
then the v function ie symmetric about zero, unimodal and zero for [x‘
greater than 4/3. The u function is symmetric about zero, bimodal and
such that u(0) = 0. The modes occur at + 10/27 and u(d) is zero
fér |d| greater than T/ﬁn Thus for such a subject in such an experi=-
ment both an end and a recency effect are predicted.

Intuitively, the reason why u 1is bimodal and a recency effect
ig predicted ig this: as d tends to zero, the set of segments which

are not discriminated from 4,

{as ‘:'L%a'j < d' < d(l+w)}

hecomeg very small,
We return now to the general case. We introduce a notation which
permits an easy generalization of the ideas presented above. We define

two functions on R2 by
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1, if xAy,y’

CP(K:.VE) =
Q, otherwise
1, 1T xDy,¥!
Wy-x,y-y') =
o, otherwise .

Then our previous assumptions can be written,

Il ox,y%) Wy-x,y-y') £ly) £{y') dy ay'

<
‘)
It

£
2
I

I/ o(y-a,yt) wid,y-y') £ly) £{y*) &y ay" .

The example in which we introduced a perceptual interpretation of
the functions u and v motivates the generalization. If the discri-
minstion probabllities take on values other than zero and one, then the
present formulation is not sufficiently general. If, however, we permit
the range of ¢ and ¢ to include positive values other than one, then
the above Tormulation is sufficlently general and the psychophysical

assumptions would be expressed by

r { P{x,¥)
ix,y)

We conclude by noting that the more general verslon of the product

(P(IX"Y! ; 0)

¥(x/y,1) for y £ 0

hypothesis enjoye some of the-attractive features of the original version.
In the first place,'the more general version gives as parsimonious =z
description of the empirical generalization function since the new
function [ u(y-t) v(t) dt is expressed in terms of u and v. Finally,

the more general version permits sharpening of estimates of the

- T3 =



generalization function by the following formula which is analogous to

the extension formula.

x(x,y) = Lle(x,yr-s)k(t, yrb-x) k(s,y) £(y+t-s) £{y+t-x) dt ds -
X3¥) = JTR(t,y+6-8)k(s,y+t-x) T (y+t-g) f(y+t-x) at ds .

whenever f£(y) and the denominator are not zerc. This result is an
immediate conseguence of the functional eguation which is implied by the

new product hypothesis
k(x,y) k(t,y+t-s) k(s,y+t-x) = k(s,y) k(x,y+t-s) k(t,y+t-x) ,

provided f(y) f(y+t-s) f(y+t-x) is not zero.
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APFENDTX

In thig appendix the proofs of some assertions made in the first
chavter are sketched.

The appendix falls roughly into three gections. 1In the first
section we study the approximetion of the integral of the weighted
generalization function over a single set. 1In the second section we
study the approximation of the integral of the weighted generalizaﬁion
function over an at most countable collectiocn of sets. In the final
section we gtudy the integral of the generalization function over finitely
many sets.

Most of the proofs inveolve several changesin the order of inte-
gration of iterated integrals. In the first twd gections all integrands
are non-negative, bounded znd zero except on a bounded set. In the
third section in which we study random variables which are not bounded,
we Iinvoke Fubini's theorem after showing that one of the iterated inte-
grais is finite and before interchanging orders of integration.

We begin with

¥
Lemma 1. cn+l(X’yh’Xn’°°°’xl)J (ynfxn"°°’xl)

n-1
=l Y (1-0)Y k(x,y. 3 + (1-8}" ¢, (x)] x
v=0 a=v

j;(yn;Xn: e ’Xl}

- 75 -



Proof: If j*(y »X ,...,yl,xl) is zero, there is nothing to prove.

If J:(yn,xn,.o.,x } iz positive then for each m <n we have

< * Pl = " p e
0 Jm(ym; ’xl) f(ym) jm(xm’ ,xl)
and the result follows from n applications of AZ.

‘The bracketed function on the right hand side of the equality appears

. very frequently and so will be abbreviated as follows:

gn_*_l(x; M Vyn_l)”') yl = @ z 1"9) k ( ,yn_v)
+ (16)" ¢, (x)

g, (x) = ¢, (x)

In the first part of ﬁhis appendix proofs are supplied Tor assertions

made in the study the integral of the weighted generalization over a
single setb.
. ' e
et A be a messureable subset of R .

Then for X >0, n>1, we write as in Chapter I,

.( 1, (Xn-i»)\.’ yn) € A
Exn T L
LO; (Xn_n‘: yn) ,é A .

When the integral over several sets is considered, we shall modify the

notation to make the dependence of z, , upon A explicit.
o _ , _

-T6 -



We will present the first theorem after introducing s notation for

the characteristic function of the zet A by defining

L, (x,y) ¢4
X(X3Y) =
0, (XJY) é A

i Theorem 1: E{z ff Jy(x) £(y) ax dy and if )\ >0, then

O,n) -

A-1 Aeml
E(z}, ) = [1-e(1-8)" "Il ) +- 9{1-8) [T, k(x,y) £(y) ax ay
o — o oo 3 : ¥ ¢ » o
Proof: Bz, o) = Jooof %ypuxy) 35(rps %5 vy %) Qv ax,
= f“'of X(YQ)XE) f(ya) JE(XE) L 3 Xl) d-y2 cee Xm

I x(xg5w,) £(yy) T [(1-6) 31(x,) + ok(x,,57) ] £(5y)

3 (x) dyy dx, ) dy, dx,

JT x(x5,5,) £(3,) [3,(x,)] dy, ax,

T T
Il

JIy £y} 3,(%) ay ax

= Bz, 1)

for n > 2 we have

© o 0 . '* e a W
I/ J X(Xn}yn) Jn(yn:xnynﬂﬂJ Xl) dyh an Xm

—
1}

[feeef X(xpoy) £lyy) 3, (x50 0oxy) Gy, ax +ov axp, by A3

ff‘°“f X(Xn:yn) f(ynj cn(Xn’yn-l’ﬂbc’Xl) f(yn-l)

Jn—l(xn-l’yn—2’°°°’xl) dyﬁ an o dXl

It

Sloeed X)) 2(3,) g (%55, 5ne0vy) £y, )

5 Jn—l(xn-l’yn~2’°°"xl) dyn an T Xm :

- Tf =

.....



A,n

=[] X(Xn:yn} f(yn) gn(anyn”l:°ﬂ":yl) f(yn-l)

WEREE

dxn d$n~1

=TIl x Ly, 2y

ey, o) £l 5)

dxn dyn-l dyn-

£y, 1) Ty, )

Wop "

5

dyn—l dyn—a e

over n.

We mnext show that for A > 1, E(zx n)
e
Clearly for n = 1, E(zkyn) = E(zk,l)u
) = E(zh’l)u Then
E(Zk,n+l) =
= ffe

dx

n+ i+l dyn+h tet

dyl

n In

I jn-i(xn—l’yn-2’xn-2"°°’xl) dxn

 £y,) £lyg)]

I dyl

dyll dy  dx,

A%y

- 78 -

- £(y)

ﬂyX(xn)Yﬁ)-f(Yh>[jl(xn)] dyn an =,fX(xn,y

= E{

1

dx

1 T 1]

) & txnpyn_lﬂ°=°3yl) f(anl)

ﬂ"X(Xn,yn) f(yn) JSoeef gn(Xn:yn_l:yn_2:°==}Yl)

) ji(Yﬁ:xn) d(Yn;Xn)

by indaction

Suppose for n > 1,

I X(xn+kfl’yn+l) Inanr1 FpenerYnans - oo % L



X

R VS L/ TS LIL SVELC NEVETR SWOVERIRESY

R
Spragans e o¥y) By @y o0 g

ERY) X(Xn+x#1’yn+1) gn+k+1(xn+k+l’yn+k’°"’yl)
¥
[[feeef Jn+k(yn+k,xn+k,oa.,xl) ax 5 4% 5 o dx, ]

el Wpen ey o0 @

1

USRI CSROR AL NEVE | CNEVERR AVOVERERE 40
o )

dx dy

ntatl pep W 00 W

ffa"nf X(Xn+?\.+l’yn+l) [ffek(xn+?\.+l’yn+?\.) + e(l-e)k(xn+?\.+l’yn+?\.-l) +

n+A~1 n+i o,

-+ 6(1-9) k( Yo+ (10077 5 (x50 M (v )dy ]

Enrar12Y1

f(y ) tee f(‘VE’) dxn+k+l dyn+>n e dy2

n+A

[feed X(Xn+kﬁl’yn+l)[{Gk(xn+k+1’yn+k) " e(lqe)k(xn+k+l’yn+h_l)

)n+ )\1“2 1’1+)\-l . (

LELELE o 9(1-9 k(xn+)\.+l’y2) + (l..@} Jl Xn_|_>\’+l)]

Spen) o o) ax 0y Gy, o0 9

cos )
ff f X(Xn+?»+l’yn+l’ gn+>\'(xn+)\d+l)yn+>\‘ﬂ°°°1y-2)

2rgan) o Tlp) @y Wy, o0 g
= JLeoof %= o7} & (R T ey e e ¥y
f(yn']'k:-l) °ee f(y-l) dxn'l')\, dyn"‘}\-"l vee dyl, by SOme

simple changes of variables.
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v )
[feee] X(Xn-i-?»’yn' gn+?\.(xn+}\’yn+7&—l’°“’yl}

- ) '* e 0 a
Tl dpiacy T Py oo o V%) Q% g 0o dxy ]

X i Wy 7 Wy

= E(Zk y» by the same sieps which were used to reduce E

,n (Zk,n+l)

= B{ by hypothesis.

Z)\-,l) 3

It follows thet for n>1, E(z, ) = E(z, ;). Now we compute BE(z, ,]

for A >1 to complete the proof.

For A

]

(1-6) JJT X(x5597) eq(x5) 57y, 5x)) ax, dy, dx)

. % a
+a []f X(xy,7,) K(xy,vy ) 37(yp % ) dx, dy, dxg

1

(1-6) JJ x{xg,9p) eqfxy) £(y) I 3 (%)) axlax, dy,

+ 6 ST X(xy,0q) klxy,0q) £0yp) [37(x)) &x 1 dx, dy;

= (1-0) [ X(xn57) dy(x,) £(yy) ax, dy

+0 [f X(xy,v7) Klxy,y) £(y)) ax, dyg
= (1-6) E(Zo,l) +6 [ x(x,y) kix,y) £(y) ax dy.

For A+ 1>2 we have E(Z)wl,l) =

= S J X 007y) Gpgp (s ¥ign s e o%y) 8y 0@y
= (18) Jfr oS XOp071) 0300 Bipps¥is oo 0%y)

d. dx

x Xoap Wiy 70 Xy

15

URSAEPVERRERELSY
. o ) o

SICAN AR IRC VPR AP I CoVP VD B IR SR RRITL Pl WL SR AR
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The first term is (1-8) [fe--f X(XX+2’y1) ck+1(xk+2’yk"°"xl)

dx

“’Xl) Typp Wiy o9y

K
J Ml(y}ﬂ-l’xml’yw °°

(L0) JIfe o d K tygp051) 0y Kpppods e %))

K
LT S O Fasps Ve o o8)) 850085, 18,50y, 0%, - o8y

(1—9) fff“‘“’f X(XK+2’yl)ch+l(Xk+2’yk"“’Xl)ja}t(yl””’xl)

dx, o Gy, dx, cee dx

(L) JJJeon S Xy 0071 ) 350y (Byps ¥y e a0, o0y A, o0

(1-6) E(

Z}\,l)

The second term is 6 [fo--f X(Xk+2’yl)k(xk+2’yk+1) f(yx+l)JA+l(kal’““

dx dx

w2 W 0 &y

e [jf X(XMQ,Y]_)U k(xme’yml) f(y?\"“l) RIE

x,) d dyg] dx dyldx

(3300 5y oWy o 5xy) Gy ady oo M2 1

0 I %X(xy 59  [51 (%, ) 1037 (v 5% ) ax,  ody, dxy

H

6 I X(xy100v1) 31 (3y,0) Tlyp) ax)pp 4y

9 E{z

)

0,1

So that for A+ 1> 2, E(le,l) = (1-8) E(zx’l) +8 E(zo,l),
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Combining these results we have

(e, ) = (19) Blzy ) + 6 [F, K(oy) 2(y) ax ay
J = [16(29°] Blzg ,) + 0(10)7 [f, xlx,y) 2(v) ax ay
|
]\E(Z?\,,l) = (1-6) E(Zke—l,l) + 0 E(ZO,l) , for A > 1;
that is, E(zy ) - B(zg ,) = (1-0)[Elz, ; 1) - Blzg 4]
- (19)™? fE(Zl,l} - E(Zo,l”
so that E.(zk,l) = [19(1-0)"1) E(Zo,l) +6 Jf, klx,y) £y) ax dy.

This completes the proof.

~Many of the asserticns on pages 12-1% of Chapter I are corollaries of
this theorem. These corcllaries are expressed more concisely when we

write ffA k(x,y) £(y) dx dy as fA h as in Chapter I.

Corollary 1. = and 2 are identically distributed random

hynl A1
variables.
Proof: Since ZX 0 is either zero or one we have
J

= E(z, .}

Il
]

Prdb{zh,n = 1)} ltProb[zh)n 1} 4+ O-Prob{zx,n = 0} = E(z

X,n) A, L

Prob{z 0} = 1-Prob{z, 1} =1 - B(z
P}

A,n K,l)

These relationg completely determine the distribution of Zy n
El

Corollary 2. For each A, fA h = E(z(D l) Y [E(ZK l}-E(zO l}]u
H )\‘=1 b 2

A-1 )K—l

] E(z

[1-6(1-6) fAh'”E(Zo,l)

Proof: E(zk,l)-E(Z(yl) 0,1

e(l-e)k"lffAh - EB( for A > 1

Zo,l) 1s
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M A1 '
e()Z (1-6)7 ), » - Bz, )]
=1 2

Jy b -Blzg ) - (10)L), b - Bz )],

M
8o that [E( ) - B( )]
a gl "\, 1 %0,1

Since (_1-9)M[f h -E(z. .)] 50 as M - « we have

A 0,1

" - Z = o~ Rz
T (805, 1) - Blzg )3 = J, b - Bz )

4]

Corollary 3. ) [B(z, ,) - E(z. .)] is absolutely convergent and if
SEEI 2 4 B 0,1

o« . M
€y = )\;M [E(Zk,l) - E(ZO,,l)] then leM| < (1-8)".
Proof: Since Z?»,n ig either zero or one, IZ?»,n - Zk’,n‘ <1l. .
Thus IE(Zl,l) - E(z0,1)| = |E(Zl,l_ZO,l)|

IA

E(l 2y 124 11)

<1.

li

Trus, (100 = (1) T 6(1o6)M"
A=1

]

Y o(1-9)™t
M

> 0(1-0)""" |1( - E
> L Bz 1) - E(z, )

-z lo(1-6)"" [8(z) 1) - 5(z, )]

v

]gME(Zx,l) - Bz, )]

= {EMI 1
. _85_



establishing the second part of the corollary and also the first for

M ,
= -8 | r =
when M =1, (1-8) > ) IE(ZMI; E‘(zo’lﬂ
AM
-]
- ' _ - v
" Azi lE(Zh,l) E(ZO,1)| |E(zl’lj E(ZO,lH
E
As in Chapter I we define
1 N
Zn T T > Z).n for N>1, A>0
n=1
Clearly the expectation of %, y is E(Zk.lj° We will show that when
3 2
N is large, Z is generally an excellent approximation of E

A, I (Z?&,l)

by showing that the variance of 7 rapldly tends to zerc as N

AN

increases without limit. We begin by approximating certain covariances.

. . ; m-1
lemma 2. (i) if A =0, m>2 then |cov(szn,zkjn+mﬂ <(1-9)
PR . _ ' ¢ . E = nm
(1) 4f »= 1, m>2 then | cov(zk’n,zk,nm)lg (1-0}
(111} if A > 2, m > A then |cov(z < (1-6)™

32
pal Z A,n’ T A, ndm

Proof: We will use the formula, covariance(X,Y) = EXY} - E(X)E(Y).

The proof begins with the calculation of F( 2y o
kN O

the 3 cases. By introducing the convention z: X, = C we may
, i=1

Zh,n+m) in each of

consider the cases (ii) and (iii} simultaneousiy. Case (i) is essentially

different and will be considereéd separately.

.



Cases (i1) apd (4ii). If A >1 and m > max (A2}, then

L3 = rﬂ a . .
Z)L,n+m Zk,n) J ) X(K]:J,-i-ntrl-?»’y]:1+m

)

= ool XLXn+m+k’yn+m

IX(x 4 07,0

X(Xn+}\,’yn)

ek A

)

Al
i-1
® ig& (1-6) k(Xn+m+h’yn+m+k-i)
A=l
+ 9(1"9) k(xn-bm-i*)\.’yn-i'm)
l-
¥ i=§+l (1-6) k(Xn+m+>»’yn+m+>»-i
+ (1) e (x x.)
n+h n+m+)&’yn+)\.-l’”" 1

S
d

nmehel Tt e o0 ¢ %)

dXn+m+k

PR dxl

by repeated applications of AZ2,

-1 -
=0 (1-6)"7" feoor | X(x
1=1

L
. %

n+ms A’ yﬁ+m) X (Xn-!- A2 yn) 3 X et W Y ke -1

(x

n+m+7\.’ ¢ e )yl}xl)

H

)

Jn—i-m-I-)\e-]_(yn+m+?&—l’ tht ’Xl) dxn+m+)\ ot dxl
+ 6(l~8)k_l f°°'f X (x Coaxdx ey dk(x v )
n+m+k’yn+m" n+ A n T bk A Y ntmt A1
3% (y ceesX. ) dx coo dx
nHmFA-1 Y ndmEr T L n+mE A 1
m i1
+ - S 1
’ i=§;1 (1-8) I / X(Xﬂ+m+l’yn+m)X(Xn+m’yn)k(xn+m+x’yn+m+k-i
%
Jn+m+)n-l(yn+m+h—l’ Tt ’xl) dxn+m+.)h coe A%y
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m
+ (10)7 Joer) Cn+X(Xn+m+X’yn+K—l’ T ’Xl)

oK

Jn+m+h_1(yn+m+)t_1:“=:X1) dXIH"Iﬂ'!‘)\—l 2.0 Xm

ol i-1
=6 ,Z (1-0) A

=1

+ 6(1-6)}“"l B

- i1
+8 ) (L-9) c,
i=A+1
+ (163" D .

By simplifying each of the terms separately we will show that the above

sum is equal to E, F + (1-6)" (D Hence the covariance is

Ayt A,m
simply (l-e}m (D1

monl).
)» We will then show that 0 <D <1 so0 that the

0,1

absolute value of the covariance cannot exceed (1-9)m.

Ay = [ooe] X(Xn+m+k’yn+m)X(xn+k’yn)k(xn+m+K’yh+m+K—i)

0%

Jn+m.-l—k-l(yn+m_-l-?x-l’:'-'“’xl) dx

oo o fo i -
b Gy, 207 I si sl

%

Jloeed X(xn+m%h’yn+m)X(xn+k’yn)k(xn+m+k’yn+m+h”i)

f(yh+m+hci)Jn+m+kmi(xn+m+K-i’=°°’X1)dxn%m+lgyn+m+k—i T dxl
after integrating over all Xn+m+kul’yn+m+l~l’;'°’Xn+m+hui+l

and applying A3 +to the result

Jn+m+kmi( .,,ap,xl) a -

X X 4 \
Nk A=l n+mtA yn+m.+7»-1

.8 -

fleeed X(Xn+m+h’yn+m)x(xn+k’yn) fk(xn+m+k’yn+m+k_i)f(yh+m+k-i)dyn+m+h-i



I

[l

il

[

Jeee] X(Xn+m+h’yn+m) X(Xn+}»’ynj jl(xn+m+h)
Sprmrei Furminng o0 %) an+m+k,dyﬁ+m+h-i SR
by Al
Hoewd X(Xn+m+k’yn+m) X(Xn+h’yn) jl(xn+m+h)
f(‘-y_n-i-rn) jn+m—l(xn+m—l ’°°°’X1) an+m+X Wogm = dxl
after integrating over all yﬁ+m+x-l oo xn+m+l and applying A3.

) ax

) X(Xn+m+K’yn+m) Jl(xn+m+h) f(yr1+m n+mt A dyn+m

Jooe IR 50o90) 3B eeeoy) QX ee dxg

after integrating over all Xorm? " e

Jooe] X(Xn+m.-i-?L’yrﬁ-m) X(Xn-??»’yn) k(Xn+m+?»’ym-m)

« ¥

Jn+m+k-1(yn+m+X-1”'“’xl) a

ses. GX

xn+m+?n 1

ff ”I X(Xn+m+?u’yn+m) X(Xn—i-}\,’yn) k(xn_‘_m_}_)\"yn_*_m)

dy oo GX

f(yn+m} doen (B L seees%y) dx e .

after integrating over all x and applying

o0 g
ntne-A=1 2P n4mEl

A3 to the result.

JI 2=

ntm+ A’ yn-l-m) k(Xn-l-:rrﬂ-= At yn+m> £( yn+m) dxn+m—ij7u dyn—!—rﬂ
Lfeee DX o) S eoxg) e dy ]

after integrating over all Xorm? * 2 and factoring the result.

)

ffx(t,s) x(t,s) £(s) dt ds E(z

Ayt
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@
il

Jooof Xlx

n+m+k’yn+m) X(Xn-H?v‘"yn) k(xn+m+k’yn+m+k-i)

*

n+mEh-1 See QX

(y nHmtA

3 n+m%k-l’°“°’xl} ax for ML <i<m

1’

PP " A i
ff f X(Xn+m+k’3n+m’ X(Xn+K’yh) k(xn+mfk’yn+m+X-i)

s { Y
) S FC SUNPREEDS AU PREPE SR AL S SRR 3

after integrating over all variables except om0 Y pim? 0 0%

and applying A3 to the result.

[ifeee] X(Xn+m+}u’yn-i-m) X(xn+h’yn) k<xn+m+h’yn+m+h-i)l(yn+m}f(yn+m+Xni)

- (

atmk A1 oee A

.o,xl} dx 1

bt i ? nhmk A dyn+m dyn+m+?»--i

after integrating over x yeae X and by applying A3.

n+m N+t A-1+1

)

/

I

eos ( ’ T Voo
Iff I X(Xn+m+hfyn+m) X(Xﬂ+K,JnJ Jl(xn+m+lf i(Yh+m

Jn+m+k-i( o’boﬁ,Xl) ax 0w OX

X q, .
n+m+A=1 n+mt A yn+m dXn+m—i—k--1

by Al

<!

JJ x(x ) £y, ) ax

) Jl(xn+m+k ntm N+t A d'ym-!rm

b A7 Y

Jooo X(Xn+)v"y1,f3,) Jn+m+kmitxn+m+k~i’°D"’xl) dXn+m+)wi T dxl

= E( ) Bz

0,1 an’

Collecting these results and abbreviating E(ZH p) oy Ep o Ve have

2 2

E(Z}L,n-iﬂm ’ Z?\.,n) = ]

Al i-1

2 igl (1-9) Eosl Ek,n |

A1 : : .
+ 0{1-9) [ x(t,8) k(t,s) £{s) at ds E, ,
3
- i1

+6 Y (1L-8)"TE E
| 131 0,1 "x;n
+ (1-8)" D
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1

- [1-(1-0)™ - 0(1-0)"""] LI
e(l-e)k"l_fjx(t,s)k(t,s)f(s) at ds B, + (1-)" D
- Ek,n{[l—ﬂ(l-e)h"l} Eo,l + e{l—e)K"l_ffX(t,s)k(t,s)f(s) dt ds )
m
+ {1-8) (DwEO’rEk,n)

=E. B, + (1Qe)m (D

Ay,n U A,m ’Eo,l Eh,n)

The desired bound on the covariance is obtained when 1t is shown that

0<D<1 since O EZEO 1 E>L " < 1l. We obtain the desired inequality
2 2

after noting that the pro&uct of 2 characteristic functions is elther

zero or one as follows.

O=ff O'Qn+K(xn+m+x’yn+h—l""’Xi)j:+m+h-ﬁQHmfh-l”"’xl)dxn+m+x-1"‘dx1‘

</ X(xn+m+i’yn+m)x(xn+k’yn)cn»l-k(xmm«c-h’ym?x-l’ T ’xl)
j:+m+k-l(yn+m+k-1’°°"xl)dmﬁ+m+k"‘dxl

=D

Sy l'cn+X(xn+m+h’yn+h-1"'°’X1)j:+m#k-l(yn+m+h-l"""xl)dxn+m+k’°'dxl

=S JU T e s Yencr %) Pt Fnemena s 0%
Wormina1 0 Fpener? Py Gy} X e

= JI T S e Ve %) B W e Ay

which completes the proof for cases (ii) and {(iii).
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We now turn to the remaining case (i).

If A=0, m>2, then

E(?R,m+n’zk,n) =

frord X(x n+m’yn+m)x n’yn)an+m n+m? ""xl)_dyn+m e Xy

= fooof X(x

WX(x sy )e(y, IOlek(x Ly o 0) +

)

nt+m’ I n+1

(¥

n+m’ n+m

ym-e

6{1-8) k(x Y +vee+ (18 k(x

rtm’ Y ek me2

(x

)m—l

+ (1-8)

c :Y : 3X )] j

n+1 Fntm -1 n+m—1’xn+m~1""’xl)

dyn+m T dx1’

by A3 and repeated applicatidns -of AZ2.

= e Jloon X, oy WXy V(Y )Tk (x )+

nt+m?Y n+m-1

2
" )+

8(1-0) K(x ) vee + (1) Pu(x

*rm? Tnem-2 nm’ Y n+l

m-1
(1-9) cn+l(Xn+m’yh’ = ""xl)][f."f

*

_ Jn+m;1 (yn+mfl’xn+m41"'°’xl) dx oo dx ] Ay dx dy

n+m=1 n+l n+m n+m

dy

nme2 °° dyn dxn eee dx

1

< ST JEeeed RO,y XLy )Gy, Yek(x, Ly, )

nm’ Y ndm-=1

£ 0(1-0)k(x_ Ly . ) .ot 0(1+0)™ 7 K(x )

ntm’ Y ntm-2 n+m’ Yo+l

Yoot (y ey )

m=1
* (le) n+1l n

( 2 ¥ X ,,.,xl)]ff(y

c
n+l n+m n'n n+m=1

(g g ay

"Xl)] dy. n+m—1dyn+m-2'

nem "dyndxn ree QX

1
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= SIS X, oy ) Xy ) £y )
' m-2 :
[f""f {ek(xn+m’yn+m—l) + Q{l“e)k(xn+mtyn+m_2)+‘"6(1‘6) k(xn+m) n+l
+ (1) e (x Ly x x)) £y, Voo £y )
1l ndm’ Y n? o i ‘nim-17 """ n+l
dyn+m-l"'dyn+l] f(yn) Jn(xn,yn_l,...,xl) dyn+mdxn+mdyndxnb..dxl.

JITEeeef Xz, oy X5y )2y, ey (2 )+ 8(1-6) 3, (x )

I

mez n-1 :
M 6(:."-8) Jl(xn—i-m) + (1-8) Cn+]_(xnﬂn"yn’xn ""xl)}'

f(yn)J)rz(xn’ynml”'"’Kl) dyﬁ+qun+m§yndxn"'dxl

FIES - X0 ¥ X9 £ ) (00013 O )

m-1
+ (1-8) cn+1(xn+m:yn: vea 2x1) ) f(yn) Jn(xn’ynd’ s Jxl) }

dy dxn+m ﬁyn dxn a0e Gx

n+m L

,ynm)x(xn,yn)f(ynm

[1-(1-0)™ 110 x(x

V3 (= I Ey)

n+m n+im

Jn(xn’yn-l"°"xl) dyn+m¢xn+mayndxn tre dxl

Ve XX ¥,)

+ ()™ [rpfe X

X
n+m

1Y X ;-o-,xl)dy dx_, dy dx ,..dx

a3 x
Jn+l(yn+m’ ntm’vn’"n ntm o ontm 'n n 1

[1-(1-0)™1]

Bt ) B, + (1™ (-

= B ) Bz, )+ (L) J[ffr ] ——ax, - Blz, _, ) B(zg )] .

Z
O,n+m G,n s dm

)m-l is shown not to exceed one in absolute

The term multiplied by (1-9
value by the argument used to approximate the corresponding term
(D-E E ) in the preceeding cases.

This completes the proof.
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We next show that the variance of * Z is dominated by a linear

AN
function of A +times (1/N) for each A.

1 2
Theorem 2: Var(Zk,N) <F {5 + 2\ + é-]
N N
Proef; Var{Z = — Var 4
Broof: Ver(syy) = 5 Var() =, )
Loy 2 T
= - ~ Var z + = _ Covariance{z, ;37 ]
T s TR L b’ S
L Yoo tv% T ool ]
< = Var z + = Coviz, ;%
W pel Asm nﬂJmll hon’ ki
, X 5 B-1 maximum(X,2) N-n l
<5 L L+ = X 3 feov( |+ v cov( )
TN n=1 K~ n=1 m=1 n=max(A,2)+1 )
-1 (a2 N-n
<+ S T {Y 1+ Y (1-9)““1}
' N2 n=1 lm=1 m=1
N-1 N-n
E%+%(N.(M—2))+-Q_ E .1;.:.(1_'%1___.
N N2 n=1
N-1
51%*” 2{ 2) N _25 (sl)
N N n=1
.1, 2(2) 2 (N-1) 1
TN N N W o
1, 2(m2) 2,1
SFTET R G
1 2
=5 f2A + 5 + 5}

We now repeat some definitions already given in the first chapter.

M
Su,v = Zo,n * gl(zx,m " Zo,w

M T PM, M
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Next we show the SM almost certainly converges to the integral of the

weighted generalization function over A.

Theorem 3: SM - fA h with probability one.

Proof: TFor each random variable ¥ with finite mean, we abbreviate

*
X - E(x) by X. Then

* - * M
Prob{]SM,N| > €] = Probf| (1-M) Zow E Z, o > ¢l

< Prob{(M-1)|Z. |+ %ﬁ | > )
< Pro - o8 & 1y €

* '3 . € 3
< Probf (M-1 _€_ 7, | > S
< prob((-1)| 2, ol > g or (12) ol > ) or
* - *
or (12, 4l > ) or o (gl > Ep)

y .
‘ * *
< Prob{(M-l)' ZO Nl < M__‘e-l} + Z Prob{le NI < M—Ie-l}
b4 A=1 ?

M+]_)2

M+l)2
€

€ 2

M *
+ Y Var(Z)L’N) (

< Var((M-1) ZO',N) ( 2

by Chebyshev's inequality.

2 2 2 M
_ (M-1)"{(M+1) M1
= 62 Var(Ze,N) + ( z ) )\E]_ Var Z?»,N

Applying the approximation of Var(Z obtained in the preceeding

Y

thecrem gives
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2
2 (5+=) 2 M

* ME, .
Prob{lSM’Nl > e) < ( . l) N@ + (le) %- Z: [5+2R+§3

A=1

2

CM?_I)E (5+5J
€ ik

» (D o (5D + M) ]

1 1
;2— ¥ (M‘l“l

)A

in

(5+2)

Summarizing this result so that we may easily refer to it we have

Y * 11 b 2
(*) Prob[iSM,NI > e}l < ﬁ';g‘(M+l) (5ﬁ;)

In particular we have for p > 1

s K 1 P h 2
Prob{iSM; > . ) < &r 4 (M+1) .(5ﬁ§)

on
%
By the ratio test Z\ Prob{|s | >_;£} < w, for each P. Thus by the
M=1 P
Borel-Cantelli lemma, for each p

- o % 1.F
Prob{ﬂnzl UM:nd

Thus

* : by
But this subset of Rw, U;:l n::l U;=n {x ¢ R [SM(X)} >(%)}

*
contains [x & R s SM(X) dces not tend to O0}.
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*.
This is clear because if SM(}:) doeg not tend to zero, then there is
some p such that for all n, however large, there is scme M > n
. P
* 1
guch that ISM(x)] >(5) .
' *
Thuse SM — 0, with probability one.

Finally, since 1lim E(S

*
” M} = fA h<e and 55 =8

M

have 8 - fA h, with probability one.

We begin the study of the integral of the weighted generalization
function over a collection of sets by repeating some definitions given
in Chapter I.

(1)

For each natural number i we let A be a measureable sub-

g6t of R=. We define

(1)

Z(i) _ L (Xn+k’yn) €A
hs 0, othervise
. N
(1) _ 1 (1)
Z = = ) 2
AN SN n§1 Ayl
(1) S
g = 7 + Z -Z
M,N o,N gl( AN O,N)
S&l) _ S(l)i
M,2 " M!
Clearly for each 1, SDSIE) — fA h with probability one. In fact

the convergence is uniform in a sense made explicit in the next theorem.
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Theorem 4%: For each ¢ > 0, & > 0 there is an integer M such that

m > M implies Prob{n?_1(|8éi)—f (i)h|§;e)] > (1-3).
- A

ﬁ Wl 5 e
Proof: Prob(U;_; (ISM -fA(i}h| > €)=
e
Prob(u,_, ([s.(l)i | > e}
= M,2 M!
N :
< > Probf]g(lj | > e}
i=1 M,2 M
L 2

IA
g
rof

e

(M+1) " (537

by the inequality, (¥*) developed in the preceeding theorem

- 1 1 b _
<Y 5 %o e 5
i=0 ¢ 2
1 1 L 2.
= ;5' ﬁ?°(M+l) (5+§w

thus,

o o) .
Prob(U}_, (| 8y - >

N (1) .
Sup Probii. (]s - b} >e))
N i=1M "M A(l)

1 1 i
<% o Y

(5+2) .

Since the right hand side converges to zerc as M tends to Infinity 1t
is possible to find Mo sufficiently large sc that the right hand side

ig less than ©. That is,

m> M, > Probe§=1(|S§9- IA(i)h|-> e)} <38
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» - L) = W |
This is equivalent to wm > Mo = Prob{ﬂizl(l M

We now consider the assertions made in the section con estimating
the integral of the generalization function. First we repeat the

relevant definitions given in Chapter I.

For A such that BR(A) = fjA Eﬁ?Y dx dy < » we define

1 e o~
- , if (xn+kfyn) ¢ A and f(yh) £0
£(y,)
W =
hynl
0 , otherwise
N
1
W = = W
A W ngl A, I
M
Ty, = Yo, u(®) * A:ZI[WMN(A) - WO,,N(A)]

In nearly all cases, the proofs which were presented in the study

the random variables =z can be adapted in a mechanical fashion to

A,n
give proofe of assertions about the KO For example, we show that
7
for fixed A, the random variables Wy n are identically distributed.
2
Theorem 5: For A >0, n>1, Lo and W, | eare identically distri-
- - - 2 . >

buted. Furthermore, the mean of w is finite and

A1
E(wo,n) = IIA jl(x) dx dy

E( + e(l-e)X Iy k(x,y) dx dy.

Na1,n) = [10(120)" BGry )
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Proof: For each real;“a, define

) . o Srlile g
: J ’ . e

¥(x,y) = |

LO; otherwise

Then

! = < % 5,
Prob-.WO,e __<_ 8.} ffff *(Xgiye)tjg(ye)xgﬂdrl)xl) dya) d-x'e dyl dxl

h? s ¥
JI Eay,y,) 35 (ygsx,) Ay, dx,

PTOb{WO,l < aj

by the first chain of eguations given in the proof of theorem 1 which

is modified by writing Prob(w al for E(ZC)E)’ %(yé,xa) for
2

0,2 =

f- R
X(yg,xg) and Prob;wc}l <a} for E(Zo,l}

Similarly, for n > 2, the substitutions Problw < a}l for

O,n
)

N
Yy ﬁ(xn,yn) for X(xn,yn) and Prob(w < a)] for E(z

E( 0,1 =

Zo,n Q,1

permits us to adapt the second chain of eguations to give

Probfw < a) = Prob{w <al.

Q,n 0,
By the same trick we show that for X > (, Prob[wh n <a} =
3
Prob{wh,l <aj.
Now we compute the expectations. By A0, f 1is bounded and for
some real T, v £ [-T,T] dimplies £{y) = 0. Furthermore, k is

bounded. It follows that is bounded since jl(x) = [k(x,y)£(y) ay

J1

I

T T
J[ k(x,y)f(y) dy S’,f k-f ay = k-F+2T < « where
L , 7

supif(y)ly € R). We use facts to

51
It

£ = euplx(x,¥)] (x,7) < R°),

and to show that it is finite.

compute E(Wo,l)"
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oo > B{A).sup jl-sup r> IA —T”T Y)J (x) alx,y)

fA _T_T' y) d(X,y)

- E(v, ;)

O,l

Next we show E(Wk 1) is firite for A > 1. To do so, we note
: , :
that gn is bounded. In fact, since for each n, g, &an average of

numbers in the range of k and which are both bounded, we have

91
for n > 1, Sup gn < Sup k + Sup jl
To keep the notation simple, we define
£ = 5up k + Sup jl + Sup f

Then, for A= 1

£ —fzﬁr‘ d(xgy]_)

2f ——§T§17—“[f ji(yl’xl) 3K13 d(Xg;Yl)

00 > gE B(A)

Il

v

because the inner integral is equal-ﬂaf(yl} < £

X( )yl)
f(‘*y— [f ge(xe’yl)J (Yl: ) dx, ] d(XE:yl)

( E’y}
=/ __§T§17 Jo(xg5yp %) dlxy,y,%))

= E(Wl,l)
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Similarly, for A > 2,

w > 15 B(A)
X(x, . ,¥q)
2 M1771
= A L s Lyy)
£(y,)
X{x, -,¥,)
a1y
Z j f ——T—T—-ﬂ f,j?L y)\.‘”c)\," L .xg’yl,x}_) d(yk}x)\.' . °x2)xl)]
d(xk+l’yl)

X0 19 097)
J

T [f gk+l(xk+1’yk’""°’y2’yl)

H = .
J)\.kyk’x)\.’ s ’Xl) d(y}\‘: e s :X2 ’Xl) ] d»(X)d_}_:Y:e

X( ¥q)
1291 . .
B fiy_l J)\.}.l( ;\:I-l’y)&’ ”’yl’xl) d(XM_l,...,Xl)

k,l) )

Since E(w}h l) ig finite for A > 1, the formal operations used
2
to compute E(Zk l) in the proof of theorem 1 are valid after
3
X(X ¥ ) :
M7 L is written in the place of ¥X{x V. When this is
——-f(?;m— nin P }\Ti'l,yl . S

done, it is seen that E(wh n) = [1-9(1_@)7“‘jL

2

\ . A-L :

- .
Bz, ) + 809" "[] k(x,y) ax dy
The computation will not be repeated.

Corollary: E(Wk n) < (Sup £ + Sup k + Sup jl)z B(A
Lorel lary: o’ =

Next we show that second moments of distribution for each Wk o
2

are finite.
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Lemma 3: There is & real' constant V such that for all A > 0O,

2
E(Wh)l) < V.

: Proof: 8Since k and jl

than both Sup k and Sup jl. It follows that for each M¢ 4 will be

are both bounded, we may take f greater

greater than Sup gk.

Then 4 BA) =2 f X%%§§l a(x,y) > f é%%;%l, 3, (x) a(x,y)

X (x,7)

2X(x,7) a(x,y)
Z0) 31(x,¥) ¥

2
= E(WO,l)

For *» =1, £ B(A)

H]
=

) an,y)

PR g ) e atey)

Il
=

: f X(X:Y} £

| 2 (y)

f X(X:Y)
2(y)

(Y) jl(xl) d(X:YJxl)

v

g, (x,5) £(y) 3.(x)) alx,¥,x;)

f X(X:Y)

5 je(XJYJxl) d(X:YJXl)
™ (y)

2
= B(w) )

for A>1, £B(A) = 2 [ 5%%§§l a{x,y)

' X {x .
= £ f _i§?§% [f Ji(yhyxx)°'°:x2:3rixl) d(yk’xk’“""XE’Xl)]
d(X:Y)

because the inner integral is just f(y)
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X(x,y)
_>_ f z f g?\ri-l(x’yk’xk’ v :XEJY;XI)

£ (y)

ji(nyXKJ"‘JX2JYJX1) d(yk)XKJ"')XE)XI) d(x1Y)

¥{x,¥)
2 (y)

] Ky X dix X. ese X X
JX+1( ’yh’ }y, 1) ( }YK) K 2Jy} 1)

Hence E (w2

N 1) < g B{(A), completing the proof.
,10 =

Corollary: Sup{Var(wk n);)x >0, n>1} <w .
At , - z

. 2 . .
Proofﬂ. Since E(Wh,n) and E(Wk,n) are finite, so is

2,2 -
Var(wk,n) and Var(wl’n)ﬁE(w%n) -E (W}u,m)f E\Wh,m)—E(Wk’l)i 4B{A)
2
Lemma 4: Let V = Sup E(w] ,), +then
R
. . m-1
(i) if m >2, then | COV(WO,n’WO,n+m)I < (1-8) v
coy w , . m
(11) if m > 2, then | Cov(wl,n’wl,n+m)| < (1) Vv
(i11) if m > A > 2, then | Cov(wk,n,wk,m_m)[ < (1-6)" Vv

Proof: The proof depends heavily upon arguments already presented in
detail in the proof of lemma 2. Lemma 3 shows that the iterating and
interchanging orders of integration of the integrals defining the

E{w ) is valid even though the w's need not be bounded since

W
Ayn  A,ntm
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Following lemms 2, we consider (ii) and (iii) first and write

E( ) =

W, W
A,n o A,nim

foerf -X(xn+m+k’yn+m) ) X(I'clr1+?v"~y-n)
IR R G £y, )

A-1

i-1
0 igi (1-6) k(xn+m+k’yh+m+k-i)

h=1 )

+6(1-0) k(x

A Y ndm

m
+0 Yy (1-0
i=A+1

)

i-1
) k(xn+m+k’yn+m+x~i

m
* (2007 o O Ve na1? %)

.

*
Jn+m+h_1(yn+m+x-1”"’ dx

Xp) Xy eee G

A=l m .

=6 YA, .+ G(I-Q)X_;B'+* 6 (16) 7% ¢,
N 1 . 1
i=1 i=dtl

+ (1-6)" D

Exploiting the similarity between these iterms Ai,B,Ci and the

corresponding terms in lemma 2 in & manner now familiar we obtain

A =E( )E(W

i Yo,1

B= [fx(t,s)k(t,s) dt ds E(wh’n)

C. = E( BE(w

i Wo,l) h,n)
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Therefore E(Wk,n+m'wk,n) =

1 L A=l

E(whn)fh-e(l-e)}“" JE(WO,l\)ﬁ 6(L-9} I s(t,8) at as}
+ (lme)m[DmE(WO,l)E{WX,n)1
- E(Wh,n)E{Wk,l) + (lwe)m[DAE(wO,l)E(wX,n)]' ,

by theorem 5.

2
wk,n+mfwi,n)€E (Whgl)

Thus  Cov{w ) = B(

5W
A,n’ A, ntm

(1-8)"D-E(w _ IE{w

3 T
O)ll X}nh

The proof for these cases is completed by approximeting the ferm D.
Since [X(x,¥)/f(y)] need not be s bounded function on A +the technigue
used in lemma 2 will not work. Alternstively, we use the Cauchy-Schwartz

inequality in the form

[fa(x)b(x)p(x) ax]® < fa© (x)p(x) ax [b°(x)p(x) ax

for sultable functions a,b,p.

% : r
2 ‘[ X(Xn+m+h’yn+m) [X<XH+K’yn)

¥
f(yn+£} f(yn;

-
[Cn+k(xn+m+l’yn+k—l’°””’Xl}Jh+m+X-l(yn+m+kul’°“n’xl)]

2
d(xn+m+k’“°"xl}
- A
< kan+m+k’yn+m)j (x )
......, f(y ) Cn—i—)\‘ n+m+}\‘,yn+)\'—l, o o ,Xl
n+m
j* (y e 4 X ! d(X o ) X.
nmEA=10 ndmt A1 721 ntmt h-17 thid
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XX y0¥,) . (x )
® ffyni A e Tpen-1? 000

~

.,X

+*
Jn+m+h-1(yn+nr+x-l’ vee ’xl) d(xn+m+k-1’ ot 1)

where the first integral is evaluated by successively integrating with

- respect to each of v, excluding y ., 1o

b A1 =17 T e m

obtain

) 2

_J' X(xn+nﬁ-k’yn+m
[ ,x

c_ ., (x )Y s )
f(yn+m) n+h TnbmE A Y nt -1 1

) al{x

* ) .
P ) Insner Tneaerr o v%y SYUNEYE AN S URPRREPLY

-]' X( *ntme A’ yn+m) *
xl)

f(yn-i-m)- Jn+)~.(3"n+m"1‘cn+m+ M ptA-1? 02

d(x

A nem? Tnae a7t 0¥

"

The second integral is evaluated by guccessively integrating with respect

-
to ¥4 To glve E(Wk,n). Summarizing, we have

Kt e h’ymmi- A1t

‘ 2 2 2 2
* -
(*) 0 <D< \/E(wo’l)E(wk’n) < @p E(wk,l) \/Sl;p E(Whn) = V
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X 2 2
Since 0 < Var_(wl_L p) = E(wu’ ) - E (WH P) for >0, p>1, we

P $

2

have also

0 5E2(w

\ 2 2
0,1 G, ) <Elwg

) BG, ) <V,

3L 00 =

that is 0 < E(wo 1) E(w)L r1) < V. Combining this inequality with (*),
= s =

we have

0 <lCovliy 3%y nam)! =

(1-6)" | D-E(wg )EGw, I

< (16

which completes the proof for cases (1i) and (iii).

We now consider case (i}). If m > 2, then

E (v v )= f.X(xn+m’yn+m) X(xn’yn) #* oy x.)
L) - LN | - Fl 5. 3
O,n+tm O,n’ f(yn+11? f(yn) Y ntm 1
dyh+m “ee dxl

sY. ) X(xn;yn)

m-1 X(xnﬂn n+m
- E(wo,n+m)E(WO,n)+(l'9) [ffe-+] T )

.* ' * r a
Jn+l(yn+m*xn+m’yn’xn""’xl) ay. dx dy dx

n+im ntm “n 1
- E(WO,n+m) E(Wo,n)
X(x 2y )
by a chain of equations which 1is obtained by writing f?;m ?+m .
+
X(xn:yn) : .
__?Tygy— for x(xn+m’yn+m) . X(xn,yﬁ) in calculation E(ZO,n+m'zO,n)

An lemma 2,
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) x

i . P m_l . e —
It follows that |Cov(wojn+nfwo,n)l— (1) |- 1( } &y, - -0X
AECwo,n+m)E(wo,n)[. Since we have already shown that O S-E(wo,n+m
E(w0 n) <V in the proof for cases (ii) and (1ii), the proof will be
¥

complete when we show that the integral, cail it D,

Since
that Dz_s V2 ag follows.
Da _ jx( n-l-m’yn-i-m) X(xnsyn)
(Y pam) ly,)
n+1(yn+m tm? I
dQ%+m n+m
2
' X(x n+m’yn+m)
= fly,, )
. n+m
n+l(yn+m Yt %
2
X(?Cn;yn)
x HEW)
s %
Jn+l(yn+m n+m’y
2 2
=By ner) Bl o)

P

where the

to first Y pim and then x .

n+m
2

~ Since E(wb n+l) E{w> ) 1is no greater than v =

O,;n

we have 0 <D<V and the proof is complete.
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satisfies 0 <D S'V.

D is clearly nonnegative the proof will be completed by showing

ll,x

see xﬂ

":x)d(y P X)

n+m’ n+m n

1

n+m’ n+m n’ 1

gecond integral is simplified by integrating with respect

5 2
[S;tp E(vy o)1 s



v 2
Theorem 6: Var (TX,N) <y ler+ 5 + 51, vhere V= smip E(wk’l)n
Proof: Define u =w, 4/V . Then the random variables u will
Ayn A,n

be non-negative, will have variances no larger than one and will
gatisfly all the conditions on covariances given in lemma 2. The
argument given in theorem 2 uses only these facts, so we may repeat the
argument to obtain,

N
.1 1 2 2
Var{D—I n;}- 'll)\',n} < T {5 + '}\‘—’ + é-]

The proof is compietecl with the observation that

Theorem 7: T —>ffA k{x,y) dx dy - €

MON in probability, as N — e,
2
[E(w

MJ

) - E(w, )1
where €= (lei')M 1,2 G ,O’l -

M

M
. = - Y o=
Proof; E(TM)N} E(wo . gl[E(WMN) E(WO’N)]. Thus E(TM,N,
M
E(WO,N)+ }E}*[E(wk,l) - E(WD,l)] because W)\.,N is the average of random
variables, each having mean LAVEE
3

M

Thus  B(Ty o) = E(WO,N) + 0 gl (1-6)" ffA (x,y) ax dy

- E(Wo,l)]’ by theorem 5

= Bl ) + [1-(0) 1, k(x,y) ax ay - Blug 1)

1

[k - (o) - Blwg 1))
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Again, by theorem 5, the term in brackets is %{E(W - B(

1,1) Wo,l)]

Thus, for all N > 1, E('I'M’N) = [,k - &y

By theorem 6, Var(w tends to zero for A= 0,1,...,M. There~

o
fore, by M + 1 applicatlons of Chebyshev's inequality, TM,N converges
in probability.

We coﬁclude this appendix by stating one additional theorem. I%
will not bhe necessary to offer a proof since the results we have already

established vermit us to appropriate each argument in the precisely

analogous theorem 3.

Theorem 8: Tyt = ffAk(x,y) dx dy with probability one.
, " N .

- 109 -



REFERENCES

Rousnet, H., and Rosenberg, S. (1964). Stochastic medel for the response
continuum in a determinate situation: comparisons and extensions.

J. Math. Psych., 1, 215-232.

Suppes, P. (1959). A linear model for a continuum of responses. In

Studies in Mathematiecal Learning Theory, edifed by R. R. Bush and

W. K. Estes. Stanford, Calif.: Stanford University Press, 400-
bk
Suppes, P. (1960). Stimulus sampling theory for a continuum of responses.

In Mathematical Methods in the Scecial Sciences, 1959, edited by

X. J. Arrow, S, Karlin and P BSuppes. Btanford, Calif.:
Stanford University Press, 348-365.

Suppes, P., and Frankmann, R. W. {1961). Test of stimulus sampling
theory for a continuvum of responses with unimodel noncontingent

determinate reinforcement. J. Exp. Psychol., §;, 121-132.,

Suppes, P., Rouanet, H., Levine, M., and Frankmann, R. W. {1963).
Empirical comparison of mcdels for a continuum of responses with

nencontingent bimodel reinforcement. In Studies in Mathematilcal

Psychology, edited by R. C. Atkinson. Stanford, Calif.:

Stanford, Calif.: Stanford University Fress, 358-379.

- 110 -



UNCLASSTFIED

Security Classification

DOCUMENT CONTROL DATA - R&D

(Security classification of title, body of abstract and indexing annotation must be entered when the svaral! report is claysified}

1. ORIGINATIN G ACTIVITY (Corporate author) 2a8. REPORT SECURITY C LASSI{FICATION
Stanford University Unclasgified

Tngtitute for Mathematical Studies in the Sccial 26, GROUF

Stanford, California Sciences :

3. REFORT TITLE

_The Generslization Funetion in the Probability Learning Experiment

4. DESCRIPTIVE NOTES {Type of report and inclusive datea)
Technical Report, June, 1965

5. AUTHOR(S) (Last nama, firat name, initial)

Levine, Michael V.

§&. REPORT DATE 7a. TOTAL NO. OF PAGES 7b. NO. OF REFS
June 3, 1965 110 5
Ba. CONTRACT OR GRANT NG, Ba. ORIGINATOR'S REFORT NUMBER(S)

AFLG(638)-1255

b PROJECT NO.

Technical Report No. T3

9778-01
e gb. OTH-ER‘RFPOHT NO(S). (Any othar numbers that may be assigned
this rapoft, .- )

d.

10. AVAILABILITY/LIMITATION NOTICES -

Releasable without limitations on dissemination

11. SUPPL EMENTARY NOTES 12. SPFONSORING MILITARY\KC'TIVITY
Air Foree Office of Scientific Research

Attn: SRKB
Washington, D. C. 20333

13. ABSTRACT
Suppes and his associates have developed learning models which describe the long-run

behavior of subjects in probability learning experiments of the following kind:
Subjects are shown a random sequence of points on the circumference of a circle.
After each point is shown, the subject attempls to predict what point will be shown
next, In these models, a function k  plays a critiecal role. TIntuitively, k(x,y)
1s the degree to which reinforcing a response at y increases the subject's
tendency to respond at x. Since only very weak restrictions are placed on the
function k, it appears that the models have a very large number of Tree paramebers.
In this report it is shown that this lack of parsimony is only apparent: +the
generalization function k, defined with respect to a slight nmodification of the
linear continuous model, is essentially determined by the behavior of one subject in
one (non—contingent, determinate) probability learning experiment. Methods for
obtaining generalization functions from probability learning dats are formulated.
In an experimental application, it is shown that the derived generalization func-
tions can be used to predict the observed distribution of responses and conditicnal
distribution of responses with great accuracy. The methods were used to study the
form of the generalization function in the probability learning experiment and the
relgtionship between a subject's generalization function and his distribution of
reinforcements. In general it was cbserved that (1) each generalization function
k(x,y) "could be expressed as a product of a function of x ‘tLimes a function of
(x-y). (2) the graph of each function of x appeared to have roughly the same
shape as that for the reinforcement density. (3) each function of x-y was
essentially bimodal with e minimum near zero., A simple (discrimination) theory is

proposed to account for these facts,

DD .22 1473 | | UNCLASSIFIED

Security Classification



TNCLASSTFIED
Security Classification

14 LINK A LINK B LINK C
KEY WORDS

ROLE - WT HOLE WT ROLE WY

iearning

probability learning
generalization Tunction
swearing Tunction
generalization
concinucus model

linear model

learning model

convergence
estimation
INSTRUCTIONS

L. ORIGINATING ACTIVITY: Enter the name and address imposed by security classification, using standard statements
of the contractoy, subcontractor, grantee, Department of De- such ast
fense activity or other organization (corporate author) issuing (1} “‘Qualified requesters may obtain coples of this
the report, repert from DDC. ! )
2a, REPORT SECURITY CLASSIFICATION: Enter the over (2) “Foreign announcement and dissemination of thia

all security clasaification of the report. Indicate whether ' "
““Restricted Dats*' is included. Marking is to be in accord- report by DDC la not authorized.
ance with appropriate security regulations. {3) *'U. 5. Government agencies may obtein copies of

26, GROUP: Automeatic downgrading is specified in DoD Di- Lgfr;eggglizzﬁggt t;r:;guDEl;)C. Other quatified DDC
rective 5200, 10 sad Armed Forces Industrial Manual. Enter &

the group number, Also, when applicable, show that opticnal M
;xl&er;(mgs have been used for Group 3 and Group 4 'as author- (4)  **0. 8. military agencies may obiain copies of thia
sed- report directly from DDC. Other gualified users

3. REPORT TITLE: Enter the complete report title in all shall request through

capital tetters, Tities in all cases should be unclassified, o

If a meaningfol title cannot be selected without classifica- — "

tion, show title classification in all capitals in parenthesis (5) ‘““All distribution of rhia report is controlied. Qual-

immediately following the title. ified DDC users shall requenst through

4. DESCRIPTIVE NOTES: If appropriate, enter the type of W

report, e g, interim, progress, summary, annusl, or final.
Give the inclusive dates when a specific reporting period is
coveread. '

If the report has been furnished to the Office of Technical
Bervices, Department of Commerce, for sale to the public, indi-
cate this fact and enter the price, if known ’
5. AUTHOR(S): Enter the name(s) of author(s) as shown on il SUPPLEMENTARY NOTES: Use for additional explane-
ot in the report. Enter iast name, first name, middle initial. tory notes. - .
¥ military, show rank and branch of service. The name of . !
the principal anthor is an abselute minimum requirement. 1&- SPONSORING MILITARY ACTIVITY: Enier the name of
6. REPORT DATE: Enter the date of the report ag day, the departmentlal project office or laboratory spousoring (pay-

- ing for) the rescarch and deveiopment. Include sddvess,
mornth, vear; or month, year, If more than one date appears
on the report, use date of publication. 13. AQSTRACT: Enter an abstroct giving o nicf sad fectual

. he a4 J indi ive ol -3 L-Talv] GV e 2
7a. TOTAL NUMBER OF PAGES: The total page count summeary of the document indicative of the report, aven though

heuld foll ; inati q : ter th it may also appear eisewhere in the hody of the technical rev £
should [ollow normal pagination procedures, L &, enter the port. If additional space ia required, s continuation sheet ahill
number of pages containing information.

. be attached.
756, NUMBER OF REFERENCES: Enter the total aumber of
references cited in the report.

It is highly desirable that the absiract of CJoansified reports
be unclassified. Fach paragraph of the abstreot shall end with
8a. CONTRACT OR GRANT NUMBRER: If appropriate, eater gn indication of the military securdy clasaificstion of the in-
the applicable number of the contract or grant under which i formation in the paragraph, represented ws (T8, (8), (C), or (U).

the report was written. There is no limitation on the lengih of (i abatract. How-
8b, Be, & 8d. PROJECT NUMBER: Enter the appropriate ever, the suggested length ig from 150 10 225 wonds,
tilitary department identification, such as project number,

subproject number, system numbers, task number, ete. 14. KEY WORDS: Key words are technically tneaningful ferms

or short phrases that characterize a report snd may be used es

%a. ORIGINATOR'S REPORT NUMBER(S): Enter the offi- index eniries for cataloging the report. Key words must be

cial report number by which the decument will be identified selected so that no security clagsification iu required. Identi-
and controlled by the originating activity. This number must fiers, such as equipment model désignation, trade name, military
be unigue to this report. project code name, geographic location, may be used as key

95, OTHER REPORT NUMBER(S): If the report has been words but will'be followed_ by an indication o‘f 1.(‘C'|"|I"|.it:ul con-
assigned any otier report numbers (either by the ariginator text. The assignment of links, rales, and weights is optional.

or by the sponsor), alaso enter this number(s).

10, AVAILABILITY/LIMITATION NOTICES: Enter any lim-
itations on further dissemination of the report, other than those

PDD L 1473 (BACK) - UNCLASSIFTED

. Security Classification



