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SUMMARY

The purpose of this study was to determine the behavior of animals

during a long series of trials in a two-choice problem with probabilistic

reinforcement. On each of a set of discrete trials, two response alter­

natives, ~ and A2 were presented to a subject. One response or the

other was correct on each trial, and the major variable was TI, the

proportion of trials on which ~ was the correct response. After

preliminary training in the apparatus, one group of 32 Long-Evans rats

received 3600 trials with TI equal to .50, followed by 3680 trials

with TI equal to .65. A second group of 32 animals received 3600 trials

with TI equal to .50, followed by 3680 trials with TI equal to .80.

Each suqject received 80 trials a day, and a correction procedure was used;

i.e., if the first choice was correct on any trial, the subject was

allowed to make a correction response on the same trial. The subjects

were 22 hours hungry, and food pellets were used as reinforcements. The

choice and response latency were recorded for each subject on each trial.

The programming and recording of the trials. were accomplished by an

automated apparatus.

For TI equal to .50} the mean Al response probability was approx­

imately .50 for both groups of subjects. However, the analysis

* This research was supported by Grant USPHS-MH-5184 between Stanford

University and the U. S. Public Health Service.



of these data was complicated by the fact that many of the subjects

exhibited strong position preferences. For the other reinforcement

schedules, matching was not observed; the mean A
l

response probabil­

ity exceeded n. Under the .65 schedule, the mean response probabil­

ity was .85, while under the .80 schedule, the mean response probabil­

ity was .95. The animals were divided into subgroups who were homo­

geneous with respect to asymptotic mean response probability. A

k-state stimulus sampling model, in which it was assumed that the con­

ditioning of a stimulus element to a given response might assume vary­

ing degrees of strength, was applied to the first- and second-order

response-reinforcement dependencies, and to the third- and fourth­

order reinforcement-run dependencies. The k-state model gave a reason­

able account of these statistics, although the overall X2 statistic

reflecting the fit of the k-state model to several sets of data from

homogeneous subgroups was significant at beyond the .01 level of sig­

nificance. A modified version of the linear operator model was applied

to the data with less success. The k-state model was related to time

measures by a simple axiom, and the average response speeds were in

fair qualitative agreement with predictions from the model.

When the discrepancies between the k-state model and the data

were examined in detail, it was found that (1) there was a greater

amount of response perseveration than the model predicted, and (2)

following a response alternation sequence, in Which neither response

was correct, the subject tended to return to the first response more

frequently than predicted. The first source of discrepancy, which
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accounted for a large portion of the x2 value, may be related to

the fact that over half the subjects exhibited strong position biases

during the 50-50 reinforcement schedule, which remained in evidence

following shifts to the 65-35 and 80-20 schedules.
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INTRODUCTION.

A simple learning situation which has been of considerable im-

portance in the recent development of theories of choice behavior is

the two-response problem with noncontingent reinforcement. On each of

a series of discrete trials, the subject must select one of two

response alternatives. The event that the first of the alternatives

is denotednis chosen on trial A ,and the event that the
l,n

second of the alternatives is chosen is denoted A2 . On each trial,n

exactly one of the two alternatives is reinforced. The event that

response i is reinforced on trial n is denoted Ei .,n By non-

contingent reinforcement, we mean that the reinforcement probability

is independent of the trial number and the preceding sequence of

response and reinforcement events. Customarily P(El ) is denoted by

If 0 < :J! < 1:J! , and for the two-choice case, P(E2 ) is 1 - :J!

then neither response is reinforced on all trials, and the behavior

resulting from such a schedule is referred to as probability learning.

Although the first experimental studies of probability learning

took place in the late 1930's (Brunswick, 1939; Humphreys, 1939), the

development of Stimulus Sampling Theory under Estes and others (see

Atkinson and Estes, 1963, for a recent survey of the theory) provided

the impetus for the more recent interest in this area. The models

which .have derived from stimulus sampling theory make possible explicit

predictions not only about the form of the learning curve as a function

of the reinforcement probabilities of the various alternatives, but

also about the tria1-by-tria1 structure of tpe data; e.g., if an
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E
l

event occurs, the models yield predictions about the probability

that an A
l

will occur on the next trial. In a situation in which

one response alternative is always reinforced, only choice data prior

to the last error can be used to test theoretical assumptions. With

probabilistic schedules, if the mean proportion of A
l

responses

stabilizes at some value other than zero or one, then trial-by-trial

variation around the point of stability should depend in part on the

sequence of reinforcement events. Once behavior has stabilized, a

subject may be given a large number of additional trials; the large

number of observations thus obtained permits reliable estimates of the

reinforcement effects, allowing sharper tests of a theory than may be

obtained, for example, by analyzing mean learning curves.

An important prediction .of most of the early models is the match­

ing law, i.e., the prediction that at asymptote, the probability of

Al will be rt Matching behavior has been observed in a variety of

experimental settings with both human and infra-human subjects. In

numerous experiments, however, the subjects have failed to match,

but the factors underlying these non-matching results are not well

understood. There is some evidence that the payoff structure is an

i~portant factor. For example, consider the consequences of an in­

correct choice under a correction versus a noncorrection procedure.

Under the former, an animal can obtain a reinforcement on every trial

if it is persistent enough to continue trying all the available alter_

natives; under the latter procedure, if the initial choice is in­

correct then there is no reinforcement. Experimental evidence
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indicates that the correction procedure produces matQhing, whereas

the noncorrection procedure leads to absorption (one hundred per cent

responding) on the more frequently reinforced alternative (abbreviated

hereafter MFA).

The purpose of this study is to obtain choice and latency data

on a large group of animals over an extended period in a two-choice

situation. After training on a series of 50-50 correction trials,

where each alternative is reinforced equally often, one group of

animals will be shifted to a 65-35 schedule, another to an 80-20

schedule. (The notation 50-50, 65-35, etc., will be used throughout

this paper; the first number indicates the proportion of El trials,

and the second number indicates the proportion of E2 trials.) An

attempt will then be made to fit the data with a class of mathematical

models of choice behavior which predict mean response proportions that

range between nand 1.

We shall review briefly a number of studies that are immediately

relevant to the present study, i.e" probabilistic binary-choice

problems using aninial subjects. It is worth mentioning in passing

that numerous guessing game experiments with human subjects using

zero (non-monetary) payoff have resulted in probability matching; if

non-zero payoffs (i.g., a nickel or dime is won or lost depending on

whether the choice is correct or incorrect) are introduced, then as

the amount of payoff increases, the usual finding is that at asymptote

response probability increasingly exceeds reinforcement probability.

(See Myers &Atkinson, 1963, for a summary.)
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Summary descriptions of a number of experiments are presented in

Table 1. Some of the data were collected using a simple position

problem, where one side of a T-maze is correct on a proportion rr of

the trials and the other side is correct on the remaining trials. In

other studies, two different visual cues are presented, and a response

to one cue is correct on ,rr of the trials, while the other cue is

correct on the remaining trials. The correction and noncorrection

procedures have already been described. Implicit correction refers to

a procedure in which the animal is always allowed to see the reinforce­

ment but only allowed to consume it if a correct response is made. In

some of the studies, the reinforcement schedule was constant throughout

the experiment for a given subject, whereas in other studies, the ex­

periment consisted of two or more phases for each subject, with a

different reinforcement schedule in effect during each phase. In the

majority of the studies, 20 trials a day or fewer were run, and the

reinforcement probability was exactly maintained within blocks of

five or ten trials. It is assumed in most theoretical analyses that

the reinforcement events are random and independent of trial number

and the preceding sequence of response and reinforcement events.

However, ~hen constant proportions are maintained within relatively

short trial blocks, the probability that a given reinforcement event

will occur comes to depend on the preceding sequence of reinforcement

events, a fact which compromises the assumption of random reinforcement.

For example, suppose that a subject receives five trials a day, and

that a rr of .80 is maintained during each day's run. In this
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',!'able 1.

Summary of binary-choice probability learning

experiments with animals

Experiment

Fish

Bush and Wilson
(1956)

Bitterman, et al
(1958 )

Hehrend and
Bitterman (1961)

Pigeons

Bullock and
Bitterman (1962)

Monkeys

Wilson and Rollin
(1959)

Wilson (1960)

Meyer (1960)

Ss

49

6

16

10

9

8

8

Trials per
day; days

20;7

20;30

20; 14-25 days
ISP

40; 17-32 days
ISP

32; 8-12 days
ISP

ISP 32; 24-32

"10;5 for each
condition

Schedules

75:25

70:30
100:0

100:0
70:30
20:80
40:60
50:50
ISP

100:0
70:30
20:80
40:60
50:50
ISP

75:25
25:75

75:25

100:0
90:10
80:20
70:30
60:40
55:45
50:50

Problem

P

D and
P ISP

P

D

P

P

Object D

Procedure

Ne and IC

G

G and NC

G

NC and C
ISP

C andG 15P

NC or IC; all
5s received all
schedules in
Latin· square
design

Results

Overshooting with NC; undershooting with
IC; data riot asymptotic.

Matching under all conditions; no biases
evident.

Matching under most conditions; overshooting
in one case; absorption on MFA with NC; no
biases evident.

Matching under most conditions with some
slight overshooting; no biases evident.

Absorption under NC; special non-preference
training followed NC training; after non- ,
preference training, group matching tinder
C, but marked position preferences remained.

Absorption by all 5s.

Absorption on MFA in all schedul~s except
50:50, where object bias developed.
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Table 1 -- continued

,

Experiment

Rats

Brunswik (1939)

Stanley (1950)

Estes and Lauer
(1957 )

Parducci and Polt
(1958)

North and
MacDonald (1959)

Witte (1959)

Ss

336

21

16

36

34

159

Trials per
day; days

8 for 3 days,
then 8 for 3
days with
schedules
reversed.

8; Approx.
15 days

1;56

10; 6 days
on 85:15 and
50:50, 20 days
on W:70

8; 10 days
for 100:0
group and 40
days for 80 :20
group

5; J:i.O-l00 days
depending on
intertrial
interval

Schedules

100:0
75:25
67:33

100:50
50:0
75:251'

100:50P
Different 5s

in each schedule

100:0
50:0
75:25

75:25

85:15
50:50
30:70

Factorial
two-phase

design

100:0
80:20

50:50
Factorially
varied inter­
trial interval
and P(E

l
El )

.1,.5,.9

Problem

P

P

P

P

D

P

Procedure

C,P indicates
punishment of
incorrect
response

NC

C

C and NC
with
different
groups

NC

C

Results

Approximate matching of ratio of
reinforcement schedules except for
lOO:50P, which absorbed on MFA,
data not asymptotic.

Approaching absorption on MFA

Matching; individual Ss showed bias

C procedure produced matching under
all sChedules; NC produced absorption
on all schedules except 50:50

Absorption on MFA

Over half the Ss were eliminated due
to position bias; remaining Ss
matched, with sOme undershooting at longer
intertrial intervals.
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Table 1 -- Continued

Note.-- The following abbreviations are used in the table: D (Discrimination), P (Position), C (Correction),
NC (Nbncorrection), G (Guidance), N-R-T (Non-reinfDrced trial), ISP (In several phases).
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situation, wi thin a single day's run, the probability of an El after

an E2 is 1, while if the sequence is random, this probability

should always be n .

In general, the only data available from these studies are mean

learning curves, i.e., the average probability of an A
l

response.

Time scores are not reported in any of the studies. Revusky (personal

communication) gathered latency measures in his experiment, but these

were not published. He found that the more frequently reinforced

response was made more quickly, and that speed increased as n in­

creased. Sequential statistics were reported only by Revusky (1961)

and Atkinson, Calfee and Smith (1961).

The following general conclusions seem justified by the studies

cited. First, a noncorrection procedure results in consistent selec­

tion of the MFA. An exception is a study by Hickson and Carterette

reported by Estes (1961) in which some subjects absorbed on the less

favorable alternative with a n of .75. The phenomenon of absorption

under a noncorrection procedure is predicted by most stochastic learn­

ing models if one assumes that on incorrect trials when no positive

reinforcement occurs, there is no change in the conditioning state of

the subject (Estes, 1959a).

Secondly, a correction procedure may result in matching behavior,

or absorption, or some intermediate result. In some cases, individual

subjects exhibit matching behavior, whereas in other cases, the group

average matches the reinforcement schedule because n of the subjects

absorb on MFA, while the remaining subjects absorb on the other
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alternative. In general, models have been applied to group data,

with no differentiation between the two cases mentioned.

Thirdly, in many probabilistic position problems, rats, monkeys,

and pigeons show marked position preferences that continue to determine

response probability to some extent even after long training on varied

schedules. The tendency to respond preferentially to one position or

another may be a species-specific phenomenon, but in comparative

studies, differences in species and apparatus have been confounded.

Initial preferences do not seem to determine the final response level

in probabilistic discrimination tasks if one cue is reinforced more

frequently than the other, i.e" if other than a 50-50 reinforcement

schedule is used.
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Methods of Analysis

In analyzing the data, a group of mathematical models will be

developed within the general framework of stimulus sampling theory.

The experimental environment is represented by a set of stimulus

elements or cues. On each trial, the animal is conceptualized as

sampling a single cue from the environment. Each cue is conditioned

to exactly one response alternative, and on any trial the response to

which the cue is conditioned is made with probability 1. Following

the response, a reinforcing event of some sort occurs, and the condi­

tioning of the sampled cues may be altered depending on the relation

between the reinforcement and the previous conditioning state of the

rues. Numerous models are possible within the theory, depending on

the specification of the sampling, response and conditioning rules. In

this paper, the sampling processes will be identical for most of the

models, and we shall investigate the effects of various changes in

the re~ponse and conditioning rules.

We will first consider a set of models that are described by

Markov processes in the states of conditioning. In these models the

assumption is made that the environment consists of a set of N dis­

tinct cues or stimulus elements. On each trial, the organism samples

exactly one of these elements, and the probability that a given element

is sampled on a particular trial is ~, independent of the previous

sequence of sampling, response or reinforcement events. One may argue

that the assumption of independence of cue sampling lacks psychological

appeal. However, this assumption greatly simplifies the mathematical

analysis.
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Our plan will be to discuss first the effect of the independent

sampling assumption, analyze in some detail Atkinson's weak-strong

model (1962), and then turn to a generalization of the model. Finally,

we will mention briefly a linear operator model.

One of the most tractable models from a mathematical standpoint

has been the one-element model (Estes, 1960; Bower, 1961; Suppes and

Atkinson, 1960; Atkinson and Estes, 1963). In this model it is

assumed that the effective environment on some appropriate set of

trials (e.g., in a paired-associate experiment, the set of trials on

which the trigram MIB is presented as a stimulus) may be represented

by a single stimulus element. On each of these trials, this element

is sampled, and the conditioned state of the element completely deter­

mines the response. When a probabilistic reinforcement schedule is

used, the one-element model yields deterministic predictions about

certain trial-by-trial aspects of the data which are in contradiction

to the observed data. For example, a consequence of the model as it

is usually formulated is that if some response occurs and is reinforced,

the same response will be repeated on the next trial.

The assumption of single-element independent sampling from an

N-element set of stimulus elements retains much of the mathematical

tractability of the one-element model, but avoids the deterministic

predictions of this model. (See Estes, 1959b; Suppes & Atkinson,

1960, for a discussion.) In particular, it can be shown that with

this sampling axiom, and given that each of the elements is described

by precisely the same Markov process, then at asymptote the probability

on any trial that the sampled element is in state i is simply the

14



limiting probability, for a single element, of being in state i on

trial n, or lim P(State i, trial n), which we designate u
l
'

n;-7OO

Consider the subsequence of trials on which a particular element, E.,

is sampled. As this subsequence increases in length, then for all the

sampling models in this paper the probability that the element is in

15

state i approaches a limiting value, u. , that is independent of
l

the original state of the element, and is equal for all elements if

the Markov processes are all identical, as assumed.

To find the probability that the element sampled on trial n is

in state i, it is necessary to obtain the sum, over the set of N

elements, of the probability that on some trial n, a given element,

E ) is sampled, and is also in state i At asymptote, the probabil~

ity that any element is in state i is ui ' and the probability

that a particular element, E , is sampled is 1
N thus th~ probabil-

ity that E is sampled on some trial n (where n is large) and is

in state i is (i) U i Summing over the set of N elements,

lim
n -400

P· (Samllled elemeJ;l.tl
lS In. state l ~
on trlal n

[1]

Actually, this result does nbt depend on the assumption of equal

sampling probabilities for the set of elements. As long as the

assumption is made that a single element is randomly chosen on each

trial, and the U.
l

are identical for each element, then Eq. 1 holds.

In addition to the ease with which the asymptotic conditioning

state probabilities may be obtained, another result of the assumption

of random selection of a single element is the relative simplicity
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with which asymptotic sequential dependencies may be derived. In

this paper, statistics of particular importance are the asymptotic

first- and second-order sequential dependencies of reinforcement and

response events. A first-order dependency is the statistic

on trial n + 1 , givenP(AiIEjAk ) i.e., the probability of Ai

that ~ and Ej occurred on trial n. Asymptotic second-order

dependencies are expressions of the form P(AiIEjAkE$Am) where Ai

Ej and Ak are defined as above, and where E$ and Am are the

reinforcement and response events on trial n - 1 Also to be con-

side red are asymptotic reinforcement-run statistics, which are expres-

sions of the form

p(A.IE ....m...E.Ek )
1 J J

j ~ k i

i.e., the probability of an A.
1

on trial n + 1 , preceded by a run

n - 1 , which will occur with probability

of Ej'S on the m preceding trials, and an Ek on trial n - m .

In order to derive the expression, P(AlIE1Al ), consider sepa­

rately (1) the possibility that the element sampled on trial n is

1
N 'also sampled on trial

and (2) the possibility that the element sampled on trial n is not

sampled on trial n - 1 , which will occur with probability N; 1

These two possibilities are mutually exclusive and exhaustive. If

the first possibility holds, then the conditioning and response axioms

can be applied. The second possibility simply represents the proba-

bility that the reinforcement and response events occur independently.

This point will become clearer when these expressions are derived for

a specific model.



The class of models which will be formally developed below con-

stitute a generalization of the wea~-strong model of At~inson (1962).

First, it might be well to characterize the model somewhat informally

and compare it with other stochastic learning models to which it is

related. As mentioned above, the models that derive from stimulus

sampling theory are described by three types of processes: sampling

from a set of N stimulus elements, response elicitation, and the

effect of the reinforcement in changing the conditioning state of the

sampled element. In Estes' initial formulation of the theory (Estes,

17

1950; Estes, 1959a), it was assumed that the number of stimulus

elements is very large, and on each trial a constant proportion e

of the population of elements is samples. Each element is conditioned

to exactly one of the available responses, and the probability of Ai

is equal to the proportion of elements in the sample which are condi-

tioned to A.•
l

If occurs, then all of the elements in the sam-

pIe become conditioned to A
j

, and then are returned to the popula­

tion. These assumptions lead toa simple linear model which will be

considered later.

In the "pattern" model, (Estes, 1959b; Atkinson & Estes, 1963)

the restriction is imposed that on each trial, exactly one element

is chosen from the set of N elements; each element is conditioned

to one response, and the response to which the sampled element is

conditioned occurs with probability 1. If the sampled element is

conditioned to Ai and if E. occurs, there is no change in the
l

conditioned state of the element. If the sampled element is condi-

tioned to occurs, where i f j , then with some



probability c, the sampled element will become conditioned to A
j

if it is not already. Typically, the number N of elements in the

population is taken to be a fairly small number; the one-element

model is a special case of this model.

The all-or-none conditioning assumption may be compared with the

habit strength assumption which underlies the systems of Hull (1943)

and Spence (1957). To present the habit strength assumption in a

stimulus sampling framework, the learning process may be described

by the same three processes mentioned above: stimulus sampling,

response elicitation, and change in conditioning. The effective

environment is represented by a single stimulus element which is

sampled on each trial. For the two-response case, assume that on

trial n, the conditioned state of the element may be represented by

18

some real number, p ,between 0 and 1.
n

This number is the habit

strength on trial n, and the probability of an Al response on

trial n is assumed to equal p .
n

Changes in the conditioning

state are related to the reinforcement events by a linear operator;

if P is the state of the element on trial n, then the conditioning
n

rule is:

If E2 occurs, then: Pn + 1 p - ep .
n n

[2 ]

Notice that the effect of an E
l

is to increase the habit

strength by some increment, whereas the effect of an E
2

is to de­

crease the habit strength by some amount. Hence the usual character-

ization of these models as incremental processes. Parenthetically,

it is important to note that the linear operator model (Eq. 2) is not



unique to the habit strength assumption. As was mentioned previously,

the original stimulus sampling model of Estes (1959), in which all-or­

none conditioning and response elicitation are assumed to occur for

each individual element, leads to a linear operator model of the same

sort as Eq. 2. One may also assume directly that Eq. 1 is an appro­

priate description of the change in response probability produced by

reinforcement events (Bush &Mosteller, 1955). Moreover, it is not

necessary to assume in a habit strength model that changes in the

habit strength from trial to trial are described by a linear operator,

although this is the assumption which has most often been made.

We do want to stress the contrast between the assumptions under­

lying the habit strength model as we have formulated it, and the

all-or-none stimulus sampling models presented previously. In the

habit strength models, the conditioned state of a single element may

take on the value of any number between 0 and 1, and the number of

such states is infinite. In the all-or-none models, the conditioned

state of a single element may be represented by two numbers, 0 and 1,

representing conditioning to the A2 and Al responses, respectively.

In both types of models, the probability that the Al response will

be elicited by a given element is equal to the value assigned to the

conditioned state of the element.

However, one may make a distinction between the number of condi­

tioning states which a stimulus element may be assumed to take on, and

the relation between the value of the conditioned state (or habit

strength) of an element and the probability that a given response

class is elicited. rhus, in the weak-strong .model, the assumption is

19



made that on each trial a single element is sampled from the set of

N elements. Each element is conditioned to exactly one response, and

that response occurs with probability 1 when the element is sampled.

However, the state of conditioning to each response may be either

"weak" or "strong." Atkinson in his original paper (1962) related the

weak and strong states to the notion of temporary and permanent memory

storage in data processing systems; since the response probability is

hot equated wifuthe strength of conditioning, it is sufficient to

identify the states by titles such as weak and strong or temporary

and permanent memory, rather than giving numerical assignments to the

states.

20

The state of strong conditioning to response A.
l

will be denoted

as Si ' and the state of weak conditioning as W.
l

For a single

element from the set of N elements, the four states of conditioning

<SlW1W2S2> comprise a random walk, described by Figure 1. Note that

changes in conditioning occur one step at a time; i.e., if the

element is in some particular state on trial n, then on trial n + 1,

it will be either in the same state as the preceding trial, or in

some immediately adjacent state. For the four-state process described

by this model, the upper bound on asymptotic response probability is

)"(3

One may postulate any number of states each of which represents

a progressively stronger state of conditioning to a particular response.

This generalization of the weak-strong model constitutes a class of

random walk models. In general, for a model of this type having k



e
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5

Al Occurs

Figure 1. Simple weak-strong
stimulus element, where ~,5

between the states indicated.

5

A2 Occurs

random walk representation for a single
and e are the passage probabilities



states of conditioning to each response, the upper bound on the mean

22

response probability will be

will be rr

2k-lrr
2k-l 2k-l ' and the lower bound

rr +(l-rr)

Of particular interest is the fact that as k becomes

large, the upper bound rapidly approaches

The Weak-Strong Model:

1 for 1
rr >"2

The axioms of the weak-strong model are from Atkinson (1962),

with slight modification.

Stimulus Axiom: The stimulus situation associated with the onset

of each trial is represented by a set of N stimuli. Exactly

one stimulus is randomly sampled from this set on each trial.

The probability that a given element is sampled is ~, independ-

ent of the preceding stimulus, response and reinforcement events.

Conditioning-State Axiom: On every trial each stimulus is con-

ditioned to exactly one response; further, the stimulus is

either strongly conditioned or weakly conditioned to that response

(the strong conditioning state for the Ai response is denoted

Si and the weak state is denoted Wi ).

Response Axiom: If the sampled stimulus is conditioned to the

Ai response (either weakly or strongly) then that response will

occur with probability 1.

Conditioning Axioms:

(1) If a stimulus is sampled on a trial and is strongly

conditioned to the A. response then
l

(a) the stimulus remains strongly conditioned to the

Ai response if that response is reinforced, and



(b) with probability e the stimulus becomes weakly

conditioned to the Ai response if some other

response is reinforced.

(2) If a stimulus is sampled on a trial and is weakly con-

ditioned to the Ai response then

(a) with probability ~ the stimulus becomes strongly

conditioned to the A. response if that response
l

is reinforced, and

(b) with probability e the stimulus becomes weakly

conditioned to the A. (i ~ j) response if the
J

A
j

response is reinforced.

(3) The conditioning parameters, e, ~,and e are

independent of the preceding sequence of events.

Next let us consider the subsequence of trials ME on which one

particular element E is sampled. In order to analyze the asymptotic

properties of the model, it is convenient to find the transition

matrix specifying the relation between the conditioning state of the

element on any trial m of this subsequence and the next trial of the

subsequence. This matrix may be obtained from the axioms and by

assumption, the same matrix describes the transitions of every element.

For example, if element E is sampled on some trial n, and is in
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state 81 , then with probability (l-TI)e it will move to state WI

(i.e., an E2 occurs with probability l-TI , and the reinforcement

is effective in weakening the conditioning state, with probability

e ), and with probability 1 - (l-TI)e it will remain in state 81



Similar considerations lead to the matrix

Trial m + 1

Sl Wl W2 S2

Sl 1-(1-Jl)5 (1-Jl)5 0 0

Wl Jlfl l-JlW(1-Jl)8 (1-Jl)8 0

Trial m [2aJ
W2 0 Jl8 l-Jl8- (l-Jl)fl (l-Jl)fl

S2 0 0 Jl5 l-Jl5

This matrix is ergodic and aperiodic if Jl, fl, 5 ~ 0, 1, and

thus the probability of being in each state i tends to some limiting
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value as m becomes large. The u
i

may be obtained by solution

of the system of equations, u - Z u p (Kemeny, Mirkil, Snell &j - i i ij

Thompson, 1959). For the matrix above,

:=W
1

,<3>::::W
2

,and

ui = Di ' where state

D

< 4> = S2 ' and where

D
l

Jl3fl

2
D2 = Jl (1-Jl)5

Jl( l-Jl )25

(1-Jl)3fl

D Z D
l
.

i

[In most of the derivations to follow, a lower case s or w with a

subscript will be used to designate the asymptotic probability of

being in the various states, e.g. , w. = lim P(W. ), and
1 n ~oo l,n

s. = lim P(S. ). In some instances (e.g. Eq. 3) it will be conven-
1 n---¥Xl l,n

ient to have a general expression denoting conditioned state i, for

which the symbol Ci will be used. J



The asymptotic probability of an Al response is

[2b]

where o
cp=­

f.l
It is clear that if cp becomes small,

cp becomes large, the functionJ whereas if
:n:3+(1-:n: )3

approaches :n:. It is also of interest that the function is independ-

approaches

ent of e

Next consider the asymptotic sequential statistics. One of

these statistics will be derived; the remaining expressions are in

If the second case above holds, then theprobabilities

Appendix A. To find P(AlfE1Al) , which is the probability of an Al

response on trial n following .an Al response and an El rein­

forcement on trial n - 1 , first note two sampling possibilities:

(1) with probability ~ the same element is sampled on both trials

and (2) with probability N;l a different element is sampled on the

preceding trial. Now express P(AlIE1Al ) as the ratio of the joint

P(A1E1Al )

P(E1Al )

expression reduces to the asymptotic probability that two A 's
1

occur

independently and hence
P(A1E1Al )

P(E1A1 )

The numerator is expanded to include all possible states of condition-

ing, Ci , the joint probability is rewritten as a product of condi-

tional probabilities, and the axioms are applied. Thus



P(AIEIAl ) =i~ P(AICiEIAICj)

= iZj P(Al/Ci)P(CiIElAlCj)P(El)P(Al!Cj)P(Cj) [3]

Notice that the axioms allow the truncation of certain terms.

For example, the response is dependent only on the conditioning state,

and so P(Al/CiElAlCj) = P(AIICi ). Certain values of i and j

need not be considered; the probability of an Al is 0 if either

or C.
J

is equal to < 3> or < 4> , i. e., if the element is

weakly or strongly conditioned to A
2

A convenient way to carry

out the application of the axioms for the other states is to use a

tree diagram, as in Fig. 2. From this tree, it may be seen that

Eq. 3 is equal to n[sl + wI]' Intuitively, if the element is in

state 81 or WI on trial n - 1 , which must be the case if an

Al occurred on that trial, and an E
l

occurs, then if the same

element is sampled on the next trial, an Al must occur on trial n.

Thus, for the first case, P(AIIEIAl ) = 1. Combining the results for

the two cases, and weighting each by its probability of occurrence,

we obtain

[4 ]

A similar technique was used to obtain the remainder of the ex-

pressions in Appendix A.

Next consider the quantity P(A.!E ....m... E.E.) ,which is the
l l l J

probability of an A.
l

on trial n following a run of E .. 's
l

on the

m preceding trials, and an Ej on the (m+l)st preceding trial,

where i of j Two possible cases must be considered: (1) the



Trial n-l Trial n
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rr-----~"~-------vr~----~A~-----~\

1

Y
8

1 • Al
1

• Al
1t

~ ElWl

~ 1
Wl • Al

Figure 2. Tree diagram of transition possibilities for a single
element sampled on both trial n-l and trial n, yielding the observed
sequence Al El 1 Al l',n . ,n- ,n-
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element sampled on trial n was also sampled on exactly p of the

preceding trials, 0 ~ p < m , excluding trial n - m - '1 , and (2)

the element sampled on trial n was also swnpled on p + 1 of the

preceding trials, 0 ~ p < m ) including trial n - m - 1 For a

trial sequence of length m + 2 , the probability that the element

sampled on trial n is sampled on p other trials,

ent elements are sampled on the remaining trials is

In both the cases mentioned, p trials are selected

and that differ­
(N_l)m-p+l

r+l
from a set of

m trials; in general, this selection may be done in (~l different

ways.

Let Us now consider in more detail the first case, in which ex-

actly p E. 's
l

precede the response on trial n For the subset

of trials on which the element sampled on trial n is sampled, if

the element is initially in either S.
l

will

occur with probability 1. If the element lS in state initially,

then for O? s ? (p-l) , the element may not change conditioning for

s trials, and then change to Wi on trial s + 1; the probability

of this joint event is (l_e)se Similarly, if the element is

initially in state Sj' for 0> s::: (p,.2) ,and 0> r > (p-s-2) ,

then the element may remain in Sj for s trials, change to Wj

for r more trials and change toon trial s + 1 , remain in W
j

W. on trial s + r + 2; the probability of this joint event is
l

The analysis of the second case is identical, except that the

Ej on trial n - m - 1 may be effective and change the initial

conditioning states. Thus for example if the element is originally



in W. , then with probability (1-8), it is still in W. when the
l l

run of mE. 's starts, but with probability 8 j it changes to state
l

W. , and it must change conditioning to W. sometime during the m
J l
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trials on which Ei occurs, if an A.
l

is to be obtained on trial n.

Combining the results above, and summing over all possibilities, we

obtain the rather formidable quantity below

p(A.1 E....m...E.E.) =
l .l l J

l:{~ ,m] (N_l)m-p+l rs .
N"-+l~ \p Ll

p-l
Z 8(1_8)s

s=O

p-2p-r-2 ~
+ s. Z 8(1_8)r Z O(l_o)s

J .
r=O s=O

+ ~(~l (N_l)m-
p

[Si + (1-8)wi +

p-2 p-r-2
+ (~wJ' + sJ') Z 8(1_8)r Z

r=O S=O

[5]

p-l
(8w. + (l"~)w.) Z8(1_8)s

l J S=O

If 0 = 8 , Le., if it is assumed that counterconditioning is a

weakening process, Eq. 5 reduces to

+ (w.o + (N-~)w.}(l-(l-O)P)
l J

[6]

+ (~Wj + NS
j

)(l_(l_O)P-l[l + o(p-l)]~

A Response Time Axiom

Time measures are related to the basic model by the following

assumption.



Response time axiom: The response time on trial n is a con-
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tinuously distributed variable T ,whose probability density
n

distribution depends only on the conditioned state of the stimulus

sampled on trial n. If the stimulus is in a strong state of

conditioning, then the distribution of T
n

has a probability

distribution S(t) , with mean, 0. If the sampled stimulus is

in a weak state of conditioning, then the distribution of

has a probability distribution W(t) , with mean, w.

T
n

The effect of this axiom is to postulate that some average time

a is associated with the two strong states; another and possibly

different value W is associated with the weak states. Once the

conditioning parameters have been estimated, then given an estimate

of response time parameters, the average time score for each sequen-

tial dependency may be predicted.

While it is easy to derive theoretical expressions for the ex-

pected time score, given each of the sequential statistics, we will

simply note some relations among speed scores predicted by the model.

First, assume that the strong state of conditioning produces a quicker

response than the weak state, i.e., 0> W .

This additional assumption leads to the following predicted re-

lationships among the speed scores:

If rt = ~ , then E(T) is a minimum and E(TIA1 ) = E(TIA2 ) .

If rt ~ ~ , then E(TIA1 ) ~ E(TIA2 ) , and the difference increases

as rt approaches 1 or O.

To show that these relations hold, note that the probability that
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the sampled element is weakly conditioned to one response or the other

is

It(l-lt)qJ
= D

and therefore

dw = ep[(1-2lt)D - It(l-lt)D']
d1r D2

Setting the derivative equal to zero,

lt3(lt-2)+(1_lt)3(lt+l) = 0

1One solution for this equation is at It = 2 for It greater

1than 2' the expression is negative and for It 1
less than 2' the

expression is positive. Thus the probability of being in a weak state

This fact and the assumed relationreaches a maximum at 1
It=2

between a and W leads to the predictions that the average speed

score will be at minimum for 1
It = 2 ' and that as increases or

decreases, the average speed will increase. Also, if

model predicts that the A
l

response will be made more quickly than

an A2 ' and that the differential will become greater as It increases.

This relationship becomes apparent if one considers the ratio of the

probabilities of being in the weak and strong state given each response.

p(Slh)

p(W1IA1 )

Since it is postulated that 1
It > 2 ' the conclusion holds. If

1n = 2)' then no difference between the time measure of the two responses

is predicted.



The K-State Model:

In the generalization to k states of the two-state weak-strong

model, the stimulus axiom is the same as for the weak-strong model,

and the other axioms are modified in the following manner.

Conditioning State Axiom: On every trial each stimulus is condi-

tioned to exactly one response; further the stimulus is either

weakly conditioned to the response, or strongly conditioned to

the response where there are k-l progressively stronger states
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of conditioning. The j th strong state of conditioning to A.
1

which is j steps removed from the weak state of conditioning to

response i , is denoted

Response Axiom: If the sampled stimulus is conditioned to Ai

either strongly or weakly, then that response will occur with

probability 1.

Conditioning Axioms:

(1) If a stimulus is sampled on a trial and is in state

s.(j) , 1> j > k - 1 , then
1

(a) if E. occurs, (i.e., if the response which
1

occurs is reinforced,) the element moves to state

s.(j+l)
1

l-~.
J

with probability ~. , and with probability
J

no change occurs, or, if j = k-l , no change

(b)

occurs;

if Em

state

s. (0)
1

m t i , occurs, the element moves to

S.(j-l) with probability O. , where
1 J

is defined as the weak state, W. , and
1

with probability 1-0.
J

no change occurs.



(2) If a stimulus is sampled on a trial and is weakly con-
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ditioned to Ai ' then

(a) if E. occurs, the element moves to state
l.

with probability ~,and with probability

no_change occurs;

s. (1)
l.

l-~

(b) if Em' m ~ i , occurs, the element moves from

state Wi to W with probability 8 , and with
m

(3) The conditioning parameters,

Now run the one-element

probability 1-8 no change occurs.

6. ,~. and 8 are
J J

independent of the preceding sequence of events.

Note that for k equal to 1, these a4ioms describe the pattern

model, and for k equal to 2, they describe the weak-strong model.

As k is increased, runs of a given reinforcing event move the stim-

ulus elements into consecutively stronger states. In these stronger

states, more counter-reinforcements are required to produce the com-

plementary response. For example, compare a weak-strong model with

a 3-state model in a situation in which there is a single element which

starts out in state W
l

. Also assume that both 6 and ~ are

close to 1, i.e., that the effects of reinforcement events are quite

marked and that 6. = 6 , ~. = ~ for all j
J J

subject through the reinforcement sequence, E1E1E1E2E2E2' If con-

ditioning is effective on every trial, then the weak-strong model

would predict the conditioning state sequence, SlSlSlW
1
W2S2 , and an

average Al response probability of .67 over all trials. (On four

of the six trials, an A
l

must occur and on two trials an A
2

must

occur.) The 3-state model would predict the conditioning state



sequence,

probability of .83 over all trials. In general, as k increases,

the k-state model becomes more sensitive to runs of reinforcement

events, and thus to asymmetry of the reinforcement schedule. The

effect of k is reflected not only in the function relating P(Al )

to rr , but as we shall see later, in the sequential statistics as

well, where for a constant set of parameter values, as k is increased,

the model predicts increased response perseveration.

There is a problem, however, in that for each new pair of strong

states which are postulated,two new parameters, and I-Ik-l are

added. This proliferation of parameters may be avoided in a number

of ways. For example, one may assume that 0. = °J
and 1-1. = 1-1

J
for

all j , i.e., that the weakening and strengthening parameters are

equal for all stages of conditioning.

In this constant parameter model, for the general case of k

strong states of conditioning to each response,

where A

A
P(A) = A+B

k-l

rr
2k

-
l
/:( l:rrrl [7]

k-l ,

B = (l-rr )2k-l,[ (l:rr) ~cpi
l-O

Again, it is possible that OJ and tend to decrease as j

increases; the probability of going from one strong state to another

may become smaller as for stronger states of conditioning, and as an

element becomes more strongly conditioned to a given response, the

probabili ty of weakening may also become smaller. Just such a



decreasing function is specified if we assume 5 j +l = 5.
2 and

J
2 There other functions which satisfy the

~j+l = ~j
are numerous

monotonic decreasing property; this particular function was investi-

gated because it is simple to handle and the number of parameters re-

mains unchanged from the weakcstrong model. We will call this class of

models variable parameter k-state models.

For any k, the asymptotic response probability for a variable
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parameterk-state model is

where A
k-l()i .2k-l 2k- l t: l-n _2k- l

-
l

n cp - cp
nl=O

[8 ]

result holds regardless of how the

bound on the response probability is

As mentioned earlier, if cp becomes very small, then the upper

2k-l
n. Note that this

2k-l (l )2k-ln +-n

5j and ~j are handled. If cp

be~omes large, the value of the expression is determined by those

terms in the summation for which i = k - 1 , and thus the lower bound

is n, regardless of the relationship among the 5 j and ~ ..
J

The sequential dependencies for this model are easily derived,

sinc~ for example, infue first-order dependencies only the possibility

of counterconditioning needs to be considered. Consider the expression

[9 ]

The first two terms represent the probability that the same
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element is sampled on both trials, in which case the element must be

in Sl or WI' since an Al occurred on trial n. If the element

is in Sl' then even if the E2 is effective and there is a change

of state to WI' an Al will occur on the next trial. If the

element is in WI' then an Al will occur if the E2 is not

effective, with probability 1 - O. The last term represents the

possibility that different elements are sampled on trials nand

n + 1 , and that two A 's
1

occurindependentl~ where A is

For a k-state model, Eq. 9 becomes

The expresffions are identical in form, except that in place of sl ,

there is Sl' which is defined as the probability of being in any of

the k-strong states of conditioning to the Al response. Clearly it

makes no difference in which strong state the element is, since an

Al will occur on the next trial if the same element is sampled on

both trials.. Otherwise, the analysis is identical to that of the

then the effect of postulating different

and ~ is defined as the probability ofto Wi

S. (1)
1

W, to
1

going from

going from

weak-strong model. Similarly, if 0 is defined as the probability of

S (1)
i

values of Si' wi' and

functions relating the O.
1

and the ~. (i > 1) is to change the
1

P(A
l

) , but the functional form of the

dependency remains unchanged. Thus Eq. 10 is true whether the param-

eters are constant across the strong states, or decrease exponentially.

The second-order dependencies will also be equivalent in form for the

two assumptions about the parameters.

Referring again to Eq. 10, for any given set of conditioning
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parameters, the value of wl relative to Sl and P(Al ) will de-

crease as k increases, Sl will a]ll.Proach P(Al ) P(Al ) will

approach 1 , and thus P( A1 IE2Al ) will approach 1 As mentioned

before, as k becomes large, the model predicts an increase in re-

sponse perseveration, and the predicted effects of reinforcing events

become smaller. Theoretical expressions for the first c and second-

order sequential dependencies for the k-state model are in Appendix A.

While it would be possible to obtain expressions for reinforcement-run

statistics and to consider response times for the general case, the

expressions would be very cumbersome, However, since ~hey are used

in data analysis, the reinforcement-run statistics, p(A.1 E.E.E.)
l l l J

and

P(A./E.E.E.E.), for the k-state model are presented in Appendix A.
l l l l J

Time measures may be related to the k-state choice model in a

assume that associated with each pair of conditioning states,

As before,(i)a .is a time distribution having a mean,

fashion similar to that used with the weak-strong model. That is,

S(i)
1

and

denote the expected value of the time distribution associated with the

weak states of conditioning (W
l

and W
2

) by w. We shall not go

into the details of the analysis here, but if the time measures are

speed scores, we may assume that for each element, as the state of

conditioning becomes stronger (i,e., as i increases), the expected

Given thisi } or

valUe of the speed score distribution is a monotonic strictly increas­

w < all) < a(2) ... < a(k-l) .ing function of

assumption, it is not difficult to show that, independently of how

one handles the conditioning parameters, and ~j , the relations

among the average speed scores which were derived for the simple
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weak-strong model also hold for the general k-state model:

If

If

then

then

E(T) is a minimum and E(TIA1 ) = E(T!A2 )

E(TIA1 ) ~ E(TIA2 ) , and the difference

increases as n approaches 1 or 0,

A Linear Operator Model:

The incremental or linear operator learning model has received

extensive and competent treatment ina number of places (Bush &

Mosteller, 1955; Estes, 1959; Estes and Suppes, 1959) and its devel-

opment need not be reviewed here. We will mention the assumption of

the model, consider a generalization which is necessary to handle our

data, and derive a few statistics for purposes of comparison with

the other models which have been presented.

the probability of anIn the linear model, denote by Pj,x,n

A
l

by subject j on trial n, where the preceding sequence of

reinforcement events is represented by x. The assumptions of the

model for a two-choice situation are embodied in the axiom below:

Linear Operator Axiom: If p. is defined as above, then if
J ,X,D

El occurs on trial n

p . +1 = Q1PJ' x n = (1 - 8)P . +8J,x,n , , J,x,n [11]

If an E2 occurs on trial n, then

p. 1 = Q p, = (1 - 8)pJ ,x,n+ 2 J ,X,ll· j ,X,D
[12]

Note that the operators Q
l

and Q
2

do not depend on the

preceding sequence of events, and that in particular the operators are

applied independently of the response which occurs on trial n, For



the simple noncontingent case, the axiom implies the following

difference equation:
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p, = rr QIP
J
, x n + (1 - rr)Q2P ,J,X,D , J J,X,D

=(1-8)p, +8rr
J ,X,D

[13]

As n becomes large, then p.
J ,x,n

will approach a limit which

doe~ not depend on the initial value of the system, the learning

parameter 8, or the particular sequence of reinforcements; as n

becomes large, if the limiting value Pj

in Eq. 13, then

is substituted for p,
J ,X,D

p. = (1 - 8)p. + 8rr
J J

[14 ]

and the familiar result is obtained that at asymptote,

Following the

p, = rr .
J

suggestion of Estes and Suppes (1959), one might

suppose that there is a less than perfect correspondence between the

experimenter-controlled reinforcement operations, denoted Ei ' and

the effective reinforcement events, denoted 0i . Thus, ° desig­l,n

nates the event that operator Q
l

is applied on trial n For

example, Estes and Suppes consider the possibility that the effective

reinforcement on any trial n is not dependent simply on the reinforce-

ment operation on trial n but in fact may depend on the reinforce-

ment operations on trials n - k to n. One may think of the subject

as having a memory which is k trials long, and the probability that

01 occurs on trial n is 1 if there have been more El events

than E2 events on the preceding k trials, and is ° otherwise.

There are numerous such functions which might be specified, but we will
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where the P
k

are independent of trial number and preceding sequence

In theof events. Finally, let nPl + (1-n)P2 = P ,or P = P(Ol)

simple linear model,then, PI = 1, P2 = ° ,and P = n .

Equations 11 through 14 will still hold under the new assumption

only n is replaced by P; the reinforcement probabilities are no

Of course, unlessbe estimated from the data .

longer determined by the experimenter alone, but become parameters to

1
PI = P2 = 2 ' then•

the reinforcement probability will vary with n. Asymptotically,

Pj will approach P .

In the usual formulation of the linear model, where a one-to-one

correspondence is assumed between Ei and 0i for all i, then

given the initial response probability, p. 1 of subject j , and
J,

the sequence of reinforcing events from trial 1 through trial n - 1,

then p. has a well determined value. This probability cannot be
J,x,n

observed, but one may consider the asymptotic response distribution

over subjects, a block of trials and a variety of random reinforce-

ment schedules, where V
k

will denote the k th raw moment of the

distribution, .2~ Pj x n
k

. Thus VI is the mean Al response
J,x,n "

To derive the first-order sequential dependency, P(AIIEIAl),

expand the conditional probability to the ratio of two joint probabil-

ities, conditionalize to consider the application of the axiom on

trial n for a single subject, given a particular history x, then

sum the probability over the set of all possible past histories, the



population of subjects, and a block of trials. Thus,

1.I P(A1E1P. ) '\' P(AlIE1P. )P(El)P.J,X,D ~ J,X,ll J,X,D
= j ,X, n =",j.:..,x=,n::...... ==-r- _:r-: P(E1P.) '\' P(El)P... J,X,D L-i J,X,D

j ,X,D j ,X,D
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~ {Pl [(1-8)Pj,x,n + 8] + (1-Pl )(1-8)Pj,x,n}Pj ,x,n

= j,x,n [15 ]

- (1 - 8)

Note that since an E
l

occurred, Q
l

is applied with probability Pl

and Q2 with probability 1 - Pl Similarly,

P(A1 IE1A2 )
(1-8)(Vl -V

2
)

+ 8p [16]= 1 - Vl 1

P(All E2Al )
(1-8)V2

+ 8P2 [17 ]= Vl

[18]

Asymptotically, V
l

approaches P as a limit, and from the

asymptotic relations among the Vk · proved by Estes and Suppes (1959),

V2 can be expressed as a function of P
l

, P
2

and 8, viz.,

V2
_-. p2 + 82P( 1_-P

8
) .- Thus the sequential dependencies in this version

of the linear model are functions of three parameters, Pl , P2 ,

and 8



METHOD

SUbjects. The Subjects were 64 male rats Of the Long-Evans

variety. They were selected from an initial complement of 100 rats on
\

the basis of their response rate during initial training. Subjects

were approximately 90 days of age at the start of the experiment. The

animals were housed in groups of four.

Apparatus. Diversified Animal Training Apparatus (DATA) is de-

signed to permit detailed observation of animal behavior in a wide

variety of experimental settings with a minimum of effort and a maxi-

mum of control. All operations are fully automated. Relevant stimu-

lus and response events are recorded directly on IBM cards, elimina-

ting errors in transcription and permitting immediate computer analysis.

The equipment consists of eight soundproof animal compartments, a

" central control unit, an IBM 0-26 card punch with an integral input-

output device, and a memory buffer connecting the card punch and the

central control unit. (See Figure 3)

Each animal chamber is contained in an exterior compartment three

feet high, two feet wide and four feet long. This compartment is of

heavy plywood and is lined with sound-insulating material. The top is

hinged, allowing access to the animal chamber which is suspended in

the center of the exterior compartment. The animal chamber is 36

inches long, 15 inches wide and 11 inches high. At one end is a re-

movable reinforcement panel, on which is centrally mounted a Davis

pellet dispenser. On a removable response panel at the other end of

the chamber are three response units and a bank of ten stimulus lights.

The response units, which are wire mesh buttons one inch in diameter,
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Figure 3. Block diagram of apparatus.
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are mounted one inch from the floor; the middle unit is in the center

of the panel, and the other two are 4 1/2 inches on either side. When

a unit is turned on, a light of adjustable brightness is turned on

behind the button, and the wire mesh button is grounded to an amplifier.

The brass rods which form the floor of the chamber are connected to

24 VDC through a 10 megohm variable resistor. If an animal, resting

on the floor, touches the response unit, .there is a current flow of

approximately 4 microamps. So far as can be determined, a current

this small cannot be felt by the animal. This signal is amplified to

operate auxiliary relays. Ten stimulus lights, which have round amber

jeweled covers one inch in diameter, are mounted in two rows of five

each, 4 1/2 and 5 1/2 inches above the floor, on the response panel.

The chamber is covered with a transparent top, in which is mounted a

loudspeaker.

In the center of the chamber is a pneumatically operated gate

assembly which serves to divide the chamber into reinforcement and

response sections. The gate opening is four inches high and three

inches wide. In the reinforcement section, there is a photoelectric

relay and a light source on both sides of the chamber which scan the

feeder cup. These relays serve to close the gate behind the animal

when it returns to the reinforcement chamber after a response is made.

The relays are in series; hence both light sources must be interrupt­

ed for the gate to close. During discrete trial operation, the gate

is normally operative and the animal must return after each trial to

the reinforcement chamber and lower the gate before a new presentation

occurs.
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The central control console contains the switching mechanisms

which convert the generalized card punch output into the animal com"

partment input for the specific experimental setting desired. Abank

of counters provides a synopsis of major response events. The sequence

of events which are to be programmed trial"by-trial is punched on a

master set of IBM cards. These cards are interleaved with blank data

cards. The card punch is modified to identify master cards, which

are passed through the punching station to the reading station of the

card punch. The blank data card following stops at the punching

station. Then the master card moves column by column; the information

is read out to the central control console and sets up program relays,

and is simultaneously duplicated on the blank data card behind. As

the animals respond, their choices and the choice latencies are stored

in the memory buffer. At the end of a trial, this information is

punched into the remainder of the data card. When the punching is

completed, both the master card and the punched data card are placed

in the card stacker. A new master card is moved to the reading station,

a blank data card to the punching stat~on, and the process is repeated.

The decks are then separated into data cards, which are analyzed, and

master cards, which are reused for programming.

Four modes of operation are available for each animal compart­

ment--Continuous, Correction, Non-correction and Force. In the Con­

tinuous mode, one or more of the response units in a box are turned on.

The animal responds at its own rate; every response is rewarded with

a pellet. At the present time, this mode is used chiefly in pretrain­

ing.



The other three modes of operation are employed in conjunction

with a discrete trial procedure. Trials are alternately presented to

one set of four boxes and then the other; the trial interval for one

group of four constitutes the intertrial interval for the other group.

We will designate one set of four animals as Set I, the other as Set

II. The trial begins with the programming of the following trial

events by the card punch readout section:

Discriminanda: Any subset of six independent discrimination

events Sl" ,S6 ~ may be programmed. The correspondence between the

Si and particular events which take place in the animal compartment

is determined by plug-in settings at the junction box on the animal

compartment. In the present study, the stimulus presentation on

each trial was constant rather than discriminative, consisting of a

set of 4 lights in the center of the panel.

Reinforcement: If we designate a right-hand response by Al '

then the reinforcement of a right-hand response is designated by El

Any subset of the three reinforcement events, E
l
... E

3
, may be pro­

grammed.

Response availability: Any subset of the three response units in

a compartment may be made available. Some subset of the three response

channels, Rl ... R
3

is programmed. The correspondence between an R
l

and a particular response unit position in a specific animal compart-

ment is determined by switch settings on the control unit. Thus, in

one particular compartment, an Rl may correspond to the right-hand

response unit, while in another compartment, it may correspond to the

left-hand response.unit.
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In the Correction mode, some subset of the response units which

are turned on may be incorrect. If an incorrect response is made the

response unit which has been chosen is turned off. The animal may

continue to make other responses until a correct response is made. If

a correct response is made, all units are turned off and a pellet is

dispensed.

In the Non-correction mode, some subset of the response units

which are turned on may be incorrect. As soon as a response, correct

or incorrect, is made, all of the response .units turn off. If a cor­

rect response occurred, a pellet is dispensed. In the Force mode only

those response units which are to be reinforced are turned on. As

soon as a respOnse is made, all of the response units turn off and a

pellet is dispensed. (The Non-correction and Force procedures were

not used in this study and are mentioned only for completeness of des­

cription.)

A typical experimental trial might take the following form.

Assume that the animal is in the reinforcement section of the compart­

ment, and the gate is closed. Further assume that the Correction mode

is being used. At the beginning of a trial, the stimulus, reinforce­

ment and response-availability events are programmed. Approximately

two seconds before the gate is raised, an audio signal is presented in

the four compartments of Set I. The gate is raised and simultaneously

the stimulus-response program is presented. The animal moves into the

response section, touches one or more response units, and eventually,

a correct response may be made at which time the response units are

all turned off, and a pellet is dispensed. The animal returns to the
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reinforcement section in order to consume the pellet. The photocells

detect its approach to the dispenser, and the gate closes. At the end

of a predetermined trial period, if the animal has not made the correct

response, all response units which remain on are turned off. The gate

is then lowered when the animal returns to the reinforcement section

but no pellet is dispensed.

Response data and response latencies which have been stored in

the memory unit are fed into the card punch for recording on the IBM

card. The next master card moves into position and trial events are

programmed for the second set of four animal compartments. At the end

of the trial period, the response data from this group of compartments

is punched onto the data card. The next card moves into position, and

a new set of trial events for the first set of compartments is pro­

grammed, and so on, the experiment proceeding as first one set of four

animals and then the other receives a trial. The exact manner in

which the apparatus was used in different phases of the present study

is made explicit in the next section.

Procedure: Initial handling and training. The animals were

placed on a food deprivation schedule gradually. Food was removed

from the home cages for 12 hours for the first two days, for 18 hours

the next two days, and for 22 hours the next three days. During the

next several weeks, the daily feeding time was cut gradually from 2

hours to 20 minutes. The animals were fed a varied diet--Purina

~ow, Little Friskies, cod liver oil and fresh greens. Even though

the experiment was of. some duration, the animals seemed to remain in

good health on this regimen. Water was available at all times. The
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animals were weighed once a week.

During the first two weeks, the animals were taken from their

cages daily, individually and in groups, and handled. They were then

placed in the apparatus in groups of four, with the gate removed, and

allowed to explore the compartment. A bowl of Noyes pellets (.045

gm.) was placed in the compa~tment, and the animals consumed a number

of these during this period.

On the third week, the animals were placed in the experimental

compartments individually, with the gate removed. The pellet feeder

was fired about ten or twelve times, each time waiting until one

pellet was consumed before another was dispensed. Then the center

response unit was turned on the Continuous mode and reinforcement was

programmed so that every time the animal touched the response unit,

a pellet was dispensed. The animal remained in the box until 100

responses had been made or until an hour had elapsed. The animals

were returned to their home cage after the run, and one hour after the

last animal in a particular home cage had been returned, all four

animals were placed in a separate feeding cage for an hour. Animals

that showed a very low response rate after the first sessions were

not fed, but were placed in the apparatus overnight and fed the follow­

ing morning. The pellet feeder capacity was approximately 500-600

pellets, and only in a few cases did an animal empty the pellet

feeder before it was checked the next morning. We attempted with

little success to shape a few recalcitrant animals whose reaction to

the apparatus was to sit next to the feeder cup. Out of the initial

complement of animals, six died or were incapacitated from respiratory



ailments such as middle-ear infection before the experiment began and

four refused to respond at the criterion rate of 50 responses within

an hour. These four refused to respond at all.

On the fourth week, the animals were given another week's training

on the center response unit in the Continuous mode with the gates in

place but inoperative. During this and all subsequent phases of the

study, the animals were run five days per week. On week 5, discrete

trial training was begun, with the gate still inoperative. Two seconds

before the trial start a 1000-cycle tone was turned on for two seconds,

and then the center response unit was turned on for a period of 30

seconds. If a response occurred during that period, a pellet was

dispensed and the unit was turned off. Each animal received 25 trials

per day initially. Gradually, the trial time was reduced from 30

seconds to 14 seconds. When the time had been reduced to 14 seconds,

the number of trials per day was increased to 100.

On week 6, the training was identical to week 5, but the gate

was made operative. There was a temporary deterioration in the ani­

mals' behaVior, but within one or two days the response rate again

rose to around 95%; i.e., the subject failed to make a response of

some sort on less than 5% of the trials. The procedure was continued

through week 7. All training through this point was programmed by

an auxiliary tape reader and monitored by means of counters. No

detailed records were made on IBM cards.

On week 8, two-choice 50-50 correction training was begun. On

each trial, the right and left response unit was turned on. The events

were randomly ordered, with the restriction that the n value be
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maintained in blocks of 80 trials. Twenty such randomizations were

prepared. For half the animals in each group of eight the A
l

response

was the right unit, and for the other half it was the left unit. The

center response unit was never turned on during the remainder of the

experiment. When subjects were observed by opening the experimental

chamber during a run, on a few occasions a rat was seen to move toward

the center response unit. There is some possibility that subjects

continued to attempt to respond to the center unit. However, the

behavior of most subjects when interrupted in this fashion was so

disturbed and erratic that such observations may be atypical. Those

subjects who appeared least disturbed by the opening of the compartment

showed a well-defined pattern of behavior in which the center unit

was totally disregarded. During the first two days, the trial interval

was set at 30 seconds, and gradually reduced to 14 seconds. The number

of trials per day was 50 during the first two days of two-choice train­

ing and on the last three days was increased to 80. During this train­

ing and the remainder of the experiment, the center four stimulus

lights came on when a trial was initiated and went off when the trial

was ended either by (1) a correct respon~e if the correction mode was

being used, or (2) the time-out of the trial interval if no response

had been made within the trial interval. If the incorrect response

was made, the lights remained on until a correction response was made.

The offset of these lights when a response was made thus indicated that

a correct response had been made, and supplemented the auditory stimu­

lation of the pellet feeder. This training was continued through

week 19.
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On week 20, 50-50 training was continued, but from this point a

trial-by-trial record was made using the IBM recording system. We will

designate the second day of week 20 as Run 1. (In the remainder of the

paper, a run will denote a daily block of 80 trials.) Each animal

received 80 trials a day, five days a week. The trial interval was

14 seconds. For each animal a trial-by-trial record was made of all

responses and the time of the first response. Also at this point, the

number of animals was reduced to 64, by selecting the 64 animals with

the highest average response rate. This program was continued through

Run 20, i.e., through Monday of week 25.

On Tuesday of week 26, or Run 21, 32 animals were switched to a

65-35 schedule; these subjects comprise Group I. The remaining 32

animals were switched to a 80-20 schedule, and these subjects consti­

tute Group II. Twenty different randomizations were prepared for each

reinforcement schedule with the restriction that in each randomization,

the proportion of E
l

trials in the 80-trial total was exactly equal

to ~. This program was continued through Run 65.

During the experiment, 4 animals in Group I, and 4 animals in

Group II died. All but two died of natural causes. One animal was

inadvertantly gUillotined when the gate was lowered on his neck; a

second was similarly treated, and though he was not actually killed,

he refused to respond any further over a period of four days. Any

subjects who were eliminated at any stage were replaced immediately.

Replacement animals were selected whose choice probability during 50-50

training most nearly approximated that of the animal being replaced.
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RESDL~S

Three basic types of response measures will be considered in this

section. First, the mean response probability curves will be presented.

These curves describe the average number of A
l

responses made during

a daily run for each experimental group, and the stability of this

measure will be used to evaluate the assumption that behavior has

reached.a stationary limit over a given block of daily runs. Secondly,

there are the daily mean speed scores associated with the Al and A2

responses for each experimental group. Finally, the various sequential

statistics are presented. These statistics are of the greatest impor­

tance in evaluating the models which have been considered, and the

ability of the various types of models to account for the sequential

properties of the data will be investigated in some detail.

Mean probability curves. Mean response curves describing the changes

in response probabilities of the two experimental groups over the

course of the study are presented in Fig. 4 and 5. A subject was not

forced to respond on any trial; further if the first response was

incorrect, a subject might correct, but was not forced to do so. An

an Eo reinforcement event. The mean A
l

response curve is a plot

of the proportion of A
l

responses out of the sum of A
l

and A2

responses, where the proportion is computed for each subject and then

averaged Over all subjects in the group. Also shown are the propor­

tions of A and E events; as may be seen, there were relatively
o 0

few failures to respond or correct except during the first eight runs
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under the 50-50 reinforcement schedules. The fluctuations in the

response curves during this portion of the study reflect eguipment

problems, as a result of which data were lost. Data from these eight

runs were not submitted to further analysis.

The mean A
l

response curves were examined to determine (1)

whether the curves are stationary during the 50-50 schedule, (2)

whether the difference between the group curves during the 50-50

schedule is significant, and (3) whether the curves are stationary

during the final 20 runs following the shift to a nonsymmetric rein­

forcement schedule. This last guestion is particularly important

for the assumption that the behavior has reached an asymptote when

seguential statistics are considered later.

In order to answer the first two guestions, the mean Al pro­

portions were computed for each subject for four blocks of three

runs during the 50-50 schedUle, Runs 9-11, 12-14, 15-17, and 18-20.

The four proportions thus obtained for each subject, where each pro­

portion is based on three runs (approximately 240 responses), were

then converted by the arc sine transormation in order to stabilize

the variance within SUbjects, using the correction for continuity

suggested by Bartlett (Dixon & Massey, 1957, Bartlett, 1947). Both

the within- and between-subjects variances were found to be acceptably

homogeneous by Cochran's test. The analysis of variance on these

measures is presented in Table 2. The overall linear trend and

differential linear trends between the two groups were obtained using

orthogonal polynomials. The error term for these linear components is

the linear component of the error (w) term. The groups do not differ
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Table 2

Analysis of variance of response proportions

during final set of 12 runs where IT = .50

ISource df MS F
i

I

-Ii

iBetween Ss 63
I

l.00 II Groups (G) 1 .2791 <i

Error (b) 62 2.6710

. I·

Within Ss 191

Blocks (B) 3 < l.00

Linear 1 .0382 INonlinear 2 .0003

IB x G 3

Linear 1 .0399 i
i
1

Nonlinear 2 .0105

Error (w) 185
.

Linear 62 .0461 < l.00

Nonlinear 123 .0236

Note. -- One S was lost during the last block;
the missing score was estimated by the
method of Cochran and Cox (1957), and 1
df subtracted from Error (w) Nonlinear.
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from one another, nor is there any evidence of linear trends.

In order to answer the question of stationarity during the final

portion of the 65-35 and 80-20 schedules, the mean A
l

proportions

were computed for each subject for five blocks of four runs, 47-50,

51-54, 55-58, 59-62, and 63-66. The five proportions thus obtained

for each subject, where each proportion is based on four runs (approx­

imately 320 responses), were converted by the arc sine transformation

previously described. The analysis of variance on these measures is

presented in Table 3. The group means differ significantly at asymptote

( .05 < p < .,01). However,the power ofthe"between-,aubjectatest,

58

is compromised appreciably by heterogeneity of the variances. The

between-subjects variance for Group I is about 17 times the variance

for Group II, and this difference is highly significant (p < .01) by

Cochran's test. The within-subjects variances were acceptably homo­

geneous by this test.

The overall linear trend approaches the .01 level of significance,

and the difference between the linear trends of the two groups is

close to the .05 level. From an examination of individual protocols,

it appears that many of the subjects in Group II did indeed show a

slight but persistent upward trend during the last 20 runs; in par­

ticular, of the 29 subjects for whom data is available on the last

two blocks of four runs, 22 subjects show an increase in the mean

Al proportion from Runs 59-62 to Runs 63-66 and for 14 of these

subjects, the increase exceeds one percent. There is a much slighter

upward trend in the data from Group I. It should be remarked that

the arc sine tnlnsfomnation is most properly used for proportions in



Table 3

Analysis of variance of response proportions

during final set of 20 runs where ~ # .50

~

Source df MS F

Between Ss 62

Groups (G) 1 8.42699 5.8448*

Error (b) 61 1.1448:r

Within Ss 250

Blocks (B) 4 .05491

Linear 1 .12726 6.96170*

Nonlinear 3 .03079 <1.00

B x G 4

Linear 1 .07056 3.85995*

Nonlinear 3 .00515 <1.00

Error (w) 242

Linear 61 .01828

Nonlinear 181 .01062

Note. ~~ 1wo Ss were lost during the last block; the
missing scores were estimated by the method of
Cochran and Cox (1957), and 2 df subtracted
from Error (w) Nonlinear. !L~other S was lost
during the third block. The data from this S
was not included in the analysis, hence there
are 62 df for Ss.

* F(l, 60, .05) ; 4.0012, F(l, 60, .01) ; 7.0771
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the range .20 to .80, while many of these data lay outside that range.

Even though a correction for continuity is used, when the proportions

are close to 1 as in the present case, any upward shift in the pro-

portions is amplified by the tllillBformation. Thus, from the analysis

of variance and the remarks above, it is concluded that though the

data do indeed show a slight upward trend, the degree of trend may be

somewhat less than is indicated by the significance level obtained

from the analysis of variance. Thus, the sequential statistics from

Runs 47 through 66 will be treated as though the subjects had reached

asymptote.

Approximately two-thirds of the subjects showed marked and con-

sistent position preferences during the 50-50 schedule. In Fig. 6,

the mean Al proportions for each subject during Runs 9-20 and Runs

47-66 are plotted in a scatter diagram. As may be seen from Fig. 6,

,the asymptotic response probabilities during the 65-35 and 80-20

schedules are not independent of the position preferences during the

50-50 schedule; i.e., the final response level reached by the subjects

after extensive training on reinforcement schedules other than 50-50,

was still to some extent influenced by initial biases.

Mean response~ curves. The average reciprocal latency of the Al

responses, T(Al) , and of the A2 responses, T(A2) , as well as the

•average overall reciprocal latency, T(AV) , for each Run over the 32

subjects in each experimental group, are presented in Fig. 7 and 8

for Groups I and II, respectively. The basic measure was the number

of quarter,-seconds which elapsed between the start of a trial and the

first response. These measures were converted to speed scores by a
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reciprocal transformation in order to obtain more symmetrical distri­

butions of the scores. There will not be a very searching analysis

of the response time measures in this paper; the following comments

may be made from a visual inspection of the mean time curves. (1) The

average speed of an Al response, T(Al) , is higher for the 80-20

schedule (Group II) than for the 65-35 schedule (Group I), in accord­

ance with qualitative predictions from the k-state model. However,

this same relationship characterized the two groups during the 50-50

schedule; since the two groups were not well matched initially on

the time scores, the significance of the later results is open to

question. (2) The average speed of an A2 , T(A2) , is higher for

the 65-35 schedule than for the 80-20 schedule, a result which again

agrees with the k-state predictions. The two groups appear to be well

matched on this measure during the 50-50 schedule. (3) The overall

average speed, T(AVE) , for each group is higher for TI f .50 , but

there is no difference between the two groups on this measure. The

fact that T(AVE) is at a minimum for TI = .50 agrees with the pre­

dictions. Whether or not one would predict a noticeable difference

between T(AVE) for TI = .65 versus TI = .80 depends on a quanti­

tative specification of the conditioning and time score parameters.

(4) Finally, note that the time measures are quite stable and that on

the average, the animals responded very quickly. The uneven appearance

of the curves is a function of the scale of the graph. For example,

in both groups T(AVE) for Runs 46-65 remains within the limits of

·540 and .420, (roughly 1.75 to 2.25 seconds).
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First- and second-order sequential statistics. The first- and second-

order transition frequency matrices were obtained for each subject

over all trials in Runs 11-20, and also over all trials in Runs 47-66.

In order to illustrate the manner in which the frequencies in these

65

This sequence may be decomposed into

matrices are obtained, consider the sequence,

A E A EA.
2,n+2 1,n+2 1,n+3 0,n+3 0,n+4

the following second-order 5-tuples:

A E A El,n l,n l,n+l 2,n+l

A2E1A1EOAO The last 5-tuple is not counted because. it contains an

EO and/or an A
O

event. Each of the other 5-tuples is counted in

one and only one cell, AiEjAkE£Am , designating

Ej~ on trial n-l, and E£Am on trial n~2.

Ai on trial n,

The total observed

[Note that inentries in each cell is designated by N(AiIEjAkE£Am)

the cell designation the sequence reverses the normal order of writing

the occurrence of the events, the last event occurring being written

first, in order that the cell designations may correspond to the

notation used in writing conditional probabilities.] The observed

first-order frequencies are then obtained by summing over the second-

order events, so that

o
[19]

Notice that the first 3-tuple of each run is thrown away when we

obtain the first-order statistics in this fashion. For example, in

the sample sequence presented earlier, the first 3-tuple, A1E1Al ,

would not be counted by simply summing over the second-order statistics.

The loss of a single first-order observation in each run for each sub-

ject was justified by resulting simplifications in the computer



programs.

It was not practical to apply the models to each individual

subject, but some small subgroups were selected from the larger

groups on the basis of criteria to be described below. Initially,

group matrices were obtained by summing over each set of 32 subjects;

the first- and second-order transition frequency matrices for group I

during Runs 11-20 are presented in Table 4, for group II during Runs

11-20 in Table 5, for group I during Runs 47-66 in Table 8, and for

group II during Runs 47-66 in Table 9.

Next, 15 subjects who showed minimal position preferences during

the 50-50 reinforcement schedule were selected from each group. These

subgroups, which will be designated as I-MP and II-MP, are made up of

subjects whose mean Al proportion during Runs 1-20 fell within the

limits of .20 to .80. The transition frequency matrices summed over

subjects in subgroup I-MP during Runs 11-20 are presented in Table 6,

in subgroup II-MP during Runs 11-20 in Table 7, in subgroup I-MP

during Runs 47-66 in Table 10, and in subgroup II-MP during Runs

47-66 in Table 11.

Four other subgroups were selected on the basis of similar mean

response proportions during the 65-35 and 80-20 schedules. Two of these

subgroups were selected from Group I and two from Group II. Group 1­

Low consisted of subjects whose mean response probability fell within

the limits of .65 to .75, while Group I-High consisted of subjects

within the limits of .85 to .92. Group II-Low subjects fell between

.81 and .91, while Group II-High subjects fell between .92 and .98.

Only subjects whose response curves appeared fairly stable over the
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final block of 20 runs were included in these subgroups. The limits

above were determined by a combination of practical and theoretical

considerations. Bounds were desired which would delimit a minimum of

three animals in each subgroup whose response level did not differ by

more than about .10, and who were not absorbed on either response. The

procedure was designed to yield subgroups representing the two rt

values which would be comparable in terms of the ~ parameter, and

while this criterion varies depending on the model, for the range of

k which is considered, the High subgroups yield a ~ estimate in the

vicinity of 1 or less, while the Low subgroups yield a ~ estimate

between 5 and 20. It was possible for a given subject to be in an

MP subgroup and either a High or Low subgroup, since these criteria of

selection were not mutually exclusive. It should be emphasized that

these subgroups were not selected for consideration because they are

in any sense representative, but rather because of special interest in

two cases: (1) subjects whose position preference is not extreme, and

(2) subjects who reach a stable response level other than 0 or 1 for

rt.~ .50 , in which case the response-reinforcement sequences yield

information allowing a test of the models. The transition statistics

for the Low and High subgroups for Runs 47-66 are presented in Tables

12, 13, 14, and 15.

In each of the tables are presented the observed first-order

67

transition frequencies, N(Al· IE.A.) , the transition frequencies pre­
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dieted by the weak-strong model in the column headed W-S, the predic-

tions from the k-state model with the constant parameter assumption

for k = 3 , 10 in columns headed CP-3 and CP-10, and the



Table 4a. Observed and predicted first-order sequential statistics

for group I (N = 32) during runs 11-20, :J( = .50

Trial Observed Predicted N(A1IE.A.)
n-l l J

E.A. N(·IE.A.) N(A1 IEi A
j

) w-s CP-3 CP-l0 VP-3 Linear
l J l J

1 1 5830 4680 4626.6 4626.6 4626.6 4626.6 3656.2

12 5177 1344 1291.3 1295.8 1304.7 1303.5 2358.5

2 1 5601 4232 4204.0 4199.1 4189.5 4190.8 3230.6

2 2 5366 1185 1107.7 1107·7 1107·7 1107·7 2174.4

Total 21974 11441 11229·5 11229.1 11228.4 11228.5 11419.7

N(e) 1. 70 1. 70 1. 70 1. 70 .59

o(Pl) .23 ·50 .66 .77 .56

fl(P2) .52 ·97 .64 .09 .48

cp .45 .52 1.04 9·00 ·71

X2 ** ** ** ** 3060.70**13.41 13.22 13.09 13.09

A.A.D. .010 .010 .010 .010 .184
***p < .10 p < .01

0\
OJ



Table 4b. Observed and predicted second-order sequential statistics

for group I (N = 32) during runs 11-20, :It = 50.
Trial Observed Predicted N(AlIEiAjEkA£)

n-2 n-l N( '!E.A.EkAe) N(A1 [E.A.EJ!,e) w-s CP-3 CP-l0 VP-3
AE AE l J . l J .

1 1 1 1 2851 2463 2466.4 2466.4 2506.1 2434.5
1 1 2 1 687 368 355.8 356.4 362.2 355·7
1 1 12 1825 1551 1545·7 1549.3 1571.0 1548·7
1 1 2 2 468 242 234.0 234.0 234.0 234.0
2 1 1 1 824 459 448.3 450.1 472.0 444.6
2 1 2 1 2278 376 368.5 374.5 370·3 388.0
2 1 1 2 521 225 272.0 269·3 256.5 248.6
2 1 2 2 1525 191 211.2 211. 5 192.4 228.6
1 2 1 1 1676 1502 1443·9 1443.5 1464.5 1424.8
1 2 2 1 540 307 258.1 260·9 274.2 282.4
1 2 12 2540 2140 2129·1 2122.5 2127·2 2107·3
1 2 2 2 852 392 388.5 386.6 364.0 392·3
2 2 1 1 479 256 239· 5 239·5 239·5 239·5
2 2 2 1 1672 293 255·9 252.6 232·7 253.2
2 2 1 2 715 316 344·7 344.0 338.1 344.8
2 2 2 2 2521 360 340.1 340.1 305·0 368.3
Total 21974 11441 11301.6 11301.2 11309·5 11295.2

N 1·59 1·59 1.47 1.70

5 .10 .21 .58 .34

f.l .19 .36 ·59 ·99
cp .54 ·59 ·99 .35
2 71.26** ** ** 66.64**X 68.65 71. 55

A,A.D. .025 .024 .025 .024
* p < .10 **P < .01

CJ\
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Table 5a. Obserwed and predicted first-order sequential statistics

for group II (N = 32) during runs 11-20, :It = .50.

Trial Observed Predicted N(A1!E.A.)
n-l 1 J

E.A. N(·IE.A.) N(AlIEiA) W-S CP-3 CP-l0 VP-3 Linear
1 J 1 J

1 1 5554 3957 3990.2 3990.2 3931.1 3931.1 3313·9

12 5585 1753 1765·9 1763.2 1769·1 1776.8 2374.2

2 1 5353 3627 3660.5 3663.1 3657·4 3650.0 2973· 5

2 2 5743 1577 1617.1 1617·1 1678.1 1678.1 2204.8

Total 22235 10914 11033.6 11033.6 11035·7 11036.0 10866.4

N( e) 2.29 2.29 2.41 2.41 ·59

5(Pl) .27 .23 .63 .21 ·52

\l(P2) .63 .23 .63 .27 .45

cp .43 1.00 ·99 ·79

x2 * * ** **3.47 3·57 10.21 10.12 1205.36

A.A.D. .005 .005 .009 .009 .115

* **p < .10 P < .01

-J
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Table 5b. Observed and predicted second-order sequential statistics

for group II (N = 32) during runs 11-20, 1t = .50

Trial Observed Predicted N(Al1EiAj~A£)

n-2 n-l N(' IEiAj~A£) N(AlIEiAj~A£) W-S CP-3 CP-l0 V1'-3
AE AE
1 1 1 1 2384 1925 1916.8 1916.8 1943.6 1943.6
1 1 2 1 958 498 496.4 496.4 505.3 506.9
1 1 12 1576 1226 1240.1 1240.1 1252.6 1253.4
1 1 2 2 641 321 320·5 320.5 320·5 320·5
2 1 1 1 1095 555 580.3 580·7 598.1 600.8
2 1 2 1 2310 512 506.6 507·6 508.1 514.5
2 1 1 2 660 292 337·3 336,6 331.8 330.0
2 1 2 2 1513 283 304.1 304.2 290.4 291.1
12 1 1 1431 ll69 ll43·4 ll43·3 ll56·3 ll55·7
12 2 1 668 350 326.6 327·4 332.2 334.0
12 1 2 2180 1706 1701. 9 1701. 0 1700·5 1694.4
1 2 2 2 1061 488 498·7 498.3 481.4 478.8
2 2 2 1 644 308 322.0 322.0 322.0 322.0
2 2 2 1 1649 393 351·5 350·9 338.3 337·5
2 2 12 937 403 451.7 451.4 442·7 441.2
2 2 2 2 2528 485 495.4 495.4 467·0 467·0

Total 22235 10914 10993·1 10993.1 10991.0 10991. 5

N 2.29 2.29 2.17 2.17
(; .08 .13 .44 .29

11 .07 .13 .41 ·50

cp loll 1.00 1.08 .58

X
2

42.09** 41. 73** 43.46** 43.84**

A.A.D. .018 .018 .018 .018
*p < .10 **p < .01

-J
f-'



Table 6a. Observed and predicted first-order sequential statistics

for subgroup I-MP (N ~ 15) during runs 11-20, J( ~ .50.

Trial Observed Predicted (NA1]E.A.)
n-l l J

E.A. N( . IEiAj ) N(AlIEiAj) W-s CP-3 CP-l0 VP-3 Linear
l J

1 1 2679 1792 1787·2 1787·2 1805.4 1805.4 1676.2

1 2 2641 1086 1117·9 1110.8 1119·6 1116.5 1199.4

2 1 2526 1425 1456.8 1463.6 1455.2 1458.1 1346.1

2 2- 2742 912 912.8 912.8 894.1 894.1 990·9

Total 10588 5215 5274·7 5274.3 5274.3 5274.3 5212.6

N(e) 2·99 2·99 2.88 2.88 ·59

6(Pl) .65 .56 .36 .86 ·57

~(P2) ·91 .38 .05 .48 .41

cp .72 1.47 6.14 1.77

X2 * * 4.06** 4.06** **3.26 3.41 60·75

A.A.D. .007 .007 .007 .007 .037

* **p < .10 P < .01

---J
[\)



Table 6b. Observed and predicted second-order sequential statistics

for subgroup I-MP (N = 15) during runs 11-20, n = .50.

Trial Observed Predicted N(AIIEiAjEkA£)
n-2 n-l N( . IEiAjEkA£) N(AIIEiAjEkA£) W-S CP-3 CP-I0 VP-3

AE AE

1 1 1 1 1084 782 805.8 805.8 805.8 805.8
1 1 2 1 544 304 302.4 303.4 305·3 303·9
1 1 1 2 702 478 492.5 496.6 496.3 500.6
1 1 2 2 345 183 172.5 172.5 172·5 172·5
2 1 1 1 667 382 380·7 382.0 384.5 382.6
2 1 2 1 919 287 316·9 320.0 317·4 317.8
2 1 1 2 422 179 212·9 208.1 200.8 201.2
2 1 2 2 624 146 174.9 175· 5 176.5 175· 7
1 2 1 1 556 426 400.1 399·7 398·7 399.4
1 2 2 1 434 260 215·0 220.0 227·5 227·1
1 2 1 2 860 540 563.4 560.5 563.0 562.6
12 2 2 683 340 293·2 291.9 289·2 291.2
2 2 1 1 372 202 186.0 186.0 186.0 186.0
2 2 2 1 744 235 221.1 217·7 21&.0 213·5
2 2 12 542 228 240·7 239·7 237·8 239·3
2 2 2 2 1090 279 279.8 279·8 279.8 279·8

Total 10588 5215 5258.9 5259·0 5259·1 5258.9

N 3·11 3·11 3·11 3.11

5 .40 .65 ·99 .69

[1 ·52 ·77 .83 ·99

cp ·77 .84 1.18 .69

x2 60·55** 56.20** 48.40** 50.41**

A.A.D. .032 .031 .029 .030
*p < .10 **p < .01

--J
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Table 7a. Observed and predicted first-order sequential statistics

for subgroup II-MP (N = 15) during runs 11-20, :It = .50.

Trial Observed Predicted N(A1IE.A.)
n-l l J

E.A. N( '!EiA j ) N(A1 !Ei A
j

) W-s CP-3 CP-I0 VP-3 Linear
l J

1 1 2689 1614 1602.1 1602.1 1602.1 1602.1 1615.0

1 2 2602 1220 1196.7 1196·7 1195.8 1198.5 1213·9

2 1 2624 1435 1417·1 1417·2 1418.1 1415.3 1417·6

2 .2 2599 1061 1050·5 1050·5 1050·5 1050·5 1055.6

Total 10514 5330 5266.5 5266.6 5266.5 5266.5 5302.1

N(8) 5·22 5.22 5·22 5·22 .34

5(Pl) ·50 ·50 .34 .87 ·59

Il(P2) .36 .24 .05 .58 .41

cp 1. 39 2.06 6.29 1·50

X2
1·72 1. 72 1. 74 1. 70 ·57

A.A.D. .006 .006 .006 .006 .003

* **p < .10 P < .01

-J
~



Table 7b. Observed and predicted second-order sequential statistics

for subgroup II-MP (N = 15) during runs 11-20, IT = .50.

Trial Observed Predicted N(AliEiAjEkA£)
n-2 n-l N(' IEiAjEkA£) N(AlIEiAjEkA£) w_s CP-3 CP-l0 VP-3
AE AE

1 1 1 1 957 627 635.3 635.3 632.4 632.4
1 1 2 1 649 362 350.0 350.6 350.8 349·8
1 1 1 2 648 396 405.4 405·7 407·6 410.2
1 1 2 2 423 234 211. 5 211. 5 211.5 211. 5
.2 1 1 1 762 420 415.0 415·7 415.8 414.5
2 1 2 1 841 326 335·9 337·2 340.4 340.3
2 1 1 2 459 223 231.4 230·7 226.6 226.5
2 1 22 539 180 193·9 194.2 196.2 195.6
12 1 1 535 349 342.5 342.2 340.3 340.8
12 2 1 477 272 263.5 237·3 241.6 241.6
1 2 1 2 880 539 528.5 527·1 523.8 524.0
1 2 2 2 715 328 325.6 325·0 324·9 326.1
2 2 1 1 435 218 217·5 217 ·5 217·5 217·5
2 2 2 1 635 260 237·7 237·5 235.6 233.0
2 2 1 2 637 277 293.4 292·9 292.6 293·7
2 2 2 2 922 319 309·9 309·9 312·7 312·7
Total 10514 5330 5270.2 5270·3 5270·3 5270.2

N 5·10 5·10 5·22 5·22

13 .27 .36 .87 ·70

fJ. .09 .18 .67 .89

cp 3·09 2.00 1.29 ·78
x2 26.27** 25.99** 25.21** 26.65**
A.A.D. .021 .019 .017 .021
*p < .10 **P < .01

'--J
Vl



Table 8a. Observed and predicted first-order sequential statistics

for group I (N = 32) during runs 47-66, 11 = .65.

Trial Observed Predicted N(AlIE.A.)
n-l l J

E.A. N('IEiAj ) N(AlIEiAj) W-s CP-3 CP-l0 VP-3 Linear
l J

1 1 24323 22757 22768.0 22752.1 22958.5 22555·9 21424·9

1 2 4519 1674 1654.5 1637·9 1886.0 1618.8 3205·2

2 1 12829 11942 11933·7 11937·7 11683.0 11805.2 11065·5

2 2 2490 788 868.8 867.2 788.0 847·1 1720 .5

Total 44161 37161 37225·0 37194·9 37315.6 36826·9 37416.2

N(8) 1.70 1.70 1. 59 1. 70 ·59

o(Pl) .14 .04 .21 .06 .86

il(P2) ·99 .03 .08 .05 .83

cp .14 1.25 2.44 1. 33

X2 ** ** ** ** **12.07 12·37 136.66 53· 74 5351. 79

A. A. D. .009 .010 .019 .015 .209
* **p < .10 P < .01

--J
G\



Table 8b. Observed and predicted second-order sequential statistics

for group I (N = 32) during runs 47-66, 1t = .65.

Trial Observed Predicted N(AIIEiAj~A£)

n-2 n-l N( ·IEiAj~A£) N(A1[EiA}kA£) W-s CP-3 CP-I0 VP-3
AE AE

1 1 1 1 14328 13593 13696.3 13717.4 13869·5 13639.0
1 1 2 1 988 787 507.6 511.2 576.8 501. 3
1 1 1 2 8352 7929 7852.0 7836.3 7680.0 7871. 9
1 1 2 2 617 445 308.5 308.5 308.5 308.5
2 1 1 1 1099 840 608·7 622.3 769·1 538.1
2 1 2 1 1759 218 251.6 265.5 528.2 224.2
2"1 12 642 447 347·9 353·9 401.2 336.3
2 1 2 2 1090 113 132·5 134·9 191.2 126.4
1 2 1 1 8310 7896 7926.3 7934.4 7962.2 7900.4
1 2 2 1 612 510 276.4 271.2 280.3 288.0
1 2 1:'2 3591 3383 3368.0 3359.6 3256·9 3379·1
1 2 2 2 253 178 109·4 106.1 85.0 116.1
2 2 1 1 586 428 293.0 293·0 293·0 293.0
2 2 2 1 1155 159 163.8 172.6 331. 7 146.2
2 2 1 2 244 183 119·4 118.8 113·0 120.4
2 2 2 2 530 52 63.9 64·9 90.2 61.2

Total 44161 37161 36025.2 36070·7 36736.7 35895.1
N 1.20 1.20 1.30 1.23

0 .03 .04 .21 .13

IJ. .01 .01 .07 .02

cp 4.00 5·00 2.87 8.50

X2 1364.95** 1379.43** 1826.70** 1354.88**

A.A. Ii· .131 .133 .140 .131
*p < .10 **P < .01

--J
--J



Table 9a. Observed and predicted first-order sequential statistics

for group II (N = 32) during runs 47-66, 1t = .80.

Trial Observed Predicted N(AIIE.A.)
n-l

N(· IEiAj ) N(AIIEiAj)
1 J

E.A. W-S CP-3 CP-I0 VP-3 Linear
1 J

1 1 34512 33279 33296.3 33273.6 33286.4 33198·9 33310·7

1 2 1648 1284 1285.7 1292·7 1296.8 1280.2 1331.1

2 1 8512 8154 8162.1 8165.2 8115.5 8124.6 8128.4

2 2 429 320 321.3 325·5 313·2 317 ·7 342.1

Total 45101 43037 43065.4 43056·9 43011·9 42921.4 43112.3

N(8) 4.63 4.87 4.27 4.52 .44

5(Pl) .20 .14 .26 ·35 .96

[.l(P2) ·33 .06 .05 .19 ·94

tp .62 2.25 4.69 1.88

X2 ** ** **.48 1.05 5·11 7 ·53 18.36

A.A.D. .002 .003 .009 .010 .019
... **p < .10 P < .01

--.)
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Table 9bo Observed and predicted second-order sequential statistics
for group II (N = 32) during runs 47-66, :n: = .80.

Trial Observed Predicted N(AIIEiAjEkA£)
n-2 n-l

N(· IEiAj~A£) N(AIIEiAj¥£) w-s CP-3 CP-I0 VP-3AE AE
1 1 1 1 26646 25794 25813.2 25806·9 25910.8 25730·7
1 1 2 1 976 858 783.4 777·8 792·9 778.6
II 1 2 6621 6372 6372.7 6369·2 6381.8 6349·6
1 1 2 2 257 215 197 ·9 196·7 196.7 197 .2
2 l 1 1 1071 952 866·7 860.6 879·6 861.0
2 1 2 1 302 136 230.6 228.4 234.4 228.2
2 1 1 2 280 247 224.3 222.8 226·9 222·9
2 1 2 2 79 26 57·3 57·3 57·6 57·2
1 2 1 1 6544 6321 630500 6303·9 6319·2 6283.7
1 2 2 1 274 242 218.4 216.6 220·3 216.7
1 2 1 2 1537 1477 1468.4 1470.1 1470·9 1464.0
1 2 2 2 74 65 56.5 56.1 56.0 56.2
2 2 1 1 251 212 193·3 192.1 192.1 192.6
2 2 2 1 96 48 72.3 72·3 74.2 71·9
2 2 12 74 58 56.5 56.1 56.0 56.3
2 2 2 2 19 14 13·9 13·7 13.8 13·7
Total 45101 43037 42930.8 42900.6 43083.2 42780.4

N 4.98 4.87 4.79 4·98
0 .22 .17 .24 .34

lJ. ·30 .07 .05 .17

cp .72 2.44 4.61 2.00

X2 388·99** 390.41** 413.70** **397·73
A.A.D. .099 .101 .106 .105

*p < .10 **P < .01

--l
\D



Table lOa. Observed and predicted first-order sequential statistics

for subgroup I-MP (N ~ 15) during runs 47-66, J( ~ .65.

Trial Observed Predicted N(A1IE.A.)
n-l N(·IE.A.)

1 J

E.A. N(A1!E.A.) W-s CP-3 CP-l0 VP-3 Linear
1 J

1 J 1 J

1 1 12857 12164 11629.2 12206.6 12184.9 12183.0 12148.2

1 2 773 693 468.0 692·7 695.4 692.0 687·9

2 1 6702 6367 6061. 9 6362.9 6345.4 6348.6 6363.2

2 2 403 358 244.0 361.1 359·1 359·6 360.5

Total 20735 19582 18403.1 19623.2 19584·7 19583.3 19559.8

N(e) 3.34 18·70 17·63 18.11 .12

5(Pl) .01 .05 .22 .16 ·93

Il(P2) ·99 ·31 .13 .45 ·97

cp .01 .15 1. 75 .36

x2 *.j(- * 2.18 1.66827·46 3·25 ·92

A.A.D. .165 .013 .008 .005 .004
.j(- **p < .10 P < .01

Q::>
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Table lObo Observed and predicted second-order sequential statistics

for subgroup I-MP (N = 15) during runs 47-66, " = 650

Trial Observed Predicted N(AIIEiAj~A£)

n-2 n-l N( . IEiAjEkA£) N(AIIEiAjE0£) W-s CP-3 CP-I0 VP-3
AE AE
1 1 1 1 7661 7273 7051.4 729209 731009 7297·2
11 2 1 441 399 303·9 387·6 39508 389·2
1 1 1 2 4390 4214 404007 4178.6 4173.2 4177 .2
1 1 2 2 266 240 183.3 233.5 229.4 232.2
2 1 1 1 466 426 321.1 409.6 419·2 4n.6
2 1 2 1 51 39 30·3 43.2 44.3 43.2
2 1 1 2 286 244 197·1 251.3 25507 252.1
2 1 1 1 29 27 17·2 24.5 24.2 24.4
1 2 1 1 4456 4239 4101.4 4241. 4 4237·1 4240.0
1 2 2 1 244 224 168.1 214.4 218.3 215.4
1 2 1 2 1912 18n 1759.8 1819·7 1810·7 1817·1
1 2 2 2 90 81 62.0 79·0 77·3 78.4
2 2 1 1 274 226 188.8 240.5 236.3 239·1
2 2 2 1 37 31 22.0 31.3 31.6 31.2
2 2 1 2 n4 98 78.6 100.1 98.9 99.4
2 2 2 2 18 10 10·7 15·2 14·9 15·1

Total 20735 19582 18536.3 19562·7 19576·9 19562.7

N 4.20 13.40 10.84 12.48

5 .01 .18 .55 037

"'
·99 ·98 ·31 ·99

cp .01 .18 1.75 ·37

X2 702.55** 46.92** 44.35** 44.06**

A.AoD. .157 .045 .045 .044
*p < .10 **P < .01

(p
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Table lla.. Observed and predicted first-order sequential statistics

for subgroup II-MP (N = 15) during runs 47-66, 11 = .80.

Trial Observed Predicted N(A1!E.A.)
n-l l J

E.A. N(.jEiA
j

) N(A1!Ei A
j

) W-s CP-3 CP-l0 VP-3 Linear
l J

1 1 16117 15420 15421·7 154b2.4 15429·1 15430.6 15386.8

12 892 694 696.6 700·9 710·7 687·2 698.5

2 1 3938 3752 3750.1 3743.5 3729· 5 3753.8 3759·6

2 2 248 188 188.7 189·5 186.4 186.5 194.2

Total 21195 20054 20057. 2 20036.4 20055.6 20058.1 20039·2

N( 8) 5·10 5·20 4.86 4.87 ·59

o(Pl) .13 .13 .23 .20 ·95

il(P2) .16 .05 .05 .10 ·95

cp .85 2.67 4·93 2.00

x2 4.67** .54 *.08 1.21 2·97

A.A.D. .002 .004 .009 .004 .009

* **p < .10 P < .01

(Xl
[\)



Table 11b. Observed and predicted second-order sequential statistics

for subgroup II-MP (N = 15) during runs 47-66, :n: = .80.

Trial Observed Predicted N(AIIEiAjEkA£)
n-2 n-l N( .JEiA}kA£) N(AIIEiAj~A£) W-s CP-3 CP-I0 VP-3
AE AE

1 1 1 1 1;2395 11929 11923.8 11925·0 11952·7 11894.5
1 1 2 1 542 471 435.4 438·7 438.6 430.6
1 1 1 2 3040 2912 2905.4 2904.0 2900·9 2898.6
1 1 2 2 154 131 119·6 120.2 118.0 118.6
2 1 1 1 559 482 451·9 455.3 456.8 446.8
2 1 2 1 160 75 121.5 122·5 122·5 119·6
2 1 12 160 141 128.2 129·1 128.8 126.8
2 1 2 2 43 14 31.5 31.7 31.1 31.1
1 2 1 1 3008 2880 2878.0 2877·3 2876.5 2871.4
1 2 2 1 137 119 109·2 109·9 109·5 107·9
1 2 12 707 671 666.5 666.5 664.1 665.3
12 2 2 41 37 31.6 31. 7 31.0 31.3
2 2 1 1 155 129 120.4 121.0 118.7 119.8
2 2 2 1 53 29 39·9 40.4 40.4 39·4
2 2 1 2 36 28 27 ·7 27 ·9 27·2 27 ·5
2 2 22 10 6 7·3 7.4 7.2 7. 2

Total 21195 20054 19997·9 20008·7 20024.0 19936.0

N 5·30 5·50 4·98 5·22

1'> .18 .17 .23 ·31

[.l .19 .06 .05 .14

cp .96 2·75 5·00 2.22

X2 171·77** 173· 05** 175·44** 175.07**

A.A.D. .101 .098 .101 .101
*p < .10 **p < .01

OJ
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Table 12a. Observed and predicted first-order seguential statistics

for subgroup I-HI (N = 5) during runs 47-66, :n: = .65.

Trial Observed Predicted N(AlIE.A.)
n-l l J

E.A. N( ·IE.A.) N(Al !Ei A
j

) W-s CP-3 CP-l0 VP-3 Linear
l J l J

1 1 4023 3639 3512.4 3650.2 3671. 7 3649·1 3617·6

1 2 437 383 351.6 381. 9 387 ·9 382.2 378.2

2 1 2092 1898 1826.5 1895·8 1901. 8 1894.2 1883.5

2.2 250 215 201.1 217·1 217·1 216.6 216.6

Total 6802 6135 5891. 7 6145.0 6178.5 6142.1 6095.9

N(e) 14.59 25.61 22.56 24.67 .07

5(Pl) .01 ·39 ·59 ·50 .89

f1(P2) ·99 .65 ·30 .69 ·91

cp .01 .60 2.00 ·73

x2 ** ** *77·22 ·57 4.12 .48 2·93

A.A.D. .048 .003 .011 .003 .007

* "*p < .10 P < .01

CD
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Table 12b. Observed and predicted second-order seguential statistics

for subgroup I-IIT (N = 5) during runs 47-66, :It = .65.

Trial Observed Predicted N(AlIEiAjEkA£)

n-2 n-l N(' IEiAj~A£) N( A1 1 EiAjEkA£) W-s CP-3 CP-l0 VP-3
AE AE
1 1 1 1 2288 2084 2021.1 2086.4 2104·9 2090.2
1 1 2 1 239 218 193.4 207·5 211.1 209·2
1 1 1 2 1321 1207 1166·9 1201.1 1208.7 1200·5
1 1 2 2 155 138 125.4 132.4 132·7 131.8
2 1 1 1 261 235 211.2 226.8 230.8 228·7
2 1 2 1 35 27 26.5 . 29·3 29·9 29·6
2 1 1 2 143 118 115·7 123.8 125.6 124.3
2 1 2 2 21 18 15·9 17·3 17·4 17·2
1 2 1 1 1315 li88 1161.6 1195.6 1203.6 1195·1
1 2 2 1 137 118 1l0.8 118·7 120.4 119·5
1 2 1 2 563 515 497.3 510.2 512.4 508.6
1 2 2 2 58 49 46·9 49.4 49·4 49.0
2 2 2 1 159 132 128.6 135·9 136.1 135.2
2 2 2 1 26 20 19·7 21. 5 21;9 21.4
2 2 12 65 58 52.6 55.4 55·3 54·9
2 2 2 2 16 10 12.1 13·1 13·1 13·0

Total 6802 6135 5909·2 6124.2 6173.2 6128.1

N 13·30 17·29 15·53 15.65

0 .01 .63 .58 ·71

I.l ·99 ·99 .29 ·96

qJ .01 .63 2.00 ·74

x2 85.48** 18.68 * 18.4022.16

. A.A.D. .053 .037 .039 .037
*p < .10 **p < .01

OJ
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Table 13a. Observed and predicted first-order sequential statistics

for subgroup I-LO (N ~ 3) during runs 47-66, 1C ~ .65.

Trial Observed Predicted N(AlIE.A.)
n-l 1 J

E.A. N('IEiA j ) N(Al !Ei A
j

) W-s CP-3 CP-l0 VP-3 Linear
1 J

1 1 1867 1327 1360.9 1364.4 1366.1 1361.1 1351.4

1 2 959 634 604.1 607·2 625.2 604.2 596·7

2 1 1042 711 678.3 679·9 664.3 678.6 677·9

2 2 494 233 269·5 270.4 270·9 269·6 271.2

Total 4362 2905 2912.8 2921.8 2926.4 2913·5 2897.2

N(8) 5.45 5·50 5.45 5·45 .23

o(Pl) .48 .48 ·59 .48 ·77

Il(P2) .03 .03 .04 .03 .46

cp 15·25 15·50 15·00 15·25

X2 ** ** ** ** **22.48 22·57 25·29 22.48 24.31

A.A.D. .039 .038 .039 .039 .040

* **p < .10 P < .01
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Table 13b. Observed and predicted second-order sequential statistics

for subgroup I-LO (N = 3) during runs 47-66, :IT = .65.

Trial Observed Predicted N(AIIEiAjEkAg)
n-2 n-l N(' IEiAj~A,g) N(AIIEiAjEkA,g) W-s CP-3 CP-I0 VP-3
AE AE

1 1 1 1 833 646 653.5 656.5 665.3 653.6
1 1 2 1 344 244 223.4 224.2 245.1 223·5
1 1 1 2 500 380 368.6 369·3 354.8 368.6
1 1 2 2 207 105 123.8 123·7 125.6 123·9
2 1 1 1 396 235 260.2 261.3 284.6 260.2
2 1 2 1 20:1- 125 105·9 106.1 124.4 105·9
2 1 1 2 238 122 144.9 145.0 148·7 145.0
2 1 2 2 120 53 57·1 56.8 61.6 57·1
12 1 1 474 359 356.1 357·2 346.6 356.2
1 2 2 1 227 174 136.0 136.0 143.0 136.0
1 2 1 2 231 166 162.5 162.5 148.0 162.6
1 2 2 2 96 46 52.6 52·3 50.2 52.6
2 2 1 1 164 87 98.1 98.0 99·5 98.1
2 2 2 1 187 91 94.2 94.2 105·7 94.2
2 2 1 2 73 43 40.2 40.0 37·7 40.2
2 2 2 2 71 29 32.1 31.9 32.8 32.1

Total 4362 2905 2909·3 2914.8 2973.6 2909·8
N 4.87 4·70 4·75 4.87

5 .26 .27 ·53 .26

~ .02 .02 .05 .02

cp 16.50 17·00 9·71 16.50

X2 71.53** 71.55** 101.22** 71.53**
A.A.D. .056 .056 .061 .056
*p < .10 **P < .01

ss



Table 14a;- Observed and predicted first-order sequential statistics

for subgroup II-HI (N = 6) during runs 47-66, J1 = .80.

Trial Observed Predicted N(AlIE.A.)
n-l l J

N(·IE.A.) N( Al IE.A.) W-s CP-3 CP-l0 VP-3 LinearE.A. l J l J
l J

1 1 5960 5747 5748·9 5754.4 5752.1 5759·4 5716.4

1 2 228 215 211.1 213.6 213·2 213.8 209·3

2 1 1451 1399 1396.2 1393·0 1393·0 1394·7 1383·9

2 2 62 54 56.5 55·9 56.0 56.0 56.6

Total 7701 7415 7412.6 7416.8 7414.3 7423·9 7366.2

N(8) 18.57 15·50 16.00 15.88 .09

o(Pl) .44 .64 ·55 .64 ·97

\l(P2) ·99 .34 .13 .41 ·91

cp .44 1.91 4.38 1.55

x2 **2.35 1. 70 1.69 1.98 10.82

A.A.D. .015 .010 .010 .011 .021

* **P < .10 P < .01
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Table 14b. Observed and predicted second-order sequential statistics
for subgroup II-HI (N = 6) during runs 47-66, :It = .80.

Trial Observed Predicted (NA1 !EiAj V,e)
n-2 n-l N(' IEiAjEkA,e) N(AIIEiAjEkA,e) W-s CP-3 CP"10 VP-3
AE AE,

1 1 1 1 4614 4465 4460.8 4470.4 4476.0 4474.3
1 1 2 1 166 159 151·9 154.2 154.3 154·7
1 1 12 1132 1091 1090·5 1088·7 1090·5 1087·6
1 1 2 2 49 44 43.2 43.2 43.3 43.2
2 1 1 1 171 157 156·7 159·1 159·3 159·6
2 1 2 1 11 10 9.8 10.0 10.0 10.0
2 1 1 2 52 50 47·4 47.9 48.0 48.0
2 1 2 2 4 3 3·5 3.4 3·5 3·5
12 1 1 1127 1084 1085·7 1084.4 1086.3 1085.4
1~2 2 1 42 40 38.3 38.8 38.8 38.9
1 2 1 2 260 25L 249·2 248.1 248.8 248.3
1 2 2 2 8 6 7·1 7·0 7·0 7·0
2 2 1 1 48 41 42.8 42.3 42.4 42.4
2 2 2 1 9 6 7·9 8.0 8.1 8.0
2 2 1 2 7 7 6.2 6.1 6.1 6.1
2 2 2 2 1 1 ·9 ·9 ·9 ·9
Total 7701 7415 7402.4 7412.6 7432. 2 7420 .4

N 13·30 11.40 11.55 11.55

5 .47 .62 .56 .66

fl ·99 ·32 .13 .42

cp .47 1·93 4.34 1.56

x2 14.18 13.14 14.25 13·21
A.A.D. .057 .056 .057 .056
*p < .10 **:p < .01
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Table 15a. Observed and predicted first-order sequential statistics

for subgroup II-LO (N = 6) during runs 47-66, rc = .80.

Trial Observed Predicted N(A1IE.A.)
n-l 1 J

E.A. N( ·IE.A.) N(AIIEiAj) W-s CP-3 CP-I0 VP-3 Linear
1 J 1 J

1 1 5811 5251 5254.8 5257·7 5262.0 5254.6 5228.4

1 2 721 591 590.0 595·0 593·1 591. 7 581.6

2 1 1426 1265 1261.1 1260.3 1271·9 1263.3 1250.1

2 2 191 147 148.6 149.4 151·7 149·6 149·7

Total 8149 7254 7254·5 7262.3 7278 .7 7259. 2 7209·9

N(e) 7·91 8.10 8·97 8.27 .21

5(Pl) .34 ·37 .27 ·33 .96

fl(P2) .10 .06 .04 .08 .80

'1' 3.38 5.88 7·39 4.20

X2 *.22 ·57 1. 33 .26 3.41

A.A.D. .003 .004 .008 .004 .010

* **P < .10 P < .01

'8



Table 15b. Observed and p~adicted second-order sequential statistics

for subgroup II-LO (N ~ 6) during runs 47-66, :r( ~ .80

Trial Observed Predicted N(AlIEiAjEkA£)
n-2 n-l N( . IEiAjEkA£) N(AlIEiAjEkA£) W-S CP-3 CP-l0 VP-3
AE AE

1 1 1 1 4192 3813 3826·9 3825·7 3839·6 3830·9
1 1 2 1 450 377 374·7 374·9 375· 5 375·3
1 1 1 2 1029 931 923·5 924.0 928.5 917·1
1 1 2 2 115 93 92.2 92.4 92·7 92.3
2 1 1 1 487 423 406.8 406.9 407.6 407.5
2 1 2 1 112 79 87·6 87·7 87 ·9 87.8
2 1 12 120 97 98.3 98.4 98·7 98.5
2 1 2 2 27 13 20.3 20·3 20.4 20·3
1 2 1 1 1025 927 921·7 922.1 926.6 922·7
1 2 2 1 122 106 99.8 99·9 100.2 99·9
1 2 12 234 207 206·7 207·1 208.3 207·0
1 2 2. 2 39 33 30·7 30.8 30·9 30·7
2 2 1 1 107 88 85.8 86.0 86.2 85·9
2 2 2 1 37 29 28.6 28.6 28·7 28.6
2 2 1 2 43 30 33.8 33·9 34.1 33.8
2 2 2 2 10 8 7·4 7·4 7·5 7·4
Total 8149 7254 7244.8 7246.1 7273.4 7253·3
N 8.85 9·02 8·97 8.85

6 .30 .28 .27 ·30

fJ. .09 .05 .. 04 .07

cp 3.45 6.03 7·39 4.22

X2 25.46** 25.46** 26.60** 25.53**

A.A.D. .044 .044 .044 .044
*p < .10 **P < .01

\0
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predictions from the modified linear operator model in the column

headed Linear. The parameter estimates and the minimum x2 value are

also given. Also, the observed second-order frequencies,

N(AIIEiAjEkA£) , are presented, together with the predicted frequencies

from the weak-strong and constant parameter (k ~ 3 ,10) models.

For the homogeneous subgroups, the predictions of first- and second-

order frequencies from the 3-state model incorporating the variable

parameter assumption are also presented in the column headed VP-3.

It should be noted that the transition frequencies are presented

instead of the transition probabilities. The frequencies are more

informative in this case, since a numerical estimation procedure

yielding a minimum X2 estimate was used. The normalizing frequencies,

allowing recovery of the transition probabilities. Moreover, because

of the limited space, only the observed and predicted Al transition

frequencies are presented, and the A2 frequencie~ can be obtained

from the normalizing frequencies. The average absolute deviations

(A.A.D.) have been computed and are presented for comparison with the

X2 values.

The observed first-order transition matrices were used to obtain

parameter estimates in the following manner. There are eight cell

entries in the first-order transition matrix which may be used for

estimation purposes. Parameter estimates will be obtained from the

observed conditional statistics, and it will be required that the pre-

dieted transition frequencies in each row sum to the observed value

N( 0 IEiA.) thus reducing the available degrees of freedom from seven
J
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to four. In all of the analyses, it is assumed that e = 6, i.e.,

that cQunterconditioning is equivalent toa weakening process. Thus

it is necessary to estimate three parameters, 6, ~ ,and N. Sub-

ject to the restraint mentioned above, values of the parameters are

chosen which minimize the sum of normalized squared deviations of the

predicted cell transition frequencies from the observed frequencies.

A
Thus, if N(AiIEjAk) is the predicted number of transitions in the

i th column and the (j,k) th row, obtained by the relation

~(AiIEjAk)N(' IEjAk ) ,where ~(AiIEj~) is a function of 6 ~,

and N, then we seek those values of 6 , ~ , and N which minimize
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the function:

=i,j ,k
[20J

The parameter values yielding the minimum value of this function

were determined numerically, using the IBM 7090, by means of a binary-

search technique developed by the"programming staff of the Institute

for Mathematical Studies in the Social Sciences at Stanford University.

The same procedure was followed in obtaining parameter estimates

based on the second-order statistics; i.e., it is required that the

predicted transition frequencies in each row sum to the total observed

This restriction reduces to 16 the

degrees of freedom, and the estimation of three parameters further

reduces the degrees of freedom to 13.

Parameter estimates were obtained separately for the first- and

second-order statistics for the k-state models because on the one

hand, it was desirable to obtain a fit using the first-order



statistics for estimation, to allow comparison with the linear model,

and on the other hand, we were interested in evaluating the fit of

k-state model to the second order statistics using the best possible

*estimate.

Summary of sequential statistics. The results presented in Tables

4-16 may be summarized by the following statements:

1) When the transition frequencies are accumulated over all

subjects in Group I or Group II (Tables 4, 5, 8, and 9), neither

the k-state models or linear models are very successful in

accounting for the data. The linear model provides unsatisfactory

fits of the first-order statistics in every case. The weak-strong

model and the 3-state model account rather well for the first­

order statistics of Group II during Runs 11-20 and Runs 47-66.

However, the models break down when applied to the first-order

statistics of Group I, or to any of the second-order statistics

of Group I or Group II.

2) In the eight cases where the models are applied to homogeneous

subgroups (Tables 6, 7, and 10-15) the weak-strong model provides

a relatively adequate fit to the first-order statistics in four

cases (Tables 7a, lla, 14a, and 15a), the 3-state model in five

cases (all except Tables 6a, lOa, and 13a), and the 10-state

*See Appendix B for further details on the estimation procedure.

Special thanks are due to the programmers at the Institute, C. Larson,

R. Miller and W. Phillips, for their invaluable assistance in reduction

and analysis of the data.



model in three cases (Tables 7a, 14a and 15a). The 3-state models

incorporating the constant and variable parameter assumptions

provide quite similar fits in most cases, although the variable

parameter model is generally a little better (Tables 6a and 14a

are exceptions), and in one case (Table lOa), the fit is markedly

better. The linear model can account relatively well for two sets

of data (Tables 7a and lOa). When the 3-state model was applied

to the second-order statistics, a relatively good fit was obtained

in two cases (Tables 12b and 14b), and in four other data sets,

the agreement between the model and the data was not too bad by

conventional standards (Tables 7b, lOb, 13b, and 15b). Again, it

made little di~ference whether the models incorporated the con­

stant or variable parameter assumption, and there was not even a

slight indication that one assumption might be more appropriate

than the other.

3) Considering the k-state models, if the mean response probabil­

ity is outside or near the bounds of a model for some particular

value of k, then the fit of the model is quite poor. Thus, the

reason that the first-order statistics are inadequately represent­

ed by the weak-strong model in two of the subgroups (Tables lOa

and 12a) is that the mean response probability exceeded the upper

bound of this model. If a higher bound is obtained by using the

3-state model, the data can be accounted for rather well. In the

remaining instance where the weak-strong model gives a poor fit

(Table 13a), none of the models proves to be adequate, apparently

because P(A
l

) is close to rt , the lower bound of the models.
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(While the conjecture above has not been proved, it is worth

remarking that. for a number of sets of data from human two-choice

experiments which. are not discussed in this paper, when the k-state

models are applied to the data, the same deterioration of the fit

of the models has been noticed when P(A
l

) is close to the upper

of lower bound of the model for some k.)

4) In the cases where some k-state model provides a fair account

of the data, parameter estimates based on the first-order statis­

tics may differ somewhat from those estimates based on the second­

order statistics. The parameter ~,which is the ratio of 6 to

~ , remains relatively invariant, but the actual values of 6 and

~ may vary considerably. The number of stimulus elements, N

is well behaved in most cases, but may sometimes range consider­

ably, depending on the statistic used for estimation, especially,

it appears, if the estimate exceeds 10 (c.f. Tables 10, 12, and

14) .

Reinforcement-run statistics. The third- and fourth-order reinforce-

ment-run statistics, N(AIIEiEiEj) and N(AIIEiEiEiEj) , i, j = 1, 2,

i t j , were obtained for subgroups I-MP and II-MP during Runs 11-20

and during Runs 47-66, and also for the high and low subgroups during

Runs 47-66. These frequencies and the normalizing frequencies are

presented in Table 16, along with predictions based on the 3-state

model with the constant parameter assumption, where the parameter es­

timates were based on the second-order sequential statistics. Thus,

one degree of freedom is available in each cell to test the fit of

the model. Two cells are empty in this table because of insufficient
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A
2

observations following the reinforcement sequence. Of the 30 re­

maining cells in this table where predictions have been made, only

three cells contain deviations of the predicted from the observed

values large enough to produce a X2 significant at the .10 level.

The swn of the 30 X2 ,s is 41.49617; a value this large or larger

can be expected about ten percent of the time with 30 degrees of free-

dom.

Also presented in Table 16 are the second-order statistics,

P(A1IE,E.) , which are presented in order that the recency effect may
l J

be observed. Very often, with untrained human subjects, a negative

recency effect, the so-called "gamblers fallacy," has been noted. In

this study, however, ·'there.,is;:usually speaking, a positive recency

effect, which most models would predict; as the response on trial n
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is conditionalized on longer sequences of E.
l

events, there is an

increase in the probability of an Ai response on trial n There

are two exceptions to the positive recency effect. First of all,

there are perturbations in the El recency e.ffect during 50-50

training, in that P(Al !E1E2 ) is greater than P(AlIE1E1E2) , while

the reverse relation should hold. The inversion is disturbing,

though the difference between theory and data are not statistically

significant.

The second exception concerns the relation between the relative

effects of runs of El and E2 events. In general, for :J( > .50 ,

P(Al ) is constant over varying lengths of E
l

event runs, while

P(Al ) decreases over varying lengths of E
2

event runs. Inother

words, a series of El reinforcements does not increase the A
l



Group "

I-MP .50

II-MP .50

I-MP .65

II-MP .80

I-lIT .65

I-LO .65

II-lIT .80

II-LO .80

Note.

Table 16a. Observed and predicted El reinforcement-run

statistics for selected subgroups.

Reinforcement sequenc,e, trial n,·k, n-k+l, ... n-l

E2El E2EI EI
.' E2EIEI El

Observed Observed Predicted Observed -Predicted

N(o) N(Al ) peAl) N( . ) N(Al ) P(A1) N(Al ) peAl) N( . ) N(Al ) peAl) N(Al ) peAl)
,

2106 1123 ·5332 1345 693 ·5152 710.2 .5280 727 396 .5447 406.2 .5587

2082 1099 .5278 1344 699 ·5201 710·9 ·5290 737 403 . .5468 396.7 .5382

5011 4720 .9419 3196 3014 ·9431 3017·0 .9440 2059 1949 ·9466 1943·7 ·9440

3353 3157 ·9415 2730 2585 .9469 2567·2 ·9494 2136 2010 ·9410 2012.2 .9421

1637 1458 ,8906 1093 997 ·9122 984.8 ·9010 678 620 ·9145 611.8 ·9024

1052 711 .6758 652 435 .6672 438.4 .6734 401 295 ·7357 276.6· .6899

1226 1171 ·9551 1036 990 ·9556 994.2 ·9597 811 780 ·9618 779·8 ·9616-

1291 1150 .8907 1076 955 .8876 953.6 .8862 839 748 .8915 745.4 .8884

Predictions are from the 3-state model with a constant parameter assumption, using

parameter estimates based on the second-order sequential statistics.

* 2X , P < .10

\0
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Group :n:

I-!'1P ·50

II-!'1P .50

I-!'1P .65

II-!'1P .80

I-HI ,65

I-LO .65

II-HI ,80

II-LO .80

Table 16b. Observed and predicted E2 reinforcement-run

statistics for selected subgroups

Reinforcement sequence, trial n-k, n-k+l,.,.n-l

E1E2 E1E2E2 E1E2E2E2

Observed Observed Predicted Observed Predicted

N( 0) N(A1 ) P(A1) N(' ) N(A1) P(A1) N(A1 ) P(A1 ) N( .) N(A1 ) P(A1) N(A1 ) P(A1)

2093 986 .4710 1358 618 .4551 640·9 .4720 698 304 .4355 308.1 .4413

2069 1033 .4992 1322 631 .4773 622·7 .4710 695 330 .4748 320·9 .4617

4971 4725 ,9505 1440 1347 .9354 1358.9 .9437 586 530 ,9044 552.4* .9427

3397 3198 ,9414 700 660 ,9429 652.3 ,9319 110 100 ·9091 101.8 ·9252

1640 1481 ·9030 489 438 .8957 438.6 ,8970 204 177 .8677 182.4 .8942

1065 660 .6197 303 189 ,6238 187·6 .6191 118 69 .5847 69,4 ,5885

1237 1188 ·9603

·7609 * .86891291 1134 .8783 281 240 .8541 2463 .8766 46 35 40.0

Note.--Predictions are from the 3-state model with a constant parameter assumption, using

parameter estimates based on the second-order sequential statistics. Empty cells indicate

insufficient observations, N(A2) < 5· * 2X , P < .10

'D
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probability, while a series of E
2

reinforcements does decrease the

Al probability. This asymmetvy of the classes of reinforcement events,

which is predicted by the k-state models for k > 2 , will be consider­

ed further in the next chapter.
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Discussion

In this final section, we will comment on ce.tain p.oblems which

a.ose dU.ingthe cou.se of the study, and make explicit ce.tain aspects

of the study which we feel to be significant. First we will take up

the matter of response bias, a possible manner in which this bias

might be taken into account in the k-state models, and the probable

effects of bias in this study, in terms of the fit of the model to the

data. Next there will follow some comments on the selection procedures

which were used to pick out the various subgroups. By way of compar­

ing the two general classes of models which have been considered, viz.,

linear and k-state Markov models, the relative inadequacy of the mod­

ification of the linear model which was proposed will be considered,

and the section will conclude with a consideration of some problems

related to evaluation and comparison of the various specific models

included under the heading of k-state models.

Response bias. Well over half the sUbjects in this experiment exhib­

ited marked response biases during the 50-50 schedule, selecting one

response or the other more than 80 per cent of the time during a

block of over 1000 trials. An examination of the response counts

during the preliminary 50-50 training, for which no punch-card record

is available, indicates that the biases were evident in most instances

virtually from the beginning of the two-response task, and these

biases were consistent during the entire course of the 50-50 schedule.

These results are comparable to those obtained by a number of other

investigators; e.g. Witte (1959) found extreme bias in approximately

two-thirds of a large group of albino rats (N = 171) run in a two-

101
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choice T-maze under a 50-50 schedUle.

It is possible, of course, to modify any of the Markov models to

include a neutral state, where it is assumed that the animal responds

according to some biasing rule if a sampled element is in the neutral

conditioned state. This development has not been carried through in

the present paper because of two partially related difficulties which

seem inherent in any model incorporating a neutral state. First, with

the exception of the mean response probability, P(Al ) , which has a

fairly simple form, all theoretical expressions of the sort derived

earlier in this paper become considerably more complex when one adds a

neutral state. Secondly, the estimation of parameters becomes much

more difficult, in part because of the increase in the complexity of

the theoretical expressions, but also because as one increases the

number of parameters, the computer time required to obtain estimates

increases exponentially,.

Actually, the state of affairs is not as bad as it might seem.

For assumptions of the sort which were considered, it turns out that

the probability that an element is in the neutral state reaches a max­

imum when n is .50. (An analogous result which was proved for the

k-state models is that the probability that an element is in a weak

state of conditioning reaches a maximum when n is .50.) The failure

to take the bias into account should be most noticeable during the

50-50 schedule, but the models should prove fairly adequate for the

other schedules. In the absence of particular interest in the bias

phenomenon, it is unfortunate that efforts to minimize bias in the

apparatus were not more successful, since, e.g., the existence of
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marked biases greatly complicated the evaluation of the manner in

which parameters might vary as a function of IT •

Selection of subgroups. Two different procedures were used to select

homogeneous subgroups, First, those subjects showing the least bias

during the 50-50 schedule were selected. Secondly, subgroups of

subjects whose mean response probability was similar during the 65-35

and 80-20 schedules were formed. These two selection procedures are

not independent, but the first procedure is more sensitive to bias,

while the second procedure is more sensitive to similarity of condi­

tioning parameters. (More properly, the second procedure selects sub­

jects having a common value of ~,the ratio of the conditioning

parameters.) The second procedure produced the better results, con­

sidering the 65-35 and 80-20 data, which indicates that the existence

of initial biases may indeed not be too important if the reinforcement

schedule and mean response probabilities are not close to .50.

Moreover, the poorer fits for the large groups, which are com­

posed of subjects whose conditioning parameters may be presumed to

vary rather widely, points out that adequate tests of a model may re­

quire that the assumptions of the model be closely met. The k-state

and linear models constitute descriptions of the behavior of individ­

ual subjects, and cannot necessarily be expected to account adequately

for the behavior of a group of orgl3,nisms exhibiting widely disparate

behavior. Neither of the selection procedures which were used guaran­

tees in any way that the models will fit, since the criteria for sel­

ection are not directly related to the statistics used to test the

models; the selection procedures used the mean response probability,
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while sequential statistics were used to evaluate the models.

Linear model. The linear model has been given relatively brief treat­

ment in this paper. The task of deriving the second-order sequential

statistics has not been attempted and the generalization of the linear

model which was presented represents only one of a variety of modifi­

cations which might be examined. It was analyzed because it has an

intui.tive interpretation in terms of memory for past events, yet

retains a simple form. Elf and large, the linear model was less ade­

quate than the Markov models, and the reasons for the poorer fits pro­

vided by the linear model are fairly easy to point out.

First, an examination of Eq. 15-18 will show that the linear model

predicts that

I.e., the effects of the E
l

and E
2

reinforcement events are pre­

dicted to be symmetrical, in the sense that the events are equally

effective in changing response probability, if the effect is condi­

tionalized on the response which occurred. However, it is a character­

istic of the data that, for ~ not equal to .50, the left-hand side

of Eq. 21 is much smaller than the right-hand side. The differential

effect of the reinforcements on the response probability on trial n,

given that an Al had occurred on trial n - 1 , was very slight,

while the differential effects of the reinforcements, given that an

A2 had occurred on trial n ~ 1 , was considerably greater. In

particular, if an A2 occurred on trial n - 1 , and was reinforced,

there was a sizable decrement in the probability of an Al on trial n.
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The difference between the right- and left-hand sides of Eg. 21 were

computed for the homogeneous subgroups where n was equal to .65 and

.80. These differences are all negative, and range from -.0121 and

-.1610. There is only one inversion in the rank orderings of the size

105

of the difference above and the value of from the linear model

for these sets of data; in general, as the asymmetry of the reinforce­

ment effects increases, as represented by these differences just

described, the fit of the linear model to the data becomes worse.

A second problem with the linear model is best illustrated by

referring to data from the MP groups under the 50-50 schedule (Tables

6a and 7a). There was some possibility that the modified linear model

might be superior to the k-state models in accounting for these data,

since the k-state models must predict that the mean response probabil­

ity is exactly equal to .50, given a 50-50 reinforcement schedule,

while the mean response probability predicted by the modified linear

model may vary between 0 and 1, depending on Pl and P2 The

deviation of the group mean from .50 during this schedule was not

large, but the linear model can predict this deviation, while the

k-state model cannot. Reference to Tables 6a and 7a will show that

for Group II-MP, the fit of the linear model is good, while for I-MP,

the fit is very poor. The fit of the linear model to the larger groups,

I and II, is considerably worse than the fit of the k-state models.

The problem appears to be that in computing V2 ' homogeneity of

the sUbjects is assumed, in the sense that all the subjects may be

described by the same set of parameter values. The subjects in II-MP

appear relatively homogeneous, the subjects in I-MP are less



homogeneous, and there is wide variability in Groups I and II; this

relationship parallels exactly the relative adequacy of the linear

model. The second raw moment, V2 , is estimated under the assumption

that the population of subjects is homogeneous, and the observed

heterogeneity results in too small an estimate of V2 . The effect of

the underestimation is that it becomes impossible to account for the

response perseveration which is observed in the hetergeneous groups.

Elf response perseveration is meant the tendency to repeat the

previous response is very large, compared to the reinforcement effects,

or P(Al!EiAl ) - P(Al !Ei A2 ) is large, relative to the difference,

P(Al!ElA.) - P(AIIE2A.) for any E. and A..J . J l J

By considering Eq. 15, one can see that if TI is ·50, and VI

is also close to .50, then in order for P(AIIEIAl) to become relative­

ly large, 8P
l

must be large, since the remaining term, (1-8)V2 ,

VI
reaches a maximum value of approximately .30, for any value of P,
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at 8
~

2 _1/ 2 . But if the reinforcement effect is relatively

small, (e.g., if Ip(Al!ElAj ) - P(Al [E2Aj J[ is less than .10 for all

Aj ) then 8(P
l

-P2 ) must be small. If 8 is set equal to 2 -~,

and if P(AIIEIAl) - P(AIIE2Al) < .10 , as is observed in the data,

then PI - P2 must be around .15 to account for this difference.

Hence PI must be approximately .57, since P (or VI) is close to

.50 by assumption. With these choices of the parameter values,

P(AII EIAl ) is predicted to be about .63, while the observed value of

P(Al!ElAl ) , in those cases where the fit is bad, is greater than .63



by quite a bit; the same type of problem is affecting the other

cell entries, of course. If V
2

were estimated separately, in such

a manner that its value reflected the heterogeneity of the subjects,

it would presumably be larger, (1-8)V2 would be larger, and the fit

VI

of the model should be improved. Another course of action might be

to apply the model to individual subjects.

Comparison of k-scate models. Turning to a comparison of the class of

k~state Markov models, we want to consider the questions, (1) can one

find an optimal value (or values) for k, and (2) what are the

relative merits of the constant and variable parameter assumptions?

While a partial answer to these questions was indicated in the summary

comments on the sequential statistics, there are a number of further

considerations which are of interest.

With regard to the first question, recall that as k is in-

creased, the upper bound on response probability increases, tending

toward 1 as k becomes large. As long as k is sufficiently large

sO that the observed mean response probability falls between the upper

bound determined by k and the lower bound of 11: , then it appears

that k m§y take on a fairly wide range of values without drastically

changing the fit of the model to a given set of data. Using the

constant parameter assumption the data of the homogeneous subgroups

were fitted with models for which k was set equal to 3, 4, 5, and

10, as well as the weak-strong model. The results from the weak-

strong, 3-state and 10~state models are presented in the tables of

sequential statistics. Overall, the 3-stace model does the best job
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of accounting for the data. The reasons for the relative inadequacy

of the weak-strong model relative to these data have been discussed.

Comparing the 3-state and 10-state models, the first-order statistics

are generally handled better by the 3-state model, but the difference

between the second-order X2 values for the two models over eight

sets of data is usually less than five per cent for each set of data.

Sometimes the 3-state model is slightly better, and sometimes the

10-state model is a little better, but in no case is the difference in

the fit of the two models large enough to take seriously. Moreover,

although the details of the results will not be presented, the same

remarks also apply to comparisons of the 4-state and 5-state models

with the 3-state model. Thus for values of k as large as 10,

there is no clearcut evidence favoring any particular value of k as

being an optimal value.

Concerning the question of the constant and variable parameter

assumptions, the situation is qUite similar. That is, comparing the

3-state model incorporating the variable parameter assumption with

the 3-state constant parameter model, the predictions from the two

models are not very different, and the x2 values are consequently

of the same order of magnitude for any set of data. This agreement

between models in the k,-state class also holds for the 4- and 5-state

models. Thus, although it would appear that different assumptions

are being made about the nature of the underlying conditioning pro­

cesses, it is not possible from these data to choose between the two

assumptions.
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teen sequences did constitute more than half the total

Sources of discrepancy. Considering in more detail the fit of the

3-state constant parameter model to the data, it may be possible to

determine the exact way in which the model does not agree with the

second-order sequential statistics from the homogeneous subgroups.

Looking at Tables 6b, 7b, and lOb through 15b, the discrepancy between

the model and these sets of data is reflected in a X2 of about

432, with 104 degrees of freedom. The contribution to this X2 of

each of the sixteen pairs of sequential statistics, N(A1IEiAjEkA£)

and N(A2IEiAjEkA£) , summed over all data sets, was determined in

order to find whether some of the sequences were making a consistently

larger contribution to the total X2 than others. Five of the six­

X2 and the,
discrepancy between predicted and observed values for these particular

sequences always tended to be in the same direction within each

sequence, with no significant exceptions.

Following the sequences A2E~2El' A2E1A2E2 , and A2E2A2El ,

an A2 tended to be observed on the next trial more frequently than

the model predicts. I.e., there was more A2 perseveration, regard-

less of the occurence of El events, than the theory predicts. The

contribution to the overall X2 of this perseverative facto~which

may reflect position preferences, was about 162. As mentioned pre-

viously, the k-state model, for ~ not equal to .50, predicts in-

creased perseveration on the Al response as the mean response

probability increases. But if an A
2

occurs on any trial, it is most

probable that the sampled element is in a weak state of conditioning

to the A2 response; if an E
l

follows the A
2

, then with
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probability e the element will change to a weak state of condition-

ing to the Al response, and hence an Al will occur on the next

trial on which the element is sampled. On the average, then, persever-

ation on the A2 response should be reduced by the occurrence of an

no

e is not small. In the data, however, the tendency of the

animal to perseverate on the A
2

response, regardless of the occur­

nonce of an EI reinforcement, was greater than predicted.

predicted, and following the sequence A 's
I

were

observed than predicted. In both these sequences, the subject makes

an A. which is not reinforced, and switches to the alternate
l

response, A. , on the following trial.
J

The is not reinforced

either, and following this pair of incorrect responses, the subject

switches back to Ai more frequently than the theory predicts. The

contribution of these two sequences to the total x2 was about 75.

In all of the models, it has been assumed that the effects of the

reinforcement events are independent of the preceding response and

reinforcement events. One way of viewing this perturbation between

model and data from a theoretical standpoint, might be in terms of a

dependence between the reinforcement effect and preceding events.

One might assume, for example, that the effect of the reinforcement

event on trial n might depend on whether the response on the pre-

ceding trial had been correct or incorrect. An assumption of this

sort would result in enormous complications in analysis of the models

and we will not pursue the matter in any detail. However, the se-

quences mentioned above, as well as the sequences A
I
E

2
A

I
E2 , and



A2E
1
A

2
E

l
' all of which constitute sequences of two consecutive trials

on which the subject makes an incorrect response, seem to indicate

that the reinforcement event following the second incorrect response

is more effective than the theory predicts, bringing into question the

assumption of independence of the reinforcement events.

Although considering the overall X2 value, the k-state models

did not give a totally satisfactory account of the response-reinforce­

ment pairs, the reinforcement-run statistics are fit rather well by

the 3-state model and this result is due to a property of the data

which the model predicts. As mentioned in the Results section, for

the 65-35 and 80-20 schedules, there is a marked asymmetry between

the effects of runs of E
l

events compared to runs of E2 events.

As the response on trial n is conditionalized on longer and longer

runs of E
l

events, the response probability remains virtually

constant, as the model predicts it should, given the values of the

parameters which best describe the second-order sequential dependen­

cies. [It is estimated that there are a fair number of elements in
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the population, most of which are conditioned to A
l

if an element

is conditioned to A2 at the start of the run, in order to increase

the Al probability, it must counter-condition during the run of

El events,which is unlikely since 0 is small and N is large.]

But as the response is conditionalized on longer and longer runs of

E2 events, there is an increasing decrement in the prob",bili ty of

an Al , which the model also predicts. [Since ~ is also fairly

small, many of the elements which are conditioned to A
l

are in the

weak state, "'nd thus even though 0 may be small, there is a



relatively good chance that the element sampled on trial n was

initially weakly conditioned to A
l

and counterconditioned during

the run of E
2

events.]

Asymptotes and analysis. The overall response pro'babili ty in this

study was very high. A number of subjects chose one response alterna­

tive on more than 99 percent of the trials during Runs 47-66. The

analysis of variance indicates that the response probability was still

climbing, and it is not inconceivable that the asymptote for all the

subjects might prove to be 1 or 0 eventually, although millions of

trials might be reguired in some cases to reach these final levels.

The tendency of subjects to absorb on a single response alternative

during long term training has also been noticed in a study using human

subjects by Bourne (1963). In a two-choice study using human subjects

by Friedman, Burke, Cole, Keller, Millward and Estes (1962), there

was some evidence of an upward trend in the response probability of

trained subjects following a long series of trials with n of .80,

although the trend was not significant.

There are numerous models which can predict an asymptote of 1 or 0

for values of n other than. 50. The simple linear model can be inter­

preted to predict this result, as can the modified linear model. The

upper bound on the k-state models rapidly reaches a value which cannot

'be distinguished from 1 for reinforcement schedules other than 50-50;

e.g., for both the reinforcement schedules which were used in the

second portion of the study, the upper bound for the 5-state model is

greater than .9999. However, the asymptotic data of subjects who

absorb on a response alternative do not permit a choice between
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alternative models.

Thus attention has been concentrated on subgroups of subjects

whose behavior over a block of trials appears relatively stable at

some value between rt and 1. A class of Markov models based on

reinforcement principles has been analyzed, showing that within

appropriate boundary conditions, models from this class give a fair

account of the sequential statistics from these selected subgroups,

compared to an alternative linear model. From strict statistical

considerations, the models might be rejected, since, e.g., for the

3-state model from this class, the overall X
2

of 432 with 104

degrees of freedom is highly significant. However, certain important

sources of the discrepancy between model and data have been speci~ied;

in particular, there is more response perseveration in the data than

the models predict. This discrepancy has been laid at the door of

"position bias," a tactic which admittedly is not entirely satisfac-

tory. The prospects of modifying the model to incorporate a bias

state are not very encouraging. A more promising course of action

would be to alter the experimental situation in such a fashion that

the effect of bias factors would be reduced; in the absence of a

better understanding of the sources of bias, such changes may have

to be made by a trial and error Process.

The evaluation of any model of behavior proceeds a step at a

time. In the case of models applied to probability learning, the

initial test of a particular model is that it must be able to account

for the mean response probability. It was the fact.that the weak­

strong model imposed an upper bound less than the observed values of

113



the subjects which lead to consideration of the k-state generalization.

Given a model which can account for response probability, next its

ability to account for the sequential characteristics of the data must

be determined. As response probability is conditionalized on longer

and longer sequences, the model is put to more rigorous tests. The

limit on such testing depends in part on the data, since the occurrence

of observations following some sequences becomes very rare for n not

to equal to .50, and also on the willingness of the theorist to derive

the increasingly complex expressions for these sequences. The impor­

tant point is that a model may give a very good account of a set of

~taonone level 0t analysis, and yet prove quite inadequate when the

data are analyzed in more detail.

In fact, one is almost guaranteed that, given a model of behavior

which is quantitatively precise, some aspects of the data will be

found to differ significantly from predictions of the model. An

examination of the natu.re of these discrepancies often suggests ways

in which the assumptions of the model need to be changed. Thus, as

illustrated in this paper, a mathematical model not only allows a

precise test of a set of axioms, but also may lead to important modifi­

cations in assumpcions about the learning process.

l~
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Appendix A: Sequential Statistics for k-state weak-strong model·

For simple weak-strong model (k = 2):
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= 0
(1- n)3
(A+ B)

2
_ n(l-n) q>

w2 - A+ B

A =

For constant parameter case (Oi = 0, ~i = ~, k> 3):

S =A-s-w1 1 1

k( )k - 1 k - 1_ n 1- n p
wl - (A + B)

(k- 1)(1 )k k- 1_ n - n p
w2 - (A + B)

k-2(1 )k+lk-2n - n q>
s2 = (A+ B)



For variable parameter case

sl = (A+ B)

k( )k-l 2k- l _ln I-n cp

k-l
k-l( )k 2 -1n I-n _ cp
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2k-l 2
k

-
l 'Lk-

l
~l-n Ii ._2k- i - l

A=n cp -cp
n

i=O

B=
2k-l 2k- l k)l: ( n Ii _2k- i - l

(l-n) cp - cpI-n
i=O

First-order sequential dependencies:

P(AI IEIA2 ) = ~B [w28 + (N - l)AB]

P(AIIE2Al) = N~[Sl + sl + Wl(l - 8) + (N - 1)A
2

]

(N - l)A
N



Second~order sequential dependencies:

1+ 3(N - l)A+ (N - l)(N - 2)i
P(AIIE1\EIA1 ) '" ---------~­

N[l+ (N - l)A]

2
W

2
g + (N ~1)A[2""2 +B] +(N - l)(N - 2)A B

P(Al!ElAlElA2) =
N[""2+ (N -l)AB]

A-w
1

g + eN -l)A[3(Sl + sl)+ w
l

(3 - 2g)] + (N-l)(N _2)A3

P(A1IEIAIE2Al) = 2
N[A ~ w

1
g+ (N - l)A ]

1+ (N-2)A

P(AIIEIA1E2A2) =
N

P(AIIEIA2E1Al)

B+w
2

G+ (N -2)AB
=

NB

(1 - G)Gw2 + 5Gs
2

+ (N -1)[2BGw2 + AfW2 (1 - G) + s2 + S2~] + (N - l)(N - 2)AB
2

N[w
2

(1- G)+ s2+ S2+ (N_l)B
2

]

G
2

Wl + (N-l)[AG(W
l

+ w2 ) +BtSl +sl +Wl(l- G)}]+ (N- 1)(N- 2)A
2

B

N[wlG + (N - l)AB]

(1 - ~)""2 + (N -1)[B""2 +AB] + (N - l)(N _ 2)AB2

N[B+ (N - 1)B
2

]



8
1

+ 8
1

+W
1
[fl +(1- fl)(l-g)]+ (N -1)A[3(8

1
+ sl)+w

1
C3 - g)] + (1:1 -l)(N- 2)A3

NA[l + (N - l)A] .
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(1- g )gw2 + (N - l)[2Agw2 + B(A - w1g)] + (N - l)(N - 2 )A
2

B

N[w
2

G+ (N -l)AB]

8
1

+ 8
1

(1 - 5G) + w
l

(1 - G)2 + 3 (N - l)A[A - w
l

G] + (N - l)(N - 2 )A3

. 2
N[A -wlG+ (N -l)A ]

l+(N- 2)A
P(A1IE2A2E1Al) = ---­

N

(N -l)[Bgw2+ A(B -w
2

G)] + (N-l)(N _2)AB2

2
N[B ~ w

2
G+ (N - l)B ]

(N - l)[Agwl +B(A" wlG)] + (N - l)(N _2)A2B

N[W1G+ (N -l)AB]

(N - l)A + (N -l)(N- 2)AB
P(AlIE2A2E2A2) = --------­

N[l + (N -l)B]

where for N < 2, (N - 2) = 0



Reinforcement run statistics:

;3[Si + si + Wi [1_S(1_S)2] + wj [(l-fl) {1_(1_S)2} + flOS] + Sj(1-fl2 )SO

+ (N-1) ~(Ai)Wj {1_(1_S)2) + sj08 + 2(P(Ai )"Wi S(l-S) + W/1-fl)S}]

+ (N-1
2

[3P(Ai ) + S(2Wj -Wi )] + (N-1)3p (Ai )}

~{Si + si + Wi [1_S(1_S)3j + WA(1-fl)t1-(1-e)3} + fl{0-0(1-e)2 + (1-0)oe1]

+ Sj[fl2020e + (1-fl2 ){O[l-(1-S)2] + (l-o)oe}] + Sj (2) (1-fl
3

)020e

+ (N-1)[P(Ai ) + Wj{1-(1_S)3} + Sj[0[1_(1_e)2] + (l-O)OS} + Sj (2)020e]

*23

where

+ euwo-Wo)] + (N-1)4p (Ao)}
J l l
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Appendix B

Assume, for purposes of explanation, that the t~eoretical expres-
/\

sions, P(AiIEjAk), are functions of two parameters, a and ~ ,

having a range between ° and 1. The binary search program proceeds

first by setting the first parameter, a, equal to .50, the midpoint

The first step is to determine thesuccessive binary iterations.

of its range. The program then finds, to a desired accuracy, the

value of ~ which yields the minimum X2 for a equal to .50, by

X
2

for ~ of .25, ·50 and 75· If the smallest is at .25, then the

minimum (for a ~ .50) must be between ° and .50, so the next three

values of ~ are chosen to be .125, 125, and .375. The minimum value

from this set of three determines a new set of three, and so on. The

number of iterations determines the accuracy of the estimate. After

the minimum value of ~ has been determined for a equal to .50,

then the minimum is determined for a equal to .25 and .75, and the

value of a yielding a minimum (for some ~) then determines a new

set of a values on which the iteration is performed. The process

takes considerable time for three parameters if more than two or

three place accuracy is desired. In this study 5 and Il are

accurate to .008, while N is accurate to .125"

The characteristics of the estimation procedure have not been

fully investigated. However, from a number of exploratory tests in

which a large number of iterations have been rQn to obtain a closer

approximation to a point-estimate minimum value, it appears that

even with a relatively low degree of accuracy, one can obtain a

value which differs from the point-estimate minimum by less than five



percent of the minimum, (2) the estimates of 5 and ~ may differ

by as much as ten or fifteen percent from the point-estimate minimum

values, while (3) cp and .N are generally quite close, e. g. wi thin

five percent of the point-estimate minimum.

The criterion statistic is equivalent to the descriptive statistic,

125

and has been so denoted. I£ the cell frequencies were independent,

then subtracting a degree of freedom for each parameter, the statistic

would be distributed as X2 with 1 or 13 degrees of freedom for the

£irst- and second-order dependencies respectively. However, the

transition frequencies are not independent. The unobservable states

of conditioning do, by assumption, describe a one-trial Markov process;

the state of conditioning on any trial n for a given element depends

only on the state of conditioning on the preceeding trial and the

matrix of transition probabilities, and does not depend on any other

events prior to the preceeding trial. This one-trial Markov property

does not apply to the observable response events. If represents

the response sequence prior to trial n-l, then N(Ail Eji\:) depends

on xl' where, in particUlar, x is partly composed of other
~ ~l

cell entries. On the other hand, considering response-reinforcement

sequences of arbitrary length, it turns out that most of the informa-

tion about a response on trial n is gained by knowing what happened

on a relatively small number of preceeding trials, and though, strictly

speaking, the response on any trial n is a function of the entire

preceeding sequence of events, the dependence on events more than a

few trials removed is very slight. Thus we will use the X2 dis-

tribution and the degrees of freedom remaining after parameter



estimation to obtain an index of the adequacy of the various models.

[See Suppes and Atkinson, 1960, for a discussion of this problem. The

convergence referred to above has been shown by Lamperti and Suppes

(1959) to characterize the linear model; Suppes and Atkinson (1960)

mention that for the simple Markov models considered in their book,

the parameter estimates based on the
I

n-order sequential statistics

rapidly converge to a limiting value. It has not been proved that

this convergence property characterizes the particular models analyzed

in this study.]

In selecting the smaller subgroups for analysis, there·were some

cases in which the predicted cell frequencies for the second-order

statistics are smaller (less than five) than is appropriate for the

use of the X
2

statistic. These frequencies, which are always A2

responses, are not presented in the tables, but must be obtained by

subtraction. In Table lIb, for example, the last line contains the

following this sequence,A 's
1

predicted number of

observed and predicted frequencies for the sequence A2E2A2E2Ai The

total observed entries for this sequence, N(' IE
2

A
2

E
2
A

2
) , is 10, and

the observed number of Al transitions, N(AIIE2A2E2A2) is 6. The

A
N(AIIE2A2E2A2) ,

from the weak-strong model in column W-S, is 7.3, and the predicted

number of A 's
2

must be 2.7, since these two entries must sum to the

observed total of 10. There are two low-frequency cells in the pre-

dictions for sUbgroups I-MP, II-MP and I-High, and eight low-frequency

cells in SUbgroup II-High, all during runs 47-66.

It was not convenient to modify the estimation procedure to

correct this problem, and the results which are presented in the



tables are the output from the computer. However, in every case in

which a set of second-order statistics contains cells with frequencies

less than five, all such cells were combined, and a separate X2

12:7

based on fewer degrees of freedom was computed. These values

cannot be considered to be minimum values in any sense, of course,

and only a few examples of the results of these computations will be

presented. For all the sets of data where low-frequency entries exist,

when these cells are combined, the new X2 values present a virtually

unchanged picture of the correspondence between the models and the

data. Any change is usually in the direction of a slightly better fit.

For example, in group I-High, Table l2b, for the constant parameter

predicted as having 3.7 and 2.9 A2 's , respectively, following them.

If these two sequences are combined and a new X2 based on 12 degrees

of freedom is computed, the .value is 15.717, compared to a previous

X2 of 18.682, 13 df. Subgroup II-High contains eight low-frequency

cells for the constant parameter 3-state model. When these are com­

bined, a X
2

of 4.106 based on 5 degrees of freedom is obtained,

compared with a X2 of 13.145, 13 degrees of freedom previously.




