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INTRODUCTION

A free-responding (or "free-operant") situation is one in which an
organism is permitted to perform (or "emit") a certain action (or
"response" or "operant') repeatedly, at any times it chooses. In the
Tree-operant situations considered in the main body of this paper, an
animal {%ypically a rat or pigeon) is induced to perform this action
(usually a lever press in the former case and a peck at & specified area
or "key" in the latter) by being tendered a reward (or "(positive)
reinforcement” — a small amount of food, for instance) occasionally after
the action is performednl B. F. Skinner (1938) discovered that various
reward regimes {or "schedules of reinforcement") generate distinctive
behavior patterns in free-responding situations. Interest will center
around this phenomenon below.

Estes {1950) and Bush and Mosteller (1951) have proposed models for
free-regponding. Only one aspect of these models need concern us here.
Having fixed h so small that at most one response can occur in an
interval of length h, Estes and Bush and Mosteller assume that the proba=-
bility of emitting a reéponse in any such interval depends only upon the
outcomes (i,e., reinforcement or non-reinforcement} of prior responses.
Thus, given a particular reinforcement history, the distribution of the
nEEl interresponse time (IRT) will be geometric.2 It follows that the
(ensemble) average frequency funcﬁion'of the n:cil—1 IRT will be a decreasing

function of distance from the origin.



5 Lhe

To my knowledge, these models are, with one possible exceptiocn,
.only mathematically viable gquantitative theories which have ever been
sericusly proposed as explanations for behavior in a wide variety of
free-operant situations. But the fact that IRT densities need not decrease
monotonically with distance from the origin is now established beyond a
shadow of a toubt. The histogram presented in Fig. 1 gives the proportion
of IRT's in 2 second blocks for a pigecn (Bird 9) which was fed for %
seconds after s key peck with'probability A if this response followed
the previous response by at least 6 seconds. These data . were pollected"
by the avthor and are tabulated in Table 8 of Appendix C. This appendix
contzins a brief account of the experiment in the course of which these
data were collected. IRT distributions from related schedules showing
"timing" at least as pronounced as that displayed in Fig. 1 have also
been reported in Sidman (1956a and 1956b), in Kelleher, Fry, and Cook
(1959) and in Hi1l (1959 - see McGill (1962)). The model that will be
presented shortly grew partly out of the author's attempts to come teo

grips with phenomena of this sort.
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Fig. 1. Proportion of all IRT's in 2 second blocks for Bird 9 for 5 consecutive

daily sessions. A 3 second presentation of mixed grains followed each IRT > 6 sec.

with probability .4k. IRT's after a reinforced response were timed from end of food

presentation. The data are tabulated in Table 8 of Appendix C.
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CHAFPTER I
Free-Operant Learning as a Sequence of Transformations
of the IRT Distribution; Determination of the Form

of the Transformations

'If a model for ffee-operant acquisiticon is to avoid the prescription
of decreasing IRT dengities in situations like that discussed above where
-such a mode of responding is wildly maladaptive, it is necessary that the
bperators which effect the behavioral changes following a response be
éble to grasp the IRT distribution as a whole and bend it as the situation
reguires. Having thus determined to describe free-operant learning as &
sequence of transformationsg of the IRT distribution, we will try to
regtrict the form of these transformations.

Let us forget, for the moment, about free-responding, ahd supposé
that in a certain learning situation an organism has n > 3 response
allernatives which I will label with the first n integers. Assume

that

1

Py | D
P=. and p! =
H

Py Pa

are the vectors of response probabilities before and after the occurrence
of a certain event E (e.g., reinforcement of response 2). There are
many learning situations in which it seems reascnable to suppose that

pi does not depend upon the former conditional probability distribution



{pk/l - By 1 # k} over the other response alternstives, so that
pi = f(pi,i)° Iet T denote the operator on probability vectors associ-

ated with the event E, that is,

Tt has been shown by Bush, Mosteller, and Thompson (195&4), though they
never state the result in this form, that such a transformation T is

necesgsarily a linear operator of the form
Tp = (1-8) p + 61

where 0 <6 <1 and A 1is a probability vector. The additional
assumption that the f£(-,1) are strictly increasing functions, corre-
sponding to the intuitively reasongble requirement that greaster proba-
bilities bhefore a learning event lead to greater probabilities after the
event, obviously implies that & < 1.

In the view of the lree-responding situation that ﬁill prevail
throughout this paper, the response alternatives are the various possible
IRT's, i.e., the non-negative real numbers. The following is an analogue
of the Bush-Mosteller-Thompson thecrem for this situation.

Theorem 1. If T is & function that takes probability densities

d over [0,»] into probability densities over [O,»] with

(Ta)(t) = £(a(t),t)

for some function £ such that 3% f(s,t) exists, is positive, and is




continuous, then for some 0 < 8 <1 and p'robability density £(t)

EXEE [0y} |
(Ta)(t) = (1-8) a(t) + o2(t) .

o e |
Proof, Define 6 by 1.- 6 =5 f(s,t)](O)O) (>0). Let t.>0 be

0]

'giveng Let - s 5

170, 8,2 0, e< min(to,l/sl+52). Theg

= + : - - ' - |
a(t) - Slx£0,e)(t)- 5% 14 4 we)(8) * (1-8y e-spe) X4 +1,t +20) (%)
_ g . : 0?70 ! 0 G
(where the chi's are indicators of the subscript sets) is a density

 function. Thus
V(I!

f (Ta)(t) at = 1 . .
o ) g

Therefore

 ne , ' t'o Tt gte ‘ totl
—_[\ f(sl,t) at +L[1 £{0,t) dt 4—d[ f(sg,t) at +\/ﬁ £(0,t) 4t
~ 0 ' € _ ' to to+e : :

oo
Il

_ tyt2 ' ®
+d[{ f(l—sl e-see,t) dt +k/ﬁ £(0,t} at .
totl = tote

Differentiation with respect to si yields

€ o™ 3 |
0= — f(s.,t) dt - i/ﬁ f(l-s_e-s e,t) dt . - -
g 08 LT to+1.8§ 12




Differentiation with respect to 55 yields

+ +€a 'to+2 a
0= = f(sg,t) dt - i/w oy f(l—sle s.€,t) dt .
0 t0+l

Thus

€ t te
k/; g% f(sl,t) at Ekfl 0 é% f(sg,t) at

for &, >0, s, >0, ¢ <min(t

1 2 /s ¥s,).

0)

Differentiation with respect to € gives

2 2(s,,6) = 5 £sy, b5t -

Letting ¢ —- 0 we sece that

Therefore 1 - 6 = % £(0,0) = 1lim —6% f(sl,o) = 3% f(sg,t

all s >0, t >0,

By continuity this formula is valid for all s >0 and t > 0. Thus

fs,t) = (1-8) s + b(t) .




+ (1—262) X we

. t) .
Letting d(e’ )(X) = X [t+l,t+2](x)

[t—e,t+e}(¥)

obtain

0 < 2(alS P (e),8) = 2(c,8) = (1-6) € + B(t) .

Tgking € small gives b(t) >0 for all t.

Integrating both sides of
(Ta)}(t) = (1-8) d(t) + b(t)
gives

1L =(1-8) +fmb(.t) at .
e

y OO
Thus 9:] »(t) at >0 .
0

If 8 = 0 no further argument ig necessary. If & > 0, let

2(t) :—]é‘b(t), Then £(t) >0, 1 =fmz(t) dt, and (Td)(t) =
0

(1-6) a(z) + 62(t). This completes the proof of Theorem 1.
We note that if T is the operator on absolutely continuous
distribution functions I corresponding to the operator T on densities,

the conrclusion of Theorem 1 can be restated
(TI)(t) = (1-6) I(%) + oL(t)

where L(t) is an absolutely continuous distribution function with
I{x) = 0 for x < 0. Some related approaches leading to the same sort

of restriction are discussed by Biasu (1961; see especially his Theorem 1



and Theorem 3, Corollary 1). The transformations considered in the work
that fellows will be assumed to be of this form,

The first theorist to propose a learning model for a continuum of
responses employing such transformations was Suppes (1959). Most of the
differenéeé”ﬁétﬁéén-fﬁémééééigﬁﬁé££m£5m£gii§ﬁ énd the development in
Suppes' paper stem from the differences in the classes of experimentsal
situations that we consider and the resulting differences in the con- -
straints that it seems naturasl to impose upon the form of the function -
L(t) and its dependence upon the behaviors of the subject and

experimenter.



CHAPTER II

Assumptions of the Model

The assumpticons of the model to be discussed below mey be stated
informally as follcews: The entire effect of hon—reinforcement following
an IRT ig a general decrease in the rabte of résponding. Receipt of
reinforcement following an IRT of duration +t - results in a compromise
between two effects. The first of these is a tendency for the rate of
regponding to increase. The second is an sugmented tendency to emit
IRT'!'s of duration approximately +t.

It is convenient at this point to introduce some notation. We
dencte by tn, n 5 1 the nih IRT random variable, and by kn, n=>1,

the reinforcement indiecator random varizble for the nJELI response, i.e.,
. th . .
1 1if the n— response is reinforced,
0 otherwise .

We denote by 8,7 n > 1, the 2n-dimensicnal random vector (kn, tn’

k cee kl, tl) which gives the entire history of IRT's and

n-1’ ‘n-1’
reinforcements throughthe nEE for an orgenism. Finally, the cénditional
probability distribution of the n+lEL IRT given the history s, will
be denoted by In+l(tlsn) for n >0. ‘For n =0 this symbol is to be
interpreted as Il(t) , the initial IRT distribution.

In view of our Tindings in Chapter I we consider the following

Tormailization of the assumptions sketched above.

10




The decreasge in rate of responding accompanying non-reinforcement
of the HEE response is represented in the model by averaging the "o0ld"
IRT aistribution In(t]sn_l) with Fo(t),'a smooth distribution with

very large mean, to cbtain the "new" IRT distribution In+l(t|sn). Thus

I.(tls.) = (1-6,) I (tle ) + 8.F,(t)

ﬁhere 0< 90 <. 1 in . the event that kn = 0, When an organism is con-
fined to a small experiméntal chamber in which the manipulandum.for the
respoﬁse to be recorded by the experimenter is wvery prominent, even if
this responge is never reinforced the "random" movement of the organism
about the chamber will lead to occasional performance of the.résponse,
The rate of performance of the response under these circumstances 1is
termed "operant level' in the free-responding literature. The distri-
bution F, has.the conceptual significance of the IRT distribution when
the organism is responding at operant level, though this interpretation
may have to be stretched (or strained, as the case msy be) if the theory
is to £it certain kinds of data. If responding at operant level is
cbnceived of as approximately.a Poisson process, which seems reascnable
encugh, FO would be taken to be exponential. This choice would be
unreasonable in so Ffar as it is obvicusly impossible for an organism to
emit arbitrarily short IRT's in a given situation, but T don't believe
that the error thus introduced would be important in most applications.
The dual effect of reinforcement of the nt-l-l response isg repregented

in the model by averaging In(t]sn_l) with (1-Q) Fl(t) + aL(t,tn) +to

get Infl(tlsn)’ 1l.e.,

1l




In+l(t|sn) = (1-91) zn(tlsn_l) + el[(l-a) F, (%) + aL(t,tn)]

where O < 81 <1 in fthe case 'kn =1, Here F is a smooth distri-

1
bution function with most of its mass near the origin, and its presence
in the above formula represents the tendency of the organism to speed up
after receipt of reinforcement. The conceptual significance of Fl is
that of a "full-throttle” IRT distribution — the distribution of IRT's
Wﬁen the organism is responding as fast as it is able in the given
situationnl Sincé F is concentrated near the origin it is clear that

1

we must be careful what behavior we assign to F

1 very near the origin.

This rules out an exponentiél distribution for the reascon discussed
above in connection with FO' A gamma distribution with, of coursé, a
very small mean, would be much more appropriate.

The distribution L(*,t ) is asewmed to be unimodal with mode at
tn, and its presence in the above formula represents'the increased ten-.
déncycﬂ?the organism to emit further IRT's in the neighborhocd of tn
following reinforcement of an IRT of_durafion tn. It seems reasonable

that the variance of L(<,s) should increase with s. It will often be

convenient snalytically to assume that L{t,s) is of the form
L{t,s) = a{t/s)

.Where. G is a smooth distribution function with mode 1 and G{(%) = ©
for x < 0. This specialization does.no violencé to my intuitions
about L.

It is not toc hard to convince oneself that receipt of reward after

a response has a grester effect upon the organism than non-receipt of a

12




reward. Within the framework of the model, this means that Sl > 80.

It 1s less clear a priori that the data from free-responding experiments

will demand that Ql >>0 but such is the case as will be seen below.

O}
We will call the model described above the linear free-responding
model. We clogse this chapter with a suwmmary of its assumptions:

(1) L (tls) = (-8, ) T (tle [) + 6 K (t,t)
. 4 n n

where Ko(t,s) = Fo(t) s

I

Kl(t;s) (l-Ct) Fl(t) + aL({?JS) P

'L(°,s) has mode at s ,

F., F,, and L are smooth ,

0’ 1’
- ) _
Q/w tdFO(t) > >Mf\ tar_(t) ,
1
0 )
0<6,<1, 0<91<1, o< <y,
and 6, >>8, .

More tentatively we have

Mot
(2) Fo(t) =1-c¢e where Ay >0,
' vy r-1 -\X
(3) F_(t) =‘]p (Ax)"""e “dx where A >0, r>1,
| - o I

(4) and L(t,s) = a(t/s)

where G is a smooth distribution function with mede 1 and G(x) = 0
for x< 0.

13




CHAPIER I1T
The Scope of the Model; Simple Contingent Schedules of

Reinforcement; s Recursion for In(t) = P(tn.<t)

Though.the linear free-responding model may be congidered a theory
of the organism in the sense that it may be thought of as characterizing
the organism's response to any schedule of positive reinfércement, it is
easlly seen that the variety of schedules for which one can expect the
model to predict behavior with even falr accuracy is severely circum~
scribed. The best way to get some feeling for these limitstions is to
consider fixed-ratio schedules, where every nEE response is reinforced
(n fixed) and fixed-interval schedules, where the first response which
follows the last reiﬁforcement by more than t seconds ig reinforced
(t fixed). Tt is well known (see, for instance, Ferster and Skinner
(1957), chaps. 4 and 5) that after extended exposure to such schedules
rate of responding is cbserved to fall immedistely sfter reinforcement
and then to increase gradually as the next reinforcement is approached
along the number-of-non-reinforced-response - or temporal dimensiocon
respectively. This is not very surprising, since on Ffixed-ratio and
fixed-interval schedules the organism is never reinforced for responses
immediately succeeding a reinforcement, but the model described above
will not behave in this way. We recall that in this model reinforcement
.tends to dincrease the rate of responding while non-reinforcement tends

to decrease the rate of responding.

14




We may summarize this discussion by saying that the linear free-
responding model has only been endowed with the ability to "keep track
of" or "discriminste" one dimension, namely post-response time. Thus the
model 1s offered as an explanation of behavior only on those schedulies
for which, roughly speaking, post-response time is the only dimensiop
worth discriminating. These are the schedules on which each response is
treated strictly on its own merit; more precisely, the schedules for

which there is a function wul(t) such that

(5) P(kn=l}tn=t,sn_l) = ult) for all t 20

where, for emphasis, let me say that u(t) does not depend on n or

) The term "simple contingent schedules" has often been used in the

n-1°
literature of mathematical learning theory to describe analogous schedules
in other 1earning situations, and I will use this térm here. The func=-
tion wu(%t) will be cslled the reinforcement function of the schedule.
There 1s a large experimental literature dealing with particular schedules
of this sort, but to my knowledge this paper is the first to discuss this
class as such. It is hoped that this paper will ¢agll attention to the
significance of this class of schedules. We will restrict our attention
.throughsut the following chapters to simple contingent reinforcement
schedules with reinforcement functions that are piecewise continuocus and
of bounded wvariation.

A Ppasic theorem is the following:

Theorem 2. For n >1

_ B 1 "
(6) In+l(t) = (1-en) In(t) + k§0 ekfo Kk(t,s) uk(s) dIn(s) + En(t)

i5




=1-u,

where . u u, u

0

= eou[;D ug(t) ar () + Gly/; u, (t) 4z (%) ,

D!

and. En(t) = (el-eo)hf; cov[In(slsn_l), (t|s - ] du(s )..

(The kernels K, are as defined in (1). As the notation indicates,
however, the theorem and proof do not depend essentially on the form of

-

Proof. In+l(t) = P(tn+l<:t) = E[P(tn+l<3t[sn)]

B[, (t[s))] = B[(1-8 ) I (t]s )+ anKkn(t,tn)]

n

= B[5l(1-0, ) T (3]s} + 6 K (6,t)]s ]|
a n n o on -,

=EE[(]_-8 )Is_]I(‘GlS 1)+ Ble, Kk(tt)fsnll

_E (1- Z 9 f w (s) 4T (s]s__ 1)) In(tlsn—l)]

e . _ :
* E[kgg ka/; Kk(t’s) uk(s) dIn(slsn—l)]

li

(- % ICER ) I(tls, )]
T (5) - g s) d E[I {s|s I(tls
n k=0 k O' uk s n -" n-1 n l n-1

) 3 |
6 ' )8 s) dE[T (sls ]
2 a Rl ule ar el )

16



ekfo uk(s) dIn(s)) In(t)

oo

- 2: Qkuk(s) d_ cov[I sls -1 )s

I(t|s
0 k=0 ?

n—l)]
1 - 100
v 3 o [ K (6e) uls) az (o)

where, ir ambiguous cases, I have indicated the variable of integration
by a subscript on d&. But cov[In(sjsn_l), In(t[sn_l)] =0 when s =0

or &= since In(O[sn_l) = 0 and In(mlsn_l) =1 forall s_ ;-

Also

Z: Y (s} = 9 - 8 u(s) + Qlu( s) =8+ (8.-6) uls) .

0] 1770

Thus, integrating the covariance term by parts gives

n_[_l(t)—(lm > ef u (s) dI(s)) (t) + Z eka(ts)uk (s) az_(s)
0,) fo covl I (sls_,), T(t]s__ )T au(s)

as claimed.

7



CEAPTER IV

Ergodicity

We will be concerned in this paper exclusively with long run or
steady-state behavior and in particular with the asymptotic IRT distri-
bution 1im In(t) = I(t). Our present task is to show that such limits

eiistu 2;520 this we apply the theory of chains of infinite order to the
stochastic pfocess (tl,kl), (tg,ké); (#5,k5), TR It is Wﬁrth men-
tioning first, however, thet snother approach to the asymptotic theory

of the linear free-responding model may be possible via the general

theory of discrete parameter Markov processes. For any simple contingent
schedule the stochastic process Il(ﬂ), 12('lsl), Ii('ISE)’ coe  is easily
seen to be & Markov process with stationary transition probasbilities in
the space of probability distributions on [0, w), We will, however,

make no use of this observation in what follows.

Let us now consider a discrete parameter stochastic process

zZ with (arbitrary) state space %. Let & be the Borel

1? 22; 23’

field of gubsets E of Z for which transition probabilities

-4 are defined. We will denote the latter quantity

P(Zn+l€ElZn’Z 1

n-1’°"

PE(Zn’Zn-1’°°"Zl)’ and, more generally, for any Begk we will denocte

by Pk,B(Zn’Zn-l’°"’Zl) the quantity P (Zn+k’""Zn+l)€B[Zn’Zn-l""’Zl .
We denote by E}. the collection of all possible finite histories of the

[0}
process, i.e., g_= U an For any bounded function f on g_ whose

n=1

restriction to ZB is measurable with respect to &E" for each positive

integer n we define 2 new function UL by

13




(Uf)(}n) = Ebn.fczn+ltjn)

where if 7, = (zn,onn,zl) and where the

+ = 55 o
R A
expectation E;n is computed with respect to the probability measure

PE(}n) defined above. It follows that

005, - 52 a3

where the expectation on the right is taken with respect to the proba-

bility measure Pk A(jn) defined sbove. At this point, the relevance
3

of the operator U to the study of the asymptotic behavior of the

stochastic process = Z .o« becomes spparent, for Uk applied
§%

1.’ 2} 2‘5}

to f(;n) = PEan) where Eeé or more generally to f(;n) = T-TEEJ(;H)

J=1 "]
where Ejef, 3=1, eoe , m yields

(Fp)(3,) = 253

& TT p.d (5) TT p.J
and | g:g PEj (3,) = E R P (2 o 1 R )

The quantities on the right are, respectively, the probabilities that

. th
zn+k+l€E given }n. and the Vis Vor eee 5 Vo cross moment of the

probabilities that =z E

s 5E 2 Zn+k+l€E2’ 20 5 and Zn+k+l€Em given ;n,

Thus the study of the asymptotic behavior of the stochastiec process
Zys Bgy v leads ﬁs to the study of ka as k -« ., We are fortunate
to have at cur disposal the following result which modifies slightly a

powerful theorem due to C. Ionescu~Tulcea (1$59).

19



Lemmg. IF

(e) 43,—2,:1 I were €5 = E;;’,;Elgj;}EZJIPE(§+}I) - PE(}J“}”)I ’

(b} there is a probability measure K on & and a positive number M

such that Pp(g ) >M(E) for all 3 =2od B, and

{c) Jl.immaj = 0 where ﬁj = 5',5ﬁ1el§?;}ezjlf(§+}1) - f(}+;}-.r),

then there exists a constant Umf such that

5 (3)-1
(7) sup|Ut(3) - Ur| < fig]” inr {75+ on' B
} 1<s<n
' +
where [|f]] = sup(1, sup]f(})[) s
7
'gn=h )Y e, + sup B, ,
J=n Jjzn
1.r . . 1
and h=2- n A", where r 1s any integer such that Z €j 5-8 .

2T

Thus U'f(z) - G £ uniformly in as n o« ,
# e

We will apply this lemms to the stochastic process (kl,tl),

(kE,t2), (k5,t5), ~+o 1o obtain the following result.

Theorem 3. If 90 > G then for any positive integer m, real

numbers vl’ VQ’ s vm__> 1, and X5 X s sz 0 the limit

2)

m v, (V 3VosmeesV )
8) 1imETT r9x.]se )} =1 % 2 L (x %
oo n i -1 1
n~>0 =1 )

x )

22ty
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exists and does not depend on the (initial) distribution Il of tl.

Convergence is uniform in the x.'s and in the distribution of t. Me
have the following estimate of the rate of convergence
. m ‘V_. (V ,V ’nue,v ) )
o _ - 1’2 m
(9) E g_a 1n+2(lesn+l) I (Xl’X2’°°"Xm)
2 mo ) (5540 Ja-1, . va-1
<=k + ¥ v, |——1(1-6)) +2h
—11-nh . J 2 0 0
O Jj=L 2]
9]
2

e
+1 0

where hy =1 - EK y T = ln-zgr§5:§IT //gn(lweo) s

A o= eo(l'a)_/‘dFo(Y) , and S 1is any open intervsl in [0, ») on which
5 - e =
1 1
Ri(v) > Fily) -

(In connection with the case 8y = 0 see the beginning of Section (ii)

of Chapter VI.)

21;_9__9__1:.5 Let A be a (Borel) subset of (-x,0) and Bc{0, 1). Then
PBXA(Sn) - P(kn+l ¢B, tn+l eAlsn)
= ieZB Aui(y) aT ., (yls,) for n>1 .
Now
n n n 1
Ialvis) = g:g (1‘9k53 I(y) + véi 31;{1 (l'ekj) ekakv(Y;tv)

as is easily seen by induction. Suppose that n', a" >4 >1 and that

s/, and sgn are such that (k!

r}_'_j,t};l'_j) = (k_ t“"—j) for OSj <£-

L]
n!l_j} n
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Then

’ 1 - "
Payaleli) = Poyya(spu) |

NTT (1- 6 )] u () ar (y) - (T_T (1-6 n)) u ; (n)dr (v)
J=1 1eB 1eB
v TT 0] o 2 u, () Ak (v,
1- 9 e, 5 d Yt
J-‘:'[l Xy 1eB Aul ’ kav T
n”
h (l 9 |r n ( ) d K :1( :t”)
y=1 jI}Il ) 'v 1eB 7 Y kv T l
< [o)™ + (1—eo)n']_ Z (5) a4z, ()
5 (10 (9 4K (3,80
+ 6 1-6 u. d X ,(y,t!
Tyl 120 i
T 1eo™ Y B L) a ity
+ 0 1-6 . d o (¥,5)
=] 0 i=0 a1y vy
< 2(1-90)*‘5 + 91(1-90)JE [HZ—E (1-90)(n"’3)"'r + nz-ﬂ(l-eo)(n""ﬂ)"’]
v=1 y=1 |

—i) (1-0,)°

@
< 2(1-8 ) + 2L (1.6 ) < 2|1+
= 0 3, o) S 5

Thus (a) of the lemms is satisfied since eﬂ, the sup of the left-hand
side over all BXA and s!, and s", where (k', ., T, _) =
n n'-j n'-j
: 1l y/
" !1 s 3 + = -
(&l Y n!'-j) for 0<j<z 1is <2il+z ) (1-85)".

We will now prove that {b) is satisfied.
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"mal®n) - igB

3 [G0) [0 anle) + o,

ieB

24 (y) ar o (yls )

jA o, (9) dkan(y,tn)]

i<

Iy

ekn igB Aui(y) dkan(y’tn)

It

& X [(l-kn) J;ui(y) dF(y) + k (1-0) Lui(y) ar, (y)

n ieB

e f ) aL(y,trg}

> 6,(1-0) ) [(l'kn,) j;ui(y) Fily) ay + kanui(y) 7. (y) dy]:

ieR

The smoothness of Fé and Fi and the fact that these densities are not
identical imply the existence of an open interval &={0, ») in which

! > F! o
Fo(t) Fl(t) Thus

u, (y) Fily) dY}

Poya (s, ) > 6,(1-0) igB [(l-kn) v/;*,nAui(Y) Fi(y) ay + knfsm
= 8,(1-a) lezB_ Smui(y) Fi(y) dy
2, u () af(y)

- so(l—a)de (y) ZEES0A
Jg o

f SdFO(y)

Thus (b) of the lemma is satisfied if we take X = Go(l-OA) deO(y) and
s 7

(y) aF
ieZBJ;mul(y) ol¥)

fs aF,(y)
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To verify (¢) of the lemma we note that if se({0, 1} x {0, __oo))"‘3

then
m Y
NS s+s'>-T‘r S (50|
J=1 Byxty
m Vi
- lz Pp xa (sts5)
i=3 i
Vl i-1 v, m Y
= PB XA (5+S ")} { —rl- PBJXA (S+Stl)) -]_r PB XA (S-i_snlt))‘
51 5% | =141
m Vl ‘Vi
) 'PB sa, (5T800) = By (s+s7) |
i=1 i i i i
m
"
< i;‘l v; 1Py v (57820 = By oy (st »
< V.e = V. S
R ] 1) 2

Thus aﬂ, the sup of the left-hand side over s, sr'l,, and sl':l,,, is

Je

Since all of the hypotheses of the lemms are met we can deduce from

it that for any ke{0Q, 1} and te[0, =)

[UHEPBXA )(kt - WTI-PB%XA.,SM

where8 hZe+sup6. and h=l-%kr,whererisany
Jzn J>=n

integer such that Z:- €, <
SEEE

- ol




m v,
¢ _ J - -
But U” l [ Pplyn (k%) = E[ TTe (kn+2€Bj,tn+2eA s, 41) [k, = k,tl—t]o
J=1 33 J=1
Thus
m "vj ' o 1 vj
|E '|1 P (kn+2ij,tn+2eAj|sn+l) =I I PBva.}
J=1 J=1 33
Un m ‘\)J o m ‘\)j :
= |5} .I | PB.'xA.(kl’tl) - B Pt |
J=1 "3 J=1 3
-Un m vj o ! vj
< Bl .I_I PB.,XA.(kl"tl) - U ! | Prsa, |
- =1 J =1 33
- g (.r.l.')_l
<EB| inf |zS-+on°®
L 1<s <n
I
= inf % + 2h .
1<sg <n
Teking B, = {0, 1}, AJ. = (-», x,), 1<3<m and denoting
m v, (V. seev,v )
0 1 m ,
U JI—l| PBJxA by I (X}_’°°"Xm) we cbtain
m V. (v, sV )
J 1 m
IE[ [ [ I +2( Jlsn""l):l I XqseeerX )[
J=1
5 {E}l 5 -
< inf TR+ on'® < ;’{E;+ op7R-1
1<s <n

where <+n > 1is the largest integer < va .
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We observe

1
M
+

[A

Thus

We can thus take

1

Then h <1 -§ A

that

m
Xy

J=1

sup & <hb Y e +
Qs a8

sup €
9zs

m
b+ Y w]e
j=1 Y

2

6
0
> - = »
r=>|ln 16(90+91 //in(l 80) T

1 *
h=131- n AF where 1~
+1

=ho

r
0 so that

26

is the smallest integer > r

o




as claimed.
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CHAPTER V

The Asymptotic IRT Distribution6

From (6) we obtain

(20) 1 .(t) = (1-8)) I (%) + 6,(1-p ) Fo(t) + (1) 6,p F (%)

N aelfo L(t,5) u(s) aT (s) + E_(¢)

where P, =h/j u(t) dIn(t),'En = 60(1~pn) + 6,p,, and
O . .
En(t) = (el-eo)b[\ cov{In(s,snwl), In(t[ sﬁ_l)] du(s)
0

By Theorem 3 the limits

(11) I(t) = Lim In+l(t) and
n—
(12) ¢(s,t) = Llim cov[In(s,sn_l), In(t]sn_l)]
n— oo

exigt for a1l s and +. We note that
; | ] ver | ]
cov [In(s]sn_l), In(tlsn—l)]-f var ;n(s]sn_l) var In(t]sn_l)

2 2
SE[(In(slsn_l)-%-) JE[(In(tiSn-ﬁ-.%) ]5%5 :

Thus, since u is of bounded variation, the dominsted convergence theorem
=]

yields 1im E (t) = (&,-8.) JF c(s,t) duls).
a 1 :
> G
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Recall that u was assumed plecewise continuous. Let

be its points of discontimuity, and let t. =0

15 Tos eer s b o

m-1

and t =, Then
m

m=1
.= 2 | u(s) aI (s)
1=0% [t 4
o m=-1 '
and [ L{t,s) u(s) a1 (s) = ) L{t,s) u(s) 4T (s)
Y0 ) n i=0 [tl,t1+l) n-.

Since In(s) - I{s) as n — « uniformly in s it Ffollows that
' I(w) = 1. Thus, in view of the fact that w(-) and L(t,+) u(*) are

continuous and bounded on each [t the Helly-Bray theorem (see

i}ti_[_l)}
Loeve, 1963, p. 182) can be applied to each such interval to obtain

m=1 w
P, ~ ) u(s) aI(s) =f u(s) daI(s) and
=0V [t,t, o 0
] m-1 =5}
f L(t,e) u(s) 4T () —» 3. L(t,s) u(s) at(s) =f L(t,s) u(s) at(s)
0 . i=0% [t,,%, 1) 0o

as n —w, We have thus proved

Theorem 4. If 90 >0 then
8,(1-p) 0.1
(13)  I(t) = ——— Fy(t) + (1-0) = F (%)
& e

8 [
+ o -:_-l‘f L(t,s) u(s) ar(s) +%E(t)
g >0 &
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[v] . -
where p = u(s) dai(s), 6= 6.(1-p) + 6.p ,
——— 0 ] 1

B(t) = (el-eo)f:c(s,t) du(s) ,

and I(t) and cC(s,t) are given by (11) and (12) respectively.

To facilitate ocur work with this equation we introduce some notation:

8,(1-2) 6,p _— |
(14) G(t) = ——— F(t) + (1) — F (t) +Z E(t) for t >0,
g - 6 6
(15) | W (4, 8) = Lt,8) uls)  for tg 0, s >0, and

- ag
(16) p-—1
. : - a

In these terms, (1%) becomes

(17) I(t) = a(t) + sfom WD (5, 8) a1(s)

This is essentially a Fredholm equation of the second kind. I write
"essentially" since G and B depend on I (through p) while G
depends directly upon the "unknown" error term E(t). Fortunately, these
.departures from the conventional Fredholﬁ equation will not prevent us
from applying standard technigues appropriate to the latter in order to
gain information sbout I(t). |

Suppose that for scme n >0

(18) I(t) = a(t) + % 6kfmw(k)(t,s) aa(s) + ﬁn+lf?0(n+l)(t,s) dI(s)
k=1 0 0 |

20



where W(k)(t,s) is defined inductively by

_ (19) ‘ w(lm'nl)(tys) =me(.m)(t,Z) dZW(l)(z,S) 3 m__>_l .
‘- o .

Theh substituting expression (17) for E(s) intc the right side of (18)

we get

+1 w
I(4) = a(s) + nz ka w5 (4, 6) aals)
k=1 0

+ Bn+2fww(n+l)(t,z) dz( fmw(l)(z,s) dI(S))
0

o

n+i oo
at) + 3 85 [ %) (t,s) ac(s)
k=1 0

e [P (e (1),
+ B fo(fow (t,z) a¥W (z,s))dl(s)

1

. " .
al{t) + nz: BkL/‘ W(k)(t,s) ac(s)
k=1 . 0

+ anJ’ef?G(mg)(t,s) aT(s) .
0

Since for n = 0 (18) reduces to {17), we conclude by induction that (18)
is valid for all =n > 0.

Now O < W(l)(t,s) = L(t,s) u(s) <u(s). Suppose n >1 and

sup u(t) n-1 u(s) .

0< W) (¢, 5) <
' | o<t
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1

Then 0 < W™ (g,s).

(fmw(n)(t,z) d'_Z.L(z,'s)) ufs)
0 ,

1A

( sup u)n’l(kfﬂmu(z)'dthz,s)) u(s) < {sup wals) .
O

Thus, for all n > 1,

(20) 0< W(n)(t,s) < {sup u)n-]' uls) .

Therefore O <fmw(n+l)(t,s) aI(s) < (sup u)nfmu(s) ai(s) = (sup W™ p .
Vo B o

It follows that

2(6) - o) - ¥ ﬁkfmw(k)(t,s) ae(s) | <Bp(B sup )

k=1 0
8.p 8 n
=0 -_—_]:- 194 :]—‘ sup u
e g
8l
The term on the right converges to O as n -« if 0 — supu<1l or
6
+ -
o < 2P O(1-p) o % (1-p)
< = + = .
: 8 supu  sup u 8. sup u
1 ‘ 1
In summary we have
Theorem 5. If
a
(21) o < —2 4+ 0 U-p) then
sup u | Sup v
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6,(1-p) . 8
I(s) = —9(—:—13- Fo(t) + (1) _ﬁ F(8) + 2 E(t)
7 5 B

(22)

.o ] (=]
+ Yla2
e]

k 00 g - e o
(9,0 d[—gi}fl Fo(s) + (1) == 7 (s) + & E(s]
k=1 0 g . 6

]

(k) . .
where. W (t,s) is @eflned‘gx (15) and (19).
o0
A few guestions remain since ©p =L/3 u(s) dI(s) and E(t) are, in
0 .
general, still unknown. First, is the range of convergence producing

Q's specified by the theorem adequate for applications of the model?
: : , % -1
At the very least we are always allowed {C: O <5 (sup u) ~}, but
1

— has been assumed to be guite small, so this interval would often be
too restrictive. I will now offer an intuitive argument to the effect
that the cases in which large or small values of « are required in
applications are precisely those in which

2]

p_ ., 0(1p) 4,
sup u 8, sup u

i‘._‘_.l

is large or small, respectively. Let us rewrite d as follows:

Vo0 e
a =L[ w(g) dI(s) + 0 (1-p)
0

91 sup u

ufs)

sup u

where w(s) = may be described as the relative reinforcement

8

availability function. 8Since T is very small, the cases when d is
1

[e]
small are, roughly speaking, the cases when k/ww(s) dI{s) is small, which
]

are, in turn, the cases in which asymptotically the organism is not doing
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much responding in the region where the relative reinforcement availability
w(s) is high. These are, however,.the cases in which we £hink of d,‘
which measures the organism's_capacity to adapt to his environment, as
Vbeing lﬁwn This completeé the argument. The conclusion is that if we
choose « sensibly (from a psychological point of view) the Neumann
series expansion of I(%) given by Theorem 5 will probably Ee avallable
to us. .

I believe that the function

— W s
;xﬁ fo (t,s) a=(s)

(23) CB(x) =
o “) =2

E(t) + oi
k=1

ié negligible for most schedules of interest. However the only schedules
for which I can prove that this gquantity is negligible are those for
which TVu, the fotal variation of u, is véry small. .The negligibility
of g(t) for such schedules is seen from the foiloﬁing theorem.

Theorem &.

e -a ® .
(24) [g(t)Jg(-&:é_-Q)U; /2 () 1-100)) ¥ 2amva(o) || 72 (8) [1-1(6)) /2

8
+-; G sup u
2 Gl
l-a— supu
e
or, more 'crudely,
. 61
: : 6,-8 Q =— sup u
1
(25) E®) ] <5 [ O) 1+ —E (TVu)
8

1
l-c = sup u
B D

Bl




{(The reason that TVu must be very small for this last bound to be useful
6 _90 61
— may be close to 5 - 1,
8 0

is that © may be cloge to 80 80 . that

which has been assumed to be large.)

Proof .

B (2)] < (slmeo)b/; leov[ T (+)[s. ), T.(sls_)]lamva(s)

(91-90) U[In(tlsn-l)]\/; G[In(slsn_l)] dTVu(éj

A

Now o [T (t]s, )] = B(1o(t]s )] - B°[1 (s]s_ )]

< E[In(t{sn_l)] - EE[In(tlsn‘i)]

H

I (t)(1-1 (t))

since In(tlsn—l)-s 1. Thus

]

(26) |E(t)| = Lim |E (%) ]

-

< (0,00 T2 -1 [ T2(0) (1-120) 2 amvate)
G

Next we turn our attention to

o0 6.1\ & o
5 o :%) H/\ W) (4,5) ar(s) .
k=1 e Q
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Since f‘mw(k)(t,s) dEn(s)
0

(81-90) l/n:}.](k)(Jl-“,s) ds(fo CDV{.In‘(SISn;.‘l)’ In(x[sn_i)] du(x)}

il

(61-9,0) fo {.fomw(k)(t,s) d, cov[In(s'sn_l), In(xlsn_l):]) au(x)

= (8,-6,) fo cov{foww(k)(t,s) aSIn(slsn_l), zn(xlsn_l)] duf(x)

we have IJFWW(k)(t,s) d.En(s)l
< 0
< (81-90) fomg["/ﬂoo;(k)(t,s). dIn(SJSn-l.)] G[In(x]sn_l)] aTVu(x) K

But by (20) ©O < WE) (5 o) < (sup w)F.

(o]
Thus O Sf W(k)(t,s) dIn(SlSn-l) < (sup u)k, Therefore
¥ 0

c?[f ) (5,0) az(sls, 1)

0]

oo 2
f W(k)(t,s) dIn(sfsn_l) - % (sup u)k) ]

.|
LAY 0

[ . 2
< E (i ( sup u)k} -2 (sup u)gk o
2 L
It follows that

(k) g [®_1/0 1/2
ch W (6,8) AF (s)] <3 (0,-6,)(sup w) fo In/ (x)(l-In(x)) | aTvVu(x)
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so that

]fomw(k)(t,s) dE(s) | 5—21- (8,-8,) (sup u)kfomll/e(x)(l-I _(:'c))l/2 aAmvu(x).

The conclusion isg that

o g k 00
(27) | 2 Oﬂ-_—l) f W) (4, 5) dE(s) |
: k=11 9 0
o0 ‘ o e k
<-; -8 ( 11/2 x =T{x 1/2 ul x ) -; u u) )
$3 (o9 | 0 00) 72 amvut PR

This and (26) complete the proof of the theorem.
It should be noted that when TVu dis small we can approximate D
in (21) and (22) by p* = inf u +-% (sup u - inf u). The corresponding

error is bounded by

lp - p*| = IL/; (u(t)~p*) 4I(t)| < sup|ult) - p*[u/;ndl(t) f;% TV

Tncidentally, the case TVu = 0, i.e., wu(t) ® p has been studied
experimentally as we shall see later.

Also, we note that if E(t) is negligible in (22) then we can
determine p by taking differentials on both sides of this equation and
integrating from 0 to « taking note of the fact that “/“EI(t) = 1.

6 0

Finally we mention here that when C and 5 are small and.'g(t)
1

is negligible the dependence of the ,right side of (22) upon unknown

gquantities disappears as we shall see in Chapter VII.
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CHAPTER VI
More on the Error £(t): Some Special Cases

(i) a=0, 8,=0 . In this case the basic stochastic process

is
In(t|sn—l) n

In+l(tlsn) =

(1-6)I(tle, 1) + 91F1(t) if ky =1

A "~
We will assume that K = min[]' u(:s)dIl(és), ju(s)dFl(s):l >0 .
0 0]

Let us now suppose inductively that for some n >1 and sp.]

we have f u(s)dIn(s{sn_l) >4 . Then if %, =0
Q

[»} .-\‘CXJ

f u(s)dIn+l(s|sn) =] u{s)dln(s|sn_1) >R
0 0

Also, if k, = 1

o0

f u(s)dIn+l(s|sn) = (l-el)foo u(s)dIn(s]sn“l) + Qlf u{s)dF{s)
] _ 0 : : 0]

-

S > (1-69) B+ elu= M

oo

Thus we have Pk, = 1| Sn—l) =f u(s)dIn(s|sﬁ_l) >u >0 for all
. o '
[£4]
n and s, 7 . It is well known that this implies that P(} k; = «) =
T , __ SR
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Obviously this entzils

P(Inq(tlsg) o Fi(t) for all t) =1,

The dominated convergence theorem then gives lim In(t) = Fy(t) and
n-» ®

lim cov[In+l(t|sn) s In+l(slsn)] = O . It follows that {22) is wvalid

n—s @

with E(%) =0 .

TFor lster reference we note that

(4] o0
(28} p = lim u(s)al (s} = u(s)dF. (s}
n 1
N— 0 0
(ii}) o >0, 90 = 0 . In this casge the basic stochastic process
is f 7
I (tls ) it k=

T tlsn) =¢

i

\(l-el) In(tisy ) + 610(1-0) F(t) + aT(t,t )] if ky

My guess is that if u = nﬁxl[J[ u(s) ary{s) , Jf_ u(s) dFl(s)] >0
o) o

then ergodicity in the sense of {8) obtains in this case, but I have

7

been unable to prove this. Neverthelesg it is both interesting and

..possible to investigate

xfj cov[in+l(t|sn)’, En+l(s[sn)] du{s)
0

ag n becomes large.

It is easily seen that
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n-1
|
In(ﬁlsn—l) = (l'el)J_l Il(t) :

n-1

n-1 Z B _
+ Z:(l-el)k=V+1 kvel [(1moﬁ Fi(v) + L(t,tvﬁ
v=L1

It follows that Ip(tle, )

r(sn_l) I‘(Sn_l) - r(sn_l)-m ‘l
= [(1-91)' } () + 3 (1-91) 6, (l—a)Fi(t)+aiL(t,tim)a
m=1 4
n-1 .
vhere r(s,_1) = 3 kj and the random variable i, gives the index of
' =1 :

. the IRT which receives the m th reinforcement so that

_ r(sn_l)
Tp{tlepoy) = |(1-89) I, (%)

ko




By Minkowskl's inequality

ol¥a(t) ] < [T9(t) + (1-&) Fy(t)] 'U[(l-el)r(sn-l)l

Assuming that P(Z k\) = o) = 1- the first term on the right goes to 0
=1 :

as n —w» by the dominated convergence theorem. Also

r(sy.1) )-
0<6 Yy "a-l {1-el)r(sn‘l . L{t,ty,)
m=1
(sp-1) )-
<01 E e (l-91)r(sn v <1
m=1
risy-1) r(sn_l)"m
Thus o [0, Y (1-87) Lt,ty) - Fi(E)| < % .

m=1

We conclude that 1lim

Il— o

o0
S lim f
' 0

f cov| t|sn 1) In(s|sn_l)] du(s)
]

cov[Y,(t) , Yn(s)}l dTvu(s)

n—

< Tim  olY,(t)] f [¥,{s)] aTvu(s)

n—

< Tim o[Y nlt)] Tim f cy[Yn(s)] aTvu(s) < -Ll; O:ETVu .
n— © n—w
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Thug 1im
n— e

‘f. COV{In(tISn~1) ) In(slsn-l)l_dp(s) Vanishgs gp to
O .
tefms of second order in ¢ when «a is small.

(ii1) @=0, 6, >0 . Here the pasic stochastic process is
I,+1{t|sn) = (1-9kn) In(t]s, 1) O Fkn(t)

There.are no provlems of ergodicity in this case - Theorem 3 applies.
- Since the asymptotic'distributions of‘the stochastic process do not

depend upon the initial distribution we may assume that Il = FO . 'Then

I (t]enq) = .(1_an(sn;1_)_) F(t) + a_n(sn_,i) (1), n>1

where a) = 0 and an+l(sn)._ (1- Bky, ) an(é -1} * 81kn . For this is
.ecertainly correct when n = 1, and 1ts correctregs for any n > 1 implies
that the coefficient of Fl(t) in In+l tlsn) is (1-9kn) gﬁ(sn_l)

+ k0 = an+l(sn)' as required. Thus

cév[In(tlsnfl)_, sls 2101 (Fl(t).- FO(t)) (Fl(s) - Fo(s)) var a, (s _;

The transition probabilities for the Bush-Mosteller type Markov process
{an) are given by

Plagy =f(1-al).an +'el]an) =;f u(t) qIn(t]sn_l}
i 0

w= 1-a )‘jp u(t) dF (t) + aﬁ \jm- u(t) ar, (t)
. 0O i

_Pkan+1 = (1—90)-aﬁlan) =.kl-a#)(;:/)m u(t) dFo(ti> + an(é:/‘w u(t)'dFl(tg
B : a , ' 0 _ 0 S

ke




We note that the probabilities of transition from e, are linear in

a, - The process ({ay} 1s among those studied by Karlin (1953).

I have unfortunately been unable to find a useful upper bound for

lim wvar an(sp.1) -
N3
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CHAPTER VII

Approximation to the Asymptotic IRT  Distribution for

8
Small o and Small == when &(t) is Negligidle
1

Throughout this section we will assume that the error term £(t)
given in (23) ig negligible anpd write TI(t) for the remaining terms in
7]
(22) . We make the change of variables (87 , GO) —9(81 s 5% ) = (69,¢)

in T{t) obtaining.

~

(29) I(t) = E%i%% To(t) + (1-0) grropyep F1lt)

: o k pee
o : (k) (1-p) P
+k§1 (gtl'-'p'j‘:‘p) é w 5[7(‘—)_ i)+ Tols) + (1-a) T 7y ( s)J

Fere p and thus 1I(t) depend upon « , ¢, and @, . We will regerd
91 as fixed throughout the following discussion and consider these terms
as functions 1(% ; ¢, t) =and pla, t) of o and ¢ only. We
will assume that p(a , ¢) is differentiable in ({(a, &) : a > 0,t >0,
Q? + §2 < €} .for some € > 0 , that this function has a differentiable

extension into an open neighborhood of (0 , 0) , and that a = p{0 , O)

=]
= ‘jr u(s) dFl(s) >0 . These agsumptions clearly imply that

0
It ; o, g) is a differentiable function of « and ¢ in

fa, &) x>0, £>0, 0? + ge < 8] for some & >0 , and that

this function has a differentiable extension into an open neighborhood

L




of {0, 0) . Out goal is to find the first order approximation ?(t)

to I(t ; a, t) for small o and ¢ , i.e.

(30) (+) = Tts0,0) = 1(450,0) + & el o
0,0

o/

* 5t T(tso, )t
(0,0)

From Section (i) of Chapter VI and especiaily {28) we have

E(t;o,o) = I(t;0,0) = Fy(t) .

b5



Finally X T(t;050) = gf T(t;0, C)l

_ {4 %(l"P) _ (4 (L-p) \-
= (dg E(l-pl+p ]§=O Fo(t) (dg —t_;%'l_—ﬁ)_% |€:O Fl(t) .

(g L60-D)+2] G2 [6(1-9)] - [£(1-p)) rle(1-p)+p]

d m—
- ag tl-pp (e{L-p) + p)®
\ 4a
B P ar £(1-p) - &{1-p) T P
(¢(1-p) + p)°
i p{lfp) + PC:%E (1{p} - g(;-p) .%"C' P
(¢(1-p) + p)°
a
) P(l‘p) -t E P
(¢(1-p) +p)°
Q0 =, _(l-a B
Thus ygl(t,a,@!o’o) —(a (Fo(t) Fl(t}) )
Therefore

o
=~

(31) I(t) = Folt) (f L{t,s) u(s) dr, (s) - Fl(t)>a

> (t) - F(t))e

L6




o
where & =qu u(s) aF,{s) . We note that T(t) does not depend on 6y -
0

The most illuminating way of writing 1(t) 1s the following: -

(32) T(t) = (1-0-p) Fy(t) + BFG(t) + o H(t)

kjﬁ L{t,s) u(s) dFl(s)
where B = 1-a ¢ and H{t) = 0

a [vs]
f u(s) ar, (s)
O

This shows that T(t) is a weighted average of the '"full-throttle"
digtribution F, , the "operant level" distribution FO » &nd the
distribution H . To get some feeling for H , let us consider its den- .

sity h = H' writing it as

fm 0(t,8) u(s) £1(s) as

(33) | A S R——
uf uls) fl(s) ds
0

where

(3k) 2{t,s) = gg L(t,s) and £, = F)

Now for fixed & , £('s; 8) has been assumed to be a density with most

oo
of its mass around s . It follows that, if L/‘ 2(t,s) ds <« for

some i, then- o

- a(ts ')/f 4(t,s) ds
. ’ 0
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is a density with most of its mass around + . Thus if u(s) fl(s) is

temperate {i.e. has small variation) in the vicinity of t it follows

that
Jﬁ 2(t,8) ds Jf 1(8) 2(t,s) as
n(t) - —= - '
IECEXD f §(5,¢) as
0 ' 0 '
JP 4(t,s) as
(35) = O u(t) £,(t)
. Jﬁ u(s) fl(s)'ds
0

Under the assumption (4) we have g(t,s) = G (g) g so that

[=+] og 00
L/\ 4(t,s) ds =L/l (t )95 :k/\ G'{z) %E = 1 since G' has most of
0 0o 0 '

its mass around 1 . Thus we can write

(36) b(e) 2 u(e) £, 0)/[  ule) £y(e) as .

.~ From this it can be seen that large values of u(t) representing regions

of high reinforcement availability are reflected in large values of

~n(t) . Thus the measure dH has a tendency to concentrate in reglons

of high reinforcement availability. It may be described as an adaptive

component of the asymptotic IRT measure

dl = (i-0-B) aFy, + paFy + QdH .




We note that under the assumption (4) we have for n >0

fm £, wa(t,s) u(s) dFl(s)=fw tndtfme (12-) u(s) dary(s)

0 0 0 0

=f°°( °°(Z s)n dG(Z)> u(s) dary(s)
0 0
= (]"W 2" dG(z{) (:/\m s u(s) dFl(S))
0

0

gso that we have the following simple formuls for the moments of ? :

(57) f 74T (t) = (1-0-p) f tUaF (1) + Bf tndFO(t)
0

Ir

(28) fmsz(z) 1

as we shall often assume we have the following even simpler formuls for

the asymptotic mean IRT

g
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CHAPTER VIII

Applications

The asymptotic IRT distribution studied in the preceding chapters is
an ensemble average. The ergodic theorems needed to justify the appiication
of this distribution to averages over data from a singlg subject és ié
done consistently in this chapter have not been proveti. We have, howew:;er,
proceeded on the assumption that such applications are justified;

‘ (i) Random-ratio scﬁedules of reinforcement,
The random=-ratio schedule of reinforcement with reinforcement proba-

bility p 1is the simple contingent schedule with reinforcement function

u(t) = p. Our analysis of this schedule rests upon a particularly firm

foundation since in this case glt) 0 so that I = 1. The small &,

small ¢ approximation I to I in this case is

(40) I(t) = (1-0-8) Fy (%) + BF,(t) + 0m(%)

where B = l‘; Pt ana H(t) =H/;nG(t/s) £,(s) as

assuming, as we shall throughout this chapter, that L(t,s) = G(t/s).
The extremely crude "temperate wu(s) fl(s)" approximation (36) to H'(t)

reduces in this case to H'(t) = fl(t)° Thus

-?*(t) = (i—B)-fl(t) + Bfo(t) .where £, =F .

ol



Agsuming now that P is smsall (i.ew, £ is small in cémparison with

p), and noting that we have assumed that fo(t) is something like
=A .t :
hoe where M\ is very small so that sup fo(t) is small, we conclude
£20
that the gross appearance of I'(t) is similar to that of Ifl(t) on this
schedule, that is, gamma-like. Asymptotic IRT distributions of this
general character were obtained by Brandauer (1958, Fig. 4, p. 29) in his

study of key pecking in the pigeon under food reinforcement.
00

The small <, small £, b/ tdG(t) = 1 formula (39) for the
0]
agymptotic mean IRT reduces in the present case to

i

i

‘ _ 1 -7p 1l -Dp.,
(1-8) My +PM = (L- 5 €)M + 5 LM,

= [M - (MgMp) ]+ % [ﬁ(MO-Ml)] - -

cQ
where M, = /ﬁ tdFi(t), .i=1, 2. (This is, incidentally, consistent
L. O "
with the approximation to 1I(t) discussed in the preceding paragraph.)

" Denoting Q(MO-Ml) by ¢ and M, - (MO-M1)§ by Vv we have

=0
I}
<
+
i
=

(k1)

as the function giving the mean asymptotic IRT for various values of p,

the probability that any given response will be reinforced. Obviously

=

M decreases as p increases — the organism is supposed to speed up as
he 1s reinforced more freguently. This was not observed in Brandauer's
experiment for moderate and large values of p. Mean IRT's for all three
of his birds decreased substantially as p was decreased from 1 to .1

and decreased a bit further when p was Turther decreased from .1 to .02.

o



I sttribute this to a disruptive effect of reinforcement upon performance
of thié sort — reinforcement bresks the momentum of behavior, so to
speak — and this affects response rate noticeably when reinforcement
oceurs frequently. However, such subtleties are beyond the ken of the
linear free-responding model, and we will have to content oursélves with
applicatidn of the model to the extreme lower range of p values.
Sufficient data from this lower range are available from Pigeons 14 and
15 in Brandauer's experiment,8 These data are presented in Tables 1 and

9

2 along with corresponding predictions of the model. The parameter
A A
egtimates | and v Thave been cobtained by the method of leasgt squares.
A ] AN A
The corresponding estimate Ml was obbained by the formula Ml =Y + .
p : ;

The "bounds" for ¢ =-§9' were obtained by assuming that
1

A
10 sec., < MO'_-Ml < 100 sec, and substitubing ¥ for KM in

¢ = u/MO - M.

Table 1
Mean IRT's (M) for various values of p for Bird 14
in Brandauer's experiment and predictions

of the linear free-responding mcdel.

A A - 6 -
Y = .328, D = .000377, M, = 328577, 3T7XL0 S <t = 59 < 3770
1
T
P M (sec.) v ﬁ-ﬁ 1/p (sec.)

.020 31 .35

010 14 C3T

-005 __ 46 4o

.0025 46 A48
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Table 2
Mean IRT's (M) for various values of p TFor Bird 15
in Brandauer's experiment and predictions of

the linear free-responding model.

D= .20273, 0 - .000211, ﬁi = ,202041, L211x107° < t < ,211x10’h
T M (sec.) @'+73 1/p (sec.)
020 21 S
.010 =) : .22
. 005 ‘ .23 - o2
.0025 .30 .29
- . 00167 .30 : .33

The very small magnitude of { 1indicated by these da%a is note~-
worthy. The interested reader should consult Brandaue}‘s'paper for more
detalls regarding the measurements discussed above.

(ii) Random=interval schedules of reinforcement.

Millenson (1963) describes a reinforcement programming apparatus
such that the nJEll response reinforced is the first response which occurs
Tn seconds gr more after the n_1§E reinforcement where (Tn} is a
sequence oOf independent réndom.variables with a common exponential distri-
bution FT(t) = 1 - e-ytb We will use his term random-interval schedule
for such a reinforcement regime,lo T wiil now show that the random-
.interval schedule is a simple contingent schedule with reinforcement
function wu(t) = 1 - 7T,

Implicit in the definition of this schedule is the assumption that

P(kl=0{tl:t) = P(Tl >%) = 7T, Suppose now that n > 1 and that

. 5k



5., 18 & history with kn_l = 0y 20o kn— I 0, kn—ﬂwl =1, jgi_kj =m
g = * s o = * o |
and tn—l tn—l’ o R tnrk tnmk Then
= = = y * s o FEF * o o ot ¥
P(kn o]tn t & sn_l) P(Tm+l >tHx ¢ tn-lem+1 >t L+ tn_k)

= 7YY
P(Tm+l >t) = e .

il

This proves my assertilon.

R oD
The small ©, small €, f £dG(t) = 1  formula (39) for the

O .
asympbotic mean IRT gpecializes in this case Lo

oaf:(l_e“ﬁ) aF. (s)
(42) % = (1-0-B) M+ BM + ?oo ,
' (lue_7s),dF.(s)
o .
vhere P =i-—8 £ and a :h/; (1-¢77%) dFl(s) or
cx36(1=-=e“78) aF (s)
(43) W=Dy - () t]H | o - w, | o
' f (1-e77%) ar. (s)
o
* =) L (MO-M].) §l=
f (1-¢77%) aF, (s)

0]

We will be interested below in the case in which ¢y, the rate of reinforce-
ment, is very small, Thus we will develop an approximation to N for

gmall .
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Since ew)'s =1l -ys + t—:(y,s) 72s2 where [e(y,s)] S% for s >0

by Taylor's thecrem we have 1 - e 7% = ¥s - e(y,s) 7252° Therefore

’ % - ) o 5 0 5
[ e SR CRCE J e

where |6(7), 5% s and

fo s(1-e77%) aF (s) = 7fo s2aF () + v(y) ﬁfo s7aF ()

where  |[v(y)] 5%, Thus for small vy

fws(l-e“%“*) ar, (=) fwsgaFi(s)

0 e

f?l—e-ys) dFl(s) foodel(s)

0 0

so that the second term in the expression (43) for M is approximately

fomsngl(s) - (f;osdml(s))2 .
f:del(s)

Assuming, tc get some idea of the order of magnitude of the term In

brackets, that (3) holds we find that this term is equal to

5
r/?& __IE r o_
g iU Wil
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But we have assumed that M

1 is small, and we have assumed that @ 1is

small. Thus OM. is very small and we will neglect the quantity

1
fowsewl(;) ] (f:sarl(s))g ] '
fOO;dFl(s)

which aMl domingtes in all further calculetbions.

Next we note that

o -1 - w o =1
_ L/; (1-e77%) dFl(s)] = 7L/; del(s) + 8(y) 72k/; sedFl(s)]

~ :7 fodeFl'( s)] -

as y — 0. Thus for small +» we have the following.approximation to the

asymptotic mean IRT:
(b)) . M=v+w 1/

where v =M - (Mb-Ml) ¢ and w= %f(Moli) £ (so that
1

(45) M, = v/l - w and (MO-Ml)C.s w/1 - w) .

As far as I know, there are no data in the literature on rates of
responding on random-interval schedules as & funetion of y. However
data on rgtes of fesponding on a similar ”#ariable-interval” schedule
have recently been reported by Catanis and Reyholds (1963). In Catania's

and Reynold's schedule of food reinforcement the sequence {Tn] was
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determinigtic and pericdic with period 15. The phase of this seguence
was varied from experimental sesgsion to experimental session. The values
of the Tn were the first 15 non-negative integer multiples of a constant
nuzber T of seconds. Different rates of reinforcement were obtained
by varying . A cycle of Tn/T values was 14, 8,.11, 6, 5, 9, 2, 13,
7, 1, 12, &4, 10, 0, 3. One would not have expected Catania's and
Reynold's pigeons to have behaved much differently had [Tn] been &
sequence of independent random vafiables aill uniformly diétributed on

[0, 147]; thus the asserted "similarity" to Millenson’s schedule. T will
now go a step further and assume that the difference beftween uniform and
exponential distributions with the same mean 771 = 1/7 is_immaterial as
_ far as the rate of responding problem is concerned (at least at the level
of crudeness at which we have appfoached this problem), and I will thus
apply the mean IRT formula (44) to Catania's and Reynold's birds. Com-
ﬁarisons of theory and data for three of the six pigeons appeai in

N FAN
Tables 3 - 5.11 The least squares estimates v and w were obtained

A
separately for each bird. The quantities M and (M -Mi) £ were then

1 0
obtained by the formulas
A A
(46) M = v/ - &
/\ A
A A
(MO-Ml) ¢ ="wv/1 - w .

Finally, the "bounds" for ¢ given in the tables were obtained by

supposing that ~ 10 sec. <M, - M1 < 2100 sec.

0.
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Table 3
Predicted and observed mean IRT's for Bird 118

in Catania'’s and Reynold's experiment.

S = 565, & = ;ooe9h,'ﬁl = .h578, .155x1o'”.5 £ < .135%1070
1/y (sec.) M(sec.) T+ 8 1/y (see.)
12,0 .51 49
23.5 225 <53
45.5 .60 59
108 .70 e
323 L.43 1.41
Table 4

Predicted and observed mean IRT's for Bird 129

in Catania's and Reynold‘s experiment.

T = .8333, 4 = .ooko, ﬁi = .8353, oleomulf £ < .oxi0™
1/y (sec.) M (sec.) AR 1/y (sec.)
12.0 .71 .86
235 .96 .89
45.5 97 Ok
108 Ol 1.09
216 1.71 | 1.35

Lot 1.71 1.86
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Table 5
. Predicted and cbserved mean IRT's for Bird 279

in Catania's and Reynold's experiment.

D= 856, W = 00087, ﬂi - .8585, .2k6x10™t < ¢ 5'.246%16'3
1/y (sec.) M (sec.) T+ 81/ (sec.)
| 12.0 - .88 .89
23.5 ' .98 L92
45.5 97 99
108 1.08 1.17
216 , 1.54 1.48
Yo7 2.07 2.08

(iii) Schedules that differentially reinforce low rates of
responding.
Cengider the three parameter family of simple contingent schedules

with reinforcement functions

(¥7) u(e) = w6 -

W_henl p =1 and Ty, = such schedules are referred to as DRL (fof
differential reinforcement.of 1low rates) schedules. When p = 1 and
To
of low rates with "iimited hold" — the "hold" being the interval

<® these schedules are called DRL LH (for differential reinforcement

[11, 12), the "limited" referring to the fact that 7 < w) schedules.

2
The investigations of Sidman (1956a, 1556b) and Kelleher, Fry, and Cook
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(1959) have demonstrated clearly that organisms learn to "space" their
'responsés on DRL and DRL IH as of course they must if they are to be
reinforced. As was pointed out earlier, in the introduction to this
paper, this fact Weighs_heavily against the models of Estes (1950) and
of Bush and Mostelier (1951). Now it is time to ask whether the present
model fares any betber vis a vis this fact.

Qualitatively speaking it is clear that an organism behaving according
to the linear free-responding model can adapt ét least fairly well to this
"reinforcement regime. But guantitative comparison of model znd data
involves several difficulties. First, my experience working with the
model leads me to believe that the negligible é(t) approximgtion may not
te appropriate for DRL and DRL IH schedules. The situstion in this regard
.is probably slightly improved by conisdering the schedulesg with reinforce-

ment Tunctions . - where p 1s not large. By cutting down the

l))

value of p we can cut down TVuT and thus, Theorem 6 suggests,

(0]

l}’
obtain smalier §. Another problem is that the appropriate value of

for these schedules is plainly not very small. The impressive adaptive-
negs shown by organisms on these schedules demands a substantial value
of @, Thue the small O sapproximations developed in the previous
chapter are in some measure inappropriate.

Having thus given grounds for skepticism concerning the negligible
€ and small o approximations for these scheduies I will now proceed
to use these approximations anyway. The histogram in Fig. 2 is the
same one that appeared in Fig. 1 but for the fact that the secale on the

‘ordinate has been halved so that the area under the histogram is 1. The
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histogram is thus roughly comparable to the asymptotic IRT density, also

presented in Fig. 2, from ihe linear free-responding model with

. _ -—; &
e () = te 2t £,(t) = 1% e ¥,
. a 5 ) .
(48) 2(t,8) = 57 L(t,s) = 2 X[5/6,T/6](t/s) ,
5=(§-l}§=%, and Cd=l2'

(which choices were made by trial and error and, particularly in the case

of #(t,s), on the basis of ease of computation.) This density is

(49) T (1) = (1-0-8) £,(%) + Br(t) + On(s)
where

4 1 1
—_12(T t-l)_ ‘12(3 t-1)

e e if 7T<t
: ¢ -12(:—5L £-1)
(50) h(t):«l—5<l -e if 5<t<7
0 if t <5

The expression for h(t) is obtained from (3%) as follows:

e 2 [ ot o —2ER . pe 2t
First J u(s) fl( s) ds = = f bte™“"at = = {4*552 ] - f L 52 dt}
. : e} 5 6 5 = 6 \,6 - .

il

il
aiino
'_l
Mo
[0]
i
I_l
Mo
+
-
o?‘"*%
N>
(1]
I
M
‘._|.
fot)
C'.
L.Y_)

{l2e“:L2 + e-lg} = _2_? e“l22 .

Il
o
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Also, if 6 5% t,f 2(t,s) uls) fl(s) ds
Y0

__?, . F. ® =28 '
-2 5,.uf6x[5/6’7/6](t/5) s

6 6
=t =t
=_e.z+.f5 -1 o
5J6 =512 kg
7 t 7_?,' t
2, 12
2[R
z .
_ . %t
6 ) R
If 7t_§655t, Oﬁ(t,s)u(s)fl(s)dS— 5 ¢ e ds
6
=t
_ 24 [E'QS]B
>1-2 g
. 12
ISERPCEN
)
Finally, if «gt <6, f 2(t,s) u(s) fl(s) ds = 0. Thus
0 _
[ 12Gee1) —1a(ie-1)
e e 7 if T<t
1
) 6( —12(31—,-1) _
h(t)“ﬁ' 1 -e it 5<t<T
o if t <5

a8 claimed.
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Fig. 2. Predicted and observed TRT densities for Bird 9 for 3 consecutive daily

sessiong on the simple contingent schedule with reinforcement function UG . bt Dots
7

give The asymptotic IRT density predicted by the linear free-responding model. Areas

within blocks with solid borders give proportions of observed IRT's in the corresponding

2 second intervals.




The value of { corresponding to the sbove choice of B is

approximately .8%10_5.

More information about the experiment during which these data were

collected is presented in Appendix C.
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APPENDIX A

An Ergodic Theorem for Suppes’ Continuous Linear Model

The Suppes continucus linesr model generstes seguences

X, X

1’ T2’ Y

ioe and Y o)

12 «+o 0Of response and reinforcement random

variables which tske on values in a real interval W. Let P(Xh+l<<xlsn)’

vhere s = (Y, X, ¥

) nys cee s Yy X

l) be denocted by Jn&l(xlsn)'

For n = 0 this symbol is to be interpreted as Jl(x) = P(Xl<:x)° It is

assumed that

Toop(xle) = (1-0) 7 (xfs ) + &K(x,Y ), n 21,

where K(“,y) is a distribution concentrated on W for any Tixed ¥y in
W, and 0 < 8 < 1. For motivation of these assumptions and a description
of the "prediction” experiment to which the model has been applied see
Suppes (1959) -

Theorém.? fellows from the lemms in Chapter IV in much the same way
that Thecrem 3 does. We denote the conditional density of Yn given

X, Y

o Yoqr X vee s Y0 X by fn(’]Xn, Y

1 ¥y ooy X, X

n-1’ Xn—l’ l)“

Hypotheses (i) aﬁd (ii) give conditlons on the reinforcement regime. The
Tirst conédition is dependence of the reinforcement distribution on a
fixed number of the mest recent responses of the subject and experimenter.
The second condition is existence of a non-trivial history-independent

component of the reinforcement distribution.
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Thecrem 7. If o
g+l

(:'r_) there is a non-negative integer ¢ and a function T on W2

such that, for n >q

fn(ylxn,yn_l,xn_l,...,xl) = f(y,xn’Yh-l"°°’Xn-(q-1)’Yn~q)

(where if g =0 the right side is to be read £(y)), and

(ii) there exists & 9y > O and a density function g(y) on W such

that fn(YIXn’anl" “’Xl) > yg(y) for all yeW, then for any positive

integer m, real numbers ’vl, vg,“a s vmz i, and x

x €W.
1? ? "m

mo v, _

. J B
lim ® i I Jn+l(xj,sn) =J
n—e |j=1

(VysVgreeesVy)
: (xl,xg,...,xm)

exists and does not depend on the (initial) distribution J'l _gg Xlu

Convergence _1_§ uniform in the xj’s and in the distribution of Xl.. We
have the following estimate of the rate of convergence: |
moov, (VoyaaasV )
: J _ 1 m
|E ; [ Jn+2(xj]sn+l) J (xl,.,,,xm)l
J=1
,; n /a _
z 1 (1-6) o fn=1
- +
s =2k igivi) T-h, © ¥ 2hy

for all n > (q-l-l)2 where

&
: r. F1 In

- _ 1 0 B 16

; ‘ ay =1 - T {(y9) and T, = MaX Tal1-6) " 1,q+1) .
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Proof. We apply the lemma to the stochastic process 2, = Xl,
2, = (Yl,Xg), 25 = (YE,XB), 7, = (_YB,XLL)_, .»» » The notation g = will
be used for (Zn’zn-l’“°°’zl .

Let D and E be Borel subsets of (- o, »}. Then

Po(3a) = (Y e Xoe1Blg,)
[ agatelvs)] sivlg) o

(1-9)L/;

+ GJ(IE dXK(:’st,'y)J f.(yl3,) ay

D
ny
D

Thus (b) of the lemma is satisfied with A = 8 y and

4(DxE) = jD( jE 3, K(x,7)

We next note that

fE d'xJﬁ(x[yvn)) fn(yljn) 4y

v

fE de(}_"y)j gly) ay .

g(y) ay .

| 1 |
Taa (xlrytgy) = (007 () + 6 3 (1-0)" K(x,5, ) -

If =n', n" >4 >q and }5} and };” are such that zﬁ, g = Z;n ’

0<J§ <4, then £, (ylg!,) =2 u(ylsl)) so that
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IPre(F ) = Po(Gon)] = f(f a6 Z (l—e)kﬁ(x,y k) rolylpr) ay

ff n"”lle ; ))f-(.".)
"ol & kzzo (1-0) Ky g ) £ (wig 1) vl

where yﬁ, =-y;u =y

It

Tl
(f a6 n 1-e)kK(x,y;1._k))_fn,(yJ;;l,) ay

k~ﬂ+l

n'"-1
{j d & ﬂ (l—e)kK(X,y;u_k)) fnl (yi};li) dYI
k=

+1

1A

n'-1 Xk ‘ )
9 -8 a_x(x,y', £ (ylgr,) a
Z(l)LfD»/:Exxyn-k n (20 &y |

k=4+1

tl

l
+ 8 . E+l 1-9) M (f d K(X,.V " k )fn:(y’ljn ) dy[ '

<20(1-0)"* T (1-g)k- (£#+1) < 2(1-0)**1 .
k=4+1

' £+
Thus (a) of the lemma is satisfied with e, < 2(1-9) l,_ 4 >q, e, <1,
£ <gq.
m v,
Fxactly as in the proof of Theorem 3 we see that f(;) = | !PD XE )
. =1 7J 3'?
satisfies (c) of the lemma in Chapter IV with
m r1 m
5.<22v.. (1-6)¢ , J>qg and 5, < ZV.,J<q
R E | STl ¢

Thus we conclude that for any xeW

w V. 'gs (le -1
{Un”ITPDXEJ)x)—U TTPDJxEJS inf (——+2h )

=1 U5 1<s<n



where g =4 Z e +sup ®, and h =1 - % ?»r, where < 1is any integer

Jj>s Jzs :
such that Z €. S% But o
er |
'l_" - J p =
o PDJXE (x) = E ' Py, RS ";n"‘l) %) =x
m J . vj
Thus [E I P n+l J Xr1+2 J'ﬁn-!-l - U l PD.XE.l
J=1 J=r 3 J
8 ' lE)—l
< inf (g9 2w )
1<g <n
Just as in the proof of Theorem 3.
Taking. Dj = W,-E(j = (- », XJ_) and denoting
m V. (V siansV )
2 d _ 1 m
U l ] NI A (xl,...,xm)
J=1 7J 7J
5 v Vsees¥)
we obtain |E J'I:]_I Jn+2(xj fjn-i—l) - J (Xlz .. ,xm)l
5 (E]_l
. 5 s Py : /n-1
< inf |y +ehb )55<ﬁi>/l-h+2h
1<s<n

where < Vo > is the largest integer < Yn. As in the proof of Theorem 3

‘ ~ m (l—@)S+l :
we have, for s > q, 88 <2 b+ z ‘\Ji = . Since if r > q,
. i=1

)I'+l

-0 _
Te, <ok , it Tollows that 3 e, <

i>r Y

if

oo e
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8
In
T > max ‘Té—l gtl]=1r,5
= In(1-6) ? 0

It follows just as in the proof of Theorem 3 that for n > (qﬂ.)g

moov, (Vo yerasv )
J . 1 m
|E jlzj_l Jn+2(xj [;'m_l) J (xl,...,,xm)]
m n -
<2th o+ Y oy L (1-9)™" | ppin-1
- . l1-nh 8 0
i=1 0
1 r.+1
where ho=l--£}» and A = 0.
Q.E.D.




APPENDIX B

The Asymptotic Joint Distribution of Two Successive IRT's
We note that

v 1
P(tn-!-l <W,_tn<v[sn_l) = igo Ih—f—l(wli’ X’Sn—l) ui-(x) dIn(Xlsn-l)

0
v. 1

- 5 [(1-6,) In(Wl,,sn_l)
Y0 1i=0 '

+ 8.K (w,x)} u (x) aT (xfs )

Thus P(tn+l <w,t < v) = E[P(tn+l <w,t, < vlsn_l)]
v 1
=J (l- Z Giui(x)) de[In(xl’sn-l) In(wl'sn_l)]
0] i=0
v 1 _
+I Z Giui(x) Ki(w,x) dIn(x)
Q0 i=C
so that

1
(B1) 1im P(tn+l <w,t, < v) =fv 1 -y Qiui(x) aXI(E)(x,w)
o .

n—s © i=0
v 1 ,
0 1i=0

(2) . - . )
where I'7/(x,w) = iimw E{In(xlsn-l)' In(w]sn_l)}. Thus it remains only

(2),

to determine X,V ).




Now

E[In+1-(}‘[}-sn) In+1(ylsn)]

= E[B[T_ (x]s ) I (¥]s )]s, ]I

ntl

= BlE[(1-6, )° T (x]s_ ) T(yls_,)ls_ 1]

+ B[E[(1-0_) 6_ I (x|s ) K_ (v, )]s 1]
kn kn n n=1 Kkn n n=-1

+ BE[(1-6, ) 8 I (vls, ) K (xt )ls 1]
n n n

+ E[E6] & (y,8) K (x5t )]s 1]
n n . n

o ] | |
= E[:EIn(X]Sn-l) In(ylsn—l)} {fo E (1—91)2 u,i(Z) dIn(ZISn_l)}]
S _ i=Q

e 1 ﬁ
’ E “/; igé (l_ei) eiui(z) Ki(y’z) dzin(zlsn-l) In(xlsn-l)-

400
+u|
0

(1-8,) 6,u,(2) K, (x,2) ¢ I (zls ;) I (v]s ;)

Lr-

- . 1 )
cel [T (e 1y(n,0) K, (n) azn(zisnml)]a

= 0O 1=0

Let us assume that the difference between the first term and
. o ] o
Bl (xls ;) In(ylsn_l)]&/; igg (1-6,)° u,(2) a4z (2)

is negligible. This is the same sort of approximation as the negligible

£(t) approximation in the text, and as in the case of the negligible

&(t) approximation no error is introduced if wu(t) = p. We then obtain
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BT, (x[e) T, (v]s)]

n+l

w 1 o
- sz (xls, ) 1vle, D1 [ 8 (106)% w(a) ez (2)

0 i=0
oo 1

+ . & (1-6,) 6,u,(2) X (y,2) 4 BIT (zls ) T (x[s )]
o 1

+ 2 (1-6)) 8,u,(z) K (x,2) & BT (zls ) I (yls )]

0 i=0

o 1
+L/; izg Qi ui(z) Ki(y,z) Ki(x,z) dIn(z)
or passing to the limit
() 1@y = 1@y + [ e o, 1,0
0 .

+b/ﬂo00 Qlx,z) dzI(g)(Z:Y) + (1-u) R(x,y)

]_I

_ o 1
where W = /; Zé (3_-61)2 ui(z) ax(z), Qly,z) = Zé (l-@i) Qiui(z)Ki(y,z),
. i= i=

o 1

() Boy) = | 2 6 uy(a) Ky(5,2) Ky(x2) axla)

and I{t) dis to be regarded as known. This equation may be rewritten
) 10y = 5w + @t [ [ D e
0 C
. o
1m@§ M(%%ywm)=Q@ﬂjxpmgﬂw)+QhﬂJX“%yﬂﬂ.

Th



An argument like one of those leading up tc Theorem 5 gives us the

Neumann series

(2) o 1 k ) 5 (k) u
@) () - 2 + D] [ [ 6 i anw
ir

(25) (1) f f ) G yv,w) alPv,w) o o

n—s o

where the iterated kernels M(n) are obtained recursively from M(l) by

the formula

(36) M(n+l)(XJy;V:W) =foo /"OOO M(n)(X)YQ'g;n) dﬁ nM(l)(EJT]}VJW)
o v ?

We will now prove that (BS) holds at least in the case
ui(t) = Py Pyt Py =1, 6y > 0. First we note that 0 < M(l)(x,y;v,w)
1

<2 ) (1-6,) &,p;
i=0

fi

&  Suppeose inductively that

(B7) _ 0 < M(n)_(x,y;v,w) <At

Then by {B6)

+
0= 1 l)(x,y;v,W)

<A Jmf (l)(é,nsv,W)
[2 lZg (1"9 ) 6. 5Py (b[\ d K. (E;V))(h[‘ ﬂ (in,n)(w))]
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1
n
= A0 2 'Z (l—Gi) 6.p, = X
i=0

n+l

We conclude that

0 < (1—pu)"n"/qo00 fom M(n)(x,y;v,w) dI(E)(v,w) < (-i-%)n - 0
) n—

8,
since 2 6.(1-6.) <2 @, 1-—3) =2 6. - e? =1 - (1-9.)2 so that
i i i 2 i i i
o 1 - 1 5
o<r= y 26.(1-6,) p. < ) (i-(2-6.) ) p. =1-1p .
- Ty i i 17455 i i .
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APFENDIX C

An Experimentlg

© This appendix contains a very brief report of an experimentsl study
of pigeons' responding on simple contingent schedules with reinforcement

- funetions

(t) =

u(t) = ur,w,p | [T "

)(®)

together with some gqualitative observations on the results from the view-

point of the linear free-responding model.
Method

Two pigeons with much key pecking experience were subJects in this
experiment.

The relevant features of the small cubicle to which the pigeon was
confined during an experimental seséidn were a source of general illumi-
nation, a small circular aperture in one of the wallg at the levél of the
rlgeon's head which exposed a thin sheet of transliucent plexiglass (the
"key"); and a large square aperture downward from and to the left of the
Key. The key was illuminated from behind by a green light. Reinforce-
ment consisted of a three second presentation to the pigeoh of g small
tray full of mixed grains jmmediately after a key peck. ‘The position of
the tray was such that the pigeon could eat from it by sticking its head

throﬁgh the sqﬁare aperture. The feeder mechanism had its own source of

11lumination which was turned on whenever the tray was made avsilable to

77



the pigeon. The recording and reinforcement programming equipment was
located in a room adjacent to the one contalining the experimental chamber.
Soundg from this equipment were attenuated by the walls of the pigeon
chamber and masked by a white noise of moderaté intensity.

When not in the experimental chamber, pigeons were caged individually
in a rocm apart from the ones containing the apparatus discussed above.
Water was always available in these cages, but, except as noted below, food
wags never available there. Experimental sessions for a pigeon were always
at about the same time of day, and, with few exceptions,; these sessions
_occurred.daily. A pigeon was weighed before and after each experimental
gegsion. On the basis of performance during the first few days of pre-
liminary training (see below), a criterion body weight between 75 and 80%
of the pigecn's ad libitum body weight was selected. This weight was
approximately maintained throughout the course of the experiment by
adjusting the sessionr length so that an amount of food was consumed during
the session sufficient (it was anticipated) to bring the bird's end of
session weight to just below criterion. If the end of session welght was
indeed helow the eriterion weight, a portion of mixed grains egual in
weight to the difference was fed the pigeon upon its return to its living
. cage. This portion, usually quite small, was apparently always consumed
:_'me,ediately.l5

The general plan of the experiment was to vary p for Bird 8 while
holding T constant at 2 sec., and to vary p for Bird 9 while holiding
T constant at 6 sec. Preliminary training for Bird 8 was as follows:
The first 30 responses (approximately) of the first session were rein-

forced. For the rest of the session the schedule 7 =2, p=1 was in
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force. Seventy-Tive reinforcements were thus received. The schedule

T =2, p=1 was in force for the next five days. The schedule during

fhe first session and the Tirst 10 minutes of the second session for

Bird 9 was 7 =2, p=1. For the next 14 minutes and 45 éeconds of the
second session and for the following four sessions the schedule 1 = 6 sec.,
p = 1 was in force. Performance was relatively erratic during this pre-
liminary training in part because of the weight fluctuation which occurred
before the weight maintenance regime detaiied sbove was instituted.ll+ .
The experimental chamber used during preliminary training was not the one
used during the experiment proper, but the description given above 1is
applicabile to both.

Table 6 describes in detail the sequence of schedules used after

preliminary training for each bird.

Table &
Sequence of schedules used after preliminary training for each
pigeon. The three numbers in each cell are, respeciively,

T, 7D, and the number of days of exposure to this schedule.

Bird 8 Bird 9
ist scheduie 2, 1; 8 6, 1; 15
2nd schedule 2, ;7 6, T3 7
3rd schedule 2, A 7 6, b; 7
bth schedule 2, .1; 8 6, 1; 9
'5th schedule 2, 1; 10 . none
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The two criteria used in deciding when a pigeon was ready to be
switched to a new schedule were stability of performance and gross
abpropriateness of the pigeon's performance vis E.EEE the schedule
(according to the experimenter's preconception). Because the time avail-
able for running the experiment was severely limited it wag necessary to
be extremely lenient in assessing whether these criteria had been met.
This lenience is probably the source of the failure of the two measure-

ments of Bird 8's performance on p = 1 to agree (see below}.
Results and Discussion

Tables 7 and 8 present IRT distributions and other information for
Birds 8 and 9 respectively on the various schedules. In each case the
figures in the tables describe aggregaté@ data from the last 2 or 3 days
on a schedule. The number of days aggregated is indicated by the "number
of days” column in the tables. The reader should note the discrepancies
" between the nominal p wvalues in Table & and the data in the eighth
columns of Tables 7 and 8.

The rate of responding data for both birds displays a general
tendency toward‘slower.responding when p is small than when it 1s large.
For Bird 9 response rate dropped consistently (though only slightly)
with p. Since the original (lst schedule) rate of responding was
regained When the original p wvalue of unity was reimposed (kth schedule),
long term changes in the performance of the bird independent of the
changes in p can be ruled out. The data from Bird 8.pfésent more of =z
problem. Response rate declined substantially as p was dropped from

.7 to 4 to .1, but the initial and final observations on p = 1 were
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Table 7T

IRT distribution and other informstion for Bird 8 on varicus schedules,

A1l durations are Iin seconds.

IRT d_istribution15
av. &v. N0, ave 00 | oo Prop. PrOD.
no. of . of reinfs.|of resps, of of all prop. of all IRT's in
schedule session resp. .

days length per pe? rate al} resps. regp. > 2 sec. intervals
| gseggion session rélnforced reinforced iO~2* ol t beBl 6-818-101> 10
1 3 516 64 265 514 21 1,000 LT4h |2kl 1L 013 (. 000] . 000,003
2 3 661 57 Li3 671 129 696 2811.1.166 .01k | .002] . 002 [.CO2
3 3 737 53 3Tk 507 43 o6 643 1.296 [.03%2].005].000 | . 000
h; 3 1924 Ly 849 A1 055 145 7 |L613(.319 [. 046,009} . 002 |.00%
5 2 343 38 228 665 .16k 1.000 .83%91.162 [.002}.000].0001.000
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Table

8

IRT distribution and other information for Bird 9 on various schedules.

All durstions are in seconds.

av, no.fav. no. Prop. IRT distribution
no., av. of of mean | prop. of of all (. s
. . . prop. of all IRT's in
schedule| of |session|reinfs.| resps.|resp.|all resps.|resp. > 1T .
. . 2 gec. intervals
days| length per per |rate |reinforcedireinforeced
session|session ' 0-2| 2-4{ 4-6| 6-8{8-10]10-12|12-14] > 1k
1 2 8ok Lo, 166 {.207 .2ho 1.000 |.207|.117|.432|.198] .00k | .012|.006 | .000
2 3 Ol ho 171 |.181 246 692 [.162],064 [.L06 [ 32 ).023) .00k |.002 | .002
3 3 0963 35 167 LATh 211 461 <129 1.1061.305 |.4p61.004 | .006].022 | .000
b 2 672 32 140 |.208 272 1.000  j.25T7§.111|.41%].211}.000| .007|.011 | .OCk




radically different; and the first of these was quite low in compari-
son to the rate at p = .7. Eowever, both the original and final p =1
rates are higher than the p = .1 rate. This contrasts sharply with the
data on rate of responding on random-ratio (iae., T = Q) schedules
collected by Brendauer (1958). 'The rates of responding of his three
pigeons increased by factors of 4, 10, and 7 when p was dropped from
"1 to .l. Tt is clear that the linear free-responding model predicts lower
rates for lower vsiues of ©p, whatever be *. The results of the present
experiment permit us to conclude that whatever it is that léads to
anomolous results like Brandauer's for high valves of "p and 7 =0
acts less strongly Ffor larger values of 7.

The details of the changes in the IRT distribution of Bird 9 from
schedule to schedule merit the reader's attention. Note how the propor-
 tion of responses irn [0, 2] decreases while the proportion in [6, 8]
increases as p decreases. And note the shift in mode from [k, 6] +o
[6, 8] as p drops from .7 to .M. I hope eventually to be able to pre-

dict these gubtleties.
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APPENDIX D
Sidman Avoidance

We now contemplate a situation in which a rat must press a bar no
more than T seconds after its last bar press if it is ©o avoid electric
ghock, whereas if it does not successfully aveoid shock it must press the
bar to escape the shock. Such a situation is called Sidman avoidance
(with response-shock interval T and shock-shock interval 0) after
M. Sidman who introduced it and has studied it extensively (see Sidﬁan
1953, 1954). Since the rat soon learns to make the escape response

- immediately upon the onset of shock, the actual IRT distribution is
artificislly truncated at T . The IRT distributions discussed in the
-thecretical development that follows will correspond to hypothetical
test trisls on which the shock is cmitted even i1f the IRT exceeds T .

We assume that
Tn+iltisy) = (1-vp) I (tls,_q) + ¥ V,(%)

th
(0 <¥ <1) if t, > T, that is, if the n~ response terminates &

shock, while
T (tle) = (1-vy) T (bls, D+ ¥ [(1-8) vy(e) + & N(t,t )]

(0<B <1, 0<y <<Vyy) if t, <T, i.e. if the n=2 response
avoids shock, where Vo ( + ) , Vi( + ) , and N( - , s) are distri-

bution functions concentrated on [0,»] with
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f tdvl(t)>>f tho(t)
0 0

(o]
and ‘jp tdt N(t,s) = 5 . This means that an escape response tends to be

0
followed by shorter IRT's, while an avoidance response tends to be

followed by longer IRT's and IRT's of about the same duration as the
one which avoided the shock. The sgtatement wo > > Wl reflects the
fact that shock has a much greater effect on the rat than non-shock.

If m, is the indicator random variable for the event tm <T and

1 if t <
wit) =
0O if t>17

then
(D1) T (tleg) = (1w, ) T (¢lsy q) + Vi Ky (£5%)
where Ko(t,tn} = Vo(t) ,

Ki(t,ty) = {1-8) V(&) + 8N{t,t,) ,
and P(m, = 1|sn_l) =‘]p w(s) dIn(slsn—l)

o

The obvious identifications Wi -85 , Vi - F & - o, w-—ou, and

i >

mp — k, show that this stochastic process differs from one included in

the investigation in the main body of the paper only in the ordering of
o0

the parameters V; and the ordering of the means ‘jﬂ thi(t) . These

orderings are of no consequence for Theorems 2-6 (thg only modification

required is a trivial one in Theorem 3), thus we have, in particular,
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I(t) = lim T (t) and
n—s

C(t,s) = lim cov[In(tlsn_l), In(s|sn_l)]
n—

exist, a_md <since foow'(t) ar(s) + E— (1-2[00»:(45) dI(t))Z 1)

o

o 0 /4 vy 1
(D2) I{t) = T (1-q) v,(t) + (1-8) T qv, (t) + %E(t)

o
= AN 7 (k) {ﬂro ¥y z ]
_1 W (t,8) al ~— (1-q) F.(s) + (1-8) =— 4gF.(s) + = E(t)
+k§l ¥ f ¥ + 0t v L _

for all 0 <® < 1 where

a= [ we) e = 1(m L T (1) vy +avy
0

() = (- ¥ [ 6(5,8) an(s) = (¥ - ¥) o(t,T)
__ | |

and W(t,s) = N{t,s) wis) .

Now data from Sidman avoidance show that g , the probability of

avoidance, is near 1 , but WO/WI >>1 8o we may entertain the assump—

tion that

/Y =-[(l—q) note
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is small in comparison to Then for 5 small Swl/ﬁ < <1, and

1
L

neglecting the error term E{t) as well as terms having coefficient

3] wl/ﬁ we have the rough and ready approximetion

¥

() 2 = (1-a) Vg

=

1

(t) + ==
7

qu(t)

or

. w(1-g) q

(D3) () 2 Ry vy (8) e V()

where W = wo/wl . To evalvate g , take t =T on both sides obtaining

(D4) al{l-g)®+a] = w(l-q) Yy+av,

" where v, = V;(T) , a guadratic equation in d.

The distribution V., should be the same sort of distribution that
¥F1 was in the positive reinforcement model, while V, should be same

sort of distribution that FO wag. Thus except in the immediate vicin-

d

and 3t

ity of the origin %E Vo(t) Vl(t) may be assumed to be de-
creasing functions. It follows that, except in the immediate neighbor-
hood of the origin, %@ I(t) is a deéreasing functiqn. Thig is, in a
sense, éountef intuifive since when T is fairly large the organism
could séve itself a great deal of unnecessary effort by spacing its
responses so that its IRT density would have a hump well away from
the origin but below T . Sidman (1954, Fig. 1) reports a histogram of
numbers of IRT's in l% second blocks for az cat pressing a lever

during the l?EE 2-% hour daily session on this schedule with T = 21 sec.

The proportion of IRT's in the nEE block is essentially a decreasing

function of n out to n =14 (i.e. t = T)
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NOTES

lA type of free-responding situvation in which the animal performs

an action to aveid or escape a punishment is discussed briefly in

Appendix D.

2These theories could probably be improved concepfually and ana-
lytically by giving them an infinizesimal formulation. The geometric
IRT distributions mentioned in the text become exponential in such a

formulation.

5I have in mind Mueller's (1950) proposal (in effect) that certain

types of pure birth processes may be of value in deécribing free-operant
behavior. The (in effect) Poisson model that Mueller discusses.at

length has independently, identically, and exponentiglly distributed

IRT's — a combinabion for which I see very limited use in this type of
research. At any rate all pure birth‘models have decreasing IRT densities,

and are thus indicted by the data described in the text.

'hThe modifications required in what follows if {0, ») is replaced
by any other real interval are trivial. In particular, the thecrem is

applicable to the prediction task considered by Suppes (1959).

_ 5The proof of a comparable theorem for Suppes' continuous linear

model for continuous prediction experiments“is given in Apperdix A.

: 6See Appendix B for some results pertaining to the asymptotic joint

distribution of two successive IRT's.
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TWhat are needed are'analogﬁes of the Lamperti and Suppes (1959)

ergodic theorems for gituations with a continuum of possible responses.

8For Pigeon 17, the mean IRT declined slightly when p was reduced

from .02 %o .01 and cnly increased when ©p was dropped further tc .005.
¥o p wvalues below .005 were tesgted for this bird.

9

In order to check the reliability cf the rate data, sdme rates
were redetermined some time after the first determination. The agreement
" between the Lwo rates thus obtained was always very good. The mean IRT's
reperted in Tables 1 and 2 are all first determinations.

lO’I‘his is not the same schedule as the "random-interval" schedule

of Farmer (1963).

llThe fit of model to data for the other three would probably be

Just as good aé that obtained in Tables 3 - 5.
Some data points in these Tables are averages over two measurements
widely spaced in time.

12The author wishes to tThank Dr. Gordeon Bower for the use of the

laboratory in which this experiment was conductéd. Most of the program-
ming of the eguipment was done by Mr. Jim McLean, and both Bower and
McLean gave helpful adviceron various procedural points. A suggestion
of Dr. George Wertheim led to a major improvement in the accufacy of the
recording circuit.

13

Two further details of the experimental routine were the following:
Before the programming and recording egquipment was turned cn for a
session and after it was turned off, the pigeon spent a short time in

the experimental chamber with all sources of illumination extinguished.
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The experimenter often reinforced the first IRT of a session
> T sec. with probability one. This was done most frequently when the
schedule value of p for the session was small.

luBird 8 failed to respond at all on the fourth day of preliminary

training. After 15 minutes in the experimental chamber it was returned

to its home cage.

15The failure of the entries of some rows tc add to 1 is due partly
to rounding errors and partly to small recording errors. The total num-
ber of IRT's was obtained from a separate counter — not from the 2 second

block counters by summation.
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Errata to
A Probabilistic Model for Free-Responding

by M. Frank Norman

In Theorem 3 and all subsequent work involving ergodicity of the
linear free-responding model it should be assumed that the Lebesgue
measure of 8 = {y >0 : f{y) >0}

ly) =

igs positive where

|
!

min [Fb(Y)’ Fi(y)}, The definition of A on p. 21 should be

L

replaced by

r - o04(1-a) [ £) v i

and the definition of "S" on p. 21 should be deleted. The statement

"The smoothness ... Fé(t) > Fi(t)n” on p. 23 should be deleted, and all

- SO

occurrences of Fé(y)dy.aﬁd dFO(y) on p. 23 following this statement
should be replaced by f(y) dy.

y P

It is easy to construct examples which show that ergodicity in the

Anmane

sense of Theorem 3 need mot obtain if S has measure zerc, but in all
cases of psychological interest (in particular, under either (2) or (3))

the measure of 8 will not only be positive but actually large.




	1214_001.pdf
	1215_001

