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1. Introduction

The aims of this report are primarily constructive, that is, to

contribute to the development of a scientific theory of concept

formation. However, before I turn to this subject, there are two

general aspectis of the teaching of mathematical concepts I want to

ccmment upon.

Y

This report in a slightly revised form and under the title "On

the behavioral foundations of mathematical concepts” will be
published as part of the proceedings of a conference on mathematics
learning held in Berkeley on May 4-6, 1962, and sponsored jointly
by the Social Science Research Council and the Carnegie Corporaticn

of New York.



The first concerns the much heard remark that the newer revisions

of the mathematics curriculum are particularly significant because of

the .emphasis they are placing on understanding concepts as opposed to
the peffection of rote skills.” My point is not to disagree with this
remark, but to urge that it is eésentially banal. It is a goodrthing
to understand; it is a bad thing to possess mere rote skill. The

‘banality arises from not knowing what we mean by understanding. This

failure is not due to disagreement over whether the test of understanding
should be a behavioral one. I am inclined to think that most people
concerned with this matter would admit the central relevance of overt
behavior as a measure of understanding. The difficulty is rather that
no oﬁe seems to be very clear sbout the exact specification of the
behavior required to exhibit undersﬁanding. 'Mofeovér, apart even from
any behavioral questions the very notion of understanding seems funda-
mentally vague and 111-defined. |

To iilustrate what I mean, let us suppose that we can talk about
understanding in some genersl way. Consider now the concept of tri-
angularity. Does understanding this concept entgil understanding that
the sum of the interior angles 1is lBOO, or that triangles are rigid'
whereas guadrilaterals are not, or being sble to prove that if the
bisectors of two.apgles of a triangle are equal then the triangle is
isosceles? This example suggests one classical philosophical response
to our guery, namely, Lo understand a concept means, it is said, %o
know or believe as true a certain set of propositions that use the
concept. Unfortunately, this set is badly defined. It is trivial to
remark that along these lines we might work out a comparative notion of
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understanding that is a partial ordering defined in terms of the inclu-
sion relstion among sets of propositions that use the concept. Thus one
person understands the concept of triangularity hetter than 2 second if
the set of propositions that use the concept and that are known to the
first person includes the corresponding set for the second person.
(Notice that it will not do to say simply that the first person -knows
more propositions using the concept, for the second person might know
fewer propositions but among these would be some of the more profound
propositiong not known by the first person; this situation corresponds
té the widely held and probably correct belief that the deepest mathe-
maticians are not necessarily the best mathematical scholars.)

But this partial ordering does not take us very far. A more
behavioral line of thought that at first glance may seem more promising
is the response of the advocates of programmed learning to the charge
that the learning of programmed material facilitates rote skilis but
not genuiné understanding of concepts. The response is to assert that
if the critics will simply épecify the behavior they regard as providing
evidence of understanding, tThey, the programmers, wiil guarantee fo
develop and perfect the appropriate repertoire of responses. . This
approach has the practical virtue of sidestepping any complex,diécussion
of undersgtanding, and supposes, with considerable correctness no doubt,
that without giving an intelleciually exact analysis of what it means
to understand a concept, we still can obtain a rough consensus at any
given time of what body of propositions we expect students Lo master
about a given concept. This is the appropriste practical engineering

approach, but it scarcely touches the scientific problem.
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In this paper I dc not pretend to offer any serious characterizstion

.of what it mesns to understand a concept. I do think that the most
promising direction is to develop a psychological theory of concept
transfer and generalization. .The sti1l relatively primitive state of
the theory of the much simpler phenomens of stimulus transfer and gener-
alization do not make me optimistic about the lmmediate fubure. For
immediate purposes, however, let me.sketéh in a very rough way how the
application of ideas of transfer and generalization can be used te
attack the banality mentioned eariier in the standard dichotomy of
understanding versus rote skill. W@ would all asgree, I think, that

such matters as learning to give the multiplication tables quickly and
with asccuracy are indeed rote skills. Bubt there is also what I consider
to be a mistaken tendency to extend the label "rote skill" to meny
parts of the traditional mathematics curriculum at 81l levels. The
lbody of mathematical material tested, for example, by the British Sixth
Form examinations is sometimes so labeled by advocates of the newer
mathematics curriculum. In terms of the accepted notion of rote skill
developed and studied by psychologists this is a mistake, for the
.produetion of & correct response on these examinations cannct be éXplained
by any simple principles of stimulus-response association. Moreover,
the problems of transfer involved in solving typical British Sixth -
Form exemination problems in éomparison with the kind of examination set
by advocates of the newer mathematics curriculum may in fact require
more transfer of concepts. At least more transfer in one obvious way

of measuring transfer, that is, in terms of the number of hours of

training spent in relation to the ability to solve the problems on the
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part of students matched as to general background and sbility. I
redognize that these are complicated matters and I de not want to pursue
them here. Alse I am fully in sympathy with the general objectives of
the newer mathematics curriculum. I am simply protesting here against
some of the remarks about understanding and rote skills that ocecur in
the pedagogical conversations and writings of mathematicians.

The second generai point I want to mention briefly is of a similar
sort. X have in mind the many current discugsions of the'efficacy of
the discovery method. of teaching. The discussions of this method seem
o provide yet one more remarkable example in the history of education
cof a viewpoint coming to prominence without any serious body of empirical
evidence to support or refute its advocates. From the standpoint of
learning theory I do not even know of a relatively.systematic definition
of the discovery method. T do not deoubt that some of the advocates of
‘this method are themselves remarkably capsble teachers and are able to
do unusual and startling things with classes of elemenﬁary school
children. The intellectual problem, however, is to separate the peda-
gogical virtuosities of personality of these advocates from the system=
atic problem of analyzing the method itself. Workable hypotheses need
to be formulated and tested; I know that it is = standard.dbjection_of'
some advocates of the discovery method that any quick laboratory examin-
ation of this teachin; method versus a more standard immediate rein-
forcement method, particuiariy as spplied to young.children, is bound
not to yield an unbiased fest. The results and the implications of the
methods, 1t 1s said, can only be properly evaluasted éfter a long period.

I personaliy rather doubt that this is the case bu.tp if it is so, or if
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it is propounded as a working hypothesis by advocates of the method,
then it seems to me that it is their intellectual responsibility to
formulate proper tests of a sufficiently sustained sort. I realize
that my remarks on this subject in this paper have the character of
obiter dicta. On the cther hand, in a more complete treatment of
mathematical concept formation in young children, I would consider it
 necessary Lo probe more deeply into the issues of motivation, rein-
forcement and concept formation surrounding the controversy between the
discovery method and other more classical methods of reinforcement.
“SBome experimental results on methods of immediate reinforcement are
reported in Section 3.

I turn now to the specilfic topics I would like to develop more
systematically. In the next sectlon a version of stimuwlus sampling
learning theory is formulated that holds considerable promise for pro-
viding a detalled analysis of the behavioral processes involved in the
formaticn of mathematical concepts. In the foilowing section I report
in somewhat abbreviated form six experiments dealing with mathematical
concept formation in young children. A particular emphasis is placed
on whether the learning process in this context is represented better
by all-or-none or incremental conditioning. Section 4 is concerned
with behavioral aspects of logical inference, and in particular, of

mathematical proofs.




2. Fundamental Theory.

The fundamental theory I shall apply in later sections is a variant
of stimulus sampling theory as first formulated by Estes [19501. The
axioms given here are very similar to those found in Suppes and
Atkinson [1960]. I shall not discuss the significance of the individual
axioms at length because this has been done in print by a number of
people. The axioms I may mention, however, are based on the following
postulated sequenée of events occurring on a given trisgl of an experi-
ment. The organism beginshthe trial in a certain state of conditioning.
Among the stimuli available a certain set is sampled. On the basis of
this sampléd stimuli and thelr conditioning connections to the possible
responses a response is made. After the response is made, a reinforce-
ment occurs which may change the conditioning'of the sampled stimuli.
The organism then enters a new state of conditioning ready'for the next
trialﬁ The following axioms (dividéd into conditioning, sampling and
response axioms) attempf tc make the assumptions underiying such s
process preciseo They are given in verbal form but it is a routine

matter to translate them into an exact mathematical formulation.

Conditioning Axiomse

Cl. On every trial each stimulus element is conditioned to at most one

response .

C2. If a stimulus element is sampled on a trial, 1t becomes conditioned

with probability ¢ to the response (if any) that is reinforced

on that trisl; if it is already conditioned to that response, it

—_— e ——————— | — . —

remains so.




C3. If no reinforcement occurs on a trial, there is no change in

conditioning on that trial.

| Ck. Stimulus elements that are not sampled on a given trial do not

change their conditioning on that trial.

C5. The probability ¢ that a gampled stimulus element will be condi-

tioned to a reinforced response is independent of the trial number

and the preceding pattern of events.

Sampling Axioms

Sl. " Exactly one stimulus element is sampled on each trial.

82. Given the set of stimulus elements available for gampling on a

"trial, the probability of sampling a given element is independent

of the trial number and the preceding pattern of events.

Response Axioms °

Rl. If the sampled stimulus element is conditioned to a response, then

that resgponse is made.

R2. If the sampled stimulus element is unconditioned, then there is a

probability P, that response i will occur.

B3° The guessing probability Py of response 1 when the sampled

stimulus element is not conditioned is -independent of the trial

_ﬁumber and the preceding pattern of events.

Although it is not stated in the axioms, it is assumed that there
is a fixed number of responses and reinforcements and a fixed set of
stimulus elements fdr eny specific experimeﬁtal situation.

Axioms C5, 82 and R3 are often hot exPlicitly formulated by learn-

ing theorists but for the strict derivation of quantitative results theyl
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are necessary to guarantee the appropriate Mafkov character of the
sequence of state-of-conditioning random variables. Axioms of this

charécter are ofter called independence~of-path assumptions.

' The theory formulated by these axioms would be more general if
Axiom 81 were replaced by the postulate that a fixed number of stimuli
are'sampled on each trial or that stimuli are sampled with indepéndént
probabilities, and Axiom Rl were changed to read that the probability
bf reSponSé‘is the proportion of sampled stimulus elements conditioned
tb that response, granted that some conditioned elements are sémpléd.
For the experimenitis to be discussed in the next section thié is.not'an
importént generalization and will not be pursued here, (From the
_historiCal'standpoint the generalizations just mentioned actually were
essentially fhé original ones of Estes.) Nowadays they are referfed to
as the assumptions of fhe component'mgdel of stimulus sampling. Axiom
Bl as fofmulated here is sald to formulate the patiern model, and the
interpretation is that the organism is sampling on a given trial the
Vpattern of the entire stimulating éituation, at least the relevant
ﬁatfern, g0 to speak. This battern model has turned cut to be reﬁark-
ably effective in providing a relatively good, detailed'anaiysis of a
variety of learning experiments ranging from rats in T-mazes: to two-
perscn interactioﬁ experiments.

There is one other general remerk I would like to make before
turning to the discussion of particular experiments. The kind of
stimuius regponse theory Jjust formulated is often objected to by
.psycholOgists interested in cognitive processes., I do not dbubt that

empirieal objecticns can be found to stimulus responSe theory when
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stated in too simple a form. However, I am prepared to defend the
proposition that at the presenﬁ time there is no other theéry in ‘
psychology that'can explain in fhe.same kind of quantitative detaii an
equal variety of learning experiments, including concept formgﬁion
experiments. I shculd also add that I do not count as different, cog-
'initive formulatiOns that are formally iédmorphic to stiﬁulus sampling
thgory. In our recent book Atkinson and I_[1960] attemptéd to show how
the hypothesis language favored by many people (e.g., Bruner, Goodnow
:and Ausfin [1956]) can be formulated in stimulus sampling terms. For
example, a strategy in the technical sense corresponds preéisely to a
state of conditioning and a hypothesis to the conditioned stimulus
_éampled on a given trial, but it is not to the point here to work out
. detagils of this comparisomn.

3. Some Concept Experiments with Children.

I now turn to the applications df the fundamental theory.stated in

" the preceding section to a numbér of experiments concerned with concept

- Tormation in young children. It would be possible first to describe
these experiments without any reference to theﬂtheory,.but in order to
.provide a focus fﬁr the limited amount of data it ig feasible fo give.in-
this survey, it will be more expedient to specialize the theory initially
. to the restricted one-element model, and report on data relevant to the
_-validity.of £his model,

.'We obtain the one-element model by extending the axioms given in
The preceding section in the following respect. We simply postulate
that there is exactly one stimuius element aﬁailable for sampling on
each trial and that at the beginning of the experiment this single ele-
ment 'is. unconditioned. |
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This special one-element model has been applied with considerable
success by Bower {1961] and others to paired-associate experiments,
that is, to experiments in which the subject must learn an arbitréry
association established by the experimenter beiween, say, & nonsgense-
syllable as single stimulus and a response such as one of the numerals
1-8 or the pressing of one of three keys. The mogt important psycho-
logical implication of this one-element model is that in the paired-
associate situation the conditioning takes place on an all-or-none
basis. This means that prior to conditioning the corgesnism is simply
guessing the correct response with the probability Py me?tioned in
Axiom R3, and that the probability of conditloning on each %rial in
which the stimulus ils presented is ¢ . Once the stimulus 1s condi-
tioned the correct response.is made with probghility one.

In an earlier paper Rose Ginsberg and I {1963] analyzed a number of
experiments, including some of those reported here, to exhibit a
gimpie but fundamentally important fact about this gll-or-none condi-

7 tioning model. The assumptions of the model imply that the sequence of
correct and incorrect responses prior to the last error form a binomial
distribution of Bernoulli trials with parameter p . This null hypoth-
esis of a fixed binomial distribution of responses prior to the last
error admits at once the possibility of zpplying many powerful classical
stafisties that are not usually applicable to learning deta. What is
particularly important from a psychological standpoint is the implica-
tion of this hypothesis that the mean learning curve, when estimated
over responses prior to the jast error, will be & horizontal line. In

other words; no effects of learning shouwld be shown prior to conditioning.
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Ginsberg and I analyzed experiments concerned with children's concept

‘ formatioﬂ; animal learning, probability 1earning.and paired-associate

iearning iz adulis from'this-standpoint. I shall not propose to give
_aa extensive analysis of data in the present paper as we attempted there L
'Eut I will attempt to cite some of the results on this question of._
stationzrity because of its fundamental importamce_for any psychological
.avaluation of the kind of processes by which-young children acquire
‘concepts, |

| .a_cher features of the experiments aummarized below will be

mentioned seriatim, particularly if they have scme bearing on pedagogical
questions. There is, however, one general methodoiogioal point.that'
ahoald be_mentioned before individual experiments afe.desoribed.__ln
'maﬁy of - the experiments desoribed below the stimulus displays were
different on every trial, so that there was no possibility of establish-
ing a simple stimulus-response association. How is thé one-element
.model to be applied to such data? The answer represents, I think, oﬁe

of our more important genersl Tindings., It is that a very good account
of much of thé data may be obtained by treating the concept itself as

the single element.  The schema is then that a simple concept—responae.
aésociation is established. With the single exception of Experiment I,
it is with this interpretation that we'have applied the one-element
.'.:model to our experiments, Some fﬁrther ramifications of this viawPoint
'areiexplored in the final section. |

Experiment I. Binary Numbers.

This experiment is reported in detail in Suppes and Ginsberg (196241

Five and six year old.subjects were required to learn the concepts of
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the numbers 4 and 5 in the binary‘numbér system, each concept being
represented by three different stimuli; for exasmple, if the stimuli had
been chosen from the Roman alphabet, as in fact they were not, 4 could
have been represented by abb, cdd, and eff, and 5 by ava, cdc and efe.
The child was required to respond by placing directly upon the stimulus
one of two cards. On one card was inscribed a large Arsbic numeral 4 and
on the other a large Arabic numeral 5. All the children were told con
each trisl whether they made the correct or incorrect response, but half
of them were also required to correct their fesponSes following an error.
Thus in this experiment in addition to testing the one-element model we
were concerned to examine the effect upon learning of reguiring the
subjéct to correct overtly a wrong response. There were iwenty-four
subjects in each of the two experiméntal groups. From test responses,
after each experimental session, it seemed evident that whereas scme
subjects in both groups learned the concept aé such, others learned only
some of the specific étimuli representing the concepts, so that in effect
within each group there were two sub-groups of subjects. It is inter-
esting to note that this finding is in agreement with some similar
fesults in lower organisms (Hull and Spence [1938]), but contrary to
results obtalined with adult subjects, for whom an overt correction
response seems to have negligible behavioral effects {Burke, Estes and
Hellyer [1954]).

The data for both correction and non-correction groups are shqwn

in Fig. 1. It is apparent from the figure that there was a significant

Insert Figure 1 about here
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*difference between the two groups in the rate_of 1earning. .Th¢:

ﬁ: of  4.00 coﬁputed between overall rgsponsesaéf'the two:grdups is _
éiénifiqant at the .001 levei. | |

“ For the analysis of-pairéd—assoéiatés and conéept-fdrmatioﬁ we re-
dtricted ourselves to the twenty-four subjects of the corréction grdup.
To begiﬁ with, we analjzed the-défa as 1f each of the six stimuli,
three: for each ﬁumber, représented an-iﬁdependentfpaired-asébciatg item.
In Fig. E.are shown the proportion Qflcorrect responses prior to thé
.last erfor and the méan learping-curve over all responses, both pfé-

-.sehted,from this point of view.

Insert Figure 2 sbout here -

.The data'pbints.are fbf individual_tfiais.' Because a'totdl of“oﬁiy:
gixteen trials were run.ﬁn each stimulus #e.have adééted a criterion of
six suﬁcessive éérreét responses and thus the proportion of correct
.résponses pfior to the last erfor_are shovn only for fhe first ten
'trialé in Fig. é; A ‘X?,_test of statidhérity over:blocks of Singie. 7
.'trials-SUQPbrts thé null hyﬁothésis .(X?'= 8.00, ar = 9, P> ;SO, N = 844},

\ :.Let ué.now turﬁ 1o the_Quéstioﬁ of conéept.formation. .Thé identi-
fiecation ﬁe.make has alréady béen_indicatédé _We.tfeét the concept.aé-j
.itself the.éihglé stimulus, and'iﬁ'tﬁis'case ﬁe'régard the experiment
as consisting of two concepts, one'for:fhe nﬁmbér,h and one'fof the.
.fpumber'S. (It.shoﬁld'be‘apparent that the identification in terms of
"~ the numbérs E and 5 is not necessafy; each concept can be_viewed simply_

as an abstract pattern)
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"~ Fig. 1. Proportion of correct“ responses over all trials (Binary number éxpe'rime’nt).-
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Fig. 2. Proportion of correct responses prior to last error and mean learning curve (Binary number experiment).
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Using as the criterion that the concept had bheen learned 1f the
regponses to the last three presentations of each stimuli represented
were correct, we divided the data into two parts. The data from the
group:meeting the criterion were arranged for concept learning analysis,
in this case a two-item learning situation. The remaining data were
assumed to represent paired-assoclate learning invoiving six independent
stimulué items. For the paired-associate group over the first ten
-trials we had 81 cases. For the concept-formation group we had 21
cases with 48 trials in each. The ¥2 test of stationarity was not
significant for eithér‘group (for the concept sub-group X2 = 8.36,

daf = 9, P> .30, N = 357; for the paired-associate sub-group X? = 11.26,

il

ar 570) .

.8, P> .10, N
Te provide a more delicate analysis of this important question of
stationarity we can construct Vincent curves in the following maﬁner

(cf. Sﬁppes and Ginsberg [1953]). The proportion of correct responses
prior to the last error may be tabulated for percentiles of trials
instead of in terms of the usual blocks of trials. In Fig. 3 the mean
Vincent curve for the subjects iﬁ the binary number experiment who met
the concept criterion is shown. This Vincent curve is plotied in terms
.of guertiles. As the mean percentlile of each of the four quartiles is
lEaB%, 37,5%, 62.5 and 87.5% respectively and C represents the 100%
point, the distance between 4 and € on the abscisss is one-half of
that between fhe guartiles themselves. The evidence for non-stationarity
in the final quartile will be discussed subsequently along with scme of

the other Vincent curves shown in this figure.

Insert Figure 3 about here
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It should be noted, of course, that the subjects who take longer

to reach criterion are weighted more heavily in the Vinbent curves, For

example, suppose one subject has sixteen responses prior to his last
error vhereas another subject has four responses prior to his last

error, The.first subject contfibutes_four'responses to each quartile
whereas the second subject contributes only one. This point will be

discussed in more detail below. I turn now to the second experiment,

eriment IT. Equipollence and Identity of Setis.

This experiment was performed with Rose Gingberg, and we havé
publighed some of the results in Suppes and GinSbéfg [1963] but the
detailed report of the experiment has.pot yet appeared. The learning
- tasks irvolved in this experiment were equipollence of sets and the two
 re1ated concepts of identity of sets and identity of ordered setis.

Ninety-six first grade subjecfS'wefe run, in four groups of
twentnyour each. In Groub 1 the subjects were_réquired-to learn
- ldentity of sgts for £fifty-six trials and thén egquipollence for a
further fifty-six trials, In Gfoup‘E this order of presentation was
feversed. In Group 3 the subjects learned first ldentity of ordered
sets and then identity of sets. In Group 4 identity of sets preceded
identity of ordered sets. Following our findings in Experiment I,
that is, that learning was more rapid when the child was required to
make an overi correction response after an error, we included this
requirement in Experiment II and most of the subsequent experiménts
~reported below. Also.in.this experiment and those reportea below as
well, no stimulus display on any trial was repeated for an individual

subject. This was done in order to guarantee that the learning of the
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concept could not be explained by any simple principlés of stimulus
response association, s was the casze for Exﬁeriment I. For convenience
of reference we have termed concept experiments in which no Stimuius
display is repeated pure property or pure concept experiments.

The sets depicted by the stimulus displays consisted of cne, two
or threé elements, On each trial two of these sets were diplayed.
Minimal instructions were given the subjects to press one of two huttons
when the stimulus pairs presented were 'the same" and the alternative
button when they were "not the same".

Our empirical sims in this experiment were several. First, we
wanted to examine in detail if the learning of simple set concepts by
chiidren of this age took place on an all-cor-none conditioning basis.
Secondly, as the two ssquences of learning trials on i{wo different
concepts for each group would indicate we were interested. in questions
of transfer; Would the learning of one kind of concept facilitate the
learning of ancther, and were there.significant differencesg in the degree
of this facilitation? Thirdly, we were concerned to find the behavicral
level at which the concepts could be most adequately defined. For example,
in learning the identity of sets could the learning trials be satisfactorily
analyzed from the standpoint of all trials falling under a single concept?
Would it be better to separate the trials on which identiqal sets were
presented from those on which non-identical sets were presented in order
to analyze the data in terms of two concepts? Or would a still finer
division of concepts be called for ip terms of sets identical in terms
of order, sets identical as non-ordered sets, equipollent sets and

non-eguipollent sets?
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In somewhat summary fashion the experimental results were as follows.
First, the mean learning curves over all trials for all four groups are

shown in Figs. 4-7. As is evident from these curves the

Insert Figures 4-7 about here

number of errors cn the concept of identity of Qrdéred sets was extremely
small.. From the high proporticn of correct responses even. in the first
‘block of trials of this concept it is evident that this is a very natural
and- simple concept for children. ZILearning curves for trials before the
last error are also shdwn in these figures. To identify the last error
prior to conditioning, we adopted a criterion of 16 successive correct
responses. - For this reason these curves are only shown for the first

40 trials. The combined curve for Groups la and ha is clearly stationary.
This is also the case for 3a, 4b, 2b and 3bug/ The results of the X2
tesﬁ of staticnerity for blocks of L trials are shown in Table 1 and
confirm these graphic ‘observations. Only the curve for 1b approaches
significance, (No computation was made for 3a because of the small number

L

.of errors; the number of éubjects in the final block of 4 trials is shown

Insert Table 1 about here

in the right-hand column of the table.)
I shall restrict myself to one Vincent curve for this experiment.
The 48 subjects of Groups 1 and 4 began with the concept of identity of -

sets. Of the 48 subjects, 38 met the criterion of 16 successive correct

2/

"Group la" refers to the performance of Group 1 subjects on the
first of their two tasks, 1b to performance on the second task, and
similarly for 2a, 2b, 3a, 3b, 4a and Lb.
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8 trials, identity of sets, N =48, Groups la and 4a (Experiment |},
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Table 1

Stationarity Results for Equipcllence and

Identity of Sets Experiment (Exp. IT)

Group ¥ a4 P> 1a§i %iﬁck
la & hba 4.95 9 .80 9
' 1b 16u69 9 .05 12
2a 79 9 .80 11
3a -- Too .few Eerrors -- -1
) 4 .89 9 .80. >
2b 5.96 ¢ .70 5

3b 3.49 9 .90 10






responses mentioned above. The Vincent curve for the criterion subjects
ig shown in Fig. 3. Evidence‘of non-stationarity in the fourth gquartile
is present as in the case of Experiment I.

From examination of the mean learning curves over all trials, there
seems to be little evidence of transfer. And somewhat surprisingly,
the only definite .evidence confirms the existence of negative transfer.
In particular, it seems clear from Fig. 6 that there is negative trans-
fer in learning the conéept of identity of ordered sets after the concept
of identity of unordered sets. Also, from Fige, 4 and T it seems
apparent that there is negative transfer in learning identity of sets
after identity of ordered sets, but not after equipollence of sets.

The gffects df transfer sre actuzlly more evident when we examine
the data from the standﬁoint of 2 or & concepts. The mean learning
curves over zll 56 trials for the various concepts are shown in.

Figs. 8-14., The data points are for blocks of 8 trials. .The abbrevia-
tiong used in the legends are nearly self-explanatory. For the learn-
ing curves shown at the right of each figure, the O curve is for pairs
of sets identical in the sense of ordered sets, the I0 curve for pairs
of sets identical only in the sense of unordered sets, the EI curve
for péirs of équipollent but not identical sets, and the E curve for
pairs of non-equipollent sets. These four curves thus represent all
pairs of sets in four mutually exclusive énd exhaustive classes. The
legend is the same for all figures. .On the other hand, the curves for
the 2-concept analysis shown at the ieft of each figure differ in
definition according to the probliem ﬁeing learned. In Fig. 8 the

dichotomy is identical and pon-identical sets (I and I); in Fig. 9 it
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is equipollent and non-equipollent sets (E and ﬁ), and so forth

',for the other five figures.
- Before considering questions of transfer, there are several remarks

to be made about the individual figures. First, we observe that for

each of theAeight'sub—groups (la-4b)} the learning curves for the
Eecbnceﬁts and the 4-concepis are not homogeneous. A difference in
difficulty at either level of analysis can be detected in all cases.
'_Secondly, contrary to some experimental resuiﬁé in concept formation,
the 2—c6ncept eurves at the left of each figure show ﬁhat thé abéence
oflidentiﬁy or equipollence is often éasier than its presence.‘ The |
situation seems to be this. The dichotomy of O vs 0 , l.e., jdentity’
or‘nonnidentity of ordered séts; is thg‘natﬁral one. When the "presence"
.ﬁf a con@ept disagrees with this natural dichotomy, as it does in the
case ofridentity and eguipollence Qf sets, it is more difficuli thaﬁ
the absehce of the conéept; This conclusion is borne out by Figs. 8
énd 10, fér the grouﬁs beginning with identity and_equipbllence,
respectively, as well as for Group 3b-(Fig. 13), who were frained on
_'of&ered Seté before identity of sets. This saﬁe concluéion even holds
fairly well for the second sessions after.training on.some other con-
cept (Figs.:9, 11 and 12). VFig. 14 which compares 0 and O after
ﬁraining on idenfity of sets.indicétes,‘l think, what tentétive conclu-
sion shoﬁld be drawn. Whether the absence or presence of a concept is
moré difficult to learﬁ:aependé much ﬁnre on the previous training énd
'éxperiencé of a.suﬁject than on the concept itself, When—we COmpare
‘Fig. 12 with Fig. 14 we see thatleven the difference between O and

0 in Fig. 12 is influenced by the prior training or identity, for the
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Fig. 8. Proportion of correct responses in blocks of 8 trials for 2 and 4 concepts, |dentlty of sets (N = 48), Groups
la and 4a (Experiment 1.
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difference is greater in Fig. 14, and surely thig is so because the
I0 cases have to be reversed in going from sets to ordered sets.
Thirdly, examinationaof the 4-concept curves reveals a natural
gradient of difficulty. We may apply something rather like Coombs'
.[1950] unfolding technique to develop an ordinal generalization g;‘adient°
The natural or objective order of the classes of pairs of sets is O ,
16’, EI B E . For any of the three concepts of sameness studied in the
expériment, we may, withoub distufbing this objective ordering, char-
acterize the clesses exhibiting presence of the concept and those
exhibiting its absence by cutting the ordering into two pieces. On a
. given side of the cut, as I shall call it, the nearer a class 1is to the
cut the more difficult it is. Consider, to begin with, Fig. 8. The
task ls ldentity of gets; whence the cut is between I0 and ET , and
we see that, on the one side IO is more difficult than- O , and on
the other éide of the cut, EI is more difficult than % . Turning
to Fig. 9, the task is equipolience and thus the cut is between ET
and B . OFf the three concepts on the EI side, EI is clearly the
most difficult, and 10 is slightly more difficult than 0 , sustain-
ing the hypothesis of an ordinal gradient. In Fig. 10, the task is
equipollence again, but in this case without prior training and the
results are as'they should be but more decisgive than those shown in
Fig. 9. Fig. 11, like Fig. 8, sustains the hypothesis when the task
is identity of sets. In the case of Fig. 12 the task is identity of
ordéred sets, and thus 10 s EI and E occur on the same side of the

cut. I0 is clearly the most difficult, but it is not really possible

clearly to distinguish EI and E in difficulty, for very few errors
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.are made in either class, In Fig. 13 the task is identity of sets
&gain,‘but this time following identity of ordered sets. The proper
order of difficuity is.maintained but the distinction between EI eand
ﬁ is not as sharply defined as in Fig. 8 or fig. 11l. Finally in
Fig, 1k, thé task is identity of ordered sets following identity of sets.
The.gradients are as predicted by the hypothesis anq are better defined
.tﬁan in Fig. 12 ~-- no doubt because of the prior training on identity

~of sets. .The existenéerand detailed nature of these natural gradients

of difficulty within a concepl task are subjects that seem to be worth
cdnsiderable_further investigation.
i turn now to evidence of transfér in the h-cqncept analysis.

_; From examination of the overall mean 1earning curves, which in.the
. t¢rmin0logy_of the_present discussion are the-l-concept curvés, we

Observed no positive transfer, but two cases of negétive'transfer. As
might bé'expected, the h-concgp@ curves yileld a ficher hody Of_results.
Here I shall iry to summarize ﬁnly ﬁhat appear tc be the most imporﬁant
.pqints. Comparing Fig. 8 and'Fig, 11, we see that for. learning of
identity of sets, prior training on equipollence has ﬁositive transfer

~Tor class 10 and negative transfer for EL . The qualitative explana-

tion seems obvious. The initial natural dichotomy seems to be O, 0 P

and for this dichotomy IO is a class'of_"differenﬁ” pairé, but the

task of equipollenqe reinforces the treatment of 10 pairs as the

"same". The situation is reversed for the class ET , and thus thé

negative'frgnsfer, for under equipollence EI pairs are the_"same“,

but under identity of sets they are "different”.
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Comparing now Fig. 8 and Fig. 13 where the task is agein identity
of sets but the prior training is on identity of ordered sets rather
than equipcllence, there is, as would be expected by the kind of argu-
ment just given, negative transfer for the class IO . There is also
some slight evidence of positive transfer for EL .

Looking next at Figs. 9 and 10, we observe pesitive transfer for the
class IO when the task is equipollence and the prior training is on
identity of sets. What is surprising is the relatively élight amount
of negative transfer for the class EI .

Finslly comparing Figs. 12 and 14 for which the task is identity
of ordered sets, and in the latter case this task preceded by identity
of sétsg we observe negative transfer for the class ' I0 , as would be
expected. The response curves for the other three classes are too
cloge to probability one to make additional inferences, although there
is a slight negative transfer for EI which cannot be explained on the
principles stated above.

It seems apparent from these resulis that the anslysis of transfer
in the learning of mathematical concephts may often be facilitated if a
fine~scale breskdown of the concepts in guestion into a number of sub-
concepts is possibleo' What ié most needed is a quantitative theory to
gulde a more detaliled analysis of the transfer phenomena.

Experiment TIl. Polygons and Angles.

This experiment is reported in detail in Stoll [1962], and I
present some of the data here with her permission. The subjecis were
thirty-two kindergarten children who were divided into two equal groups.

For both groups the experiment was a successive discrimination,
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three-response situation, with one group discriminating between triangles,
quadrilaterals and pentagons, and the other group discriminating between
acute, right and obtuse angles. For all subjects a typical case of

each form (inea, cne of the three types of polygons or three types. of
angies) was shown immediateiy above the appropriate response key. As in

. the case of Experiment II, no single stimulus display was repeated for
any one subject. Stimulus displays representing each form were randpmized
over experimental trials in blocks of nine, with three of each type
appearing in each block of nine. The subjects were run to a criterion

of nine successglvely correct responses, but with not more than fifty-
four trials in any one session.

For the guadrilaterals and pentagons the guessing prcbebility

pricr to the last error was essentially the same, @ = .609 and
ﬁ = .600 respectively. Consequently the proporticns of correct

‘:esponSes for the combined data are presented in blocks of six trials,
together with the mean learning curve over all trials in Fig. 15. The
corresponding data for the triangles are not presented because the

initial proporticn of correct responses was gulte high and the subjects

Ingert Figure 15 about here

learned to recognize triangles correctly very easily.
Fig. 16 presents the zame curves for the combined data Tor the

three types of angles although the guessing probability varied between the

~Insert Figure 15 about here
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angles. Both figures strongly support the hypothesis of a constant
guessing probability prior %o conditioning. In the case of the quadri-
laterals and pentagons, ¥ - 71l ,df =4 , P>.90, =54 . In
the case of the combined data for the angles, X? =0.97 , 4f = & ,
P> .90 , N=29019.

The Vincent.curves for each of the conceﬁts {except for the con-
cept of the triangle) are shown in Fig. 17. The pentagons, quadri-
laterals and-right éngles hawve qui£e.stationary Vincent curves, whereas
there is a definite increase in the fourfh guartile of tﬁe Vincent curves

for the acute and obtuse angles, and in fact in the case of the obtuse

Insert Figure 17 about here

angles there ig a significant increase in the third quartile. Statis-
tical tests of stationarity of these Vincent curves support.these
results of visual inspection. Rach test has three degrees of freedom
because the analysis is based on the data for the four quartiles. In

the case of the quadrilaterals X2 = 1.75 , for the pentagons X2 = 1.33 ,
for the right angles ¥ = .95 , for the obtuse angles X = 12.63 ,

and for the acute angles XE-: 16.43 . Only the last two values are
significant.

Using responses before the last error, for all concepts except
that of triangle, goodnesg=-cf-fit testé were performed for (i) station~-
arity in blocks of 6 trials, (ii} binomial distributicn of responses as
correct or incorrect in blocks of 4 trials, and {iii} independence of

responses -- with the test being for zero-order vs. first-order
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dependence. The results of these tests are presented in Tablie 2. The

Insert Table 2 about here

results shown strongly support the adequacy of the one-elemeni model
for this experiment.

Experiment IV, Variation in Method of Stimulus Display.

in this study conducted with Rcse Ginsberg we compared the rate of
'iearning,in two experimental situatione, one in which stimulus displays
were presented individually in the usual way and the other in which the
same stimulus displays were presented by means of colored slides to
groups of four children. The concept to be learned was identity of sets,
cand in both situations . the children were required to respond by pressing
one of two buttons, depending upon whether the stimulus display on that
trial wes identical or non-identical. Of the sixty-four subjects
thirty-two were from first grade and thirty-two from kindergarien
_classes. For the children receiving individual displays the experimental
situation was essentially identical with that of Experiment IIX.

The mean learning curves for the two subgroups with random presen-

tation are shown in Fig. 18. The results suggest that presentations by

Insert Figure 18 about here
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Table 2

Stationarity, Order and Binomial Distribution Results

(stoll Experiment on Geometric Forms).

Quadrilateral, p = ,609 N af P>
Stationarity (N = 273) - 1.68 h .70
Order {N = 262) : 0.65 1 Ty
Binomial distribution (N = 65) 1.77 2 40

Pentagon, p = .600

Stationarity (N = 275) . 2.40 4 .60
Order (N = 269) ' 1.76 1 .15
Binomial distribution (N = 65) 2.07 2 .35

Acute Angle, p = 674

Stationarity (N = 338) : - 7.96 b .05

Order {N = 348} 3,17 1 .05

Binomial distribution (N = 85) 2.66 2 .25
Right Angle, p = .506

Stationarity (N = 313) 6.34 L .10

Order (N = 326) _ 2.41 1 .10

Binomial distribution (N = 80) 10.52 2 .001#%
Obtuse angle, p = .721

Stationarity (N = 268) . 1,10 i .85

Order (N = 256) ' 7.32 1 .001%*

Binomial distribution (N = 63) 2,90 2 .20

Quadrilateral and pentagon, p = .60k

Stationarity (N = 548) 0.71 4 .90
130} 1.77 2 To)

Binomial distribution (N
All angles, p = 624

Stationarity (N = 919) , 0.97 L .90
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Fig. 18. Proportion of correct responses in blocks of 12 trials, subgroups with random
presentation (Experiment {V).






slides is a legs effective learniﬁg aevice for younger children, and
the younger the child the more this finding seems to apply. At all
levels of difficulty the kindergarten children learned more efficiently
when the stimuli were presentedrto £hem in individual sessions. With
one or two-elément sets displayed Grade 1 subJjects learned only slightly
better in the individual session situation than in the slide situation,
but when the task was more difficult (étimulus.displays of three-
element sets) the individual learning situation was clearly the most
adequate. In interpreting these results it should be emphasized that
the individuel session was strictly experimental so that the amount of
interacticn between subject and experimenter was paralleled in both
individual and slide.situations.t B

Why these two experimental situations should produce different
regults in terms of efficiency of learning is not yet clear to us. One
possibility is the following. Iﬁ,has been shown both with lower organ-
isms (Murphy and Miller [1955]) and with young children (Murphy and:
Miller [1959]) that the ideal situation for learming is when the
stimulus response and reinforcement are contiguoﬁs° In the individual
sessions these requirements were met, for the response buttons were
1.5 in. below the stimulus displays aﬁd the reinforcement lights were
1.0 in. from the stimwli. On the_ofher hand, in the slide presentations
although the stimulus displays and reinforcements were immediately
adjacent to each other, the response buttons were about 3 ft. from the
screen cn whlch the stimulus display was projected. Experimentally it
has been shown (Murphy and Miller [1959]) that with children of this
age group & separation of 6.0 in. is sufficient to interfere with
efficient learning.
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Experiment V. Incidental lLearning.

This experiment represents a Joint study with Rose Ginsherg.
Thirty-six kindergarten children in three groups of twelve'eéch wvere
run for sixty itrials a day on two successive days of individual experi-
Vmental sessions during which they were required to learn equipollence
‘of sets. On the first day the stimulus displays presented to the
sibjects on each trial differed in color between the three groups but
were otherwise the same. In Group i all displays werse in one color,
black, In Group 2 equipollent sets were presented in red and non-
equipollent sets in yellow., For the first twelve trials In Group 3
equipollent sets were red and.non—equipollent sets in yellow,'for the
remaining forty-eight trials on that day the two colors were gradually
fused until discrimination between them was not possible. On the
“second day all sgets were presented to all three groups in one color,
black.

As is apparent from the brief_description of the experimental
-desgign, Group 1 simply had two days'® practice under the same conditions
with the'éoncept of equipollence. In Group 2 the child did not asctuslly
néed to learn the concept of eguipollénce but he could simply respond
to the color difference on the first day, and it 1s well known that such
‘a color.diécrimination for young children is a simple task. If the
_child in this group learned anything about equipollence of sets the
first day, therefore, we may assume this to be a function of incidental
learning. If incidental learning is éffective, his performance on the
:.second day when the color cue is dropped should at least be better -than
the performance of children in Group 1 on the first day. In Group 3 |
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where we give the child the discriminative cue of color difference in
the firsgt trial and then very slowly withdraw that cue, the child

should continue to search the stimidus displays very closely for a color
gtimulus, and is thus obliged to pasy very close attention to the stimuli.

The mean learning curves for the three groups are shown in Fig. 19.

Ingert Figure 19 about here

0f the three groups only Group 2 approaches perfect learning on the.
first day. In this group, of course, only color discrimination was
necessary. Both the other groupse did not improve over the first sixty
trials, although Group 3 showed some initial improvement over those
trials where the color cues remained discriminable. On the second day
Group 1 showed no improvement, and the learning curfes for this group
and for Group 2 are practically identical. For Group 3 on the other
hand, the results were conspicuocusly better on the second day than for
those of any other group. It is apparent from these curves that the
task chosen was relatively difficult for the asge of the children,
because essentially no improvement was shown by Group 1 over the entire
120 trisls, The conditions in Group 3 where the children were forced
to pay very close attention to the stimuli do seem to have significantly
enhanced the learning.

Eggeriment VI. Varistion gzaﬁesponse Methods,

This study was made Jointly with Rose Ginsberg, and its object was
to gtudy the behavioral effects of different methods of response.

Specifiéally; three groups each composed of twenty kindergarten children
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were taken individuwally through a sequence of 60 trials on each of two
successive days for a total of 1207£rials. The task for all three
groups was equipollence of sets.

In Group 1 the child was presented with pictures of two sets of
objects and indicated by pressing one of two buttons whether the sets
"went together" or did not "go together" (were equipollent or non-
equipollent).

In Group 2 the child was presented with one display set and two
Wanswer" sets and was required to choose the answer which "went together"
| with the display set. |

Iﬁ Group 3 the child was presented with one display set and three'
"gnswer" sets and made his choice from the three possiblé answers.

This situation has fairly direct reference to teaching methodoleogy
in the sense that Group 2 and Group 3 represent multiple-choice possi-
bilities., In Group 1 where the child is required to identify either
the presence of fhe concept or its absence on ‘each trial, the situation
_is‘comparable to one in which the child is to indicate.whethef an equa-
tion or statement is correct orlincorrecﬁ.

On the first.day each group of children learned the task described
above. On the second day they were run on an alternatlve method. |
’Specifidally, Group 1 was run under Group 3 conditions and Groups 2 and

_3.were run under Group 1 conditions.

The mean learning cﬁrves for all groups on both days are shownﬂin

'Fig. 20. It will be noticed that in Group 2, where the subjects were

Ve

Insert Figure 20 about here
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required to choose from one or two availsble responses, the subjects
learned slightly more quickly and to a slightly better level of achieve-
ment on Day 1 than the other groups, but, on the second day, when the
experimental conditions were shifted, Group 2 subjects did less well
than the subjecte in the other two groups. The clear superiority of
Group 1 on the second day when they were transferred to Group 3 conditions
indicates some positive transfer from learning to judge whether or not
a concept is'present to the multiple-choice situation, whereas the
results for Groups 2 and 3 on the second day indicate some negative
transfer from the multiple-response methods to the presence-or-sbsence
method.

Thege results are further supported when we examine separately the
data from subjects achieving a criterion of twelve successive correct
responses onn the first day. The more successful method was clearly
that used in Group 1 as indicated from the curves in Fig. 21. The

subjects in this group were conspicuously more successful than the

Insert Figure 21 about here

other groups on the second day, making, in fact, no errors on that day
from Trial 30 to Trial 60. Group 3 achieved perfect SCOores on the
gecond day only on the last six trials, and Group 2 never reached +that
level on the second day, although they, like the other criterion subjects,
had achieved perfect learning on the first day.

It seems reasonsble tentatively to conclude that the method used

with Group 1, where subjects were required to recognize the presence or
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absence of some property on each trial, is the more successful method
in establishing understanding of a concept well enough to permit trans-
fer to a different response method.

Support for the all-or-none model of conditioning is also to be
found in this experiment. TIn Table 3, X? goodness-of-fit tegts of
stationarity over trials before the final error for each group on each
day are shown. The six values are all non-significant and thus support

the basic gssumption of the all-or-none models.

Insert Table 3 zboub here

Some Tentative Conclusions.

Oﬁ the basis of the six experiments just discussed I would like to -
draw some tehtative conclusions, some of which are important for peda-
gogicél procedures (cf. Suppes and Ginsberg [1962b]). I want to empha-
size, however, that I would not wish to claim that the evidence from
these experiments is conclusive enough to establish any one of the six
conclusions in any final way, but what I do hope is that the atiempt to
sumnarize some of the implications_of these experiments wilil étimulate
other research workers to investigate these and related propositions in
more-adequate detail.

1. Formation of simple mathematical concepts in young children is

=.approximately gn all-or-none process. LEvidence indicates,
however, that significant deviations from the all-or-none model

are present (see-the discussion of the two-element model below).
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Table 3 Tegt for Stationarity over Trials

before the Final Error (Experiment VI)

Group 1

Dey 1 Day 2

X h.o7 2.41
ar 8 1

P> 70 .10

group 2
Day 1 Day 2
10.76  k.255

9 8

.20 .80

Group 3
Day 1 Day 2
16.07 2.87

g 7

.05 .80






Several of these conclusions are at

Learning is more efficient if the child who makes an error is
reguired to make an overt correction response in the presence
of the stimulus to be learned (Exp. I).

Incidental learning does not appear to be an effective method

- of acquisition for young children and in Exp. IV the group of

children who responded to a color discrimination d4id not sub-
gequently give any indication of having learned the underliying
concepts.

Contiguity of response, stimulus,and reinforcement enhances
learning (Exp. V).

In the learning of related mathematical concepts the amount of
overall transfer from the learning of one conbept to another

is surprisingly smell. However, considerable positive or nega-
tive transfer between specific sub-concepts is often present
(Exp. II).

Transfer of a concept is more effective if the learning situa-

tion “has required the subject to recognize the presence Or

absence of a concept in a number of stimulus disgpiays than if
learning has involved matching from a number of possible
responses (Exp. VI).

variance with generally accepted

results for adult learning behavior, for example, the efficacy of an
immediate overt correction response (see Burke,; Estes and Hellyer {1o54]
for negative results on this method in adults), the variation of
response method, or the relative specificity of learning of concépts with

relatively little transfer. What is much needed is a wider range of
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systematic studies to isolate the factors of learning in young children
“.that are particularly distinet from common features of adult learning
behgvior.

Two-Element Model.

In the first conclusion menticned above we staﬁed that the forma-
tioﬁ of concepts 1s approximately an all-or-none process in young
,éhildren. On the other hand, the detailed analysis of responses prior

to the last error indicates that in many cases there is.an incremental
effect appearing in the last quartile or even sometimes in the last two
.quartiles of the data. This matter is discussed in some detéil in
Suppes and Ginsberg {1963]). Here I would simply like to briefly men-
tion what currently appears to be the best extension of the one-element
model to account for these results.

| The  simplest alternative model is the linear incremental model
with the single .operator., The intuitive idea of this model is precisely
the opposite of the all-or-none conditioning model, The supposition is
that learning proceeds on an incremental basis, Let 9, be ﬂhe
probability of an error on trisl n . Then the model is formulated by

"the following recursive equation:

n+

where 0 <8 S$1. Tt is simple to show but somewhat surprising.that
this purely incremental model has precisely the same mean iearning curve
as the all-or-none model if we set ¢ =0 . (Po obtain this identity
of the learning curves we must, of éourse,_consider all resgponses and

not simply responses prior to the last error.) The incremental model
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does differ sharply from the.a11~or—none model in the kind of learning
.cﬁrve predicted for responses prior to the last error, as is evident
from,equatiOn (1). Moreover, it may be shown that the concave upward
Vincent curves obtained in‘several of the experiments discussed above
(see Fig. 3 and Fig. 17) cannot be accounted for by the linear incre-
mental models.

The second simple alternative, which will gccount for these con-
cave upward Vincent curves, is a model which represents a kind 6f
compromise between the all-or-none model and the incremental model. It
results from a simple extension of the one-element model, namely, it is
assumed that assoéiated with each situation are two stimulis elements
and, therefore, that the learning proceeds in two stages of all-or-none
conditioning, Each of these two uncbserved elements is‘conditioned'on
an all-or-none basis but the two parameters of conditioning, one for
each element, may be adjusted to produce various incremental effects on
the response probabilities. Let o and T be the two elements. The
basic learning process may be represented by the following four—stater
Markov process where the four states (o,7v) , ¢, T , and O represent

the possible states of conditioning of the two-stimulus elements.

g,T) c T | 0

(o,7) 1 o] 0 0
o br/2 1-bt/2 0 0
t | p'/2 0 1-b*/2 0
0 0 a/e - afe - 1l-a
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Because we do not attempt experimentally to identify the stimuli o

and T , this Markov process may be collapsed into é threé-state process,
whose states are simply the number of stimuli conditioned to the correct
response. In the matrix shown above a 1s-the probability of condi-
tioning at the first stage and b' is the probabilit& of conditioning
at the second stage. The division by 1/2 in the matrix simply repre-
sents the equal probability of sampling one of the two elements. If we

b!

consider only the number of stimuli, it is convenient Lo replace 5

by b and we obtain the transition matrix shown below:

2 1 _ 0
-2 1 0 -0
L. b - k=b 0]
0 0 a l-a

To complete the description.of the prdcess we associate with the sampling

of each element o and T a guessing probability g5 and 'g,r when

the elements are still unconditioned. For the states 0 and 1 of
the second matrix shown we.then have the guessing probabilitiés &g and

g1 defined in the obvious manner in terms of the sampling probabilities:

1, .1
1 1 1 1 1
Bl =L & T E T5=58 %5 -

The probabilities g and g, are not observable but & is and &
: o
is a simple funetion of it, This means that we now have a process with

three free parameters, the conditioning paraméters a and b and the
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guessing probability &q: I shall not attempt fto report here detailed
application of this two-element model but we are now in the process of
applying it to a number of different experimental situations.and hope
to report in detail on its empifical-validity_in the near future. I
would, however, like to remark that a very interessting interpretaticn
of this kind of two-stage model has recently been given by Restle [1963]
in which he interprets the two stages of learning as the stage of
conditioning and the stage of discrimination. Details of the model he
proposes differs from that given here, but for most chservable response
patterns the differences between the two models will not be large.
Before. turning tc another topic I would like to emphasize that I
do not feel that the analysis of concept formation in terms of the
simple cne and two-element models sketched here is fully satisfactory
dntellectually. It is apparent that these models must be regarded as
schemas of the full process that . .is taking place in cbncept.formation.
Wnat is surprising is that they are able to account for response data
.as well as they de. Theories which postulate mcre details about the
learning procegs in concept formation are needed to go beyond the
present analysis. This I take it will be psrticularly true as we pro-
ceed to the analysis of more complicated mathematical concepts, whose

learning must rest upon the understanding of simpler concepts.
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b, logic and Mathematical Proofs.

Together with several younger associates I have been conducting
pedagogical and psychological experiments with elementary school chil-
dren on the leafning of mathematical logic for several years. Before
turning to a relatively systematic statement of some of our results, I
woul& like to survey briefly what we have attempted.

In the fall of 195 I brought into my college logic course a
selected group of sixth, seventh and eighth gradérs (they were in fact
no more selected than the Stanford students in the course). The demon-
strated abllity of these zstudents Lo master the course and pérform at a
.level,oﬁly slightly below that of the college students was the initial
impetus for further work. The next important step was the exteﬁsive

study by Shirley.ﬁillfof the reasoning abilities of first, second and
thirdlgraders.  ThiS study was begun in 1959 and completed as her disser-
‘tation in‘l9607 T ghall report briefly on this below. In 1960 Shirley
Hill and I wrote a text and taught a pilot group of fifth graders a year
course in mathematical logic. This course wéS'structured Veryléimilarly
' fo & college logic course. except that material was presented more
explicifly and at a much slower pace. VStudents in the class were gselected
on the basis of their ability and interest (the minimum I.§. wag 110)
.and again the pogitive results were an impetus to further work. Because
of the success of this class, the textbook was revised, and during the
ccurrent academic_year it is belng taught to approximately 300 selectéd
fifth gfadérs in thé Bay Area, with support of the project coming from
the Office of Education and the National Science Foundation. These same

. classes will be given a second year as sixth graders, and in another
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year we ghall be able to report in detail on their level of achievement.
We were alsc interested 4o see if we could train regular fifth grade
teachers Lo fteach the. course as part of their regular curriculum. To -
this end we gave them a special course in logic in the summer of 1961
and all the classes are now being tausght by regular teachers.

We began this past fall experimental psychological studies of how
and to what degree children of still younger ages can learn the concepts
- of formal inference. I shall report briefly on a pilot study with first
graderg, which we are now in the process of redoiﬁg as a full-blown
experimental study. On the basis of the experience of several of us with
teaching logic to elementary school children we are now in the process
of conducting an extensive psychclogical experiment with fourth-grade
children to determine whether it is easier initially to learn rules of
sentential inference when the standard interpretations ére'given or.
\whether it is easier simply to learn the rules as part of an uninterpreted
meaningless game. This last possibility will of course be most disturbing
for a wide variety of mathematicians interested in the teaching of mathe-
matics. I shall not enter here intc the many reasons why I think there
are good psychological arguments to believe that the initial teaching of
inference simply as a game will turn out to bée the most.effectivé.
approach. I am frankly reluctant to formulate any very definite ideas
about this highly controversial matter until we have aceumulated a much
more substantial bedy of evidence,

I turn now to the two experiments mentilioned above which I weant to

report.on briefly here.
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Experiment VII. Logical Abilities of Young Children.

As already remarked, this extensive empirical study constituted
Shirley Hill's doctoral dissertation [1961]. Dr, Hill gave.a test
instrument consisting of 100 itemgs to 270 children in the age group six
through eight years (first, second and third grades). Each of the 100
'iteﬁs consisted of two or three verhal premises plus a conclusion
presented orally as a question. -The subjéct was asked to_affirm or deny
‘the conclusion as presented. There were two primary reasons for not
gsking the children to compose a conclusion. In the first place; chil-
-dren of this age sometimes have difficulties in formulating.senteﬁces,
and'thié has sometimes been cited as the reason for inappropriaté
measures being made of their reascning abilities. The second reason is
-simply the methodoclogical diffiéﬁlty of interpreting the correctness or
inborrectness-of a conclusion given as a free response. The 100 items
© Were equélly divided_between'éositiverand negative answers. The first
" part of the test consisted of 60 items which were drawn from sentential
- logics, Every conclusion or its negation followed from the given
'ﬁremiseé'by the sentential theory of inference. The second part con-
“gisted of forty items which were drawn from predicate.logic, including
_thirteen eclassical syllogisms. Howéver; fhe predicate logic items also
 included.inferenceS using twoe-pliace prédicates'together With existential
quantifiers.

| Because it is easy for children to give the correct answer to a-
-problem in whieh the conclusion is generally true or false, every
'attempt was made to construct the items in sueh a way that the omission

of one premise would make it impossible to draw the correct conclusion.
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To provide a behavioral check on this aspect of the items a base-line
group of Tifty subjeéts was given the tesf with the first premise of
each item omitted. For instance, to quote the illuétration given by
Dr. Hill [i96o, P. 43], the originsl item might read:

If that boy is John's bfother, than he is ten years old.

That boy is not ten years old. |

Is he John's brother?
For the base-line group the item would be presented:

If that boy is not ten years old, is he John's brother?
An_example of a,badly.constructed item would be the following: |

If boys are stronger than girls, thén boys capn run faster

than girls.

Boys are stronger than girls.

Can boys run faster than girls?
'Naturally almosgt all children would give the correct answer to this
latter item but their behavioral response would actually tell us liitle
aboﬁt their intultive grasp of principles of logical inference. That
Dr. Hill's items were well constructed.are attested to by the fact that
the base-line group got an average of 52.02% of the items correct,
which does not significaﬁtly differ from chance. (WNote that this
percentage ig . based on 5,000 subject-items.)

I shall not go into all the facets of her study here. I mainly
want-to report on one or two of the most important conclusions. Let
me first mention the results of the three standard groups of ages six,
seven and eight years. The six-year old group receiving the items asg
described above got 71.18% of the items correct. The seven-year old

bl




7
il

group got 79.54% of the items correct, and the eight-year old group got
85.58% correct, These percentage figures indicate a steady increase’ f&
with age of the gbility to draw correct logical inferences from

hypothetical premises. In addition to the faect of increase, it is Just f?

as important to note that the six-year old children are performing at

:quite a high level, in contradiqtion to the view of Piaget and his
- followers that young children bf thié age are limited +to éoncreter
operati_ons. Dr. H:'_Lll's_ study certainly .provid.es substantial evidence
.to the contrary. | | : o :%2
| To avoid aﬁy possible confusion it should be borne in ﬁind that

it is not eclaimed that this study shows that young children are able

explicitly to state formal principles of ihference. What is claimed
'.is that their grasp of the structure of ordinar& language is sufficienfly
deep for them to be able to make Hég of standérd principles of infer-. "'é
ence with considerable accurécy. |
I would like to present just two other resulté of Dr. Hill's
study. To avoid the conjecture that the children of age six may be
L able to do the simp1ef forms .of infereﬁce.quite well but do badly.on
the more Qifficult_inferences involving two-place predicates, the
percentage of correct responses for each age group on the ten types of

inferences appearing in the 100-item test are shown in Table L,

Insert Table 4 about here

The last two categories entitled "Quantificational Logic--Universal

,Quantifiers“ and "Quantificational Logic--Existential Quantifiers”
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Table 4

Percentage of'COrrect Fesponses for Different Principles

of Inference by Age Ievel

i

Principles of Inference

Percentage of Correct Responses

Age 6 Age 7 Age &

Mcodus ponendoc ponens 8 89 92.
Modus tollendo ponens 82 84 g0
Modus tollendo tollens Th 79 84
Law of Hypothetical Syllogism 78 86 88
Hypothetical Syllogism and

tollendo tollens 76 79 85
Tollendo tollens and tollendo

ponens 65 77 81
Ponendo ponens and tollendo tollens 65 67 76
Classical Syliogism 66 75 86
Quantificationsl Logic-Universal

quantifiers 69 81 84
Quantificational Logic-Existential

gquantifiers 3 79 88







refer to inferences thét do not fall within the scheme of the classical
syllogism. Although these last two categories are more difficult than
.thé simplest modus ponendo ponens applications, the perférﬁance level

of the children of six is still well above chance, and it 1g interesting
to note that the performance on universal quantifiers is actuslly
slightly betier than the performance on sentential inferences using
both ponendo ponens and tollendc ponens.

The secord result concerns the abtempt to identify some of the more
obvious sources of difficulty. The lack of a sharply defined gradient
in Table & suggested further examination of individual items. What
turned out to be a major source of difficulty was the inclusion of an
additional negation in an inference. Two hypothetical items that
illustrate this difference are the followihgo' Consider first as a
cagse of modus ponendo ponens:

If this is Room 7, then it is a first-grade room.

This is Room 7.

Tg it a first-grade room?
Let us now modify this example, still mesking it an application .of
modus ponendo ponens:

If this is not Room 8, then it is not a first-grade rocom.

This is not Room 8. |

Is it & first-grade room?
The additicnal negations in the second item are a source of considerable
difficulty to the children. It might be thought that the negations
simply cause difficulty because they represent an increase in general

complexity. To examine this question Dr. Hill compared the cases
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using a single rule of inference in which negstions occurred with the
use of combined implicatioﬁs involving more than one rule of inference,

The results are shown in Table 5. It is clear from this table that an

Insert Table 5 about here

additional negation adds a greater factor of difficulty than the use of
more than one principle of inference.

Experiment VIII, Pilot Study on Mathematical Proofs,

The details of this pilot study are to be found in Suppes [1961].
The coriginal sfudy was conducted with the assistance of John M. Vickers,
and we are now engaged in a larger study along the same lines. The
primary objective of this pilot study was to determine if it is feasible
to apply the one-element model described in Sec, 3 to the behavior of
young children congtructing proofs in the trivial mathematical system,
described as follows: Any finite siring of 1's 1is a well-formed
formula of the system. The single axiom is the single symbol 1. The

four rules of inference are:

R1. S - 811
CR2. S —= 800
R3. 81 - S
Rb.  B80 - 8

il




Table 5

Comparison of Increzse in Error Associsted with the Addition

of Negation and with Compound Implications

Principles of Inference Percentage of Error out of Total Pogsible
' Responses '
Regular Form Additional Combined
Negation Implication
Modus ponendo ponens .06 .19 17
Modus tollendo tollens .12 <34
Modus tollendo ponens .03 .25 27
Modus tollendo tollens .12 .34

Law of Hypothetical
Syllogism .08 22 .16
Modus tollendo tollens .12 <3k







where S is a non-empty string. A theorem of the system is, of course,
~either the axiom or a finite gtring that may be obtained from the axiom
by a finite number of applications of the rules of inference. A
genergl characterization of all thecrems is immediate: Any finite
string is a theorem if and only if it begins with 1 . A typical
theorem in the system is the folliowing one, which I have chosen because

it uses all four rules of inference.

Theorem. 101

(1) 2 Axiom
(2) 100 R2
(3) 10 R4

(4) 1011 Rl

(5) 101 R3

The proofs of minimal length in this system are easily found, and the
correction procedure was alwajs in terms of a proof of minimal length.
The gtimulus discrimination facing the subject on each trial is
simply described. He must compare the last iine of proof in front of
him with the ﬁheorem.to be proved. This comparison immediately leads
to a classification of each last line of proof inte one of four categories:
Additional 1's need to be added to master the theorem (Rl):
Additional O's need to be added to master the theorem (R2): 4 1
.must be deleted to continue to master the theorem (R3); or a 0 must
be deleted in order to master the theorem (Rf). The rule in terms of
whether the response should be made is shown in ﬁarenthesisp When the

subject is completely conditioned to all four stimulus discriminations,
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he will make a correct response corresponding to applying a rule that
.will produce a part of a proof of minimal length. For each of the four

diseriminations with respect to which he is not yet conditioned, there

is a guessing probability P; > i = 1,2,3 or 4 , that he will guess the
correct rule and thus the probability 1 - By that he will guess
incorrectly. In the analysis of data it was assumed that four inde-.
pendent one~element models were applied, one for each stimulus discrim-
ination. (It is a minor but not serious complication to take account of
two possible responses both being correct, i.e., leading to a minimal
proof; e.g., in the proof of 1111 we may apply Rl twice andAthen R3, or
R1, R3.and then RL again.)

The pilot study was conducted with a group of first-grade children
from an elementary school near Stanfﬁrd University. There were eighteen
. subjects in a1l divided into two groups of nine each. One group

réceivedlthe procedure just déscribed, including a cofrection procedure
:in terms of which a correct response. was always shown at the end of the
tfial. .The other group,which was a group using a discovery méthod of
sorts, was not given a correction procedure on each trial, but at the
‘end of each proof, subjects were shown s minimal proof,br in the event
| the'subject construcfed a minimal proof, told that the proof constructed
~ was correct.

The following eriterion rule was used. A subject, according to

- the criterion; had.leérned how.to give minimal proofg in ﬁhe.system
when four correct theorems weré proved in succession, pfovided tﬁé
 subject had proved at least ten theorems} ALl sﬁbjeﬁts ﬁere.given a

maximum of seventeen theorems to'prove, and all sﬁbjects, except for
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two in the discovery group, satisfied this eriterion by the time the
seventeenth théorem was reached. The seventeen theorems were selected
'according to some relatively definite criteria of structural simplicity
from the set of theorems which are of length greater than one and less
than seven.

In Table 6 the mean proportion of errors prior to the last error
in blocks of twelve trials for each group and for the two groups com-
bined are summarized. A trial in this instance is defined as a step

or line in the proof.

Insert Table 6 about here

More than sixty trials were necessary in order to prove the seven-
teen theorems, but because very few subjects needed the entire seven-
teen theorems to reach criterion the mean lesrning curves have been
terminated &t Trial 60. From this table it seems that the correction
group is doing better than the discovery group, but I do not think the
aumber of subjects or the total number of trials is.adequafe to draw
any serious conclusions abouf comparison cf the fwo methods. It is
interesting to note that the discovery group has a much more stationary
mean learning.curve than does the correction group, and in that sense
is satisfying the cne-element model. Of coufse these curves are obtained
by summing oOver errors on all four rules. It is very possibly the case
that with a larger set of data.for which it would be feasible to sepa-
rate out the individual rules as the application of the one_elemenf

model described above would regquire, the correction group also would
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have stationary mean learning curves for data prior to the last error

;
\
|

on the basis of the individual rules.

In the near future we hope to be able to report on a much more
substantlial study that wiil give more definite information on these

questions.
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Table 6

Observed Proportion of Errors Prior to Last Error for the Correction,

Discovery and Combined Groups. Blocks of 12 trials.

RBlock

Group 1 2 3 L 5
Correction .28 .23 .15 .00 .10
Discovery .23 .20 40 .30 .33

Corbined 25 21 .30 .18 2k
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