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SUMMARY
The purpose of this study was to determine the behavior of animals

during a long series of triais in a two-choice problem with probabilistic

reinforcement. On each of a set of discrete trials, twec response alter-

natives, Al and A2 were presented to a subject. One response or the

other was correéct on each trial, and the major variable was wn, the

proportion of trials on which Al was the correct response. After

preliminary training in the apparstus, one group of 32 Long-Evans rats
received 3600 trials‘with, T :equal to .50, followed by-3680_trials

with @« equal to .65, ‘A second grouﬁ of 32 animals received 3600 trials
with = equal to .50, followed by 7680 trials with = equal to .8C.

Fach subject recgived 80 triszls a day, and a correction procedure was used;
i.e., if the first_choice was correct on any'trial, the subject was
allowed to make a correction response on the same trial. The subjects
were 22 hours hungry, and foocd pellets were used as reinforcements. The

choice and response latency were recorded for each subject'on each trial.

- The prograzming and recording of the trials were accomplished by an

automated spparatus.

Forl % equal t07-504 the mean Al response probsgbility was approx-

imately_,BO for both groups of subjects. lowever, the analysis

* Thig resesrch was supported by Grant USPHS-MH~518L4 between Stanford
University and the U. S. Public Health Service.



of these data was complicated by_@he fact that many of the subjects
exhiblted strong position preferences. For the other reinforcement
schedules, matching we.s not observed; +the mean Al response probabil-
ity exceeded = . Under the .65 schedule, the mean response probabil-
ity was .85, while under the .80 schedule, the mean response probabil-
ity was .95. The animals were divided into subgroups who were homo-
geneous with respect fo asymptotic mean résponse probability.. A
k-state stimulus sampiing model, in which it was assumed'that the con-
ditioning of a stimulus element to a gifen response might assume vary-
king degrees of strength, ﬁas applied to the first- and second-order
fesponse—reinforcement dependencies, and to the third- énd fourth-
order reinforcement-run dependencies. The k-state model'gave a reason-
" able account of these statistics, although the overall X2 statistic
reflecting the fit of the k-state model to several sets of data from
homogenecus subgroups was significant at beyond the .01 level of sig-
nifieance. A'modified version of the linéar operator modei was applied
to the dats with less success. The k-state model wﬁstrélated to time
measures by‘a simple axiom, ahd the average response speeds‘were in

' fair qualitative agreenent with predictions from the mecdel.

When the discrepancies bétween the k-state model and the data
were examined in detail, it was found that (1) there was a greater
amount of response perseveration than the model predicted, and (2)

' fdlloﬂing a:résponsé.alfernatibn Seguence, in.whiCh neithér response
was cérfécf, the éubject téndéd to return tblthe.first response more

Trequently than predicted. - The first source of discrepancy, which




accounted for a large portion of the X2 value, may be related to
the fact that over half the subjects exhibited strong position biases
durihg the 50-50 reinforcement schedule, which remained in evidence

following shifts to the 65-35 and 80-20 schedules.



- INTRODUCTION.

A simple learning.situation-which has been cf considerable im-
portance in the recent development of theories of choice behavior is
the two-response problem with noncontingent reinforcement. On each of
a series of discrete trials, the subject must select one of two
response alternatives. The event that the first of the alternatives
is chosen on trlal n is dencted A , and the event that the

lyn
second of the slternatives is chogen is dencted A2,n . On each trial
exactly one of the two slternatives is reinforced. The event that
response 1 18 reinforced on trial n 1is dencted Ei,n . By ncn-
contingent reinforcement, we mean that the reinforcement probability
is in&ependent of the trigl number and the preceding sequence of
response gnd relnforcement events. Customarily P(El) is denoted by
n , end for the two-choice casze, P(EE) g 1 -2 . If O<n<1,

then neither response 1s reinforced on all trials, and the behavior

reésuliing from such a schedule is referred to as probablllty learning.

Although the First experimental studles of probability learning
took place in the late 1930's (Brunswick, 1939; Humphreys, 1939), the
development of Stimulus Sempling Theory under Estes and others (see
Atkinson and Estes, 1963, for a recent survey of the theory) provided
the impetus for the more recent Ilnterest in this ares. The models
which have derived from stimulus ssmpling theory mske possible explicit
predictions not only about the form of the learning curve as a function
of the reinforcement probabilities of the various mlternatives, but

also mbout the triml~by-trial structure of the data; e.g., 1f an



El event occurs, the models yield predictions sbout the probability

that an Al will oceur on the next trial. In a situation in which

~

one responsé alternative is alwzys reinforced, only choice data prior
to the last error can he used to test theoretical assumptions. With

probabilistic schedules, if the mean proportion of A, responses

1
stabilizes at some value other than zero.or one, then trial-by-trial
variation around the point of stability should depend in part on the
seguence of reinforcement events. ‘Once behavior has stabilized, a '
subject may be given a large number of additional trials; the iarge
number of observations thus obtained permits reliable estimates of.the
reinforcement effects, allowing sharper tests of a theory than may be
obtained, for example, by analyzing meén leafning.curves.

An important predictionAof most of the eérly models is the match-
ing law, i.e., the prediction that at ésymptote, the proﬁability éf
Al will be n . Mateching behavior has been observed in a vafiety of
experimental settings with both human and infra-human subjects. In
numercus experiments, however, the subjects have falled to match,
but the factors underlying these non-matching results are not well
understood. There is some evidence that the payoff structure is an
important factor. for example, consider the consequences of an in-
correct cheoice under a correctibn versus a noncorrectioﬁ procedure.
Under the former, an animal can obtain a reihforcement on every trial
if it is persistent enough %o confinue trying all the available alter-

natives; under the latter prcecedure, 1If the initial choice is in-

correct then there is no reinforcement. Experimental evidence




indicates that the correction procedure produces matching, wheregs.
the noncofrection procedure leads to absorption (one hundred per cent
responding) on the more frequently reinforced alternative (abbreviated
hereafter MFA).

The purpose of this study is to obtaln choice and latency data
on a large group of animels over an extended period in & two-choice
situation. After traininé on a serieés of 50-50 correction trials,
where each aliternative is reinforced equaily often, one grouﬁ of
animals will be shifted to a 65-35 schedule, another to an 80-20
schedule. (The notation 50-50, 65-35_, ete., will be used throughout

this paper; the first number indicates the proporiticn of E trials,

1

and the second number indicates the proportion of E trials.) An

2
attempt will then be made to fit the data.with a class of mathematical
models of choice behavior which predict mean response proportions that
range between n aﬁd 1.

| We shall review briefly a number of studies that are immediately
relevant to the present study, i.é,, probabilistiq binary-cholce
problems using animal subjeéts. It is worth.mentioning in passing
thet numerous guessing game experiments with human subjécts using
Zero (non—monetary) payofl have resulted in probablility matching; if
non-zero payocffs (i.g., a nickel or dime 1s won or lost depending on
whether the cheoice is correcf or inéorrect) are introduced, then as
the amount of payoff increaées, the usual finding is that at asymptote

respense Probabllity ilncreasingly exceeds reinforcement probability.

(See Myers & Atkinson, 1963, for a summary.)



Summary descriptions of a number of experiments are presented in
Table 1. Scme of the data were collected using a'simple position
problem, where one side of a T-maze 1s correct on a proporition = of
the trials and the other side is correct on the remaining trials. In
other studies, two different visual cues are presented, and a response
to one cue is correct on w of the trials, while the octher cue is
correct on the remaining trials. The correcticn and noncorrection
procedures have glready been described. TImplicit correction refers to
a procedure in which the animal is always allowed to see the reinforce-
ment but only allowed to consume it if a correct response is made. In
some of the studieg, the reinforcement schedule was constant throughout
the éxperiment for a given subject, whereas in other studies, the ex-
periment consiséed of two or more phases for each subject, with.a
different reinforcement gchedule in effect during each phase. In the
majority of the studies, 20 trials a day or fewer were run, and the
reinforcement probabllity was exactly maintalined within blocks of
five or tep_trials. It is assumed in most theoretical analyses that
the reinforcement events are random and independent of trial number
and the preceding seguence of résponse and reinforcement events.
However, when coﬁstant propdrtions are maintained within relatively
-short trial blocks, the probability that a given reinforcement event
will occur comes to depend‘on the preceding seguence of reinforcement
events,_a fact which compromises the assumption of random reinforcement.
For example, suppose that & subject receives five trials a day, and

that a x of .80 is maintained during each day's run. In this



Experiﬁent

" Fish
Bush and Wilson
“{1956)

Bittérman, et al
(1958)

. Behrend and
. Bitterman (1961)

Pigeons .

Bullock and
Bitterman (1$62)

Monke&s

Wilson and Rollin

(1959)

Wilson (1960)

Meyer (1960)

Ss .

4o

16

10

Table 1.

Summary of binary—ehoiée probability learning
eXperiments with animels -

Procedure

Trials per = Schedules Problem
day; days : :
2057 75:25 P NC and IC
20;30 T0:30 D and G
100:0 P ISP
20; . 14-25 days 100:0 - P G and N¥C
Isp . T0:30
20:80
40160
50:50
Isp
10; 17-32 days 100:0 D o
ISP . 70:30
. 20:80
Lo:60
50:50
Isp
323 §-12 days 75:25 P CNC &nd C
Isp 25:75 1sp
ISP 323 24-32 T5:25 F G and:G I35P
"10; 5 for each 100:0 Objeect D NC or IC; =11
condition 90:10 Ss received all
80:20 schedules in
T0:30 Latin sguare
60:h0 design
55:45

50:50

Results

Overshooting with NC; wndershooting with
IC; date not asymptotic. v

Matéhing under 811 conditicns; no biases

evident.

Matching under most corditions; overshooting
in one case; absorption on MFA with NC; no
blases evident.

Matching under most conditions with scme
slight overshooting; no bilases evident.

Absorptibn_under NC; special non-preference
training fcllowed NC training; after non- |
preferencé training, group mateching under

€, but marked position preferences remained.

Abeorption by all Ss.

-Absorption on MFA in sll schedules except

50:50, where object blas developed.




.Expefiment'
Rats _
Brunswik (1939)

Stanley (1950)

Estes and Lauer
(1957)

Parduceci and Polt

(1958)

~ North and
MacDonald (1959)

witte (1959)

Ss

336

21

16

36.

34

135

Trials per
day; days

8 for 3 days,

then 8 for 3
days with
schedules
reversed.

&; Approx.
15 deys

1356

10; 6 days
on 85:15 and

56150, 20 days

on 30:70

8; 10 days

© for 100:0

group and 40

days for 80:20

group

S; 50-100 days

depending on
intertrial
interval

Table 1 -~ Continued

Frocedure

varied inter-
trial interval

and ?(E El)
1, 5 s 9

Schedules - Problem
100:0 : P C, P indicates
75:25 punishment of
67:33 . incorrect
100:50 response
50:0
T5:25P
100+ 50P
Different Ss
in each schedule
100:0 : - P NC
© 5030 :
75:25
75:25 P C
- 85:15 P C and NC
5050 with
30:70 different
Factorial groups
two-phase
design
w000 D NC-
80:20
50250 P c
Factorially

Results

Approximate matching of ratio of
reinforcement schedules except for
100:50P, which absorbed on MFA,
data net asymptotic.

Approaching absorption on MFA

Metching; individual Ss showed bias

€ procedure produced matching under
all schedules; NC produced absorption
on all schedules excépt 50:50

Absorption on MFA

Over half the S5 were eliminated due

to position bias; remaining Ss

mateched, with some undershooting at longer
1ntertrlal intervals. '




Table 1 -- Continued

Experiment Ss Trials per Schedules  Probem Procedure Results
: day; days
Rats
Goode, et al 22 20; 15 - 80:20 D C and NC Matching under correction, approach sbsorption
(1958} ) under neneorrecticn :
Atkinson, Calfee 19 56; 50-90 - 75:25 P C Matehing under most schedules; overshooting with
and Smith (1961) 50:50 75:25 schedule
40:60
25375
ISP
Revusky 19 i; 90 67:33 P §-R-T Matching
Bitterman
(1958) [ 203 30 T0:30 D G Overshooting, and possibly approaching absorption
Hickson . .
{2961) 120 h; Lo 50:50 P o Matching
0:100
67:33
isr

Note. -~ The following abbreviations are used in the table: D (Diseriminetion), P (Position), C (Correction),
HC (Nonmcorrecticn), G (Guidance), N-R-T (Nom-reinforced trial), ISP (In several phases).

0T



smtuatlon, w1th1n a single day s run, the probability of an El aiter

an E2 is 1, while if the seguence is random, thls probablllty
should .always be T
In general, the only data available from these studies are mean

learning curves, i.e., the average probability of an A response.

1
Time scores are not renorted in any of the studies. Revusky (personal
communlcatlon) gathered latency measures in his experlment but these
were not published. He found that the more frequently reinforced
response was made more qulckly, and that speed increased as o 1in-
creased. Sequentlal statistics were reported only by Revusky (1961)
and Atklnson, Calfee and Smith (1961).

The follow1ng general conclusgions geem Justlfled by the studles
cited. First, a noncorrection procedure results in consistent selec-
tion of the MFA. An exception is a stﬁdy by Hickson and Carterette
reported by Estes (1961) in which some subjects absorbed on the less
favorable alternative with a w of .75. The phenomenon of absorption
under a nencorrectlion procedure is predicted by most stochastic learn-
ing models if one assumes that on incorrect trials when no positive
reinforcement occurs, there is no change in the conditioning state of
the subject (Estes, 195%a).

Secondly, a correction procedure may resuit in matching behavior,
or absorption, or some intermediate result. In some cases, individual
subjects exhibit matching behavior, whereas in other'cases, the group
average matches the reinforcement schedule because 1 of the subjects

absorb on MFA, while the remaining subjects absorb on the other

1l
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éiternative. In general, models have been applied to éroup data,
with nb differentiation between the two cases mentioned.

Thirdly, in many probabllistic position problems, rats, monkeys,
and pigeons show marked position preférencés that centinue to deﬂennine
responsé prdbability to some extent even after 1oﬁg fraining cn varied
schedules. Thé tendency to respond preferentially to one poéition or
another may be a species-specific pheﬁoménon; but in comparative
studies, differences in species and apparatus have been confounded.
Initial preferences do not seem to détermine tﬁe final respoﬁse level
in probabilistic digeriminaticn tasks 1T one cue is reinforced mnore
frequently than the other, i.e., if other than a 50-50 reinforcement

schedule is uséd.



Metheds of Analysis

In aﬁalyzing the data; a group of matheﬁatical models will be
developed within thé general framework cf stimulus saﬁpling theory.
.The exﬁerimental environment is represented by a set of stimulus
elements or cuss. On each trial, the animal is conceptualized as
sampling a single cue from the enviromment. FEach cue is conditioned
to exactiy one response alternative, and.on any trial the response to
which the cue ig conditioned is made with probability 1. Following
the response,.a reinforcing event of some sort ocecurs, snd the condi-
tioning of the sémpled cues may be altered depending on the relation
between the reinforcemeﬁt and the previous conditioning state of the

aes. Numerous models are possible within the theory, depending on

the specification of the sampling, response and conditioning rules. In
this paper, the sampling processes will be identical for most of the
models, and we shall investigate fhe effects of various changes in
the resgponse and conditioning fules,

| We will first consider s set of models that are described by
Merkov processes in the states of condiiioning. In these models the
assumption is made that the enviromment consists of a set of N dis-
tinct cues or stimulus elements. On each trial, the organism samples
exagetly one of these eleménts, and the probability that a given element
is sampled on g partiéular trial is % P indebendent.of the previous
sequence of sampling, response or réinforcement events. Oné may argue
that the agsumption of independence cof cue sampling lscks psychological
appeal. However, this assuﬁption greatly simplifies the maﬁhematical

analysis.

15



Our plan will be to discuss first the effect of the independent
sampling assumﬁtion, analyze in some detail Atkinson's weak-strong
model (1962), and then turn to a generalization of the model. Finally,
we will mention briefly a linear operator model.

One of the most tractabie models from g mathematical standpoint
has been the one-element model {Estes, 1960; Bower, 1961; Suppes and
Atkinson, 1960; Atkinson and Estes, 1963). In this model it is
assumed that the effective envirommenit on some gppropriste set of
trials (e.g., in a paired-associate experiment, the set of trials on
which the trigram MIB is presented as a stimulus) may be represented
by a.single stimulus element. On each of these trials, this element
is sampled, aﬂd the coﬁditioned state of the element completely deter-
mines the response. When a probabilistic reinforcement schedule is
used, the one-element model yields deterministic predictions about
certain trial-by-trial aspects of the data which are in contradiction
to the observed data. For example, a consequence of the model as it
is usﬁally formulated is that if some response cccurs and ig reinforced,
the same response will be repeated on the ﬁext trial.

The assuﬁption of single-element independent sampiing from an
N-element set of stimulus elements retains much of the mathematical
tractability of the one-element model, but gvolds the deterministic
predictions of this model. (See Estes, 1959b; Suppes & Atkinson,
1960, for a discussion.)} In particular, it can be shown that with
this sampling axiom, and given that each of the elements is described
by precisely the same Markov process, then at sgymptote the probability

on any trial that the sampled element is in state 1 is simply the

1L



limiting probability, for a single element, of being in state 1 on

triel n , or lim P(State i, trial =n), which we designate ui
neo® :

Censider the subsequeﬁce of trials on which & particular element, é:,
is sampled. As this subseguence increases in length, then for all thg
sampling models in this paper the probability that the element is in
state 1 approaches g limiting value, LI that.is independent of
the original sfate of the element, and is equal for all elements if
the Markov processes are all identical, as assumed.

To #ind the probability that the elemeﬁt sempled on trial n is
in state i , it is neceSSary.to obtain the sum, over the set of W
elements, of the probability that on some trial n , a given element,
€ , is sampled, and is also in state 1 . At asymptote,.the probabile
ity fhat-any element is in state i is u, , and the probability

that a particular element, € , is sampled is = ; thus the probabil-

n
ity that € is sampled on some trial n (where n is large) and is
in state. 1 , is (%) ui_of Summing over the set of N elements, .
| , [Sampied element & 1
uin plfampled ionept) o 5 (4w - u (1)
n—w on trial ™ n =1 V"

Actually, this result does ndt depend on the assumption of equal
sampling probebilities for the set of elements. As long as the
assumption is made that g single element 1s randomly chosen on each
trial, and the u, are identical for each element, then Eq. 1 holds.

In addition to the ease with which the asymptotic conditioning
state probabllities may be obtained, another result of the assumption

of random selection of a single element is the relative simplicity

15
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with which asymptotic sequentizl dependencies may be derived. 1In
this paper, statistics of particular importance are the asymptotic
first- and second-order sequential dependencies of reinforcement and

response events. A.first-order dependency is the statistic

P(AiIEjAk) i.e., the probability of A, on trial n+ 1 , given
that Ak and Ej occurred on trial n . Asymptotic gecond-order
dependencies are expressions of the form P(A1|EjAkE£Am) where Ai s

Ej and Ak are defined as above, and where E_ and Am are the

£
reinforcement and response events on trial n - 1 . Alsc to be con-
gidered are asymptotic reinforcement-run statistics, which are expres-

gions of the form
P(AilEj...m...E E ) Jfdw; i, J=1,2

i.e., the probgbility of an Ai on tfial n+ 1 , preceded by a run
of Ej's on the m preceding trials, and an Ek. on trial n -m.
In order to derive the expression, P(AlIElAl) , consider sepa-
rately (1) the possibility that the element sampled on trial n 1is
also sampled on trial n -.1 , which will occur with probability % s

and (2} the possibility that the element sampled on trial n is not

-1
=

sampled on trial n - 1 , whiéh will occcur with probability
These twe possibilities are mutually exclusive and exbsustive. If

the first possibility holds, then the conmditioning and response axioms
can be applied. The second possibility simply represents the proba-
bility that the reinforcement and response events cccur independently.
This point will become clearer when these expressions. are derived for

a specific model.
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The clags of models which will be formally developed below con-
stitute a generalization of the weak—stfongfmodel of Atkinson (1962).
First, it might be well to characterize the model somewhat informally
and compare it with other stochastic learning models to which it is
related. As mentioned above, the models that derive from siimiulus
sampling theory are described by three types of processes: sampiing
from a set of N stimulus elements, response elicitation, and the
effect of the reinforcement in changing the conditicning state of the
sampled element. Tn Estes' initial formulation of the theory (Estes;
1550, Estes, l959a); it was assumed that the number of stimulus
elements is very large, and on each trial a éonstant proportion < 8 .

- of the population of elements is samﬁles. Each element is conditioned
to exactly one of the available responses, and the probability of Ai:
is equal to the proportion of elements in the ssmple which are condi-
tioned to Ai . If Ej occure, then all of the elements in the sam-
ple become conditicned to Aj , and then are returned.to”the popula-
tion. ~ These aééumptions lead to-a simple linear model which will be
considered later.

In thé "peitern” model, (Estes, 1959b; Atkinson & Estes,‘1963)
the restriction is imposed that on each trizl, exactly one element
is chosen from the set of N elements; each element ig conditioned
to.one.response, and the response to which the sampled element is
cqnditioned occurs with probabllity 1. If the sampled element is
conditioned to Ai , and if Ei cccurs, there is no change 1n the
conditioned state of the element. If the sampled element is condi-

tioned to Ai , and if Ej occurs,'where i # 3§ , then with some
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probability ¢ , the sampled element will become conditioned to _Aj
if it is not already. Typically, the number N of elements in the
population is taken to be a falrly small number; the one-element
model is a special case of this quel.

The all-or-none conditioning sssumption may be compared with the
habit strength sssumption which underlies the systems of Hull (19h3)
and Spence (1957). To present the habit strength assumption in a
stimulus sampling framework, the learning process may be describedd
by the same three processes mentioned above: stimulus sampling,
response elicitation, and change in conditioning. The effective
environment is represented by a single stimulus element which is
sampled on each trial. TFor the two-response case, assume that on
trial n , the conditicned state of the element may be represented by
some real number, P, s between O and 1. This number is the habit

'strength on trial n , and the probability of an Al response on
trial n is assumed tc egual P, - Changes in the conditioning

sﬁate are reiated to the reinforcement events by a linear operator;

if P, is the state of the element on trial n , then the conditioning
rule is:

Ir El cceurs, then: p

n + 1% Pyt o(1 - pn)

If &, ocecurs, then: P, h1=b, -9 - [2]

Notice that the effect of an El is teo increase the habit
strength by some increment, whereas the effect of an Eg is to de-
crease the habit strength by some amount. Hence the usual character-

ization of these models as incremental processes. Parenthetically,

it is important to note that the linear operator model (Eg. 2) is not



unique to therhabit strength assumption. As was mentioned previously,
the original stimulus éampling ﬁodel of Estes (1959), in which all-or-
none conditioning aﬁd‘fespdnse elicitation are assumed.to oceur fof
4each indi#idualrelement, leads to-a linesr operator model of the same
scrt as Eqn 2. One méy ﬁlso assuﬁe directly fhat BEg. 1 is an appré—
priate description of the change in response probabllity producéd by
reinforcement events (Bush &.Mosteller, l955).. Moreover, it ié:nof
necessary to.assume-iﬁ a habit strength mbdel that changeé in the
habit strength from trial to trial are described by a iiﬁéar opergtor,
although this is the assumption which has most often béen-made.

We do want to stress fhe contrast.between the-assumptions under-
lying the habit strength model as we havé formulated it, and the
élluormnﬁne étimulus sampling models preéented previously. In the
habif sffength.models,.the conditioned state of a singie element may
ﬁékélon fhe value of any number between 0 and 1, and the number of
_éucﬂ-states is infinite. In the. all-or-none modelé, the conditioned
state of a single elemenﬁ may be represented by two numbers, O and l,.
representing conditioning to the A, and A responses, respectively.

2 1

In both types of models, the probability that the A response will

1
be ellcited by a given element is equal to the valﬁe assigned to the
conditioned étate of the element.

However, one may make a distinction between the number of condi-
tioning states which & stimulus element may be assumed to take on, and
the relation between the value of the condifioned state (or habit

strength) of an element and the probability that a given response

class is elicited. Thus, in the weak-strong model, the assumption is

19,




made that cn eacﬁ trial a single element is sampled from the set of

N elements. Fach element is conditioned to exactly one response, and
that response occurs ﬁifh probébility 1 when the element is sampled.
However, the state of cenditioning to each response may be either

"weak" or "strong."

Atkinson in his original paper (1962) related the
weak an@ strong states to the notion of témporary and permanent memory
storage in data processing sysfems; since.the response probability is
not eqqated wiﬁlthe-stfengfh of conditioconing, it 1s sufficient to
identify the states by titles such as weak and strong or temporary
and permanent memory, rather than giving numerical assignments to the
states. |

The state of strong conditioning to response Ai will be denoted
as Si , and the state of weak conditioning =g Wi . For a single
element from the set of N elements, the four states of conditioning
<51W1w252>, comprise a random walk, described by Figure 1. Note that
changes in conditioning cccur cne step at a time; 1.e., if the
element is in some particular state on trial n , then on trial n + 1,
.it will be either in the same state as the preceding trial, or in
gone immédiately adjacent state. For the four—étate process described
by this model, the upper bound on asymptotic response probability is

3

-
K3+(l—ﬂ)3

One may postulate any number of states each of which represents
a progressively stronger state of conditioning to a perticular response.
This generalization of the weak-gtrong mcdel constitutes a class of

randem walk models. In general, for a model of this type having k



A Occurs . : : oo A2 Ceecurs

Figure. 1. Simple weak-gtrong random walk representation for a single

stimulug element, where W, § and € are the passage probabilities

between the states indicated.

2l




states of conditioning to each response, the upper bound on the mean

: 2k-1
- response probability will be X , and the lower bound
2k-1 2k-1
7t +(2-m)
- will be =« . OFf particular interest is the fact that as k Tbecomes

large, the upper bound rapidly approaches 1 for = > % .

. The Weak-Strong Model:
The axioms of the weak-strong model are from Atkinson (1962),
with slight modification.

Stimulus Axiom: The stimulus situation associated with the onset

of each trial is represented by a set of ﬁ stimuli. Exactly

one stimulus is randomly sampled from this set on each trial.

The probability that a given element is sampled is % , 1ndepend-
ent of the preceding stimulus, response and reinforcement events.

Conditioning-State Axiom: On every trial each stimuius is con-

ditioned to exactly one response; further, the stimulus is

cither strongly conditioned or wegkly conditioned toc that response
{the strong conditioning state for the Ai response 1s denoted
S; and the weak state is dencted W, ).

Response Axiom: Tf the sampled stimulus is conditioned to the

Ai response {either weakly or strongly) then that response will
occur with probability 1.

Conditioning Axloms:

{1} If a stimulus is sampled on a trial and is strongly
conditioned to the Ai responge then
(a) the stimulus remains strongly conditicned to the

Ai response 1if that response is reinforced, and
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(b) with probability & the stimulus becomes weakly
~conditioned to the Ai respohse if some other
response 1s reinforéed.
(2) If a stimulus is sampled on a trial and is weakly con-
diticoned to the Ai regponse then
(a) with probability p the stimulus becomeslstrongly
conditioned to the Ai response if that response
is reinforced, and
(p) with probgbility & the stimulus becomes weaklj
conditioned to the Aj (1 % j) wresponse if thg
.Aj respense is reinforced. |
(3) The conditioning parameters, & , p , and © Iare
independent of the preceding sequence of events.

Next let us consider the subseguence of trials Me‘ én which one
particulsr element ¢ 1ig sampled. In order to znalyze the asymptotic
properties of the model} it is convenient to Tind the transition
nmatrix specifying the relation between the conditioning‘staté of the
element on any trial m of this subsequence and the next trial of the
subsequence. This matrix may be cbtained from the axioms and by
assumption, the same matrix describés the transitions of every elemeni.
For example, if element € 1g sampled on éome trial n , and is in

state 8 then with probability (1-n)8® it will move to state W

1’ 1

(i.e,; an & occuré'with,probability ‘l-w , and the reinforcement

2

is effective in weakening the conditioning state, with probability

& ), and with probability 1 ~ (1-n)® it will remsin in state 5, -
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Similar considerations lead to the matrix

Trial m + 1

51 Wy L= Sp
5. 1-(1-1)8  (1-x) 0 0
Wy T Iemp-{1-0)8 (1-x)e 0
Trial m [2a]
Wy 0 79 1enO-(1-m)y, (1-1t)u
5, 0 0 ge 1-79

This matrix is ergodic and aperiodic if =, pu, 8 # 0, 1, and
thus the probability of being in each state 1 tends to some limiting
value u; as m becomes large. The u, may be obtained by solution

of the system of equations, uj = X uipij (Kemeny, Mirkil, Snell &
i

Thompson, 1959). For the matrix above, u, = D, , where state
| | D
<1>=8,,<2>=W, , <3>=1¥,, end <1+>:82,andwhere
_ 3 _ 2 _
D, = x"u D3 = n(1-7)"8 D= % D,
. 5 : ;
D, ==n (1-7)8 D, = (1-n)"p

[In most of the derivaticns to follow, a lower case & or w with a

subseript will be used to designate the asymptotic probability of

being in the various states, e.g., w, = 1im P(W, _) , and
17 oe ti,n
s, = 1im P(8, ) . 1In some instances (e.g. Bg. 3) it will be conven-
1 n —o L,

lent to have a general expression denoting conditioned state 1 , for

which the symbol Ci will be used. ]
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The asymptotic probebility of an A, response is

1

D1+D2'_ ﬂ3+n2(l—ﬂ)@

[2b]
D ﬁ3+(l-ﬂ)3+ﬂ(l-ﬁ)¢

P(Al) = Sl + Wl =

where @ = S . It is clear that if ¢ Dbecomes small, P(Al)

. 3 : .
approaches 3 T 3 whereas if ¢ becomes large, the function
a7+ 1-7)
approaches x . It is also of interest that the function is independ-
ent of 9 .

Next consider the asymptotic seguential statistics. One of
these statistics will be_derived; the remaining expréssions are in
Appendix A{ To find P(A11E1Al)_, which is the probébilify of an Al
_ response on trial n following_an Al Qesponse andran .El rein-
forgement.on trial n - 1 , Tirst note two sampiing possibilities:
(1) with probability L the same element is sampled on both trials

N
and {2) with probability -1 g different element is sampled on the

s
preceding trial. Now express P(AllElAl) as the ratio of the joint
| . ‘P(AlElAl)
-probabilities — . If the second case above holds, then the
P(EA)

expression reduces to the ssymptotic probability that two A OCeur

1 S
2

P(AE.A,) ) nP(A, ) .

P(E A nP(A, ) 1

independently and hence + W

l) 1

In the first case above, the denominator, P(ElAlj ig ﬁ(sl+wl) .
The numerator is expanded to include all possible states of condition-

ing, Ci » the joint probability is rewritten as a product of condi-

tional probabilities, and the axioms are applied. Thus




P{A

ElAl) ;izj _P(AlCiElAle) _

1

- izj P(Ali‘ Ci)P(C_iI ElAle )P(El)P(All c, )P(CJ. ) [3]

Notice that the axicms allow the truncation of certain terms.
For example, the respcnse is dependent only on the conditioning state,
and so P(AllCiElAle) = P(Al‘ci) . Certain wvalues of 1 and j
need not be considered; the probability of an Al is 0 4if either

Ci or Cj is egual to < 3> or <k4>, i.e., if the element is

weakly or strongly.éonditioned to A A convenient way to carry

o

out the application of the axioms for the other states is to use a
tree diagram, as in Fig. 2. From this tree, it may be seen that
Eq. 3 is egual to ﬂ[sl + wl] . Intuitively, if the element is.in

state Sl or Wl on trial n - 1 , which must be the case if an

A, occurred on that trial, and an E., occurs, then if the same

1 1

element is sempled on the next trisl, an Al must occur on trial = .
Thus, for the first case, P(AlIEiAl)'= 1. Cémbiﬁing the results for
the two cases, and weighting each by its probability of occurrence,

we obtain

P(AllElAl) = T]\i[l+(N-l)(sl+Wl)] (4]

A similar technique was used to obtain the remainder of the ex-
pressions in Appendix A.

Next consider the quantity P(AiiEi"'m°"EiEj) , which is the
probabllity of an Ai on trial n following o run of Ei's cn the
m preceding trials, and an Ej on the (m+l)st preceding trial,

where i £ j . Two possible cases must be considered: (1) the
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Trial n-1 ) Trial n
FaN P
- ~ ™
Sl S Al b El > Sl > Al
1

Figure 2. Tree diagram of transition possibilities for & single
element sampled con both trial n-1 and trial n, yielding the observed

sequence Al:ﬂ El,n—l Al,nfl°
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.éléﬁent éampledron trial n was.;iso sampled on eﬁacfly ﬁ .of thé

. preceding trials, O <p <m , excluding trial n - m -1, and (2)
the element sampled on trial n was also sampled on p + 1 of the
preceding trials, O <p <m, including trigl n«m -1 . For a
trial sequence of length m + 2 , the probabllity that the element
sampled on trial n is sampled on p - other trials, and that differ-
ent elements are sampled on the remaining trials is
~ In both the cases mentioned, p trials are selected from a set of
m triaels; in general, this selection may be done in (EE different
WaYS . |

Let us now consgider in more.detdil the firstrcase, in which ex-
actly p Ei's precede the reéponse on trizl n . For the subset
of trials on which the element sampled on trial n is sampled, if
the element is initially in either Si or Wi 5 then Ai will
: Occgr with probability 1. If the element is in state Wj initially,
then for C > s > (p-1) , the element may not change conditioning for
5 trials, and then change to Wi on trial s 4+ 1 ; <the probability
of this joint event is (1-8)%0 . Similarly, if the element ie
initielly in state Sj ; for 0> = 2 tpm2) ;and O0>r > (p-s-2) ,
then the element may remain in Sj for s trials, change to W,
cn trial & + 1 , remain in Wj for = more trials and change to
Wi on trial = + r 4+ 2 ; the probability of this joint event is
8(1~8)°8(1-8)" .

The analysis cf the éecond case ls ldentical, except that the
Ej on-trial n-m-1 may be effective and change the initial

!

conditioning states. Thus for example if the element is originally
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in W, , then with probability (1-8) , it is still in W, when the
run of mwE 's starts, but with probebility ©; 1t chenges to state
W, , and it musf change coﬁditioning to Wi sometime during the m

. | trisls on which Ei occurs,'if an Ai is to be obtained on trial = .
Combining the results above, and summing cver all poésibilities, we

obtein the rather formidable gquantity below

P(AilEi.f.m...EiEj) =

1 Pl s
(N-1)"" p+ [s. +w, +w. & 8(1-96)
.Nm+l Z{P) + * J =0
fﬁ L p-2 r-p—r—E o : :
+s, £ 8(1-8)" = B(1-8) (51
Jr=0 5=0 o ~

.o . o1
. m-p _ L s
_ +§( '(N 1) [Si + (.1-6_)wi+ Fefi + (l—p)wj}sgoé(l Q)

p-2 ’ p-r-2 5
+ L+ 8,1 2 - - B(1-8
(wvy + 8] 2 8(1-0)" = 8(1-8)

If 8=28, iie., 1f it is assumed that counterconditioning is a

veakening process, Eq. 5 reduces to

mo ' .
1 m - D
£ﬁ+l ;;; {P)(N—l)m P[Nsi + (N-B)Wi + w0 +;(N'“)Wj}{l”(l_a) ]

. - (6]

+ (ij + st)[l—(l-ﬁ)p‘l[l-+ ﬁ(p—l)}%
A Response Time Axiom

Time measures are related to the basic model by the following

assumption.




“Besponse time axiom: The response time on trial n 1s a con-
tinuously distributed varigble T11 ) whose probablility density
distribution depends only on the conditioned state of the stimulus
gsampled on trisl n . If thg_stimulus is in a strong state of
conditioning, then the distribution)of Tn has a proﬁability
distribution S(t) , with mean, o . If the sampled stimulus is
in & weak state of conditioning, then the distributidn of Tn
has a probability distribution W(t) , with mean, w .

The effect of this axiom is to postulate that.some average time
g 1s asscclated with the two strong states; ancther and possgibly
different value © is associated with the weak states. Once the
éonditioning parameters have been estimated, then given an estimate
of respdnse time parameters; the average time scofe for eacﬁ_sequen—'
tial dependency may be predicted. |

While it is easy to derive theoretical expressions for the ex-
pected time score, given each of the sequential statistics, we will
simply note some relations among speed scores predicted by the model.
First, assume that the strong state of conditioning produces a quicker
response than the'weak state, i.e., o> w.
) This zdditicnal assumption leads to the following predicted re-
lationships among the speed scores:

If w = L | then B(T) is a minimum and E(T[Al) = E(T]AE) .

'é' 3
If n2 % , then E(T]Al) 2 E(T[Ae) , and the difference increases
as apﬁroaches 1l or O. '

To show that these relations hold, note that the probability that



the sampled element is weakly conditioned to one response or the other
is

~n{l-m)o

and therefore

v _ o[{1-~2n)D - w(1-5)D"]

Aot D2

Setting the derivativé equal to zero,

ﬂ3(ﬁ—2)+(l-ﬁ)3(ﬁ+l) =0

ol

One solution for this equation is at = = ; Tor =w greater

the expression is negative and.for . less than = the

lthan 5

1
'§ 2
expreésion is positive. Thﬁs the probability of béing in a weak state
reaches a maximum at « = % . This fact and the sssumed relation.
betweén .G and W leads fo fhe predictions that the average speed

, and thaﬁ as n increases or

decreases, the average speed will increase. Also, 1f « > = , the

score will be.at minimum for = = 5

model predicts that the Al res?onse will be made more quickly than

an A2 » and that the differential will become greater as = 1increases.

This relgtionship becomes apparent if one considers the ratio of the
probabilities of béing'in the weak and strong state given each response.

P(Sl|A1) LA 7l P(SEIAE) A l-n
. L »
P(W1|Al). 1-1 P(W2|A2 7t

Since it is postulated that = 5 % ,'the conclusion hoids. If

n o= % » then no difference between the time measure of the two responses

is predicted.
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The K-State Model:

In the generalization to k states of thé two-state weak-strong
medel, the stimulus axiom ig the same as for the weak-strong model;
and the other axioms are modified in the follicowing manner..

Conditioning State Axiom: On every trial each stimulus is condi-

ticned to exactly one response; ITurther the stimulus is either
weakly conditioned to the response, or stromgl& conditioned te
the response Vhere there are k-1 progressively stronger states
Qf conditionihg. The J th strong_ététe of conditlioning to Ai B

which ies J steps removed from the weak state of conditioning to

responge 1 , is denoted Si(J)

Response Axiom: Tf the sampled stimulus is condiiticned to Ai

either strongly or weakly, then that response will occur with

probability 1.

Conditioning Axioms:
- (1) If a stimulus is sampled on a trial and is in state
Si(a) , 1>3>k=- 1, then
{a) 1if E, occurs, (i.e., if the response which
occurs is reinforced,) the .element moves to state
J+1)

s,

5 with probability pj , and with probability

l-pj no‘change oceurs, or, if j = k-1 , no change
.occurs; |

(b) if E m#£ i, occurs, the element moves to
state Si(j_l) with probability Bj , wWhere
Si(o) is defined as the wesk state, Wi , and

with probability l-Sj no change ocours.
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(2) If a stimulus is sampled on a trial and is weakly con-
ditioned to Ai s then

(a) if 'Ei occurs, the element moves to state Si(l)

with probebility .u , and with probability 1-p
no change oCCurs;

() if E , m £ i , occurs, the element moves from
state Wi to Wm with probability © , and with
probability 1-8 no change_occurs.

(3) The conditioning parameters, Sj s u. and 8 are
independent of the preceding sequence of events.

Note thét for k equal to 1, these axioms describe the pattern
model, and for k. egual to 2, they describe the weak-strong model.
As -k 1is increased, runs of a given reinforcing event move the stim-
uwlus elemenis into consecutively stronger states. In these stronger
states, more counter-reinforcements are. required to produce the com-
plementary response. For example, compare & weak-strong model with
2 3-state model in a situgtion in which there is a single element which
starts out in state Wl . Also gesume that both © and pu are
close to-1, i.e., that the effects of reinforcement events are gquite
‘marked and that Bj =8 , W, =‘u_ for_éll J . HNow run the.one—element

J

subject through the reinforcement segquence, ElElE1E2E2E2 . If con-

ditioning is effective on every trial, then the wesk-strong model

would predict the conditioning state sequence, SlSlSlWlWéS2 , and an

average Al respbnse probability of .67 over all trials. (On four

1 must cccur and on two trials én A2 must

occur. ) The 3—state-model would predict the conditioning state -

of the six trials, an A

33




3.

sequence, W_S (l)s (?)s (l)w WE , and an average A. response

11 -1 1

probability of .83 over all trials. In general, as k ' increases,

1

the k-state model becomes more sensitive to runs of reinforcement
events, and thus tc asymmetry of the reinforcement schedule. The
effect of k is reflected not only in the function relating P(Al)

to n , but as we shall see later, in the sequential statistics as

well, where for a constant set of parameﬁer vaiues, as k 1is increased,
the model predicts increased response perseveration.

There is a broblem,'hbwever} in that for each new pair of strong
states which are postuiated,”two'new paranctiers, 6k;l and He_q ore
added. This proliferation of parameters may be avolded in a number
of ways. For example, one may agsume that Sj'= & and My = w for
all j , i.e., that the weakening and strengthening parameters are
equal for all stages of conditioning.

' In this constant parameter model, for the general case of k

strong states of'conditioning to each response€,

A

Pay) = 533

k-1

o S Lox |t 4
where : . A=m Ei;(—;r-J $_. 7]
. L
- (1-1)% Z
-0

Again, it 1s possible that Sj and uj tend to decrease as J

ov,
I

T } i
T-n) ¥

increases; the probability of going from one strong state to another
may bvecome smaller as for stronger states of conditioning, and as an

element becomes more strongly conditioned to a given response, the

probability of weakening may also become smaller. Just such a



decreasing function is specified if we assume. 6j+l = 6j2 and’
2

ey = My There are mmerous other functions which satisfy the
menotonic decreésing property; this particular function wasrinvesti-
gated because it is simple to handle and the numberrof parameters re-
mgins unchanged from the weak-strong model. We will call this ?lass of

models variable parameter k-state models.

For any k , the asymptotic response probabllity. for a variable

parameter k-state model is _ A
- PA)) =575
k-1 i L
k-1- k-i-1
where A= ﬁ2k"l$2 -z $-2 (81
. ' : . 1—:0 T !
k-1 i Lo
2k-1 27 P peisd
B=(1-x) P Tor
' izOl

As mentioned earlier, if ¢ becomes very small, then the upper
| 2k-1

T[ .
1T2k_ l+( Teg ) 2k-1

bound on the responge probability is .. Note that this

result holds regardless of how the 6j and uy ore handled.  If ¢
becomes large, the value of the expression is determined by thosel
terms in the sumation for which 1 =k -1 , and thus the lower bound
is it , regardless of the reiationship among thé ‘Sj and pj

The sequential dependencies for this model are easily derived,
since, Tor example, inte Tfirst-order depeﬁdencies only the possibility
of;counterconditioning_needs tc be considered. Consider the expression

P(AliEgAl) . In the weak-strong model,
B(A-JEA) = o [8 4w, (1-8)+(1-1)A%] [9]
1'7271 NA 1 "1

The first two terms represent the probability that the same



element is sampled on both trials, in which case the elemént must be

in Sl or W, since an Al occurred on trial n . If the element

is in Si , then even if the E2 ig effective and there is a change

of state to Wl , an Ai will occur on the next trisl. If the

then an A. will occur if the E. is not

element is in Wl s 1 o

effective, with probability 1 - & . The last term reépresents the
possibility'that'different elements are sampled on trials n and

n+ 1, and that two A occur -independently where A 1is P(Al) .

18
For a k-state mcdel, Eg. 9 becomes

P(a [BA,) - ﬁ% [§l+wl(1-a)+(N-1)A2] [10]

The expressicns are identical in form, except that in place of s, ,
there is §l , which is defined as the probability of being in any of

the k-strong states of conditioning to the A, response. Clearly it

1
mskes no difference in which strong state the element is, since an
_Al will occur on the_ngxt trialrif the same element is sampled on
both trials. Otherwise;‘the analysis is identical to that of the
weak-strdig model. Similérly, if & 1is defined as the probability ol

(1)

going from .Si_ to Wi and p 1is defined as the probability of
going from Wi- to .Si(l) » then the effect of postulating different
functions relating the _Si -and. - the by (i>1) is to change the
values of gi” LA and P(Al) , but the Tfunctional form of the

dependency remains unchanged. Thus Eg. 10 is true vwhether the param-

eters are constant across the strong states, or decrease exponentially.

The second-order dependencies will alsc be eguivalent in Fform for the
two assumptions about the parameters.

Referriﬁg again to.Eq. 10, for any given set of conditioning
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parameters, the value of w, relative to S, and P(Al) will de-

1 1
crease as k increases, gl will approach. P(Al) s P(Ai) will
approach i , and thus P(AlIEEAl) will app?oach 1 . As mentioned
before, as k ‘becomes large; the model predicts an increase in re-
sponse persgeveration, and the predicted effects of reinforcing events
become smaller. Theoretical expressicns for the first- and second-
order sequential dependencies for the k-state model are in Appendilx A.
While it would be possible to cbtain expressicns for reinforcement-run
statistics and to ccnsider response times for the general case, the
expressions would be very cumbersome. However, since they are used
in data analysis, the reinforcement-run statistics, P(Ai|EiEiEj) and
P(AilE;iEiEiEj), for the k-state model are presented in Appendix A.
Time measures may be related to the k-state choice model in a
fashion similar to that used with the weak-strong model. That is,
assume that assoclated with each pair of cornditioning states, Sgi)
and Séi) ; 1s a time distribution having a mean, U(i) As before,
denote the expected value of the time distribution associated with the
Weak.states of conditicning (Wl and W2) by ® . We shall not go
into the details of the analysis here, but if the time measures are
speed scores, we may assume that for esch element, as the state of
conditioning becomes stronger (i,e., as 1 1increases), the expected
valde of the speed score distribution is g monotonic strictly increas-
ing function of 1i , cr w < c(l) <_0(2) ces <_c(k_l) . Given.this
assumption, it is not difficult toc show that, independently of how

one handles the conditicning parasmeters, Bj and My the relations

among the average speed scores which were derived for the simple
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weak~strong model also hold for the general k-state model ;
If =%, then E(T) is a minimum and E(T|A,) =E(T|A2)

If =« 2

MOl hol =

,  then E(T|Al) 2 E(T’Ag) , and the difference

‘increases as wn approaches 1 or O.

A Linear Operator Model:

The incremental or linear operator learning model has recelved
extensive and'competent'treatment in a number of places (Bush &
Mosteller, 1955; Estes; 1959; Bstes and Suppes, 1959) and its devel-
opment need not be reviewed here. We will mention the assumpticn of
the model, consider a generalization which is necessary to handle cur
data, and derive = few statistics for‘purposeé of comparison with
the other'models‘which have been presented.

In the linear model;'denote by Pj, " the probability of an

X,n

Al by subject j on trial n', where the preceding seguence of

reinforcement events is represented by x . The assumptions of the
model for a two-cholce situation are embodied in the axiom below:

Linear Cperator Axiom: If p is defined as above, then if

JrX,n

'El occurs on trial n ,

P QP = (1 - e)pj +8

J,x,n+l B J,x,n X0 [11]

If an .E2 .occurs on btrial n , then

= {1 - 9)p. [12]

P .
Jd,¥,n JdsX,I

J,X,n+l - QEP
Tote that the operators Ql and Q2 do not depend on the
preceding sequence of events, and that in particular the operators are

~applied independently of the response which occurs on trial =n . TFor



the simple noncontingent case, the axiom implies the following

difference egquation:

. b . + (1 - =
Ps,x,n lea,x, « )QQPJ:X n [13]

1 - 8)p. + Bx
( )pJ’X,n

As n becomes large, then Py xon will approach a limit pj which
it 4

does not depend on the initial value of the system, the learning

parameter € , or the particular seguence cf reinforcements; as n

becomeé large, 1if the limiting value pj is substituted for pJ n
J k)

in Eq. 13, then

| Py = (1 - e)pj + B ) - [14]
and the femiliar result is obtained that at asymptote, D, = -

Following the suggestion of Estes and Suppes.(l959), one ﬁight

gsuppose that there is a less than perfect correspéndence between.the
experimenter-confrolléd reinforcement operations, denoted Ei',-and
the gffectivg reinforcgment events, denoted Oi . Thus, Ol,ﬁ désig-
nates the event that operator Q is applled on trial n . For
exampie, Estes and Suppes con51der the p0351b111ty that the effectlve
reinforcement on any trial n 1s not dependent simply on the reinforce-
meﬁt operation on frial n but in fact may depend on the reinforce-
menﬁ cperations on trials m -k to n . One may think of ﬁhe.subjeét
as having s ﬁemory which is k +trials long, and the probability that
Oi oceurs 5n trial n is 1 .if there have.been more. El events |
than E events on the ﬁreceding k trials; and is O otﬁerwiseo'

There are rumercus such functions which might be spe01f1ed but we will

assume simply that P(O |E )=p, » 0<p <1, and P(O |E )'= 1-0,
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where the are iﬁdependent of trial‘nﬁmber and preceding seguence

pk .
of events. Finelly, let wp, + (l-ﬂ)pz =p,or p= P(Ol) . 1In the

simple linear model, then, p. =1, =C,and p=mx .

1
Equations 11 through 14 will still hold under the new assumption

P

only w is replaced by p ; the reinforcement probabilities are no

longer deteymined by the experimenter alone, but become parameters to

1
5 2

be estimated from the data. Of course, unless Py = Py ﬁhep
the reinforcement prqbgbility will vary with = . Asymptotically,
Pj will apﬁroach.-p ; |

In the usual formulation of the linear model, where =a one-to-one
corréspondence is assumed between Ei aﬁd Oi for all i , then
given the initial.reéponse probability, ?3;1 of subject J , and
the séquehcé of reinforcing events from trial 1 thrdugh triel n - 1,
“then p.,x, .has a wel}.deéermined value. Thig frobahility cannot be
observed, but-one may considef the asymptotic response diétribuﬁion
over subjects, a2 block of trials and a variety of random reinforce-

ment schedules, where V. will denote the k th raw moment of the

k
k Thus V, is the mean A. response

distribution, 5
Tl Phxn 1 1

J,x,n
probability, or P s and Vé is the second raw moment of the response
probability.

“ To derive the first-order sequential dependency, P(AllElAl) s
expand the conditionél pfobability to the ratio of twe Jjoint probabil-
ities, conditionalize ﬁo consider the application of the axioﬁ on

trial n for a single subject, given a particular history =x , then

sum the probability over the set of all possible past histories, the
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' _ population of subjects, and a block of trisls. Thus,

PR R -——-\ .
L. PG D P(Ay[Bypy oy WJF(EPS o o

] j,x,n j,¥%,n
P(A ‘EA ) = J2X, - JaX,
S B ~ P(E,p. - P(E.)p.
- _ ;é ( 1 J,x,n) .Zi: ( 1)PJ,x,n
j§ Jd,X,n J,%x,n
1-8)p, + B8] + (1- 1-8)p, -
ST {Pal(2-00py o+ 01+ () (1-0)py L ey
- j,X,Il i i 1
=, [15]
J,X,0
Jsx,n '
(1-8)V +.9p v v
2 11
= v = (1 - 9) 7ot o0y
1 1

Note that since an El oceurred, Ql

and QB with probability 1 - pl . Similarly,

is applied with probability Py

7(1-9)(vi—vé)

P(A,|EAL) = —— vV * 8o, o - [16]
(1;9}Vé
P(AIIEEA]_) = —V-"—-— + epg ilT]
‘ 1
(1-8)(V,-¥,)
P(AlIEEAE) = (l—vi) = + 8p, [18]

Asymptotically, Vl approaches p as a limit, and from the

asymptotic relations. among the V, - proved by Bstes and Suppes (1959},

V. can be expressed as a function of Py and 9 , viz.,

P Pa

2 ep(l1-
v, = o2 + 22ldop)

5 Thus the sequential dependencies in this version

of the linear model are functions of three parameters, Py s Ps o

and O .



METHOD

,Sﬁbjects. The Subjects were 64 male‘rats of the Long-Evans.
var%gty‘ They were selgcted from an initial éomplement of 100 rats on
the basis of their response rate during initial training._ Subjects
were approximately 90 days of age at the start of the experiment. The
animgls were housed in groups of .four.

Apparatus. Diversified Animal Training Appsratus (DATA) is de-
signed tc permit detasiled observation of animal behavior in a wide
variety of e;perimental settings with a minimum of effort and a maxi-
mum of control. All operations are fully automated. Relevant stimu-
lus and response events gre recorded directly on.IBM cards, elimina-
ting errors in transeription and permitting immediste computer analysis.

The equipment consists of eiéht soundprdof animal compartments, a
central control unit, an IBM 0-26 card punch with én integral input-
cutput device, and a memory tuffer connecting the card punch and the
central contrcl unit. (See Figure 35

Bach animal chamber is contained in an exterior compartment three
feet‘high, two feet wide and four feet long. This_compartment ig of
heavy plywood and is lined with soUnd_insﬁlating materigl. 'The top is
hinged, allowing access to the animal chamber which 1s suspended in
the center of the exterior compariment. The animal chamber is 36
inches long, 15 inches wide and 11 irches high. At one end is a re-
movable reinforcement panel, on which is centrally mounted a Davis
pellet dispenser. On a removable respcnse panel at the other end of
the chamber are three response units and a bank of ten stimulus lights.

The response units, which are wire mesh buttons one inch in diameter,
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are mountéd one inch from the floor; the middle unit is in the center
of the panel, and the other two are L 1/2 inches on either side. When
a unit is turned cn, a light of adjustable brightness is turred on
behind the button, and the wire mesh button is grounded to an amplifier.
The brass rods which form the floor of the chamber are connected to
2l vDC through a 10 megohm variable resistor. If an animal, resting
on the floor, touches the response unit, there is a current flow of
approximately & microamps. So far as can be determined, a current
this small cannot be felt by the animal. This_signal is amplified to
operate auxiliary relays. Ten stimulus lights, which have round amber
Jeweled covers one inch in diameter, are_mounted in two rows.of Tive
each, L 1/2 and 5 1/2 inches above the floor, on the response panel.
The chamber is covered with a transparent top, in which is moﬁnted &
loudspeaker. |

In the center of the chamber is g pneumatically'operéted gate
assembly which serves to divide the chamber into reinforcement and
response éections. The gate opening is four inches high and three
inches wide. In the reinfétéement gecticn, there ié arphotoelectric
relay and = light source bn both sides of the chamhber Which gecan the
feeder cup. These relays serve to close the gate behind the animal
when it returns . to the reinforcement chamber after a. response is made.
The relays are in series; hence both light sources must be interrupt-
ed for the gate to cloge. During discrete trial operaticn, the gate
is normally operative and the gnimal must return after each trial to
the reinforcement chamber and lower the gate before a new presentation

occurs.
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The central control conscle contains the switching mechanisms
which convert the generalizéd card punch putput into the'animal.éom-
partment input forlthé specific experiméﬁtal settiﬁé.deéiréd-' A'baﬁk
of counters provides a synopsig of majér response events; .The.seQuence
of evente which are to be progremmed trial—by;trial is punched on a
masfer set of IBM cards. These cards are interleaved Wiﬁh blank data
cards. The card punch is modified to identify master cards, which
are pazesed thfough the punching stationrto the réading station of the
card punch. The blank data card following stoﬁs at‘the pﬁnching
station. Then £he master card moves column by column; ﬁhe iﬁformation
is reéd dut to tHe central.control conscle and sets up progrém reiays,
and is simultanecusly duplicsted on the blank date card behind. As
the animals respond, their choices and.the choice latenéieé afé stdfed
in the meﬁory buffer. At the eﬁd of a tfial, thié information 1is
pﬁnched into the remainder cof the data card. When the punching is
completed, both‘fhe mastér card and the punched data cara.are pléced
in the card stacker. A new master card is moved td the feading:station,'
a.blaﬁk daté card to the punching‘sfafion, and thé ﬁrocess ig repeated.
The decks are then separated into data cards, which are analyzed, and
master cards, which.are réused fér progremming.

Four modes of operation are avallable for each animal compart-

ment--Continucus, Correction, Non-correcéion.and Egzgé._ In thé.ggg—
tinuous mode, one of.mbre of the respoﬁse ﬁnits in a box are turned én.
Thé animal responds a£ its bwn-rate;' every response.is rewarded with
a peiiet. .At the ﬁresent ﬁime,-this mede 1s used chiefly in pretrain-

ing.
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AThe other three,modes of operation are employed in conjunction

with & discrete trial procedure. Trials are aiternately precented to
one set of four boxes and then the other; kthe trial interval for 6ne
group of_fqur constitutes the inﬁertrial interval for the ofher group.
We will designate one.sef cf four animals as Sét I, the other.as Set
IT. The trial_begins_with the progrﬁmming of the followiﬁg trial
events ﬁy thg card punch feadoﬁt secticn: |

Discriminanda: Aﬁy gsubset of six iﬁdependen{ discrimination
events Sl...s6 s may_ﬁe programmed. The correspandence between the
Si. and partiqular events Whiqh_take plaée_in the animal compartment
is determined by élug-in settingé at the juncti@n.box on the animal
cqmpartment. In tﬁe present study, the sfimulus présentation on
each trial Wag‘constant rather thaﬁ discriminative;‘qonéisting of a
set of 4 lights iﬁ the center of the panel.

Reinforcement: If we designate a right—handrresponse by Al )

then the reinforcement of & right-hand response is designated by El
Any subset of the_threerreinforcement events, El...E3 , may be pro-
grammed. | |

| Resﬁonse availabiiity: Any subset-of the three response units in
& compartment may be madé available. Some subset.of the three response
channels,; Rl"'R3. ig programmed. The correspon@ence between an R

and a particular response unit position in a specific animal compart-

1

ment is determined by switch settings on the control unit. Thus, in
one particular compartment, an Rl may correspond to the right-hand
response unit, while in another compartment, it may correspond to the

reft-hand response .unit.




In the Correcticn mcde, some subset of the response units which
are turned on mey 56 iﬁcorfeét. If an.incorréét reéponse ié made the
respense unit ﬁhich has been choséh is turned off. The animal may
continue to make othér responsés until a correct response is made. If
a correct response is made, all unifs are turned off aﬁd e pellet is

dispensed.

In the Non-correction mode, some subset of the response units
which are turned on.may be incorrect. As soon as a response, correct

dr incorrect, is made, alil of the response units turn off. If a cor-

rect response occurred, & pellet is dispensed. In the Force mode only

thoge response units which ﬁre to be reinforced are turned on. As
soon - as é response . is made, all of the'response uhits turn.off and a
rpellét is dispensed; (The Non-correction and Force procedures were
nct used in this'stﬁdy_and.are mentioned only for completeness of des-
cription.)

.A typilcal experimental trial might take the followiﬁg form.
Assume that ﬁhe.animal.is.in the reinforcement section of the compart-
meht, grid the gste is clésed. Further assumé,that the Gorrection mode
is being used. At the beginning of a trial, the stimulus,.reinforceQ
ment and response-availability events are programmed...Aﬁproximately
two seconds before the géte is raised, an audic signal is presented in
the four compartments of Set I. The gate is raised and siﬁultaneously
the stimulus-response progrem is presentéd...The animal moves into tﬁe
response section, touches one or more response.units, gnd eventually,

a correct response may be made at which time the response units are

all turned off, and a pellet is diépensed. The animal returns to the

b7
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reinforcement section in prder o consume the-pellef. The photccells
‘aetecﬁ its.approach to the dispensér, and the gate closes. At the end
.of a predetermined trial period, if the animal has ﬁot made the correct
response, all respoﬁse'units which remain on are turned off. The géte
is then lowered when the animal returns to the réinforcement secticn
but no.pellet is dispensed.

.Reéponse dats and yesponse latencies which have been stored in
the memory unit sgre fé@ into the ecard punch Tor recording on the IEBM
card. The next master card moves into position and trial evenis are
programmed for the second set of fqur animél compartments. At the end
of the trial period, the response dats from this group of compartments
ié punched oﬁto the data qard. The next card moﬁes into position, and
a new set of‘tfial events fo? the first set of compartmenté is pro-
grammed, and so on, the éxperiment proceeding as first one set of four
animals and then the other receives a trial. The exact manner iﬁ
which the_apparatus wa.s usgd in‘different phases éf the preéent.étudy

is made explicit in the next section.

Procedure: Initial handiing and training. The animals were
placed on a food deprivation.scheduie graduslly. Tood was removed
from the.home cages Tor 12 hours.for the firét two days, for 18 hours
the next two days, and fof 22 hgurs the next three days. During the
ﬁext several weeks,:the daily feeding time was cut graduélly ﬁrom 2
hours tp 20 minutes. The animgls were fed a varied diet--Purina
Chow, Little Friskies, cod liver Qil and fresh greens. Even though
the experiment was of some duration, the animals seemed to remaln in

good health on this regimen. Water was available at all times. The
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animals were weighéd once a week.

During the first two weeks, the ahimals were taken from their
cages daily, individually and in groups, and handled. They were then
placed in the apparatus in groups of four, with the gate removed, and
allowed to explore the compartment. A bowl of Noyes pellets (.O0U5
gﬁ.) was placed in the compartment, and the animals consumed a number
of these during this pericd.

On the third week, the animals were placed in the experimental
compartments individually, with the gate removed. The pellet feeder
wag fired about ten or twelve times, each time waitiﬁg until one
pellet was consumed before ancther was dispensed. Then the center
response unit was turned on the Continuous mode and reinforcement was
programmed so that every time the animal touched the respdnse unit,

a peliet was dispensed. The animgl remsined in the box until 100
responses had been made or until an hour had elapsed. The animals
were returned to their home cage afier the run, and one hour after the
lest animgl in a particular home cage had been returned, all four
animals were placed in a separéte feeding cage f@r an hour. Animals
that showed a very low response rate after the first sessiéns were
not fed, but were placed in the apparatus overnight and fed ﬂhe follow~
ing morning. The pellet feeder capacity was approximately 500-600
pellets, and onl& in a few cases did an animal empty the pellet

Teeder before 1t was checked the next morning. ﬁe attempted with
iittle success to shape a few recalcifrant animals whose reaction to
the apparatus was to sit next to the feeder cup. Out of the initisl

complement of animals, six died or were incapacitsted from respiratory
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gilments such as middle-ear infection beforé the experiment began and
four refused to respond at the c?ite;ion rate.of 50 fesﬁonses within
an hour. These fpur refused to‘respond ét all.

Oﬁ the fourth Week, the aﬁimals were given.another week's training
on the cente: response unit in.the Continucus mode with the gates in
place but inoperative. During this and all subseqguent phéses of the
study, the. animals were run five days per week. On week 5, discrete
trial training wa.s begun; with the gate sfill inopérative. Twc seconds
before the ﬁrial start a lobo-cyclé tone was tﬁrned on for twoc seconds,
and then the center responés unit ﬁas turned on for a period of 30
seconds;_ If a response occurred during thatrperiod, ) péllet was
dispensed and the unit was turned off. Each animal received 25 trials
' per day initially. Gradually, the trial time was.reduced from 30
seconds to.lh geconds. When the time had ﬁeen reduced to 14 seconﬂs,
the number of trials per day was increased to 100,

On week 6, the training was identical to week 5, but the gate
was made operativef There ﬁas a temporary deterioration in the ani-
mals’ ﬁehavior, but withiﬁ.one or two days the response rate again
rose to around-95%; ‘i.e., thé subject Tailed to make a.respbnse of
some scrt on lessdthan 5% of the trials. The procedurse was continued
through week 7. All traiﬁiﬁg through this point was programmed by
an auxiliary taps réader and monitored by meané of counters. No
detailed records were made on IBM cards.

Qﬁ week 8, tﬁo—choice 50-50 correction training was begun. On
each trial, the right and left responsé unit was turned cn. The events

were randcmly ordered, with the resgtiriction that the x +value be
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maintained in blocks of 80 trials. Twenty such randomizations were
prepared; For half the.animals in eééh group of eight fhe Al 'response
was the right unit, and for the other half it Wés fhe left unit.. The
center response unit was never turned on during.the remainder of fhe
experiment. When subjécts were observed by opening the experimental
chamber &uring a run, on a few occasions a rat was secen to move toward
the -center response unit. There ig some possibility that subjects.
continued to attempt to respond to thé center unit. However, the
behavior of most subjects when interrupted in this fashion Wés 80
disturbed and erratic that suéh observations may be atypical. Those
subjects who appeared least disturbed by the.opening of the compartment
showed a Well—defiﬁed pattern of behavior in which the center unit

was totally disregarded. Duriﬁg the first two days, the trial:iﬁterval
was set at 30 seconds, and gradﬁally reduced to 14 seconds. The ﬁﬁmber
of.trials per day was 50 during the first two days of two-choice train-
ing and con the last.three days waé increased to 80. During this train-
ing and the remesinder of the expériment,_the center four stimulus
lights came on when a trial was initisted and went dff when the trial
was ended either by (1) a correct response if the correction mode was
being uséd, or (2) the time-out of the trial interval if no response
had been made within the trial interval. If the ihcorrect regponse

was made, the lighis remained on until a correction response was made.
The offset of these lights ﬁhen.a fesponse was made thus indicated that
a cbrrect response had been made, and supplemented the auditorj stimu-
lation of the pellet feéder. This training was continued through

week 19.
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On weék 20, 50—50 training was continued, but from this point a
lﬁ;ial—by—trial reéord wa.s made using the IBEM recording system. We will
degignate the second day of week 20 asIRun 1, (In the ﬁemain&er of the
paper, a run will denote a daily block of 80 trials.) Each animal
received 80 trials a day, five days a week. The frial interval was
b seconds. For each animal a trial—by—trial récord was made cof all
responsés and the time of the first response. Alsc at this point, the
nﬁmbef'of aniﬁals was ?educed tc 64, by selecting the 6L animals with
the highest average résponse rate. This ﬁrogram was continued thréﬁgh
Run 20, i.e., through Monday of week 25. |

? On Tuesdéy of-week_26, or Run 21, 32 animais were switched to a
65-135 sche&ﬁle; these éﬁbjects comprise Group I. The remaining_32
éﬁimals ﬁere éwitched.to 8 80-é0 schedule, and these subjeéts consti-
tﬁ#e Group Igf Twénty different randomizations were prepared for each
réinforcement gchedule With the restriction.thét in each randomization,

the proportion of El

trials in the 80-trial total was exactly equal
to m . This program was céntinued through Eun 65.

During the experiment, 4 animals in Group I, and 4 enimals in
Groﬁp IT died. All but two died of natursl causes. One animal was
inadvertantlyrguillotiﬁed.when the gate was lowered on his neck; a
second was similarly treated, and though he was not actuslly killed,
he refused tc respond any further over a ﬁeriod of four_days. Any
.subjects who were eliminsted ﬁt any stage were replaced immediately.

Replacement znimals were selected whose choice probability during 50-50

training most nearly approximated that of the animal being replaced.



RESULTS
Three basic types of response measures will be considered in -this
gsection. First, the mean response probability curves will be presented.

Thege curves describe the average number of A, responses made during

1
s daily run for each experimental group, end the stability of this
measure will be used to evaluate the assumption that behaviof has

reached a stationary limit over a given block of daily runs. Secondly,

there are the daily mean speed scores assoclated with the A

Ay and A2

résponsés for each experimental group. Finally, the various sequential
stétiétics are ﬁresented. These stétistiCS are of the greatest impor-
tance ih evaluating the models which have been considered, and the
abilityﬁof the varioué tYpes cf models to account for the sequential

properties cf the data will be investigated in some detail.

Mean p:qbability curves. Mean respoOnse curves describing the changesj
in responsé probabilities of the twc experimeﬁtal'groups over the
course.of the study are presented in Fig. 4 and 5. A subject was not
forced to resgspond on any trial; Tfurther if the first response was
incorrect5 a subject might correct, but was not forced to do so. An
AO response-will berg failure to respond during a trial, and a
failure to correct'following an incorrect response will be denpted as
an EO réinforcement event.. The mean A_  response curve ig a plot

1

responses out of the sum of A, and A

of the proportion of A 1 5

1
.responseé, where the proportlon is computed for each subject and then
averaged over all subjects in the group.. Also shown are the propor-

tions of AO and EO events; &8 may be seen, there were relatively

few failures to respond or correct except during the first eight runs
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under the 50-50 reinforcement schedules. The fluctuations in the
response curves during this portiocn of the sgtudy reflect equipment
problems, as a result of which dats were lost. Data from these eight
runs were not submitted to further gnalysis.

The mean Al response curves were examined to determine (1)
whether the curves are statlonary during the 50-50 schedule, (2)
whether the difference between the group curves during the 50-50
gchedule is significant, and (3) whether the curves are stationary
during the final 20 runs following the shift to a nonsymmetric rein-
forcement schedule. This last gquestion is particularly important
for the assumption that the behavior has reached an asymptote when
sequential statistics are congidered later.

In order to answer the Tirst 4two questiions, the mean Al .pro—
pbrtions_were computéd for each subject for four blocks of three
rﬁns during the 50-50 schedule, Runs 9-11, 12-14, 15-17, and 18-20,
The four proportions thus obtained for each subject, where each pro-
portion is based on three runs (approximately 24O responses), were
‘tﬁen converted by the arc sine transormation in order to stabilirze
the Variaﬁce within subjects, using the correction for continuity
-_suggested by Bartlett (Dixon & Massey, 1957, Bartlett, 1947). Both
the within- and between-subjects variances were found to be acceptably
homogeneous by Cochran's test. The analysis of variance on.these
measures 1s presented in Table 2. The overall linear Trend and
differential lineér trends between the two groups were obtained using
crthogonal polynomials. The error term for these linear components is

the linear component of the error (w) term. The groups do not differ




Table 2

Analysis of variance of response proportions

during final set of 12 runs where = = .50
| Source af MS F
; - :
!Between Ss 63
Groups (G) 1 2791 < 1.00
Error (b} [ 1 2.6710 '
Within Ss 191 |
Blocks (B) 3 < 1.00
Linear ‘1 .0382.
. Nonlinear 2 .0003
BxG 3
Linear 1 0399
Nonlinear 2 - .0105
Error (w) 185 .
Linear 1 ez ~.ou6l < 1.00
Nonlinear 123 .0236 o

Note. -=- One 5 was lost during the last block;

o " the missing score was estimated by the
method of Cochran and Cox (1957), and 1
df subtracted from Error (w) Nonlinear.
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from one another, nor is there any evidence of linear trends.

In order to';ﬁswer the“queétidn of Stafionarity during the final
portion of the 65-35 and 80-20 schedﬁles, the mean Al proportions
were computed for each subject for five blocks of four runs, MT-SO,
51-54, 55-58, 59-62, and 63;66. The five proportions thus obtained
for each subject, where each proportion is based.on four runs (approx-
imately 320 responses), wefe converted by the arc sine transrformation
previously described.  The analysis of variance on these measures is
presented in T;ble 3. The group means differ significantly at asymptote
(105 < p <..0L).  However, the power of the.between-suvbjects test
is. compromised . appreciably by heterogenéity df the variances. The
between-subjects variance:fqr Group T is about 17 times the variance
for Group IT, and this difference is highly significant (p < .01) by
- Cochran's test. The within-subjects variances were acceptably homo-
geneous by this test. | |

The overéll iinearﬂtfend approaches. ﬁhe .01 level of significance,
and the difference between the liﬁear trends_of the two groups is
close to the .05'1¢vél,: From an]examinétion of individuwal protocois,
1t appears that many of the subjects in Group IT did iﬁdeed show 2
slight but persistent upward trend ﬁuring the last 20 runs; 1in par-
ticular, of the 29 subjects for whom data is availsble on the last
two blocks of four runs, 22 subjects show an increase in the mean
Al proportion from Runs 59-62 to Runs 63-66 and for 14 of these
subjects, the increase exceeds one percent. There is a much slighter
upward trend in the data from Group I. It should be remarked that

the arc sine transformation is most properly used for proportions in




Table 3

Analysis of variance of response preoportions

during final set of 20 runs where s £ .50

Source af | MS F
Between Sg Co 62
Groups (G) 1 8.42699 5.8448%
Error (b) 61 114487
Within Ss : 250
Biocks (B) i .05491
Linear 1 12726 | 6.96170%
Nonlinear 3 .03079 <1.00
BxXG h
Linear 1 .07056 -3.85995%
Nonlinear 3 -00515 <1.00
Error (w) 242
Linear 61 01828
Nonlinear 181 01062

Note, =~ Two B8s were lost during the last block; the
missing scores were estimated by the methed of
Cochran and Cox (1957), and 2 df subtracted
from Error (w) Nonlinear. Another & was lost
during the third block. The dats from this S
was not included in the analysis, hence there
are 62 df for 8s .

* F(1, 60, .05) = 4.0012, F(l,.6o, LOLl) = 7.0771
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the range .20 to .80, while ﬁany of theée datﬁ lay outside that range.
Even though a correction for continuity is used, when the proportions
are close to 1 as in the present case, any upward shift in the pro-
portions is amplified by the transformation. Thus, from the anélysis
of variance and the remarks above, 1t is concluded.that.though the
date do indeed show a slight upward trend, the degree‘of trend may be
somewhat less than is indicsted by thersignificanée level obtained
from the analysis of variance. Thus, the sequential statistlcs from
Runs 47 through 66 will e treated as though the subjects had reached
asymptote. o | |

Approximately tﬁq-thirds of the subjects‘showed marked and con-
- aistent posi£i$n preferéncgs during the 50-50 schedﬁle.. In Fig. 6;
the mean Ai proportiOn; for each subject during_Runs 9-20 and Runs
L47-66 are plotted in.a scatter diagram. As may be seen from Fig. 6,
the asymptotic response probabilities during the 65—35.and 80-20
schedules are not independent of the position preferences during the
.50—50_scheéule; .i.e.,'fhe final_response-lgvel reachéd by thetsubjects
after extensive training on reinforcement schedules other than SOfSO,

wag s8till to some extent influenced by initial biases.

Mean response time curves. The average reciprocgl latency of the Al

responses, T(Al) , and of the A, respcnses, T(A2) , as well as the

2
average overall réciprocal latency, T(AV) , for each Run over the 32
subjects in each experimental group, are presented in Fig., 7 and 8

for Groups I and IT, respectively. The basic measure was the number

of gquarter~seconds which elapsed bétween the start of a trial and the

first response. .These measures were converted toc speed scores by a
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Figure 6. Scatter diagram of response proportiohs for runs
9-20 (5=.50) and runs 47-66 {xf£.50), showing some relation
between preference during 50-50 training and final response
level. ' ' '
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reciprocal transformation in order tQ obﬁain more symmetrical distri-
butions of the scores. There will not be g very searching aralyeis

of the response time measures.in this paper: the foliowing comments
may be made from s visual inspection of the mean time curves. (1) The

average speed of an A response, T{Al) , is higher for the 80-20

1
schedule (Group IT) than for the 65-35 schedule {Group I), in accord-
ance with qﬁalitative predictions from the k-state model. However,
this same relationship characterized the two groups during the 50-50
schedule; since the two groups were not well matched initially on
the time scores, the significance of the later results is open to

question. (2) The average speed of an A T(A2) , is higher for

o 2
the 65-35 schedule than for the 80-20 schedule,'a result which again
agrees with the k-state predictions. The two groups appear to be well
matched on this measure during the 50-50 schedule. (3) The overall
average speed, T(AVE) , for each group is higher for =x # .50 , but
there is no difference between the two groups on this measure. The
fact that T(AVE) is at a minimum‘for % = .50 agrees with the pre-
dictions. Whether or not one would predict a noticeable difference
between T(AVE) for x = .65 versus = = .80 depends on a guanti-
tative specification of the conditioning and time score parameters.

(4) Firnally, note that the time measures are gquite stable and that on
the average ,. the animals responded very quickly. The uneven appearance
of the curves is a function of the scale of the graph. TFor example,

in both groups T(AVE) for Runs L6-65 remains within the limits of

.540 and .L20, (roughly 1.75 to 2.25 seconds).



First- and second-order sequentisl statistics. The first- and second-

crder transition frequency matrices were cbtained for each subject
over all trials in Runs 11-20, and also over all trials in Runs 47-66.
In order to illusirate the manner in which the frequencies in these
matrices are obtained, consider the sequence, Al,nEl,nAl,n+lE2,n+l
AE,nfaEl,n+2Al,n+3EO,n+3AO,n+h . This sequence may be decomposed into
tﬁérfollowing second-order 5-tuples: A1E1A1E2A2 3 AlEEAEElAl 3
AeElAlEOAO . The last 5=-tuple is not counted because, it conteins an
EO and/or an AO event. FRach of the other S-tuples is counted in

one and only one cell, AiEjAkEﬂAm , designating Ai on trial n ,

EjAk .on trial n-1 , and B Am on trial n+-2 . The total observed

£
entries in each cell is designated by N(AiIEjAkEBAm) . [Note that in
the gell designation the sequencé reverses the normal order of writing
the occcurrence of the events, the last event occurring being written
first, in order that the cell designations may'correspond to the
notation used in writing conditional probabilities.] The observed
first-order frequencies are then obtained by summing over  the second-
order events, sc that

N(A;|EA) = gzm N(a, | B8 B A ) [197

2

Notice that the first 3-tuple of each run is thrown away when we
obtain the first-order statistics in this fashion. For example, in

the sample sequence presented earlier, the first 3-tuple, AlElAl 3

would not be counted by simply summing cver the second-order statistics.

The loss of a single first-order observation in each run for each sub-

Ject was justified by resulting simplifications in the computer

65
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programs.

It was nct pracfical to apply the models to each individual
subject, but somé small subgroups were selected from the larger
groups on the basis of criteria %o be desecribed bhelow. Initially,
group ﬁatrices were obtained by summing over each set of 32 subjects;
the first- and second-order irznsition frequency métrices for groﬁp I
during Runs 11-20 are presented in Teble 4, for group II during Runs
11-20 in.Table 5, for group I during Runs 47-66 in Table 8, and for
group_II during Runs L7-66 in Table 9.

- Next, 15 subjects who showed minimal positicn preferences during
the 50-50 reinforcement schedule were selected from each group. These
subgroups, which will be designated as I-MP and II-MP, are made up cf
_subjects whose mean Al proportion -during Runs. 1-20 fell within the
limits of .20 to .80. The transiticn fregquency matrices summed over
subjects in subgroup I-MP during Runs 11-20 are présented in Table 6,
in subgroup IT-MP during Runs- 11-20 in Table 7, in subgroup I-MP
during Runs 47-66 in Table 10, and in subgroup ILI-MP during Runs
L7-66 in Tgble 11.

Four other subgroupé were selected on the basis of similar mean
response proportions-during'the 6£5-35 and 80-20 schedules. Two of these
subgroups were selected Trom Group T ana twe from Group II. 'Group I-
Low consisted of subjects whose mean response probablility fell within
the limits of .65 %0 .75, while Group I-High consisted of subjécts
within the limits of .85 to .92. Group II-Low subjects fell between
.81 and .91, while Group IT-High subjects fell between .92 and .98.

Only subjects whose response curves appeared fairly stable over the
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Tinel block of 20 runs were included in thege subgroups. The limits
above .were determined by a combination of practical and theoretical
considerations. Bounds were deéiredfwhich would delimit a minimum of
three animals in each subgroup whose response level @did not differ by
more than about .10, and who were not absorbed on either response. The
procedure was designed tc yield subgroups representing the two =«
values which would be comparéble in terms of the ¢ parameter, and
while thisg criterion varies depending on the model, for the range of
k which is cconsidered, the High subgroups yield a ¢ estimate ip the
vicinity of 1 or less, while the Low subgroups Yield a ¢ estimate
between 5 and 20. It was possible for é given_sﬁbject to be in an
MP subgroup and either a High or Low subgroup, since these criteria of
selection were not mutually exclusive. It ghould be emphasized that
these subgroups were not seleéte& for consideration becauée_they are
in any sense representative, but rather bescause of special interest in
two cases: (1) subjects whose position preference is not extreme, and
(2) subjects who reach a stable response_levei other ﬁhaﬁ 0 or 1 for
ﬁ.¥ .50 , in which case the response-reinforcement seguences yield
informétion.allowing1a test of the models. The transition statistics
for the Low and High subgroups for Runs 47-66 are presented in Tables
12, 13, 1k, and 15.

In each of the tables are preéented the observed first-order
transition frequencies,- N(AiIEiAj) 3 the transition frequencies pre-
dicted by the wesk-strong model in the column headed W-3, the predic-
tioneg from the k-state model with the constant parameter assumpfion

for k = 3, 10 in columns headed CP-3  and CP-10 , and the



Trial
n-1

E_A,
1

11

Total
N(8)
a(ey)

k(py)

A.A.D.
*p < .10

Table L4a, Observed and predicted firstfdrder sequential statistics

.50

QObsgerved
N(-[EiAj) N(AllEiAJ)
5830 1680
5177 13L4
5601 4232
5366 1185
2197k 114k -

¥ .
p < .01

W-8

46266
1291.3
4500

1107.7

11229,5

13au1**

L.70
.23
.52

b5

010

for group I (N = 32) during runs 11-20, =

- Predlcted_m(gllEiAj) :

- CP-3
h626.6
1295.8
4199;1

1107.7

11229.1
- 1.70
.50
97
.52

Kk
'13.22

.010

CP-10

4626.6

 130k.7

4189.5

1107.7"

11228.4

1.70
.66
6L

1.04

o g
13.09

.010

4626.6
1303.5
4190.8

:llOT.T

11228u5
170
A7
.G

9.00

**
13.09

.010

Linear

3656.2

- 2358.5

3230.6
21?4.&
11419.7
59
.56
48
71
3060.70

.184

- 89



Table 4b. Observed and predicted second-order sequential statistics

for group I (N = 32) during runs 11-20, = = 50.

Trial : Cbserved Predicted N(A1|E1AJEKA£)

-2 n- N(- |E,A, E A - - - -
EE EE} N( ]ElAJEkAﬂ) N(Al]EiAJEKAﬂ) W-3 CP-3 CP-10 VP-3
11 11 2851 2463 2466. 4 2466. 4 2506.1 2h3L.5

11 21 687 368 355.8 356.L 362.2 355.7
11 12 1825 1551 1545.7 . 1549.3 1571.0 1548.7
11 22 468 2hp 234.0 234.0 234.0 234.0
21 11 82k 459 448.3 450.1 472.0 LLh.6
21 21 2278 376 368.5 37h.5 370.3 388.0

21 12 521 225 272.0 269.3 256.5 248.6
21 22 1525 191 211.2 211.5 192.4 228.6
12 11 1676 1502 14L3.9 1443.5 1h6h.5 1h2h.8
12 21 540 307 258.1 260.9 27h.2 282.4
12 12 2540 2140 2129.1 2122.5 2]127.2 2107.3
12 22 852 392 388.5 386.6 364.0 392.3
22 11 479 : 256 239.5 239.5 239.5 239.5
22 21 1672 293 255.9 252.6 232.7 253.2
22 12 715 316 34k, 7 344.0 338.1 344.8
P2 22 2521 360 340.1 340.1 305.0 368.3
Total 21974 11kha 11301.6 11301.2 11309.5 11295.2
N 1.59 1.59 1.47 1.70
5 .10 .23 .58 .34
m .19 .36 .59 .99
P .5k .59 , .99 .35

2 X *% *

X 71.26 68.65 71.55 66.64"
AL ALD. . 025 B =) . 025 .02k
¥y < .20 **p < .01 ' :

€9



Trial
n-1

E.A,
1
11

12

22
Total
n(e)

_a(ol)

(o)

A.A.D.

p < .10

- Table 5a

+  Observed and predicted first-ordér sequential statistics

for group II (N = 32) during runs 11—20, 7

~ Observed
| N(‘|EiAj) N(AlIEiAj)
5554 3957
5585 1753
5353 3627
5743 1577
22235 10914
**p < .01

W-3

3990.2
1765.9
3660.5
S1617.1
11033.6
2.29
.27
.63
43
3477

. 005

CP-3

3990.2
1763.2

| 3663.1

| 1617.1

11033.6
 2.29
.23
.23

" 1.00
*

3.57

. 005

CP-10

3931.1

1769.1
3657.4
1678.1

11035.7

2.4
.63
.63

.99

*¥k
10.21

.009

= .50.

Predicted N(Al]EiAj)

VP-3

3931.1
1776.8
3650.0
1678.1
11036.0
2.41
.21
.27 |
.79
iQ;12

. 009

Linesr

3313.9
237h.2
2973.5
ezoh{B
10866. 4
59
.50
45

1205.36**

.115

oL



Table 5b. Observed and predicted second-crder sequential statistics

for group IT (N = 32) during runs 11-20, x = .50

et o o

Trial Obgerved
zﬁe Kﬁl w( |EiAjEkAﬂ) N(AlIEiAjEkAg)
11 11 2384 ' 1925
11 21 958 Lo8
11 12 1576 1226
L1 22 641 321
21 11 1095 555
21 21 2310 512
21 12 660 292
21 22 1513 283
12 11 1431 - 1169
12 21 668 350
12 12 2180 1706
12 22 1061 4,88
22 21 ymn 308
22 21 1649 393
22 12 937 403
22 22 2528 L85
Total 22235 1091k
x2
A.A.D
* *¥

W-5

1916.8
hot. 4
1240.1
320.5
580.3
506.6
337.3
304.1
1143.4
326.6
1701.9
498.7
322.0
351.5
451.7
hos. k4

10993.1
2.29
.08
.07
1.11

L2, og¥¥

.018

Predicted N(AllEiAjEkAﬂ)

CP-3

Lo
™
—q .
B FEFEFOOWO W OV T

10993.
.29
.13
.13
1.00
L1.73%*
.018

CP-10

1943.6
505.
1252,
320.
508.
508.
331.
290.
1156,
332.
1700.
L81.
322.
338.
Lip,
LeT.

10991.
2.17
LAl
1
1.08

43, hE6**
.018

O ONWwWOoO N RW K A v

VP-3

1943.6
506.9
1253.4
320.5
600.8
514.5
330.0
201.1
1155.7
334.0
1694 .4
478.8
322.0
337-5
4hi.2
L467.0

10991.5
2,17
.29
.50
.58
1;3.8L%%
.018

T.



Trial
n-1

E.A,
id

11

22"

Total
n(e)
3(pq)

N

A'A.DD

#
p < .10

- Table fa. Observed and predicted first-order sequential statistics

Observed
N(-lEiAj) N(A1|EiAj)
2679 1792
2641 1086
2526 1425
2742 912
10588 5215

k3
p < .01

for subgroup I-MP

W-5 CP-3
1787.2 1787.2
1117.9 1110.8
1456.8 1463.6

912.8 912.8
5274.7 5274.3

2.99 2,99

.65 .56

.01 .38

.72 1.h47

3.26" 3.4

.Q07 .007

CP-10

1805. 4
1119.6
1455.2
89h.1

5274%.3
2.88
.36
.05

REREn

4.06*

.007

(N =15} during runs 11-20,

Predicted (NAl]EiAj)

*

.50.

VP-3

1805.4
1116.5
1458.1

89&.1

527k4.3
2.88
.86
.48
177
.06

.007

Linear

1676.2
1199.4
1346.1

990.9
5212.6
.59

.57
A

60.75**

.037

el



Table 6b. Observed and predicted second-order sequential statistics

for subgroup I-MP (N = 15) during runs 11-20, x = .50.

I = SR ¢ -

Trial | Observed Predicted N(AllEiAjEkAﬁ)
n-2 n-1 N(o]EiAjEkAg) N(A1|E1AJEKA£) W-s CP-3 CP-10 VP-3
AE AR _
11 1z 1084 782 805.8 805.8 805.8 805.8
11 21 Sith 30k 302, 4 303.4 305.3 303.9
11 12 702 478 492.5 496.6 496.3 500.6
11 22 345 183 172.5 172.5 172.5 172.5
21 11 667 382 380.7 382.0 384.5 382.6
21 21 219 287 316.9 320.0 317.4 317.8
21 12 422 179 212.9 208.1 200.8 201.2
21 22 624 146 174.9 175.5 176.5 175.7
12 11 556 426 400.1 399.7 398.7 399.4
12 21 L34 260 215.0 220.0 227.5 227, 1
12 12 860 540 563.4 560.5 563.0 562.6
12 22 683 : 340 293.2 291.9 289.2 291.2
22 11 372 202 186.0 186.0 186.0 186.0
22 21 Tk 235 221.1 217.7 218.0 213.5
22 12 sho 228 2h0.7 239.7 237.8 239.3
22 22 1090 279 279.8 279.8 279.8 279.8
Total 10588 5215 5258.9 5259.0 5259.1 5258.9
3.11 3.11 3.11 3.11
) .65 .99’ .69
.52 R (O .83 .99
17 .84 1.18 .69
2 60.55%% 56.20%¥ 48, Lo** 50. k1¥¥
JA.D. .032 _ .031 : .029 .030

*p < .10 ¥Fp <ol

£l



Trisl
n-1

E.A.
1

11

12

22

Tofal
n(e)
&(p;)

k(py)

A.A.D.

*
p < .10

Table 7a. Observed and predicted first-order sequential statistics

for subgroup IT-MP (N = 15) during runs 11-20, x = .50.

Qbserved
N(-]EiAj) N(AllEiAj)
2689 161k
2602 1220
2624 1435
2599 1061
10514 5330

ke
» < .01

W-8

1602.1

1196.7
1h17.1

1050.5

5266.5
5.22
.50
.36
1.39
1.72

. 006

CP-3

1602.1

- 1196.7

1417.2

1050.5

5266.6

- 5.22

.50

2k
2.06
1;72

. 006

Predicted N(A1|EiAj)
Ccp-10
1602.1
1195.8
1&18.1

1050.5

5266.5
5.22
.34
.05
6.29
1.74

. 006

VP-3

1602.1
1198.5
1415.3

1050.5

5266.5
5.22
.87
.58
1.50
1.70

. 006

Linear

1615.0
1213.9
1417.6
1055.6
5302;1
.3k
-59
Wbl

57

. 003

. o



Table 7h. Cbserved and predicted seccnd-order sequential statistics
for subgroup II-MP (N = 15) during runs 11-20, = = .50.

e

Trial Observed : o Predicted N(Al[EiAjEkAz)
n-2 n-1 N{- 1E A E A ) N(A [E AE, ﬂ) W-S CP-3 CP-10 VP-3
AE  AE 1 - - |

11 11 957 627 635.3 635.3 632.4 632.4
11 21 649 362 350.0 350.6 350.8 349.8
11 12 648 396 Lhos. 4 Lo5.7 407.6 410.2
11 22 423 234 211.5 211.5 211.5 211.5
21 11 762 Loo . 415.0 h1s5.7 415.8 41k.5
21 212 8h1 326 335.9 337.2 340. 4 340.3
21 12 459 223 231.k 230.7 226.6 226.5
21 22 539 180 193.9 194.2 196.2 195.6
12 11 535 349 : 32,5 . 3ho.2 3k0.3 340.8
i2 21 Mrard 272 263.5 237.3 241.6 2h1.6
12 12 880 539 528.5 527.1 523.8 524.0
12 22, ST715 328 325.6 - 325.0 32k.9 326.1
22 11 h35 218 217.5 217.5 217.5 217.5
22 21 635 260 : 237.7 237.5 235.6 233.0
22 12 637 277 293.4 292.9 292.6 293.7
22 22 902 319 309.9 309.9 312.7 312.7
Total 10514 5330 . 5270.2 5270.3. 5270.3 5270.2

5.10 5.10 5.22 5.22

27 .36 . 87 .70

.09 .8 .67 .89

3.09 2.00 1.29 .78
& 26, 27%* 25.99%% 25,21%% 26.65%%
A.A.D. .021 .019 .017 .021

*p < ,10 **p < .01

aL



Trial
n-1

E A,

1

i1

1z

Total
N(8)
8(0,)

ule,)

A. A. D.

*
- p<.10

Table 83. Observed and predicted first-order sequential statistics

for group I (N = 32) Vdufiﬁg runs L47-66, n = .65.

Observed
N('|EiAj) N(A1|E1Aj)
24323 22757
4519 1674
12829 11942
2490 788
| Lh161 37161
HH
p < .0l

W-3

22768.0
1654.5

11933.7

868.8

37225.0
1.70
L1k
.99
L1k
%%

12.07

.009

Predicted N(A1|E1Aj)

. CP-3

22752.1

1637.9
11937.7
867.2

3719%.9

'1.70
Ol
.03

1.25
H*K
12.37

.010

CP-10

- 22958.5

1886.0

11683.0

 788.0

37315.6
1.59
.21
.08
2.4k

136.66"

019

VP-3

22555-9
1618.8
11805.2
8hr.1
36826.9
| 1.70
.06
.05
1.33
53.75°

.015

Linear

2142h.9
3205.2
11.065.5

1720.5

37416.2

-59
.86

.83

*%
5351.79

.209

9L
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Trial °
n-2 n-1
AR AR

1 11

1 21

1 12

122

1 11

1 21.

1l 12

1 22

2 11

2 21

2 1.2

2 22

2 11

2 21

2 12

2 22
Total
X2
AnAoD'
*p < .10

Table 8b.

Cbserved and predicted second-corder sequential statistics

for group I (N = 32)

Obgerved

N(ﬂlEiAjEkAﬂ)

14328
988
8352
617
1099
1759
bl
1090
8310
612
3591
253
586
1155
2l
530

LLh161

**p < .01

N(AIIEiAjEkA

13593
787
7929
Lhs
840
218
by
113
7896
510
3383
178
Lo8
159
183
52

37161

2)

13696.3
507.6
7852.0

308.5.
608.
251.6
347.9
132.5
7926.3
276.4
3368.0
109.4
293.0
163.8
119.4
63.9

36025.2
1.20
.03
.01
4.00

136L4.95™"

-131

during runs L47-66,

T = .65.

Predicted N(A1|EiAjEkAE)

CP-3

137174
511.2 -
7836.3
308.5
622.3
265.5
353.9
134.9
7934 L
271.2
3359.6
106.1
293.0
172.6
118.8
64.9

36070.7

1.20 -
.ok
.01
5.00

1379.43"%

133

CP-10

2.87

1826.70%%
140

ve-3

13639.0
501.3

7871.9
308.5
538.1
2oL .2
336.3
126.4

7900.4
288.0

3379.1
116.1
293.0
146.2
120.4

61.2

35895.1
S 1.23
.13
.02
- 8.50
135k, 88%%
131

LL



T.ablé 9a. Observed and predicted first-order sequential statistics
for group II (N = 32) during runs 47-66, = = .80.

'Triil |  Observed . Predicted N(Al|EiAj) _

. E:Aj N(-|EiAj) N(A1|E1A3) W-5 CP-3 CP-10 VP-3 Linear
11 34512 33279 33296.3 33273.6 33286. 4 33198.9 33310.7
12 1648 1284 1285.7 :1292.7 . 1296.8 1280.2 1331.1
21 8512 8154 8162.1 8165.2 8115.5 812k.6 8128.4
22 . k429 | 320 - 321.3 325.5 313.2 317.7 3h2.1

Total 45101 43037  ¥3065.L 43056.9 L43011.9 uégel.u 43112.3
NGe) - | .63 L.87 - 4.52 4k
5(ey) | .20 1k .26 35 .96
uip,) . .33 .06 .05 .19 .9l
o ' | e - 2.25 4.69 1.88

x® ' 48 1.05 5.11*% 7.53** 18.36
A.A.D. B 002 .003 .009  .ow0 .019
* *

X *
p < .10 p < .01l

9L



Table 9b. (Ubserved and predicted second-order sequential statistics

for group II (N = 32) during runs 47-66, x = .80.

TO M N RO bl b= b3 bd DO P DD O F bt 2 2 i;

Trial Observed _ Predicted N(A.|E.A.E A),)
n-2 n-1 .. . 1L g 4
e 1( |EiAjEkAﬂ) N(A1|EiAjEKA£) w-s. CP-3 CP-10
1 11 26646 25794 25813.2 25806.9 25910.8
1 21 976 858 783.4 777-8 792.9
1 12 6621 6372 6372.7 6369.2 £381.8
1 22 257 215 197.9 196.7 196.7
1 11 1071 052 866.7 860.6 879.6
1 21 302 136 230.6 228.4 234 . k4
1 12 280 el 22h.3 222,8 226.9
1 22 79 26 57.3 57.3 57.6
2 11 6544 6321 6305.0 6303.9 6319.2
2 21 27k 2h2 218.4 216.6 220.3
2 12 1537 C1hT7T 1468, 4 1470.1 1470.9
2 22 h 65 56.5 56.1 56.0
2 11 251 212 193.3 192.1 192.1
2 21 96 48 72.3 72.3 Th.2
2 12 Th 58 56.5 56,1 56.0
2 22 19 1i 13.9 13.7 13.8
Total 45101 43037 ~42930.8 42900.6 13083.2
N 4,98 4. 87 4.79
5 .22 .17 .2k
w .30 .07 .05
0 .72 2.0 .61
Xe 388. gg%* 390. 41*¥ £13.70°7
AJALD. .099 .101 .106
¥ < .10 S <01

6L



Trial

- n=1

E A,
g
11

12

22
Total
n(8)
8(0,)

ulpy)

A.A.D.

*
p < .10

Table 10a. Observed and predicted first-order sequential statistics

for subgroup I-MP (N = 15) during runs 47-66, = = .65.

Observed
N(°|EiAj) N(Al]EiAj)
12857 12164
773 693
6702 6367
ho3 358
20735 19582
¥
p < .01l

11629.2
L&8.0
6061.9
2kl 0

18403.1
3.34
.01
-99
.01
827.46"™
165

CP-3

12206.6
692.7
6362.9

361.1

19623.2

i8.7o

.05

- .

-15
*
3.25

-013

Predicted N(A1|EiAj)
CP-10

12184.9
. 695.4
6345. 4
359.1

195647
17.63
.22
.13
1;75
2.18

. 008

VP-3

12183.0
£92.0
6348.6
359.6

19583.3
18.11
16
A5
.36
1;66

. 005

Tineaxr

12148.2
687.9
6363.2
360.5
19559;8
 ,12
.93
=97

-92
.00k

08



Table 10b. Observed and predicted second-order sequential statistics

for subgroup I-MP (N = 15) - during runs 47-66, =« = 65.

Trial  Observed | Predicted N(A1|E1AJEKA£)

ﬁée ,Eﬁl N(=|EiAjEkAg) N(A1|EiA3EkAﬂ) W-5 CP-3 CP-10 VP-3
11 11 7661 7273 70514 7292.9 7310.9 7297.2
11 21 Ll 399 303.9 387.6 395.8 389.2
11 12 L3590 Loal Loho.7 4178.6 4173.2 h177.2
11 22 266 240 183.3 233.5 229.4 232.2
21 11 466 L26 321.1 409.6 41g.2 411.6
21 21 51 39 30.3 43.2 bl .3 43.2
21 12 286 24 197.1 251.3 255.7 252.1
21 11 29 27 17.2 2.5 2h.2 2k b
12 11 W56 239 h101.4 okt b L237.1 4240.0
12 2121 24l 204 168.1 214 .4 218.3 215.4
12 12 1912 811 1759.8 1819.7 1810.7 1817.1
12 22 90 81 62.0 79.0 77-3 78.4
22 11 274 226 188.8 240.5 236.3 239.1
22 21 37 _ 31 22,0 31.3 31.6 31.2
22 12 114 98 78.6 100.1 98.9 99.4
22 22 18 10 10.7 15.2 4.9 15.1
Total 20735 19582 18536.3 19562.7 19576.9 19562.7
i} ' 4,20 113.40 10.84 12.48
B .01 .18 .55 - 37
" -99 .98 .31 .99
P .01 .18 1.75 <37
X° 702.55%% 46. ga¥* L. 35%%* Lk, 06**
A.A.D. 157 .045 .0L5 .04l

*p < .10 Tp < .01
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Trial
n-1

E.A,
i)

11
12
21

22

Total
N(&)
3(e)

1(ey)

A.A.D.

*p < .10

: Tabie lla. - Observed and predicted first-order sequential statlistiecs
for subgroup [I-MP (N = 15) during runs 47-66, = = .80.

Observed

N(-lEiAj) N(Al]EiAj)
16117 15420

892 694

3938 3752

2h8 - 188

. 21165 20054
*H

p < .01

W-5

15421.7

696.6
'3750.1
- 188.7

- 20057.2

- 5.10
.13
.16
.85
.08

. 002

Predicted N(AlIEiAj)

CP-3

154024
700.9
3743.5
189.5
20636.4
©5.20
.13
'.05
2.67
1.21

.00k

cP-10

15429.1
710.7
3729.5

186. 4
20055.6
4.86
.23
.05
4.93

.

1Y

. 009

VP-3

15430.6
687.2
3753.8
186.5

20058.1
.87
.20
.10
2.00

.547

.00k

Linear

15386.8
698.5
3759.6
194.2

20639.é
;59
-95
.95

*
2.97

. 009

8



Table 1lb. Observed and predicied second-order sequential statistics

for subgroup ITI-MP (N = 15) during runs 47-66, = = .80°

NN HRFRRRFOMN DN R R R E 3

Trial Observed . Predicted N(A lE A )
2 -Eél N(°|EiAjEkAﬂ) N(AllEiAjEkAﬂ) W-s CP-3 CP—lO VE-3
1 11 12395 11929 11923.8 11925.0 11952.7 11894.5
1 21 she 471 4354 438.7 438.6 1806
1 12 3040 2912 2905. 4 2904.0 2900.9 2898.6
1 22 154 131 119.6 120.2 118.0 118.6
111 559 B2 451.9 455.3 456.8 L46.8
1 21 160 75 - 121.5 122.5 122.5 119.6
1 12 160 ' 241 128.2 129.1 128.8 126.8
1 22 43 1h 31.5 31,7 31.1 31.1
2 11 3008 2880 2878.0 2877.3 2876.5 2871k
2 21 137 1119 109.2 109.9 - 109.5 107.9
2 12 707 671 £66.5 666.5 664.1 665.3
2 22 41 37 ' 31.6 31.7 31.0 31.3
2 11 155 129 120. 4 121.0 118.7 119.8
2 22 53 29 139.9 40.4 Lo.k4 39.4
2 12 36 28 27.7 27.9 27.2 27.5
2 22 10 6 7.3 7.4 T.2 7.2
Total 21195 20054 19997.9 20008.7 20024.0 19936.0
N 5.30 5.50 4.98 5.22
i) ' o .18 .17 .23 .31
W N .19 06 .05 (14
9 L% 2.75 5.00 .22
X2 _ 171.77%% 173.05%% 175 hu¥x 175.07%%
A.A.D. .101 .098 .10 .101

€8



Trial
n-1
E.A

1]
11

12

2.2

Total
n(9)
5(p )

kle,)

A.A.D.

*
p < .10

Table 12a.

for subgroup I-HI (N = 5) during runs 47-66, = = .65.

Observed
N('|EiAj) N(A1|EiAj)
L4023 3639
- b3y 383
2002 1898
250 215
6802 6135

H*
p < .01

3512.4
351.6

| 1826.5

2C1.1

5891.7

© 1k.59

01

-99

.01

77,00

.0L8

CP-3

3650.2
381.9

11895.8

217.1.

6145.0

25.61
.39
.65
.60
W57

.0C3

Predicted N(Al[EiAj)
CP-10

3671.7
- 387.9
1901.8
2i7.1
6178.5
22.56
29
.30
2.00
*

*
L1z

011

Observed and predicted first-order seguential statistics

VB-3

3649.1
382.2

189h.2
216.6

61h2.1

24,67
.50
.69
T3
48

. 003

Linear

3617ﬁ6
378.2
1883.5
216.6

6095.9
.07
.89
o1

*
2.93

. Q07

Lts



Table 12b. Observed and predicted second-order sequential statistics
for subgroup I-HI (N = 5) during runs L47-66, =« = .65.

MR HRFRPHFEMOMONOMMNMEHERRFVE

Trial Observed Predicted N(A1|EiAjEKA3)
Eﬁz Eﬁl N(°|EiAjEkA£) N(Al]EiAjEkAﬂ) W-S CP-3 CP-10 VP—3.
1 11 2288 2084 _ 2021.1 2086. 4 2104.9 2090.2
1 21 239 218 193.4 207.5 211.1 209.2
1 12 1321 1207 1166.9 1201.1 1208.7 1200.5
1 22 155 138 125.4 132.k 132.7 131.8
1 11 261 235 211.2 206.8 230.8 228.7
1 21 35 27 26.5 " 29.3 29.9 29.6
1 12 143 118 115.7 123.8 125.6 124,3
1 22 21 18 15.9 17.3 17.4 17.2
2 11 1315 1188 1161.6 1195.6 1203.6 1195.1
2 21 137 ‘118 110.8 118.7 120. 4 119.5
2 12 563 515 497.3 510.2 512. 4 508.6
2 22 58 Lo L6.9 ho ki Lok 49.0
2 21 159 132 128.6 135.9 136.1 135.2
2 21 26 _ 20 19.7 21.5 21.9 21.4
2 12 €5 58 52.6 55.4 55.3 Eh.g
2 22 16 10 12.1 13.1 13.1 13.0
Total 6802 6135 5909.2 612h.2 6173.2 6128.1
N 13.30 17.29 15.53 15.65
8 0l .63 .58 .71
M ‘ -99 .99 o .29 .96
P ' Noxl .63 ' 2.00 T4
*¥* ¥
xe 85.48 18.68 00,16 18.40
-A.A.D. ‘ .053 .037 .039 .037
*p < .10 p < .01

58



Trial
- n-1
E.A

11

12

2 2

VTotal
N(8)
8(p,)

nle,)

ALA.D.

*
p < .10

Table 13a. Observed and predicted first-order seguential statistics

for subgrcup I-LO0 (N = 3) during runs MT—66,. T = .65.

Observed
N(-|EiAj) N(AllEiAj) W-S
1867 1327 - 1360.9
959 634 60k4.1
1042 711 - 678.3
L9k 233 - 269.5
4362 2905 C 2012.8
5.45
48
.03
15.25
2. 48"
.039
o < o1

OP-3

136k 4
607.2

- 679.9

270.@

2921.8

' 5.50

.48
.03

15.50

*%
22.57

.038

Preélcted N(A1|EiAj)
CP-10

1366.1
625.2
66i.3
270.9

2926. 4
5.45

59

LOb
15.00
25.29

- 039

00,187

VP-3

1361.1
6042
678.6
269.6

2913.5
5.45
48
.03
15.25

*

.039

Linesr

1351k
596.7
677.9
271.2
2897.2
23
77
.46

' Eh;3l**

.0ho

98



Table 13b. Observed and predicted second-order sequential statistics
for subgroup I-I0 (N = 3) during runs U47-66, = = .65.

NI I R R S S S e

Trisl Observed o Predicted N(A1|EiAjEkAE)
2 Eﬁl N(°]EiAjEkAE) N(A1|EiAjEkAﬂ) W-8 CP-3 CP-10 VP-3
1 11 833 646 653.5 656.5 665.3 653.6
1 21 3k oLl 223.4 o2k .2 245.1 223.5
1 12 500 380 368.6 369.3 354.8 368.6
1 22 207 105 123.8 123.7 . 125.6 123.9
111 396 235 260.2 261.3 284.6 260.2
1 21 201 125 105.9 106.1 12k .4 105.9
1 12 238 122 14k, 9 5.0 148.7 145.0
1 22 120 53 ' 57.1 56.8 61.6 57.1
2 11 L7l 359 356.1 357.2 3L6.6 356.2
2 21 227 17k 136.0 136.0 143.0 136.0
2 12 231 166 162.5 162.5 148.0 162.6
2 22 96 46 ‘ 52.6 52.3 50.2 52.6
2.11 164 87 98.1 98.0 99.5 98.1
2 21 187 ‘ 91 . k.2 - gh.2 105.7 9.2
2 12 73 L3 ho.2 4o.0 377 ho.2
2 22 71 29 32.1 31.9 32.8 32.1
Total 4362 2905 . 2909. 3 2914.8 2973.6 2909.8
N L.87 4,70 k.75 4.87
B .26 27 .53 .26
n | .02 .02 .05 .02
P 16.50 17.00 9.71 16.50
X2 _ _ 71.53%% 71.55%% 101.22%% 71.53%%

A.A.D. . _ .056 .056 .061 .056

18



Trial
n-l

E.A.
id

11

22

.Total
N(G)
S(Dl)

uip,)

A.A.D.

*
p < .10

Table 1ha.— Observed and predicted first-order sequential statistics

for subgroup II-HI (N = 6) during runs 47-66, x = .80.

Observed
N(°|EiA3) N(AllEiAj)
5960 5Tl
208 215
1451 1399
62 5L
7701 7415

K
p < .01

5748.9
211.1

1396.2
56.5

Thi12.6
18.57
Ll
.99
il
2.35

015

CP-3

575k 4
213.6
1393.0

55.9

7416.8

- 15.50

6l
.34
1.91
1.70

.010

Predlcted.N(Al|EiAj)
- CP-10

5752.1
- 213.2
1393.0
56.0
7&1&.3
16.00
95
.13
4.38
1.69

.010

VP-3

5759.4
213.8
139k.7
56.0

7h23.9
15.88
.6h
Lk
1.55
1.98

L0111

Lineaxr

5716.4
209.3
1383.9
56.6
7366.2
.09

.91

10.82°7

.021

88



Table 14b. Observed and predicted second-order seguential statistics

for subgroup II-HI (N = 6)

Trial Observed :

-ﬁia Eﬁ} N(°|EiAjEkAﬂ) N(A1|E1AJEKA£) W-8
11 11 heil L4465 4h60.8
11 21 166 159 151.9
11 12 1132 1091 1090.5
11 22 4o Ll 43.2
21 11 171 157 156.7
21 21 11 10 9.8
21 12 52 50 7.k
21 22 4 3 3.5
12 11 1127 1084 1085.7
12 21 be) 4o 38.3
12 12 260 251. 2hg. 2
12 22 8 6 7.1
22 11 L8 Hy | 42,8
22 21 g 6 7.9
22 12 7 7 6.2
22 22 2 1 .9
Total 7701 Th15 Tho2 4
N 13.30
B A7
M : -99
Q- ' 47
X2 14,18
AA.D. _ .057

during runs 47-66,. n = .80.

Predicted (NAl{EiAJEkAﬁ)

CP-3

|9}
o
OHOWORFH ®OEFEFOORE

—J
gl
Julr’
n
O

11.%0
62
.32

1.93
13.1h
.056

CP-10

(3]
[e¢)
N OHRER EFOOOWWV O OCWN

—J
=
N
(e
=

11.55
.66

4
1.56

- 13.21

. 056

.y
OO FOWDE Fu o

68



Trial
n-1

E.A,
1iJ
131

12

22

Total
N(9)
5(p,)

k(py)

CAALD

*
p < .10

Table 15a.

for subgroup II-LO0 (N = 6) during runs 47-66, = = .80.

Obgserved
N(”IEiAj) N(AllEiAj)
5811 5251,
721 591
1426 1265
191 1h7
8149 725k

¥k
p < .0L

W-5

_ 5254 .8

590.0
1261.1

1h8.6

- 7254.5
S 7.91

.34
.10
3.38
.22

.003

CP-3

5257.7

595.0

- 1260.3

14g.4

7262.3
8.10

- 37

.06

5.88

5T

.00L

Predicted N(Al]EiAj)
CP-10

5262, 0
583.1
1271.9

151.7

7278.7
8.97
.27
Ok
7.39
1.33

.008

QObserved and predicted first-order sequential statistics

5254.6
591.7
1263.3
149.6

7259.2
8.27
.33
.08
L.20
.26

.ook

Linear

5208. 4
581.6
1250.1
1h9;7
7209.9
.21
.96
.80

3.41

.010

06



Trigl
n-2 n-1
AR AE
11 1
11 2
11 1
11 2
21 1
21 2
21 1
21 2
12 1
1Te 2
12 1
12 2
22 1
22 2
22 1
22 2
Total
N
a .

[

P

X2
AoAnDﬁ
*p < .10

PO H 3 RO O R DN

Table 15b. Observed and predicted seéond—order;sequential statistics

N(ﬂIEiA

higp
450
1029
115
487
112
120
27

- 1025
120
23L
39
107
37
43
10

8149

o < .ol

for sﬁbgroup II-10 (N = 6) during runs 47—66, 7T

Observed

A N(A1|EiAjEkA£)

3813
377
931
93
423
79
97
13
927
106
207
33
88
29
30
8

7254

W-3

3826.9

- 3ThT

923.5
92.2
L06.8

87.6

98.3.
20.3
0921.7
99.8
206.7
30.7
85.8
28.6
33.8

724k, 8

8.85 -
.30

.09
3.45
25.46™"
.Olly

.80

Predicted N(Al|EiA3EKA£)

CP-3

3825.7
374,
o2k,
02,
Lo6.
87.
98.
20.
900,
99.
207.
30.

OO H W =10 &= OO

w N o
~Jlw CoON
N0 ONO

72h6. 1
9.02
.28

.05
6.03
25, b6*¥
Ol

CP-10

3839.6
3795
928.5

92.7
Lot.6
87.9

98.7

20,4
906.6
100.2
208.3

30.9

86.2

28.7

34,1

7.5

7273.4
8.97
.27
e
7.39
26,60
.Olky

L.,22

25.53°"
Nonn

6
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predictions from the modified linear operator model in the column
headed Iinear. The paréméter estimatéé'and thg_minimum X2 value are
also given. Also, the observed second-order Irequencies,
N(A1|EiAjEkAE) , are presented, together with the predicted fregquencies
from the wesk-strong and constant parameter (k = 3 , 10) models.

.For the homogeneous subgroups, thé prediétioné'of first- and secoﬁd—
order frequencies from the 3-state mocdel incorporating the variable
parameter assumption are also presented in the column headed VP-3.

It should be noted that the transition frequencles are presented
instead of the"transitibn proﬁabiiities. The'freqﬁencies are more
informetive in this case, since a numerical estimation procedure
yieldiqg a minimum X2 estimate was used. The normalizing freguencies,
N(~|EiAj) and N(nlEiAﬁEkAz) , are presented for each sequence,
allowing recovery of the {transition probabilities. Moreover, because
of the limited space, only the observed and predicted Al transition
frequencies are presented, and the A2 frequencies can be obtained
from the normslizing frequéncies. The averége absolute deviations
(A.A.D.) have been computed and are presented for comparison with the
X2 values. |

The observed first-order transition mstrices were used to obtaih
perameter estimates in the following mannér. There are eight cell
=éntries in the first-order traﬁsifion matrix which may be used for
- estimgtion purposes. Parameter estimates will be obtained from the
Bbserved conditional statistics,.and it will be required that the pre-

dicted transition frequencies in each row sum to the observed value

N(°|EiAj) thus reducing the available degrees of freedom from seven



93

to four. In all of the analyses, it is assumed that © = 8 , d.e.,
thzt COuntérconditioning is eqﬁiﬁaleﬁt to a weakening ﬁrocess. Thus
it ic necescary to estimate three paremeters, 8., o , and N . Sub-
ject_to the restraint mentioned above, ﬁalues cf the pﬁrameters arc :
chosen which minimize the sum of normalized squared deviations of the
predicted cell tfﬁnsitioﬁ frequencies -from the observed frequencies.
Thug, if ﬁ(Ai]EjAk) ig the predicted number of transitions in the

i th column and the (j,k)rth row, obtained by the relation
?(Ai]EjAk)N(»IEjAk) , where -?(AiIEJ.Ak) is a function of & , u ,
and N , then we seek thosefvalues of 8 ; u, and N which minimize
the function:

A 2
[5(A, | EjAk) - N(a, |EjAk) ]

. [20]
1,3,k N(Ai'|EjAk) -

The parameter vglues yielding the minimum value of this function
were.determined numericaily, using the IBM 7090, by means of_a binary-
search technique developed by the«programming staff of the Institute
for Mathematical Studies in the Socilal Sciences at Stanfcrd University.

The same procedﬁfe was followed in obtaining parsmeter estimates
based on the second-order statistics; i.e., it ié reqcired that fhe
predicted transition freqﬁencies in each row sum to the total observed
frequencies, N(*|EiAjEkAE) . This restriction reduces‘tc 16 the
degrees of freedom, and ﬁhe estimation of three parameters further
reduces the degress of freedom to 13.

| Parameter estimates were obtained scparately for the.first— and

second-corder statistics for the k-state models because on the one

hand, it was desirable to obtain a fit using the first-order



statistics for estimation, to allow comparison with the linear model,
and on the cther hand, we were interested in evaluéting the it of
k-state model to the second order statistics using the béest possible

. *
egtimate.

Sumrary of sequential statistics. The results presented in Tables

4-16 may be summarized by the following statements:
1) When the transition freguencies are accumulated over all
subjects in Group I or Group II (Tables 4, 5, 8, and 9), neither

_fhe k-state models or linear mocdels are very successful in

accounting for the data. The linear model provides unsatisfactory

fits of the Tirst-order statistics in every case. The weak-strong
medel and the.3-state model account rather well for the first-
order statistics of Group Ii during Runs 11-20 and Runs 47-66.
‘However, the models breék down whgn applied to fhe first—ordéf
statistics of Group I, or to any of the second-order statistics

of Group I or Group 1I.

2) In the eight cases where the models are applied to homogeneous
subgroups (Tables 6,'7, and 10-15) the Weak—strong model provides
g relatively adequate fit to the first-order statistics in four
cases (Tables 7a, lla, 1ka, and 15a), the 3-state model in five

cases (all except Tebles 6a, 10a, and 13a), and the 10-state

*3ée Appendix B for further details on the estimation procedure.
Special thanks are due to the programmers at the Institute, . Larson,
R. Miller and W, Philliips, for their invaluable agsistance in reduction

and ‘analysis of the data.

ok



model in three cases (Tables Ta, lia and 15a). The 3-state models
incorporating the constant and variable pérameter assumptions
‘provide quite similar fits in most cases,'althbugh the varisble
parameter model is generally a little better (Tables fa and 1ks
are exceptions), and in one tase (Table 10a), the fit is markedly
better. The linear model can account relatively well for fwo sets
of data {(Tables Ta and lOa). When the 3-state mddel was applied
to the second-order Statisticé, 8 relatively good fit was obtained
in two cases (Tables 12b and 14b), and in four other data sets,
the agreement betweén‘the model and the.déta was not too bad by
conventional standards (Tables 7b5 10b, 13b, and 15b). Again, it
made little difference whether the models incorporated the con-
-stant.dr variable-parémeter assumption,_and there was not even a
"Slight indication that one assum@tion might bé more-appropriate
‘than the other. |
“3) Considering the k-state models, if the mean response probabil-
ity is outside or near the bounds of a model for some particular
value of k , then the fit of the model is guite poor. Thus, the
~reason that the first-order statistics are inadequately represent-
“ed by the weak-strong model in two of the subgroups (Tables 10z
and 12a) is:that the mean response probability exceeded the upper
bound of this model. If a higher bound is obtained by using the
3-state model, the data can be accounted for rather well. 1In the
remaining instance where the weak-strong model gives a poor fit
(Table 13a), none of the models proves o be adequate, apparently

because - P(Al) is close to = , the lower bound of the models.

95



(ﬁhile the conjecture gbove has nct been proved, it ig worth
-remarking that for a number of sets of date from human two-choice
experiments which are not discussed in this paﬁer, when the k-state
3 mpdels are applied %o thé data, the same deteriocration of the fit
of the models has been noticed when P(Al) is elose to the upper
of lower bound of the model for some Xk .)
74) Inxthe_cases where some k-state mpdel provides a fair account
of the data, parametér estimates based on the first-order statis-
tics may differ somewhat from those estimates based con the second-
order statistics. The parsmeter ¢ , which is the ratio of_ 5 to
u , remains relatively invariant, but the actual values of & and
'“‘_may vary considerably. The number of stimulus elements, N ,
is well behaved in most cases, but may sqmetimes range consider-
ably, depending on the statistic used for estimatiop, especially,
. it appears, if the estimate exceeds 10 (c.f. Tableg‘lo; 12, and

1E).

Reinforcement-run statistics. The third— gnd fourth-order reinforce-

ment-run statistics, N(AlJEiEiEj) and N(Al'EiEiEiEj) , i, 3 =1, 2,
iAo , were obtained for subgroups I-MP and II-MP during Runs 11-20
and during Runs b7-66, and also for the high snd low subgroups during
Runs 47-66. These frequencies and the normalizing frequencies are

' presented in Table 16, along with predictions based on the 3-state
model with the constant parameter assumption, where the parameter es-
timates were based on the second-order sequential statistics. Thus,
cne degree of freedom is available in each cell to test the fit of

the model. Two cells are empty in this table because of insufficient



A2 obserfatioﬁé foilowing the reinforcement sequence. VOf_the 30 re-
maining cells in this table.where p;edictions have been made, cnly
three cells containideviations‘of the predicted from the observed
Values.large énouéh-to produce a X2 significant at the .10 level.
‘The sum of the 30 XP1s  ig 41.49617; a value this large or larger
can be expected about ten percent of the time with 30 degrees of free-
dom.

Also presented in Table 16 are the second-order statistics,
P(AllEiEj) ; which are presented in order that the recency effect may
be observed. Very often, with untrained human subjects, a negative
recency effect,_the so-called ”gamblers fallaéy,” has been noted. In
this study, however, ‘there is; usually speeking, a positive recency
effect, wﬁich most modeis.would predict; as the response on trial . n
is conditionalized on longer seguences of Ei events, there is an
increase in the probability of an Ai respanse on trial n . There
are two exceptions o the positive recency effect. First of all,

there sre perturbaticns in the = recency effect during 50-50

1

training, in that P(A11E1E2) is greater than P(Al\E ElEE) , while

i

the reverse relation should hold. The inversion is disturbing,
though the difference between theory and data are.not statistically
gignificant.

The second exception concerns the relation between the relative
effects of runs of El and 'EE events., In generél, for n > .50 ,

.P(Al) is constant over varying lengths of E event runs, while

1

P(Al) decreases over varylng lengths of ‘EE event runs. ‘In other

words, a series of El reinforcements does not increase the Al
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- Table 16a. Observed and predicted E

1

reinforcement-run’

statistics for selected subgroups.

Reinforcement seguence, trial n-k, n-k+l,...n-1

o E.E EEElEl | E5 E.E,
Group I Observed Observed ‘ Predicted " Cbserved Predicted
NC-) | W) RP(Ay) | ONC) | w(ay) | B(ay)] W(ap) | B(ay) | NC) | WA | B(a) | N(A)) | B(a))
I-MP .50 |2106 | 1123 | .5332 | 1345 693 | .5152f 710.2 | .5280 | 727 396 | .5uh7 | LoG.2 .5587
II-MP .50 [2082 | 1099 | .5278 | 1344 699 | .5201| 710.9 | .5290 737 ho3 ) .5k68 | 396.7 | .5382
I-MP .65 |5011 | L7200 | .9419 | 3196 | 3014 | .9k31 301?.0 .9&&0 2059 | 1949 | ..94E6 19u3.7' .9kko
. II-MP .80 |3353 | 3157 | .9415 | 2730 | 2585 | .gh69|2567.21 .9k | 2136 | 2010 | .9LkI10 2012.2 .9&21:
I-KX .65 |1637 | 1458 | .8906 | 1093 997 | .9122| 984.8! .9010 678. 620 | .9145 | 611.8 .902&
I-10 .65 |1052 711 .6758 652 435 | 6672 438.41 6734 o1 295 | .7357 276.6* .6899
~ II-HI .80 |1226 | 1171 | .9551 | 1036 990 {-.9556 994.2 .9597 B11 | 780 | .9618 | 779.8 | .9616
1I-10 .80 |1291 | 1150 | .Bo07 | 1076 955 | .8876| 953.6| .B8862 839 748 | .B915 1 T745.4 | .888L
Note. Predietions are from the 3-state model with a constant parameter assumption, using
parameter estimates based on the.second-order seqtential statistics.
5 _ . T
_X , p < .10
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Group

I-MP
II-MP
I-MP
Ti-MP
I-HI
I-1.0
II-HT

II-LO

250
.50
.65
.80

.65
.65
.80
.80

Table 16b.

Observed and predicted E

2

reinforcement-run

statistics for selected subgroups

Reinforeement sequence, trial n-k, n-k+i,...n-1

E.E, E,E.E, B.E_EE,
Observed Observed Predicted Observed Predicted

() N(a )| P(A) | NCe) | mCAp) | B(a)] N(AL) fP(A)) | NC-) | N(Ap) | B(A)) | N(Ap) | R(A,)
2093 | 986 | k710 1358 | 618 | .L551) 640.9 | . 4720 | 698 | 30k | .L355 | 308.1 |.bha3
2069 | 1033 | .bkgg2 | 1322 631 | W773) 622.7 | 4710 695 330 | L4748 | 320.9 | .4k617
horl | 4725 | .9505 | 1iho | 1347 | .9354|1358.9 | .9437 586 530 | .90kk | 552.4% .gue7
3397 | 3198 | .9h1h 700 660 | L9429 652.3 | .9319 110 100 | .9091 101.8 | .9252
1640 | 1481 | .9030 489 438 | .8957]| 438.6 | .8970 204 177 | .8677 | 182.4 | .89k
1065 660 | 6197 303 189 | .6238F 187.6 | .6191 118 69 | .5847 69.4 | .5885
1237 | 1188 | .9603

1291 | 113k | .8783 281 240 | .8541| 2463 | .8766 46 35 | .7609 40.0'] .8689

Note.--Predictions are from the 3-state model with a constant parameter assumption, using

parameter estimates based on the second-crder sequential statistics.

*,2

insufficient cbservations, N(Az) < 5.

X, p<.l0

Empty cells indicate
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probability, while a series of E2 reinforcements does decrease the
Al probability. This asymmetry of the qlasses.of reinforcement events,
which is predicted by the k-state models for k > 2 , will be consider-

ed further in the next chapter.



Discussion

.In this final section, we will comment on-certain problemé which
arcse duringthe course of the study, ana make eiplicit certain aspects
of the study which we feel to be significant. First we will take up
the matter of response bias, a possible manner in which this bias
' might be taken into account in the k-state models, and the probable
effects of bias in this study, in terms of the fit of thé model to the
data. Next there will follow some comments on the selection.pfocedﬁres
which were used to pick out the various subgroupé. By way of compar-
ing the two general classes of models which have been cbnsidered, viz.,
linear and k-state Markev models, the relative ina&equacy of the mod-
ification of the linesr model which was proposed will be considered,
and the section will conclude with a consideration of some problems
'related-to evaluation and comparison of the wvarious speéific models

included un@er the heading of k-state models.

Response bias. Well over hglf the subjects 1n this experiment exhib-

ited marked response biaées during the 50-50 schedule, selecting one
responée or the other more than 80 per cent of the time during a

block of over 1000 trials. An exemination of the response counts
during the preliminary 50-50 training, for which no punch-czrd record
is avalleble, indicetes that the biases were evident in most instances
virtually from the beginning of the two-response task, and these
biases were consistent during the entire course of the 50-50 schedule.
These results are comparable tc those obtained by a number of other
investigators; e.g. Witte (1959) found extreme bias in approximgtely
two-thirds of & large group of albino rate (N = 171) run in a two~
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cholee T-maze under a 50-50 schedule.

.It is possible; of course,.to-modify any of the Markov models 1o
include a neutral state, where it is assumed that the animél respoends
according to some biasing rule if a sampled element is in the neutral
conditioned state. This development has nct been carried through in
the present paper because of two partially related difficulties which
seem inherent in any model incorporating a neutrsl state. First, with
the exception of the mean response probability, P(Al) , which has a
falrly simple form, all theqretical expressions of the sort derived
earlier in this paper become cohsidefably more complex when one adds a
neutral state. Secondly, the estimaticn of parameters becomes much
more.difficult,.in part because of the increase in the complexity of
the theoretical expressions, but alsc because as one increases the
number of parameters, the computer time réquiréd to obtain estimstes
increases exponentially. .

Actually, the state of affairs is not as bad as it might seem.
f'or assumptions of the sort which were considered, 1t turns out that
the probability that an element is in the neutral state reaches a max-
imum when = is .50. (An analogous result which was proved for the
k-state models is thai the probability that an element is in a weak
state of conditioning reaches a maximum when wx is .50.) The failure
tec take the bias into account should be most noticeable during the
50-50 schedule, but the models should prove falrly adeguate for the
other schediles. 1In the absence of particular interest in the bias
phencmenon, it is unfortunate that effeoris to minimize bias in the

apparatus were not more successful, since, e.g., the existence of
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marked blases greatly complicated the evaluation of the manner in

which parameters might vary as a function of =« .

Selection of subgroups. Tﬁo'ﬁifferent procedures were used to select

homogeneous subgroups. First, those subjects shbwing the least bias
during the 50-50 schedule'were selected. Secondly, subgroups of
subjects whose mean response probability was similar during the 65-35
and.80=20 schedules were formed. These two selection procedures are
not independent, buf the first procedure'is more sensitive to bias,
while the second procedure ig more sensitive to siﬁilarity of cohdi-
tioning parameters.' (More properiy, the second procedure selects sub-
jects having s common wvalve of ¢ , the ratio of the'con&itioning
ﬁaramefers;) The sécond procedure produced thé bettef results, con-
sidering the 65-35 and 80-20 data, which indicates that the existence
of initial biases may indeed not he too important if the feinforcement
schedule. and mean response probabilities are not close to .50.
Moreover, the poorer fits for the lafge groups, which are com-
posed of subjects whose conditioning parameters may be presumed to
vary rather widely, points out that adequate tesis of a model may re-
quire that the assumptions of the model be closely met. The k-state
and linear models constitute descriptions of the behavior of individ-
ual subjects, and cannot”necessarily be expected to account adequately
for the behavior of a.group of organisms exhiviting widely disparate.
behavior. Neither of the selecticon procedures which were used guaran-
tees in any way that the models will fit, since the criteria for sel-
ection gre not directly related to the statistics used to test the

models;  the selection procedures used the mean response probability,



while sequential statistics were used to evaluate the models.

Linear model. The linear model has been given relatively brief treat-
ment in thig papefe The task of deriﬁing the secbnd—order seguential
statistics has not been attempted and the genersgliization of the linear
model which was preéented represents oaly one of a variety of modifi-
cations which might be e};amine_dT It was analyzed beczsuse it has an
intuitive interpretationrin terms of memory for past events,.yetl
fetains a simple forﬁ. By and large, the linear modél was less ade-
quate than the Markov models, and the reasons for the poorer fits pro-
vided by the linear model are fairly essy to point out.

First, an examination of Eq. 15-18 will show that the linear model

predicts that
P(.A1|E1Al) - P(A1|E2Al) = P(A1|ElA2)_ - P(AllEgAE) . [21]

I.e., the effects of the El and E2 reinforcement events are pfe—
dicted to be symmetrical, in the sense that the events are equally
effective in changing response probabilify, 1f the effect is condi-
tionalized on the'r85ponse which occurred. However, it is a character-
istic of the data that, for =n not equal to .50, the left-hand side
of Eq. 21 is much smaller than the right-hand side. The differential
effect of the reinforcements on the response probability on trizl n ,
given that an Al had occurred on trial n - 1 , was very slight,
while the differential effects of the reinforcements, given that an

A2 had occurred on trisl n = 1 , was considerably greater. In

particular, if an A2 oceurred on trial n -1 , and was reinforced,

there was a sizable decrement in the probability cf an Al on trial n.
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The difference between the right- and left-hand sides of Eq. 21 were
computed for the homogeneous subgroups where = was equal to .65 and
.BC. These differences are all negative, and range from -.0121 and
-.1610. There is only one inversion in the rank orderings of the size
of the difference above and the value of X2 from the linear model

for these sets of data; in general, as the asymmetry of the reinforce-

ment effects increases, as represented by these differences Just

described, the fit of the linear model to the data becomes worse.

A second problem with the linear model is best illustrated by
referring to data from the MP groups under the 50750 schedule (Tables
6a and 7z). There was some possibility thet the modified linear model

might be superior to the k-state. models in accounting for these data,

~since the k-state models must predict that the mean response. prcbabil-

ity is exactly egual to .50, given a 50-50 reinforcement schedule,
while the mean response probability predicted by the modified linear

model may vary between 0 and 1, depending cn and pg . The

P
deviation of the group mean from .50 during this schedule was not
large, but the linear model can predict this deviaticn, while the

k-state model cannot. Reference to Tables 6a and Ta will show that

for Group II-MP, the fit of the linear model is good, while for I-MP,

the fit ig very poor. The fit of the linear model to the larger groups,

I and II, is considerably worse than'thé fit of the k-state meodels.
The problem appears tc be that in compuiing Vé , homogeneity of

the subjécts is assumed, in the sense that all the subjects may be

described by the same set of parameter valuéé. The subjects in IT-MP

appear relatively homogeneous, the subjects in I-MP are less
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homogeneous, and thefe is wide variability in Groups I and iI; this
relationship parallels exactly the relative adedquacy of the linear
model. The second raw moment, V2 ; 1s estimated under the asssumption
that the population of subjecte 1s homogeneous, and the observed
heterogeneity results in too small an estimate of Vé . The effect of
”the underestimation is that it becomes impossible tﬁ account for the
response'perseveration which is observed in the hetergeneous groups.

By response perseveration is meant the tendency'fo repeat the
previcus response 1s véry ilarge, compared to the reinforcement effects,
or P(AllEiAl) - P(Al!EiA2) is large, relative to the difference,
P(AllElAj) - P(A1|E2Aj) for any B, and A,

By considering Eg. 15, one can see that if = is .50, and- v,

is slso close to .5C, Then in order for P(AiIElAl) to become relative-

ly large, Bpl must be large, since the remaining term, (l—G)Vé 3

Vi

reaches s maximum value of approximately .30, for any value of p ,
at 6 =2-Y2 ., Butif the reinforcement effect is relatively
small, (e.g., if- |P(AliElAj) - P(AliEgAj)] is less than .10 for all
Aj ) then G(pl-pg) must be small. If 6 is set equal to 2 4\/E;,
and if P(A1|E1Al) - P(A1|E2Al) < .10 , as is observed in the data,

then 0 = P must be around .15 to account for this difference.

2

Hence must be spproximately .57, since o (or Vl) is close to

Py |
.50 by assumpticn. With these choices of the parameter values,
P(A1|E1Al) is predicted to be about .63, while the cbserved value of

P(AlIElAl) » in those cases where the fit is bad, is greater than .63
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by quite a bit; the same type of problem is affeciing the other

cell entries, of course. If v, were estimated separately, in such

a manner that its %alue reflected the heterégeneity of the subjects,

it would presumably be larger, (l~9)Vé would be larger, and the fit

of the model should be improvad. Ancther course of action might be

to apply the model to individual subjects.

Comparison of k-state modelé° Tufﬁing to a comparison of the class of

k~state Markov models, we want to consider the questions, (1) can one
find an optimal value (or values) for k , and (2) what are the
relative merits of the constant énd variable parameter aséumptionsé"
While a partial answer to these gquestions was indicated in the summary
comments on the sequential statistics, there ere a number of further |
congiderations which are of interest.

With regard to the firet question, recall that as k 1is in-
creased, the upper bound on response probability incregses, tending

toward 1 as Lk Tbecomes large. As long as k 1ig sufficlently 1arge

so that the observed mean response probability falls between the upper

bound determined by k and the lower bound of = 3 then it appears

that k may take on & fairly wide range of values without drastically

changing the fit of thé mddel to_a given set of data. Using the

conétant parameter assumﬁtion the data of the homogeneous subgroups
were fitted with models for which k was seb equal to 3, 4, 5, and
10, as well as the weakmstrbng model. The results from the wéak-
strong, 3-state and 10-state medels are presented in the tables of

sequential statistics. Overall, the 3-state model does the best Job
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of_acppunﬁing for the_dataf The reasons for the relative inadeguacy
of_the weak~-strong model relative to these data have been discussedf_
Comparing the 3-state and 1l0-state models, the first-order statistics
are generally handled better by the 3-state model, but the difference
between the second-order X° values for the ftwo modéls over eight
sets of data is usually less than five per cent for each set of data.
Sometimes the 3-state model is slightly better, and sometimes the
10-state model is a little better, but in no case is the.differenée in
the it of the two models large enough to take seriocusly. Moreover,
although the detalls of the results will not bé presented, the same
_remarks also apply to comparisons of the_h-state and 5-state models
‘with the 3-state model. Thus for Values of k as large ss 10,
there is no clearcut evidence favoring ény particular value of k as
‘being an optimal value. |

Concerning the questipn of the constant and variable parameter
_asaumptions,_the gituation is quite similar. That is, comparing the
_35state model incorporating ﬁhe variable parameter assumption with
the 3-state consﬁanf péraﬁeter‘model, the predictions from the two
models are not fery diffe?ent, %ﬁa fhe XE 4values gre counsequently
Of the same order of magnitude for aﬁy set of data. This agreement
between models in the k-state class also holds for the L- and S-state
models. Thus, although it would appear that different assumptions
are being made about the nature of the underlying conditicning pro-
cesses, it.is not pogsible from these data to ghoose between the two

assumptions.
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Sources of discrepancy. Considering in more detail the fit of the

3—sfate constant parametef model to the data, it may be possible to
determine the exacf way in which the modél does nct agree with the
'secénd-order sequential statistics from the homogeneous subgroups.
Lookiﬁg at Tables 6b, Tb, and 10b through 15b, the discrepancy between
the model and these sets of data is reflected in a X2 cf about

k32, with 104 degrees of freedom. The contribution to this X2 of
each of the sixteen pairs of seguentisal statistics; N(AlIEiAjEkAE)
and N(AE]EiAjEkAB) , summed over all data sets, was determined in
order to find whether some of the.sequeﬁces were makihg é congistently
larger contribution to the total X2 than others. Five 6f the six-
teen sequences did constitute moré fhan half the total 'X'2 , and the
disérepaﬁcj between predicted and.obsérved values fof'these particular
sequénbes alﬁéys tended to bhe in the same direction within each
sequence, wifh no significant excepfions.

Following the sequences AEElAeEl R A2E1A2E2 , and AEEBAEEl s

an A2 tended to be observed on the next trial more freguently than

the model predicts. I.e., there was more A, perseveration, regérd—

2

less of the occurence of El events, than the theory predicts. The

contribution to the overall X2 of this perseverative factor, which
may reflect position preferences, was about 162. As mentioned pre-
viously, the k-state model, for = not equal to .50, predicts in-

creased perseveration on the Al resgponse as the mean response

probability increases. Put if an A,_. occurs cn any trisl, it is mcst

2

probeble that the sampled element is in g weak state of econditioning

to the A2 response; if an El follews the A2 , then with



probability @ +the element will change to a weak state of condition-

ing to the Al response, and hence an A, will occur on the next

1

trial on which the elemeﬁt is sémpled. On the éverage, then, persever-

ation on the _A2 response should be reduced by the occurrence of an

El , 1f 8 1is not small. In fhe data, however, the.tendency éf the

enimal to perseverate on the A2 response, regardless of the occur-

®rnce oﬁ an El relnforcement, was greater than predicted.
Followingrthe sequence A2E1A1E2 , more A2's were observed than

predicted, and.foilowing the seguence A1E2A2El , Imore -Al'g were
observed than predicted. In both these sequences, the subject makes
an Ai which is not reinforced, and switches to the alternate
fesponse, Aj , On the.following trial. The Aj is noﬁ reinforced
either; and following this pair of incorrect responses, the subject
switches back to Ai more frequently fhan the theory predicts. The
contribution of these two sequences to the total X2 was about T5.
In all of the models, it has been assumed that the effects of the
reinforéement‘events are independent of the preceding response and
reinforcement eveﬁts. One way of viewing this perturbaticn between
model and data from a theoretical standpoint, might be in terms of a
dependence between the relnforcement effect and preceding eﬁents.
One might assume, for example, that the effect of the reinfcorcement

- event on t$ial n might depend con Whether the response on the pre-
ceding trial had been correcf cr incorrect. An assumption of this
gort would result in enormous complications in analysis of the models

and we will not pursue the matter in any detail. However, the se-

quences mentioned above, as well as the sequences AlEEAlEE , and
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'AQEIAEEl , all.6f which constitute sequences of two consecutive trials
cn which the subject makes an incorrect response, seem to Indicate
that the.reinforcement-event foilowing the second imcorreét response
is more effective than the thecory predicts, bringing into guestion the
assumption of independence of the reinforcement events.

Although considering the overall X2 ~wvalue, the k-stgle models
did not give g totally satisfactory account of the response-reinforce-
ment pairs, the reinforcement-run statistics are fit rather well by
the 3-gtate model and this result is due to a property of the data
which the model predicts. As mentioned in the Results section, for
the 65-35 and 80-20 schedules, there is a marked asymmetrj hetween
the effects of runs of El events compared to runs of E2 events.

As the response on trial n 1s conditicnalized on longer and longer
runs of El events, the response probability remains virtually
constant, as the model predicts it should, given the values of the
parsmeters which hest describe the second-order sequential depsnden-
cles. [It 1s estimated that thefe are a fair number of elements in

the population, most of which are conditioned tc A if an element

1 3

is conditioned to A2 at the start of the run, in corder to increase

the A, probability, it must colmter-condition during the run of
El events, which is uniikely since & 1is small and N ‘is large. )
But as the response is conditionalized on longer and longer runs of
E.2 events, there is an increasing_decremgnt in the probability of
an A, , which the nodel also predictsf [Since p is alsc fairly
sﬁall, many of the elements which are conditioned.td Al_ are in the

weak state, and thus even though. & may be small, there is &
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relatively good chance that the element sampled on trial n was

initially weakly conditioned to A, and counterconditioned during

1

the run of E. events.]

2

Agymptotes and analysis. The overall response prcbability in this

study was very high. A number of subjects chose one response alterns-
tive on more than 99 percent of the trials during Runs h7-66. The
analysis of variance indicates that the response probability was still
climbing, and it 1s not inconceivable that the asymptote for all the
subjects might prove to be 1 or 0 eventuslly, although millions of
trials might be required in some cases to reach these final levels.
The tendency of subjects to absorb on a single response alternative
during long term training has also been noticed in a study using human
subjects by Bourne (1963). In a two-choice study using humsn subjects
by Friedman, Burke, Cole, Keller, Millward and Estes (1962), there

was some evidence of an upward trend in the response probability of
trained subjects following a long series of trials with = of .80,

- glthough the trend was not significant.

There are numerous models which can predict an asymptote of 1 or O
for values cof =« othér than .50. The simple linear model can be inter-
preted to predict this result, as can the modified linear model. The
upper bound on the k-staile models rapidly reaches a value which cannct
be distinguished.from 1 for reinforcement schedules other than 50-50;

e.g., for both the reinforcement schedules which were used in the

second portion of the study, the upper bound for the S-state model is
greater than .999%. However, the agymptofic data of subjects who

absorb on a response alternative do not permit a cholce between

12
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alternative models.

Thus attention hes been concentrated on subgroups of subjects
whose behavior over a blcck cf trials appears relatively stable at
some value between = and 1. A class of Markov models based on
reinforcement priﬁciples has been analyzed, showing that within
appropriate boundary conditions, models from this class give a fair

-account of the.seQuentiel statistics from these selected subgroups,

. compared to an alternative.lineaf'mcdel. From strict statistical
considerations, the models might be rejected, since, e.g., for the
3-state model from this ciass, the overall X or L32 with. 10k
degrees of freeaom is highly significant. However; céftain important
sources of the discrepancy between model and dats have been specified;
in perticular, there is more response perseveration in the date than
the ﬁodels predict. " Thig discreﬁancy has been laid'at the‘door of
"posifion.bias,” a tactic which admittedly is not entirely satisfac-
tory. The prospects of modifying the model to incorporate a bias
state are not very encouraging. A mbre_ﬁromising,course of =ction
rwould be,ﬁc-alter the expefimental sltuation in such a fashion that
the effect of bias factors would be reduced; in the.absence of a
better understanding of the sources of bias, such changes may have
to be made by a trial and erfor processe

The evaluation_of any model of behavior proceeds.a step afia
time. ”in the case of modeis applied to probability learning, the
initial test of & particular model is that it must be able to account
for the mean response probability.' It was the fact that the weak-

strong model imposed an uppef-bound less than the observed values of
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the subjects which lead to consideraticn of the k-state generalization.
Given a_model which can acgount for responsé ﬁrobability, next its
ability to account for the sequential characteristics of the data must
be determined. As response probability is conditionalized on longer
aﬁd longer sequences, the model is put to more rigorous tests. The
limit on such testing depends in part con the data, siﬁce the occurrence
.of obgervations following zome éequences becomes very rare for w not
to equal to .50, and also on the willingness of the theorist to derive
the increasingly complex expressions for thesé sequences. The impor-
tgmt ppint 1s that a model may give a very good account of a set of
gtaon ae lewl oOf analysis, and yet prove quite inadeguate when the
data are snalyzed in more detail.

In fact, one is almost guaranteed that, given a model of behavior
which 1s gquantitatively precise, scme aspects of the data ﬁill.be
found to differ significantly from prediciions of the model; An
examination of the ﬁature of £hese discrepancies often suggests ways
in which the assumptions of the model need to be changed. Thué, as
iliustrated in this paper, a mathemetical model not only.allows a
precise test of a set of axioms, but also may lead to important.modifi—

cations in assumptions about the learning process.
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Appendix A: Sequential Statistics for k-state weak-strong model -
N For simple wesk-strong model (k = 2):
S =85, =0 Lo o a-x)
1 1~ "2 1 (A%E) - )
|
TI.'2 1- 1) | ﬂ(l--n}ecg)
W, = W, = .
1 5A+ B) 2 A+ B

L) gk -2k 2

Sp=h-8-w 8y = (it B)

o E(1 o gk Ik -1

17 (A+B)
B } =ﬂ(k- 1)(1_ ﬂ)kq)k—l
> 2 " ¥z 2 )

S Ry kL2

5 = A+ E)
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For variable parameter case (6i+l_= 8.7 s by =Wy o kK2 3):

Sl=A-sl~Wl SezB'SE-WE
' k-2
-2 2 -
. ﬂk+l(l_ﬂ)k o (2 1)
1- {A+ B)
k-1
L ﬂk(l_ﬂ)k—lCPQ -1
1 (A+ B)
k-1
o ﬁk—l(l_ﬁ)kCPE -1
2 (A+ B)
k-2 '
L ﬂk-E(l_ﬂ)lﬁl@E(E -1)
2 (A+B)
k-1 k-1 k-1 .
A ﬁ2k—l 2 é:_ i _gk—l—l 5 (l_ﬂ)zk'l 2k 1 3 s i _Ek-l—i
- é T (P - § l-—ﬁ q)
l=O i:O

Firsi-order seguential dependencies:

P(AlIE;LAl) =% [+ (W - 1)A]

P(AllElAe) = -ﬁ% (w8 + (N - 1)AE]

P(Al'IEEAl) = -ﬁ%[sl + 8 ¥ wl(l - 8) + (N - 1)A21
(W - 1)A

il

P(4, |EA,) W



Second~-order sequential dependencies:

1+3(N-1)A+(W- 1)(1\1_2)1:&2

JP(A E.AE A ) = .
1t N[1+ (N-1)a)

W0+ (N ~1)A[26w, +B] +(N- 1)(x - 2)A%B

P(A, |E.AE_ A.) = -
1' Liie N{w,+ (N ~1)AB]

Ac-?19-+<N-=1)A[3(Sl+-sl)+'wl(3 “29)]'f(N=-l)(N-a2)A3

P(A. |E_AB.A ) =
1| bl N4 -w 0+ (N - 1)4°]

1+ (N=2)A
P(Al |_E1A1E2A2) = ____N_-__ :

B+ W0 + (N - 2)AB

P(A.[E_AEA ) =
1[1211 NE

P(AlIElAEElAE) =

2

(1 -9)@w2+6952-+ (1 - 1) [2Bew,, + Agwg(l - e)f 5, + 8,8 1+ (W-1) (1 - 2)AR®
' N[w2(1n9)+ 8, + 82+(N-1)32]

P(a, |W A B A ) =

> .
07wy + (M- 1)[A0(w + wy) + B{sl s

+w (1= 0)} 1+ (W= 1) (- 2)A°B
'N[wle}(m--i)AB] A

(1 fu)gwg + (N = 1)[Bov, +4B] + (N - 1)(N - 2)AE"

P(A|EAEA) = - '
ll 1% _ N[B+ (N-1)5°]



P(A, |B,AEA)) =

s s +w lu+(1-u)(i-0)1+ (_N—l)A[3(81+sl)+w1(3-9)']+(1v-1)(1\1-2)A3

A T

NA[L+ (N~ 1)AY -

P(A, |E_AE A ) =
1\ 271712 | N[w 6+ (N ~1)AB]

P(2, IEQAIEEA_l) -

8+ sl(l - 8o) +'wl(1 —e)2+ 3(N - 1)A[A - w81+ (N=-1)(W - 2)A3

N[A ~w 6+ (N - 1)4%1

' ' A—WlG+(N-2)A2
P(A) [EyA Boh, ) =

| NA

o l+(N-2)A
P(Al IE2A2E1A3_) = “"‘"r"

(W - l)[BGw2+ A(B -wgg)] +{W-21)(N -2)A32

272712

P(A. E.AEA) =
_ l‘_ I\I[B—'w29+(l\1-l)B2]

(N~ 1)[AGW€L +B.(A_ -—wle)] +(N-1)(w —-2)A-2B

P(A, {B,AE A ) =
1I 2 eTem, N[w, 8+ (N -~ 1)AB]

_( i ' ) -(N-l)A-l-_(N—l).(I\‘i-E.)A].S
P(A, |E.AEA )} = - -
1Va’arera N[1+(N-1)B]

where for N<2 , (N-2) =0

(1- 9)9w2+ (N - l)[2A9w2 +B(A—-le)] +{N-1)(N- 2)A2B :
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Reinforcement run statistics:

P(4,|2.,2,) =

é{si g+ vy [1-9(1-6)21 Wy [(l-u){l;(l-e)a} + ua@] + S_J.(l-ue)@a

+ (N-1) P(Ai)Wj{l—(l_e)g] ¥ sjaa + E{E(Ai)awi 8(1-8) + wj(l-p)%ﬂ

-

+. (N-—lE 3P_(_Ai) + e(EVJ'Wi-)] + (N—l)?’P'(Ai)}

—

P({}i A] EiEiE i,EJ) =

N 1

ih{si +o, * w."[l-e(l-e)ﬂ + wjl;(l—u){l—(l-e)3} + p{‘a-a(l-e)‘2 - (1-&)69}]
+ s [p.26288 + (1-92){5[1-(1-9)2] 4 (1_5)59}] i Sj(ﬁ)(l_%)azae

- (g-l)[P(Ai).+ wj{l-(l_9)3} +'Sj{g[1_(l_e)g]'+ (1-5)59} + SJ,(2){5269]
+ 3(N-1)[P(Ai) - w,6(1-6)% + wj{(l-u)[l-(lne)el + Hae} + sj(l-p)ae]

- B(N-l)g[ZP(Ai)}wiG(lue) + Wj{(l-u)e i1 - (1_9)2} + ?35%

+ (N—.l)?’l:hP(Ai) + _9(3wj—_wi)] + (N-l)”P(Ai)}

where 8, = 8.
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Appendix B

Agssume, for purposes of explanation, that the theoretical expres-
sions, g(AilEjAk) , are functions of two parameters, « and B ,
having a range between O and 1.. The binary search program proceeds
first by setting the first parameter, « , egqual to .50, the midpoint
of its range. The program then finds, to a desired accuracy,'the
value of B which yields the minimum X2 for & equal to .5C, by
guccessive bilnary iterations. Tﬁe first step is to determiné the X2
for 8 of .25, .50 and .75. If the smallest X2 is at .25, then the
minimum (for O = .50) must be between O and .50, sc the next three
.values of B are chosen to be .125, 125, and .375. The minimum value
“from this set of three determines a new set of three, and so cn. The
number of iterations deﬁefmihes the accuracy of the estimate. After
the minimum value of B has been determined for & equal to .50,
then the minimum is determined for @ equal to .25 and .75, and the
value of ¢ yielding a minimum (for some £) then determines a new
set of & walues on which the iteraticn is performed. The process
takes considerable time for three parameters if more than two or
three place accuracy is deaired; In this study % and u are
accurate to .008, while N is accurate to .125.

The characterigtics of tﬁe eséimation procedure have not heen
fully investigated. However, from a numbér cf exploratory tests in
which a large number of iterations have been run to obtain a closer
approximation to a point-estimaie winimum value, it appears that (1)
even with a relatively low degree of accuracy, one can obtain a X2

value which differs from the point-estimate minimum by less than five
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percent of the minimum, (2) the estimates of & and B may differ
by as much as ien or £1fteen percent from the point-estimate minimum
values, While (3) ¢ and N are generally quite close, e.g. within
five percent of the point-estimste minimum.

The criterion stafistic is equivalent.to the descriptive_statistic,
X2 , and has been so denoted. If the cell frequencies were independent,
then subtracting a degree of freedcom for each.parameter, the stﬁtistic
would be distributed as X with 1 or 13 degrees of freedom for the
fifst— and second-brder dependencies respectively. However, the
transition frequencies are not independent. The unchservable states
of conditioning do, by aésumption; describe a one-trial Mafkov process;
the state of conditioning on any trial n for a given element depends
only on the state of conditioning on the preceeding trial and the
matrix of transition probabilities, and does not depend on any other
events prior to the preceeding trial. This one-trial Markov property

does not apply to the observable response events. IT Xn;l represents
the response sequence prior to trial n-1 , then N(AiJEjAk) depends
on x , where, in particﬁlar, x is partly'composed of other

n-1 n-1

cell entries. On the other hand, considering response-reinforcement
.sequenées of‘arbitrary‘léngth, it turns out that most of the informa~-
tion ébout a response on trial =n is gained by knowing what.happened
on.a relativély sﬁall number of preceeding trials; and though, strictly
speaking, the TESPONSE on any trial n 1is a function of the entire
préceeding sequence of events, the.depéndence.on events more than.a

few trials removed is very slight. Thus we will use the X2 dis-

tribution and the degrees of freedom remaining after parameter .. -
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estimation to obtain an index of the adequacy of the various models.
[See Suppes and Atkinson, 1960, for a discussion of this problem. The
convergence referred to above has been shown by Lamperti and Suppes

_ (1959) to characterize the linear model; Suppes and Atkinson (1960)
mention that for the gimple Markov mcdels considered in their book,
the parameter estimates based on the n-order sequential staﬁistics
rapidly converge tc a limiting value. Tt has not been proved that
this convergence property charscterizes the particular models analyzed
in this study.

In selecting the smaller subgroups for_analysis, there were some
cases in which the predicted cell fréquencies for the second-order
statistics are smaller (less than.five) than is appropriate for the
use of the X2 statistic. These frequencies,_which are always A2
responses, are not presented in the tables, but must be obtained by
subtracticn. In Table 11k, for example, the last line contalins the
observed and predicted frequencies for the sequence A E. A E A, . The

222271

total observed entries for this seguence, N(-|E2A2E2A2) , 1s 10, end

.the observed number of Al transitions, N(A1|E2A2E2A2) is 6. The

A
following this sequence, N(Al!E AEA ),

predicted number of A ofoE Ay

l's
from the weak-strong medel in cclumn W-S, is 7.3, and the predicted
ﬁumber of Ag's must be 2.7, since these two entries must.sum to the
observed tqtal of_lO. There are two low-frequency cells in the pre-
dictioﬁs for subgroups I-MP, II-MP and I-High, and eight low-frequency
cells in subgroup II-Eigh, all during runs 47-66.

It was not convenient to modify the estimation procedure to

correct this precblem, and the results which are presented in the
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tables gre the output from thé'computer. However, in every case in
which a set of secbnd-order statistics contains cells with frequencies
less than five, all such cells were tombined, and a separate X2

based oh fewer degrees of freedom was computed. . These X2 values
cannot be considered to be minimum values in any sense, of course,

and only a few examples of the results of these computaticns will be
presented. For all the sets of date where low-frequency entries exist,
when these cells are combined, the new X2 values present a virtually
unchanged picture of.the_correspondence between the models and the
data. Any change is usually in the direction of & slightly better fit.
For example, in group I-High, Table 12b, for the consfant parameter
.3-state model (CP—B), segquences A2E1A2E2Ai and A2E2A2E2Ai are
predicted as having 3.7 and 2.9 A2's , respectively, following them.
IT these two sequencés are combined and a new 'X2 based on 12 degrees
- of freedom is computed, the wvalue is 15.717, compared to & previous

X2 of 18.682, 13 df. Subgroup II-High contains eight low-frequency
cells for the constant parameter 3-state model. When these are com-

bined, a X2 of 4.106 based on 5 degrees of freedom is obtained,

compared with s X2 of 13.145, 13 degrees of freedom previously;






