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A SET-THEORETTICAL APPROACH -TO EMPIRICAL
MEANTNGFULNESS OF MFASUREMENT STATEMENTS
By

Richard E. Robinson

CHAFTER I

HISTORICAT SURVEY AND STATEMENT OF THE PROBLEM

1. Historical Survey of the Theory of Measurement.

In fhe firet two books éf Newton's Philosophiae Naturalis Principia
Méthematiéa.there.are many asse:tions of guantitative relationship;_and
yet, units of measurement are referred to in tﬁese books only when citing
a few examples. The remainder of the material is discussed in terms of
proportions. Thus, aé a typical example, we have: "If a spherical body
is 5  times greater.than the sphericél bédy B, .and has =a Velocity
=2, and B follows in thé samé direction ﬁith a ﬁelo;ify = 10, then
e : . S .

motion of A: motion of B =6 : 10." }/.

' The measurementé'involved in this eXpréésion are of mass.aﬁd velocity.
What if scmeone says that the temperaturé today is three times greatef
than the temperature yesterday? It strikes us as peéuliar. It seems
that we can meaningfully speak of the ﬁass of bbject..A beiné three

times greater.than the mass of object B, but we éannot meaningfully

speak of the temperature of A being three times greater than the

1/

- Corollary III, page 17 in the Cajori edition, Rerkeley: University
of Qalifornia Press, 1934; translation by Andrew Motte, revised
by Florilan Cajori.




tempersture of B. The main problem of this work is that of character=
izing precisely what is meant 5& fhis expresslon "we can meaningfully
speak" in refersnce to measurement statements Which dc not specify units.
This kind of "meaningfulness" has recently been called “empirical
meaningfulnese” and we shall adhere to thls usage{'g/ We shall discuss
two alternative approaches to the problem of explicating "empirical
meaningfulness” -- a semantical one and a set-theoretical one, and argue
in favor of the latter approach

The importance of the notlon.of emplrlcal meaningfulness can be

illustrated by an’ example from thermodynamlcs. The Stefan-Boltzmann

 law is usually expressed by the formula;
- W =.ecTu

'eccoﬁpanied by the statement "ln which W is the rate of emission.of
radiant‘energy per unit area; T i1is the temperature Qf the surfacé;

e. isla quahtity-called fhe.emissivity ef the eurface;.and o is.a
constant”. This statement as it stands is not clear and precise because
it is necessary to specify the units. However, the ?oint I want to
bring out here involves the role of temperature in,this law. One cften
. reads that the Stefan-BQltzmann law Eglgg only if temperature measure=-
ments are based on an absolute-zero scale. The stronge: point may be
made: The Stefan-Boltzmenn law is not empirically meaningful if

temperature is measured according to a scale not based on absolute zerc;

2/ : _

" Patrick Suppes, "Measuremeni, Empirical Meaningfulness, and Three-

Valued Logic," in Measurement: Definitions and Theories, edited by

- C. West Churchman and Philburn Ratoosh New York: John Wiley &
‘Sons, 1959, pages 129-143. N




whereas if ié empirically ﬁéaﬁingful if temperature ig.measured accqrding
to & scale based on aﬁsolqté zero.. Ciearly,rit is Worthﬁhile_to know if
.a‘certain formuls is even a fessiﬁle law -- if it is empirically meaning-
.ful. Much of.the discussion on the status of theoretical economics --
.for eXample'-— has been directly or indirectly connected with the range
of empiricaily meaningfﬁl expressions in which economic measurements
are involived.

..The e#pressioh "émpiricallj meaninéful" is.perhaps unfortunate. It
is easy to associéte it with discussions concerning meaningfulness of a
ﬁere general nature than intended. é/ Without delimiting its use here
any more sharply,.lt should be noted that we shall use the expressxon

emplrlcal meaningfulness" only as applled to expre551ons in which

ferms referrihg to measﬁrements appear. It Would seem preferablertp
use a differeﬁt term, aﬁd ip our treatment of the problem -- the set-
theoretical.freatﬁent -- this term is no longer.ﬁeéded._ Howevef,_for
the time. being, we shall adhefe to the usage of Suppgs who introduced

L4

-1t in the sense discussed in this work.

5/ |

" The term "empirically meaningful" is used in the more general sense,
for example, in the editorial footnote on page 159 of Philosophy of
Science, readings edited by Arthur Danto and Sldney Morgenbesser,
New York: Meridian Books, 1960.

See footnote 2, page 2. Interestingly, Suppes himself uses the
.expression "empirically meaningful" in the more general sense in
"Some Remarks on Problems and. Methods in the Phllosophy of Science,”
Philosophy of Sc1ence, volume 21, (195%), pages 2&2 245




It has been customary to consider empirical meaningfulness a
' semantical notion. Thus, one asks: Which formulas of a certain language

‘are empiricélly meaningful? A semantical approach based on a rigorous

logical foundations has reéently been developed by Patrick Suppes. He

has provided three alternative definitions of emplrical meaningfulness
for a given formalized lahguage -~ in ouf second chépter we shall
summaxrize Suppés's work in thié area. | |

We shall see, however, that certalin difficulties arise in regarding

erpiriecsl méaningfulness as a semantical notion. Some difficult problems

in the ares of the semantics of formalized languages are involved. It

is possible, however, to treat empirical meaningfulness in a way that

bypasées meny of these semantical problems. Sﬁch an'approach uses
certain basic concéptsuof set thebry, and is éonsiderably gimpler than
the semantical spproach. We shall give such a characterization of

empirical meaningfulness and prove a number of theorems using this

characterization and some related notions.

It is ihterestiﬁg tb-note that-the posifion advocating set-thebre~
tical methods in favor of semanfical ones has probably béén best
expressed by J. C. . McKinsey and Suppes himself. In their.arficle

w 5/

"On the Notion of Invariance in Classical Mechanics they discuss

the two approaches:

> .
'_/ The British Journal for Philosophy of Science, vol. V (1955),
pages 290-502. This position was first expressed by Suppes alone
in his article "Some Remarks on Problems and Methods in the
Philosophy of Science," Philosophy of Science, volume 21 (1954},
pages 2k2-248, —




We remark that throughout this paper we use set-theoretical
- rather than meta-mathematical methods. 'This choice has not been
a capricious one on our pasrt, for, in our opinion, meta-mathematical
methods have not yet been successfully applied to any branch of
science -- such as mechanics, optics, or thermodynamics:--- invol-
ving substantial portions of classical analysis. We believe,
moreover, that the difficuliies involved in applying meta-mathe-
matical methods to such disciplines are formidable. 5 '

A -footnote is attached to this:

In Tact, in our opinion, the emphasis by contemporary
philosophers on the linguistic or semantical approach is generally
responsible for the lack of substantial progress in the philcsophy
of sclence. Most of the precise discussions have been restricted
tc languages with gqualitative predicates only, and ccnsequently
to languages which are wholly inadequate to any complicated branch
of science. Even a subject as relatively uncomplicated as the
axlomatic foundations of the theory of measurement must use the
notions and results of elementary mathematical analysis, which is 7/
& discipline extremely tedious to handle in a formelized language. = :

- 1 agree with the position'éxpressed in thes'e‘qv.otations° The
results of the present work support the view'that”Sét-théoretical methods
are often simpler and more fruitful than meta-mathematical or semantical
methods. This does not apply across the board. There can be no doubt
that meta-mathematics is an important discipline and that meta-mathe?
matical methods are extremely productive. However, at this early siage
in the developmentrof precise work in the philosophy of science it
appears that set-theoretical methods are more fruitful in this area
than meta-mathematical methods.

.In order to present our problem in proper'perspective, we offer

the fcllowing account of-the_hiétory of ‘attempts to treat it. In this

historical sketch we shall'follow'three lines of develcpment which are

&/

Page 292.

1/

Thid.




closely related: (1) attempts to give a general characterization of
measurement; (2) attempis to state conditions wﬁich must be satisfied
'by'somé pafticﬁlar procedure. in order.to have measurement -- Tor example,
fhe'use of an equal-arm balance in measuring mass; and (3) attempts at

characterizing empirical meaningfulness. The third development, which

1s more directly the subject of this thesis, can not be divorced from
the other two developments.

There is a long history of discuséions of measurement, going back
at least to Eudoxus's theofy'of proportions in Book V of Bueclid's
‘Elements and including Newton, but the modern treatment probably begins

8/

with Hermann von Helmholtz's Zahlen und Messen, published in 1887.

Here the loglcal requirements for a procedurc on the bagis of which cne
assigns numbers in measuring is discussed for the first time in general.
In this paper Helmholtz exsmines "the logical foundations" of counting
and measuring. He bases his_theory on a distinction between "pure
pumbers" and "denominate numbers". He says that "such objects as are
alike in any definite relation.whatever and are counted, we call the
units of counting, and the aggregate (Anzahl) of these we designate as
a dencminate number and the special kind of units which it comprehends

the denomination of the number." 2/ Helmholtz worked cut an elaborate

"Zahlen und Messen erkenntnls -- theoretisch betrachtet "
Philoscphische Aufsatze Eduvard Zeller gewidmet, Leipzig, 1887,
reprinted in Gesammelte Abhandlungen, volume 3, 1895, pages 356-391,
translated into English by C. L. Bryan, Counting and Measuring,

New York, 1930. References will be to the English translation.

An exposition of Helmholtz's views is alsc given in Karl Menger,
"Mensuration and Qther Mathematical Connections of Observable
Material," in Churchmsn and Ratcosh, op. cit., pages 97-128.

g

2/ Helmwholtz, op. cit., page 17.




“arithmetic” for such numbers. It is interesting to note how he poses
the qQuestion as to how we can gssign numbers to objects in measuring:

Then however it must be asked, what is the objective meaning

of expressing through denominate numbers the relations of real ob-

Jeets as magnitudes and under what condition can we do this? This

gquestion resolves itself, as we shall find, into two simpler ones,

namely:
1. What is the objective meaning of declarlng two obJects in

a certain relation equal?’ N

2. What character must the physical combination of two ob-

‘jects have in order that we may consider comparable attributes of

the same as united additively and these attributes accordingly as

- magnitudes which can be designated by denominate numbers? Denominate

numbers in fact we consider as composed by'iiﬂltlon of their parts,

- or, under certaln circumstances, of units. ‘ : :
Helwholtz, then, holds that a process of physical combination is re-
quired in measuring. He gives axioms that must be satisfied by physical
relations and physical "methods of combination" in answer to the.two
questionsg he has posed.

It can be held that Helmholﬁz's distinction between pure numbers
and denominate numbers :seems to correspond to the way many scientists
talk of units. However, this view involves seriocus logical difficulties,
and it is quite possible to explicatezmeasurement without resorting to
denominate numbers.

0. Hglder, in his 1901 article "Die Axiome der Quantit%t und die

W 11/ ' U
Lehre vom Mass', criticized Helmholtz's axiomatization of mass meas-

urement as inadequate. Holder argues that one cannot prove that given

10/

Tbid, page L.

1/ | - | |
+ In Berichte Uber die Verhandlungen der kgniglich sgchsischen
Gesellschaflt der Wissenschaften zu leipzig wathematischphysische

Klasse, volume 53 (1901), pages L1-6h.




a set of objects, a "method of combining", and an "equality relation"

eatisfying Helmholtz's axioms.that there is an assignment of numbers

to the set which is unique up to mulitiplication by a positive constant.

Thus, these axioms are not sufficient to characterize mass measurement.

Hglder gave a set of axioms concerning a binary relation, which he

denoted by " <" , and a binary operation, denoted by "+". It is

.possible to prove that for any set together with a relation and an

operation which satisfy the.given axiomg, one can assign, urniguely up

to multiplication by a constant, positive numbers to the objects to

. represent the mass of those objects. It is not to our present purpose
2

to consider Hglder's work in detail here. }—/

- One of the major attempts at a general characterlzatlon of measure-
ment wag made by the British phy51c1st orman RHeobert Campbell ——/
Campbell was primarily concerned with What properties are measurable.
The following quotation from Campbell is indicative of this interest:

_ I have before me on the table a tray containing several
similar crystals. Thege crystals possess many properties among
~which may be ineluded the following: Number, weight, density,
hardness, colour, beauty. The first three of these qualities
are undoubtedly capable of measurement -- unless it be Jjudged
that number is to be excluded as being more fundamental than
any measurement; concerning hardness it is difficult to say
whether or no it can be messured, for though verious systems of

measuring hardness are in common use it is generally felt that
none of them are wholliy satisfactory. Colour cannot be measured

12/
‘For critical remsrks on Holder's axiom system see Patrick Suppes,

"A Set of Independent Axioms for Extensive Quantities,” Portugaliae
‘Mathematica, volume 10 (1951), pages 163-172.

13/
Physics: The Elements, 1520, reprinted as Foundations of Seience,
New York: Dover Publications, 1957, and An Account of the Principles
of Measurement and Calculatlon, London° Longmans, Green, 1923.




ag the others can, that is to say it is impossible to denote the
colour of an object by a single number which can be determined with

“the same freedom from arbitrariness which:characterizes the agsign-
ing of a number to represent weight or density. The last property,
‘beauty, can certainly not be measured, unless we accept the view
which is so widely current that beauty is determined by the market
value. What is the difference between the properties which deter-
mine the p0e51b111ty or 1mp0351b111ty of measuring them? 1

In answering this questlon Campbell first argues that there must'be a binary
relation between the objects which is transitive, asymmetric, and connected

-- it is customary tc call such a relation a strict simple ordering. But

this is non sufficient to account for the difference in measuring weight,
on the onre hand, and.meeeuring hardness of minerals aecording tq Mohs® scale
on the other hand. Campbell quotes a pertinent cemment from an engineering
‘journelﬂ "According to Mohs! scale the hardnese of dlamond is represented
by 10, of ruby 9,.,., of talec by 1. 4 But these flgures are not proportional;
end it is_probable that the difference in nardness betneen niemond ana ruby
lis at leest as great as between.ruby and t31C1" fé/ Campbell al1eges that
we could Just as well a551gn letters to represent hardness of minerals, and
he argues from thls rather confueedly that we 3831gn nnmerals to represent
hardness of minerals, but we a381gn numbers to represent we;ght. The point
he is trying to mene.can be but mucn better by considering.fhe different re-
latlonshlps that hold between any possible assigmment of number3'torepresent
'harndesses and those that hold between any possible ‘assignment to represent
weights., This way of looking at the matter, which has proved more fruitful
than Campbell's is due to S5.5. Stevens, and we shall dlseuss it further when
we discuss Stevens's work.
We need, then to have a strict simple_ordering of the objects in magni-

tude before we can measure them to represent some property. However, there

1Y/ Physics: The Elements, page 268.
15/ Campbell, Paysics: The Elements, page 27h.

9




is & Turther distinction between measuring properties such as weight and
properties such as hardness and density (to give Campbell's exemples). 16/
' What accounts for this difference? Campbell asks. "In the matter of
weight the difference between the weights 2. and 3 is eqgbal to the
difference between the Wéights 3 and U in some way in which the dif-
Terences between the densitiés 2 and 3 is not equal to the difference
between the densities 3 and 4. It is indicated that in the measure-
ment of.weight we make use in some manner of the concepﬁions of addition
I /R . .
and subtraction. This distinction between those properties which
‘are "additive" and those which are not goes back at least to Eelmholtz.
:Campbell takes the ﬁoéition that those properties that are "additive"
are the only onesg that are really measurable. Prbperties, such as hard-
ness of minerals, are meagurable only in some weaker sense. Campbell's
remarks on additivity are interesting and worth quoting at some length.
Again, he.takes the measurment of weight as a model.
We measure weight by means of a balance. We state that the
. weights of two bodies A and B are "equal" when, if A is
placed in one pan of the balance and B in the other, the final
position of the pointer of the balance is unchanged. We say that
the body C is "added to" the body A, when A and C are placed in the
same pan of the balance; and that it is "subtracted from" the body
composed of A and C in the same pan by removing C from the
pan. When we have thus defined "equal" and "added to" in the use
of the balance, we can state, corresponding to arithmetical pro-
positions which inveolve addition and equality, propositions aboutd
what will happen in the balance when we place bodies in the pans

. « « « Now these statements concern experimental facts; they
assert that, in certain circumstances, we shall observe something.

16/
Campbell is not telking of density as the ratic of masg and volume,
but as "the property in virtue of which some bodies [float] -and
others [ginkl." Ibid., page 276. ' '

2y

Ibid., page 277.

© 10 -




The statements may be true or false; and, as with all statements
of experimentsal fact, experiment only can determine whether they
are true or false. TIf they are true, there will be a certain
‘similarity between the arithmetical process of addition and the
arithmetical relation of equality on the one hand and the physical
process of addition and-the physical relation of equality on the
other.

Campbell's requirement of similarity can be expressed more precisely

in terms of the mathematical concept of homomorphism. If A ig some
‘non-empty set of objects and R some set of real nmumbers, E “a binary
relation on A, and x =2 binary operation on A, R the ‘identity

relation restricted to R, +o the operation of addition restricted
to R (this would be an operation only for some subsets of the set of -
all real numbers), then a function f is a homomorphism of < A,E,* >

+. > if and only if ' f is a function whose domain is

onto < R,zR, R

the set A and whose range is the set. K. and such that for every x
and y in A: xEy if and only if f(x) = fly) and fix * y) = f(x) +
f(y).  Thus Campbell ‘can be interpreted as requiring that if a system

< A E,* > gatisfies ‘the statements he gives, there is such a set R

+ >

and a homomorphism - £ of < A,E,* > onto < R,=R, R

Campbell's characterization of measurement was very popular for a
long time. It can be summed up in his statement that "we define
measurement as the assignment of numerals to répresent properties in

. . . s l 1 19/ - .l ) - $
accordance with scientific laws . Certain aspects of Campbell's
theory now appear doubtfﬁl; I shall mention three of‘theée: (1) Campbell

believed that we do not assign numbers to objects in measuring, for

18/

Tbid., pages 279-280,

19/

An Account of the Principles of Measurement and CalCulatiQn, rage 1.

11




there are operations on numbers that do not always have their counter-
part in measurément: father wé aséién nﬁmerals..Thié is-a confuéed
issue,'ﬁut modern anal&ses have uniforﬁiy;adoptéd the view that rumbers
and not numerals are éésignéd. _(2)._The'stafement "the assignment of
numerals to represent properties in accordance with scientific laws"

can hardly serve as a definition of measurement  sinee the expression
"in accordance with scientific laws" is too vague. (3) Campbell's
characterization seems more restrictive than necessary since it excludes
vector quantities such as.férce.

While Holder's theory was more precige than Campbell's concerning
the conditions the operation corresponding to + had to satisfy for
mass measurement, Campbell's writings were in general much more in-
fivential amongst philosophers of science. However, Ernest Nagel, in a
series of papers appearing around 1930, used Holder's axiom system in
conjunction with Campbell's point of view. 29/

A committee of the British Association for the Advancement of
Science, meebing in the 1930s, locked into the problem of the "possibility
of guantitative estimates of sensory evenits'". Campbell was a member of

this committee, and he argued that virtually .all psychological phenomensa

20/ :
"7 Ernest Nagel, On the Logic of Measurement, printed Fh.D. dissertation,
Columbia University, New York, 16%0; "Measurement," FErkenntnis, Band
iT, 1931, pages 313-333, reprinted in Danto and Morgenbegser, op. cit.,
‘pages 121-140; and Chapter XV, "Measurement,” of the influential

An Introduction to Logic and 801ent1flc Method by Morris R. Cohen

and Brnest Nagel, New York: Harcourt, bBrace, and Company, 193,

12




are incapable of measurement. E}/ Campbell's viewpoint was widely

E!,c(:epted_J even by many psychologists. gg/

2. The Problem of Meaningfulness.

.Campbell, in the report of the British committee meﬁtioned abbve,
asked "Why do not psychologists accept the netural and obvious conclu-
eioh.that eubjective measﬁrement of ioudness in'numericai terms (1ike
those of iength o . .)' are mutuslly inconsistent and caﬁnet be'the
basis of measurement?" 2y Ir psychologlsts d1d accept this p051t10n,
their 1nvest1gat10ns would be severely restricted. Tt is not surprlslng
that some psychologists have attempted tb find reasoﬁs for notxaeeepting
Campbeli's conclusion. |

| At the tlme the Brltlsh commlttee was at work, arr1v1ng at thelr )
negatlve results, a collectlon of phllosophers, psychologlsts, and |
mathematlclans -=- among whom were: G. D. Blrkhoff Rudolf Carnap,
Herbert Felgl Carl G Hempel Gustav Bergmann, and S. 8. Stevens -

was discussing many of the same qués_tions° Stevens reports that as a

21/

See "Final Report of the Committee . . . upon the Possibility of

Quantitative Estimates of Sensory Events," The Advancement of Science,
number 2 (January 1940), pages 331-3k9. '

22/

See, e.g.; Thomas Whelan Reese, '"The Application of the Theory of
Physical Measurement to the Measurement of Psychological Maghitudes,
with Three Experimental Examples,"” Psychological Monographs,

volume 55 (1943),

2o/ ,

"Final Report . . .," page 338.

13




result of these discussions he decided "a more general theory of measure-
o w2 S TR N
ment was needed’ .’ - It  was not long Dbefore  Stevens was hard ath
work “-developing ‘this new theory. - The first steps were taken-  in
in 1939, but the results were not published until 1946. 22/ Affiving' -
at this theory, Stevens says, "the best way out seemed to be to approach
the problem from another point of view, namely, that of invariance, and
to classify scales of measurement in terms of the group of transforma-
tions that leave the scale form invariant. This approach would seem to
: - gé/ T .
get to the heart of the matter. For example, mass measurement is
unique up to multiplication by & constant factor. That is, given an
asgigmment of mass to an_object on one scale (e.g., in grams) we can
determine the assigment of mass to the same object on another scale
(e.g., in kilograms) by multiplying the original number by a positive

constant (e.g., in transforming a measurement in grams to one in kilo-

grams the constant is .00l). It is customary to say that mass measure-

ment is unique up to a similarity transformation. There is a class of

gcales -- called ratio -- in Stevens's classification all of which are
unique up to =z Similarity.transformation. The measurement of tempera-
ture -- where not based on an absolute zero -—.is relative to both the
unit and the zero-pdint. It is customary to say that the measurement

of temperature is unique up to a linear or affine transformation. BScales

2&/

An account of the historical background of Stevens's work is contdined
in his article, "Measurement, Psychophysics, and Utility," in
Churchman and Ratoosh, op. cit., pages 18-63.

25/
"On the Theory of Scales and Measurement," Science, volume 103
pages 667-680, reprinted in Danto and Morgenbesser, op. cit.,
pages 141-149.

26/

Stevens in Churchman and. Ratoosh, op. cit., page 23.

‘lh




of measurement that are unique up to a linear transformation are placed
by Stevens in the interval class. The measurement of hardness of

minerals by the scratech test is unique up to a monotone increasing

transformation. That is, any assigmnment of numbers to the minerals is

“ adequate provided that if minerél X scratches mineral ¥, but_mingral
y does not Scratéh minerzl x, then the number assigned tc x .is.
greater than the number assigned to y. A scale of measﬁrement unique
up to a monotone increasing transformation is plaqed'in the ordinal
scale. A fourth class of scalgs was singled out by Stevens, called the
nominal class. Xor a écale of measurement:to be in.this clasé ﬁhe.
assignment of numberé_can be arbiirarj e;céﬁt that if twowobjecrs are
assigne@ different numbers on one suitaplerassignﬁgnt-thgy'must be
assigned different.ngﬁbgrs on:any other 5qitablé assignmen£; thai‘is;

. the assignment.is uniqué up to transfgrmatién by a#y_qne-ong fugction.
It has been debated whether this could be_construed aé a.césé Qf measure-
. ment . Bﬁt, in aéqérdanee With.Campbell's définition, Sﬁevens prefers
"to call it a form of meaéurement, becauée fhe usé.of ﬁumeraiéﬁtqi_

. designate classes-qf_objects, such as items inﬁa catalogue; is.an
_éxémple of_thefassignment of.numbéral,according to:rule;”-gZ/ A fifth
class might élso be mentioned. A scale of'ﬁéagurémenf beiongs”to.the
absolute class if the asgigmment of numbers is unique (or;:to conform

with the previous terminology, unique up to the identity transformation).

21/

Stevens in Churchman and Ratoosh, op. cit., page 25.

15




Stevens's work was first published in Science in 1946, and has been
.extended and revised in publlcatlons in 1951 and 1959. __/ One of the
main applications of Stevens's cla351f1cat10n, and one very dlrectly
relevant to our problem, isg that on this basis Stevens determines "the
type of statistical operations appropriate to each scale . . . . The
eriterion for the appropfiateness of a statistic is invariance under the
transformations; o e Thﬁs,‘the class that stands dt the median
(ﬁidpoint) of a-distribution mainﬁaihs ifs positidn.under all trans-
formations which preserve order.” EEV Tables 1 and 2 reproduced on
page 17 are taken from Stevensgs.moSt recent publiéation of his work
on scales; They schemafically represent his'results.'ég/

In,analy21ng Teble 2 it should be noted that lt is not clear what
kind of invariance it is that makes the various statlstlcal operatlons
appropfiate.: Stevens distinguishes between two kinds bf invariancé:
"The nﬁmerical'valﬁe of the statistic may remaih'cdnstant when the scale
:is fransfofmed, or else. the numerical value may chaﬁge although the item

desigrated by the statistic remains the same.” fl/ Exactly what is meant .

28

—_/”On the Theory of Scales and Measurement,” Science, volume 103 (1946),
pages 667-680, reprinted in Danto and Morgenvesser, op. cit., pages
1h3-149; ”Mathematlcs, Meagurement; and Psychophysics," in Handbook
of Ixperimental Psychology, edited by S. S. Stevens, New York:
Wiley, 1951, pages 1-49; and the article in Churchman and Ratoosh
cited above. .

29/
" Stevens in Danto and Morgenbesser, op. cit., page 144,

2o/
The tables are reproduced on Page 17 from Slevens®s article in
Churchman and Ratoosh, op. cit., pages 25 and 27. It will be
noticed that what Stevens says about functions is confused.

31/

Stevens in Churchman and Ratoosh, op. ¢ilb., pages 27-28.
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_ TABLE 1. A Classification of Scales of Measurement *

Basic Empirical  Mathematical

SBeale Operations " . Croup Structure

Typical Exanples

- Nominal Determination of ~Permutation group. "Numbering” of Tootball players -
equality Assigument of type or model -
o N L . numbers to classes :
x" = f£(x) ' :

where f{x) means
any one-to-one

substitution : ' -
" Ordinal Determination of Isotonic group Hardness of minerals
greater or less Street numbers

x' = 2lx) . Grades of leather, lumber wool, .
- ete,

where f(x) means Intelligence test raw scores
any increasing : - T
monotonic function

_Interval Determination - ILinear or affine - Temperature. (Fahrenheit or
of the equality group Celsius) '
of intervals or . Position
of differences #, é.éx ' b © Time {calendar)’

' Frergy {(potential)
Intelligence test "standard
a =0 - : " : -
scores"{7)
Ratio Determination Bimilarity group - Numerosity o
L of the equality x' = ex Length,” density, work time
of rdatios intervals, etc.
L L L o Temperature. (Rankine: or Kelwvin)
c >0 Loudness {sones)

Brightness {brils})

#* Measurement is the assignment of numerals to events or objects according
to tule. - The rules for four kinds of scales are tabulated above. The
basic operations needed to create a given scale are all those listed in
the second column, down to and including the operaﬁion listed cpposite
the scale. The third column gives the wmathematical transformations that

- leave the scale form invariant. Any numeral x on a scale can be replaced
by another numeral x', where x' is the function of x listed in ecolumn 3.

TABLE 2, Ewamples of_Statistical Measures Appropriate to
Measurements Made on the Various Classes of Scales

- Geale Measures of Dispersion Assoeiation or Significance
- Loecation Correlation Tests
“Nominal " Mede © + Informaticn, Information trans- . - - Chi square
H mitted, T :
Contingency correla-
tion )
Ordinal == Median Percentiles = Rank-order correla-  Sign test
& . tion [31] Run test
Interval Arithmetice Standard Product-moment - - - t test
’ mearn ~deviation correlation F test
Average ‘ Correlation ratic .
deviation ’ ’ ’
* Ratio " Geometric Per cent;
mean | variaticn
" Harmonic .
mean

17




by "the item designated by the statistic" is not always clear. TFor
example, it can not be said that the numerical value of_the standard
deviation of a set of objects under some numerical assignment remains
consfant under ali linear transformations. Furthermore; it makes no
sense 1o say that the case standing at the standard deviation remains
constant under all linear fransformations.. Perhaps what Stevens had in
mind was that all items whose values deviate from the mean by less than
the étandard deviatioﬁ remains constant under any linear £ransformation°
In searching about for Stevens's meaning the question occurs: Are there
cther kinds of invariance? We shall explore this question in Chapter IV.

Stevens's work has beep éubjected recently to severe criticism by
some statisticians and psychologists. Lord in an article entitled "On
the Statistical Treétment of Football Numerals" took the position that
one .can use statistical procédures on any set of numbers without refer-
ence to their Qriéin, that is, whether Tthey were obtained by some measure-
7 ment process or nbt..ég/ In Lord's example there is a collection of

15 two-digit numerals to be used as numerals on football

some 10
Jerseys. In a sample of some 50 or so two-digit numerals there arises
the question whethér they are not all "too low'. However, a follower
of Stevens's position argues that we can not decide this because we

would need to know the mean of the collection and we can not determine

the mean gince these numerals represent football players and this is

32/

American Psychologist, volume 8 (1953), pages 750-751. C. J. Burke
also wrote an article critical of Stevens's pogition on scales in |
1953; "Additive Scales and Statistics,” Psychologlcal Review,

volume 60 (1955), pages T3~ 75
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not even an ordinal scale, let.alone an interval scale. H. F. Kaiser,
commenting on this controversy in a review, attempts to distingu@sh be-
.tween a statistical hypothesis and a ”pqrpprtedly corresponding
_sbientific hypothesis”.—éy Given this distinction he concludes that
__fit is clearly a matter of fact that assumptions about_séaieslof-measure-
ment are irrelevant to statistical hypo_thesesn ‘Are such_aséumptions_
relevant in establishing an isomqrphism.between a.statistical_hypophesis
and a scientific hypothesis? This is presently a highlyzcontroversial
question.” éﬁ/

N. H. Anderson also ecriticizes Stevens in a recent article.
Anderson says that "there is no logical guarantee that the use of
ordinal scale statistices will yieid invariant results under scale
-changes". 35/

Mach Qf the controversy over Stevens's work is due to a lack Qf
clarity. Questions have been raised and discussed at length_without:h
ever having been,clearlyuformulated. For example, in much of the
literature concerning Stevens's ideas it is not clear to what ;ortslof
things Qne_aécribgs the predicates Vmeaningful” and ”meaningless",

One reads that the operations of addition and multiplication cannot
meaningfully be applied to ordinal scales. Much of this discussion is

confused. In fact, Stevens is not sufficiently clear on this point.

23/
H. F. Kaiser, Review of Measurement and Statisticg by Virginia L.
Senders, Psychometrika, volume 25 (1960), pages 41l-413.

24
Tbid., page 413.

35/

Norman H. Anderson, "Scales and Statistics: Parametric and Nonparametrie,"
Psychological Bulletin, volume 58 (1961), pages 3%05-316.
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Clarification is needed, and a necegsary condition for this clarifica-
tion is a careful treatment of the'foundations of measurement. In fhe
next two éhapters Weﬁshall discusé fwo analyses based on foundational
work. Iﬁ the semantic treatmerit given by Patrick Suppes it is sentences

or sentential-functions (thus, linguistic entities) that are said to be

empirically meaningful or not. In the set-theoretic treatment presented
in Chapter III a'particular kind of functidns plays an analogous role.
In neither treatment are operations sﬁch as addition and multiplication
éaid to be meaningful or meaningless by themselves.

The main task of this thesis is to c¢larify what we have called
empirical meahingfulness. We wisgh our explication to satisfy, in
addition to the standard conditions‘placed on explications, éé/ the
following conditions:

(1) Given the explication of meaningfulness we should be able to

prove in a clear and precise way the results obtained by Stevens con-
cerning "permissible statistics".

(2) It should be clear from this explication to what kinds of
entities the predicateé "meaningful” and "meaningless" apply. Actually
we shall not use these terms because of their emotional overtones, and

80 we shali modify this condition in an appropriate way.

36/
See Rudolf Carnap, Logical Foundations of Probability, Chicago:
University of Chicago Press, 1950, Chapter I.

v
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(3) Using}this gxplicatién wé.should_be ablewﬁp_prove results
concerning empirical meaningfulnéss analagous téﬁthose obtained by
Suppes in his semantic treatment. This condition will‘bexinterpreted
VtQ mean_that given a formula empirically meaningful in Suppes's sense,
there mugt be a. corresponding objectrin thé;present analysis that- is
invariant under all similarity transformations. . The restriction to
similarity transformations, in the statement of this condition, is due
only to Suppes's limiting his analysis Qf,empirical nmeaningfulness to
ratio_scalés, Suppes's results, however, can be generalized to other

kinds of scales.
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CHAFTER IT

. THE SEMANTICAL APPROACH TO EMPTRICAL MEANINGFULNESS

'The one attempt to give a precise characterization of empirical
meaningfulness as a semantical concept is due to Patrick Suppes whose
theory we_summarize in this chapter. }/

In order to give a semantical treatment that is precise it is
necessary to consider a formalized language. Following Suppes we shall
_treat a particular formalized langﬁage designed to express statements
concerning mass measurement. This language, which he calls "LM” s

is based on a language used by Tarski in his A Decision Method for

Elementary Algebra and Geometry. E/ Suppes distinguishes between

mumerical variables and individual variables. He glso includes ten
individual constants and the usual numerals for the positive and nega-

tive integers lesgg than 100 in absolute value. There is also an addi-

tional term "m" , which Suppes calles "the mass term". Ee says that

”*m(g)' designates a real number, the mass of &', é/ In addition to

the above-mentioned symbols LM contains algebraic operation-signs for

1

“/fhtrick Suppes, "Measurement, Empirical Meaningfulness, and Three-
Valued ILogic,” in Meagurement: Definitions and Theories, edited by
C. West Churchman and Philburn Ratoosh, New York: John Wiley & Sons,
1959, pages 129-143.

2/
2nd edition, Berkeley: University of California Press, 1951.

3

-/Suppes, op. cit., page 133. Suppes's statement does not make clear
that this real number is the value for some numerical assignment.
One might infer from what he says here that there is one and only
one number that ig the mass of a.
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addition, multlpllcatlon, and exponentlatlon w1th the flxed base 2,
and the relatlonal symbols for 1dent1ty and greater than. Suppes then

defines, in standard ways, term, atomlc formula, formula, and sentence,

given addltlonal symbols in L | for the loglcal connectlves,lquantl-”
fiers, and parentheses. "It is to bé clearly understood," sayé'Suppés,
"that no unit of mass is assumed in the primitive notation of LM.” E/
Given these preliminaries Suppes:then defines model ESE LM"

By a model for LM is meant an ordered triple <a*, A,m> , where 3&
is the usual algebra of real numbers under the operations of addition,
multiplication, exponentiation With hase 2 and the.relation greater

than. A is a flnlte, nonuempty set, and i 1s a functlon deflned on

A with values in the set of p031t1ve real numbers . —/ Given the usual

definition of satisfaction for suech a model a sentence is said to be

arithmetically true if it is satisfied in every model of LMa Using

“the customary notion of the clbsure df a formula,'Suppes defines
empirical meaningfulness for atomic formulas. This definiticn is
feproduced belﬁw; | | | | |

An atomic.formula ASi of.‘LM is empirically.meani#gfui.if gnd

only if the closure of the formula
>0 - (8 es(a)

is arithmetically true for every numerical term ¢ , where  S(&) results
from S by replacing any occurrence of -'m* in S by the term o,

a

Thid., page 134.

5/ _ S ,
It should be ncted that we only rieed an ordered pair as the second
component of the ordered triple 1is the domain of the third component.
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followed by the multiplication sign, followed by ‘m'.

Intuitively what this condition requires is that. any atomic formula 8
involving occur¥ences .of the measurement’ function symbol Mm" must be
1t

logically equivalent to all formulas resulting when m is replaced

by fom' . To give Suppes's example: If

8

'm(a) > m(b)}!

04

:(2 _|_. l)l R
then
S{a) = "(2 + L)'m{a) > (2 + 1} m(b)" .

Given this definition of empirical meaningfﬁlness for.atomic formilas:
Suﬁpes offers his first definition of empirical meaningfulness for |
formulas: |
| A formulé 5 of .LM is empirically meaﬁingful in sense A if

and only if each atomic formuls océurring in 8 1is itself empirically
meaningiul. |

Because thefe are only a denumefable number of numerical terms.iﬁ
-LM the sbove definition is restricted fto a denumefable rumber of
similarity transformations. To.avoid this difficulty a less syntactical
version of the definition is called for. Suppes supplies two by firsf
introducing the concept of two models of LM being related by a
similarity transformation.

it 071 = < EA,Al,B > and 6”2 =< }A’AE’E > are two models

1 2

for LM, then Cﬂl and CWE are related by a similarity transforma-

tion if and only if: (i) A = A, end (ii) there is a similarity

2
transformation ¢ such that @ o m, = m,.
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Suppes then defines empirically meaningful in senge B:

A formula S of LM is emplrlcally meanlngful in sense ‘B if
amd only if S is satlsfled in a modelgﬁ? for L when and only When
it is satlsfled in every model for .LM related to 57 by'a 51m11ar1ty

transformation.

The third alternative deflnltzoo of.emplrlcal meanlngfulness,‘whlch
Suppes says‘hes the merits of sense A and sense B,.lS as follows

A formula S .of LM is empirically meaningful in sense € if
and only if every atomic formula oocurring in 8 is empiricellyrmean-
‘ingful in sense B; |

However, there are shortcomings to these definitions of empirical

meaningfuloess; ﬁsiog Tarski's rotion of deductive system, é/ Suppes
shows.that the set‘of formulas that ere empirically meaningfui in any
of tﬁe above seoses ie“not a oeductive‘system.-- that is, it is not
.closed.uﬁder therreietion of logicol consequence.

.Suptes considers the p0551b111ty of constructing a three valued

loglc for L A three-valued truth- functlonal logic is not p0351ble

M

when the third value is empirically meaningless in sense B, However,
guch a\logic is possible when the third value is empirically meaningless
in sense A. It is not germane to this work to consider this three-

valued logic in any detail. Suppes claims that "for the language L

MJ

&/
Alfred Tarski, "Fundamentale Begrlffe der Methodologie der deduktlven
Wissenschaften, I," Monatshefte fur Mathematik und Paysik, volume 37
pages 361-L40k, An English translation of this article appears in the
collection of Tarski's papers. Logic, Semantics, and Metamathematics,
Oxford: Clarendon Press, 1956 (translations by J. H. Woodger),
article V, pages 60-109.
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the three-valued logic constructed is.intuitivély more natural than the
ordinary two-valued one." 1 _Howéver, it seems that resorting to such
a logic is a drastic measure acceptable‘only if the slternatives are
even more drastic. |

In this article Suppes alsc considers altering the nofion of

logical consequence in such a way that only empirically meaningful

fTormulas will be conseguences of empirically meaningful formulas.

Thus, given the usual notion of logical consgequence, §/ he defines

the notion of meaningful logical conseguence as follows:

If S8 is a formula of LM and A 1is & set of formulas of LM’
then S is a meaningful ldgical consequence of A if and only if S
is a logical consequence of A and S is empirically meahingful in

sense C whenever every formula in A is meaningful in sense C.

By altering the definition of logically derivable in suiteble

ways -- restricting every line of a derivation to statements that are
empirically.meaningful in sense 'C -- Puppes obtains the result that if
a formula S is logically-derivable from a set of formulas A, then .S
is a ﬁeaningful logical cbnsequence of A. Howefer, the converse is
left as an opeﬁ gquestion. Suppees conjectures that the resuli is
affirmative. Thﬁé, whether the ordinary systems of the first-order
predicate logic modified in the way indicated are complete or not has

_not been verified.

Y

Suppes, op. cit., page 143.
&

This is familiar from the literature, e.g., Alfred Tarski, Andrze]
Mostowski, and Raphael M. Robinson, Undecidable Theories, Amsterdam:
North-Holland Publishing Company, 1953, page 8.

N
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It car be seen from the last few paragraphs that approaching

empirical meaningfulness from the semantical point of view gives rise

to many problems of a highly complex nature. With these problems in
mind one might wonder if a non-semantical characterization of empirical

meaningfulness is not posaible. Tn the next chapter we use a different

approach," We shall argue that this new approach'is simpler and yet:

yields a characterization of empirical meaningfulness that is at least

as productive as the semantical characterization.
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.CHAPTER IIT
- A SET-THEORETIC FORMULATICON OF

EMFIRTCAL MEANINGFULNESS

| :In this chapter we take a set-theoretic approach to the problem of
empirical meaningfulness; consi&ering it not as a pfoblem esseﬁtially
goncerning language. Set theory provides a stock of concepts quite use-
ful in analyzing the foun@ations of meésurement and the problem of nean-
ingfulness in particular. For the most part the set-theoretic notation
used here ig standard. However, we shall make extensive use of notions
from Tarski's work in model theory and Scott and Suppes's paper in the
foundations of measurement, i/ and we denote the first part of this
chapter to introducing these concepts.

A finite sequence, Ey the first component of which is a non-empty

set and whose other components are finitary relations on that set is

called a relational system. The first component of a .relational system

is called its domaini if the domain of a relational system is finite,

the relational system will be said to be finite. If s =< ml,...,mn >

1

y Alfred Tarski, "Contributions to the Theory of Models, I, II, III,
Proceedings Koninklijke Nederlandse Akadamie van Wetenschappen,
Series A, Volume 57 (1954), pages 572-581, 562-588; Volume 58 (1955),
pages 56-6L; published simultaneously in Indagationes Mathematicae,
Volumes 16 and 17, same page references as above. Dana Scott and
Patrick Suppes, "Foundational Aspects of Theories of Measurement,'
Journal of Symbolic Logic, Volume 23 (1958), pages 113-128.

It is not relevant here whether a sequence is considered as a function
or as an ordered n-tuple. The language used corresponds more closely
to the second interpretation.
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is an n-termed sequence of positive integers, then a relational system

< AR Rn > 1is of type ' s if for each i = 1,...,n, the relation

l,..a,

Ri is an mi—ary relation. 2/ Two relational systems are simiiar-if

they have the same type. If two similar relational systems

Ol =< A,Rl,.,;,Rn >

CJ@’ m(B,Sl,uua,Sn>

are.such that A 1is a subset of B. ard, for each i =13%,...,n, the
relation Ri is the resfriction of Si -to A, then ot is a subsystem
of & . 1If, for similar relational systems O7 and £, £ is a func-
‘tion whose domain is the set A and whose range is the set B and such

that for each 1 =1,...,n, and for each sequence < a a > of

l,.‘ll’ m
i
“elements of A, -Ri(al5°'°’ami)J if and only if Si(f(al);n.o,f(ami)):

where s = <my,...,m > is the type of X and A, then 'f maps OT

1’
homomorphically onto 15'. If there is such a funection, we also say ot

ig homomorphic to 0£<u~j§ is a homomorphic jmage of OC .

This definition of homoﬁorphism for relational systems is that of
'Tarski.'ﬂ/ If OT=<A,0> and B =< B,*> are relational systems,
o is a binary operation on .A, and * is a binary operation on B,

then f maps ol homomorphically onto j§ if and only if f is a fune-

tion mapping A onto B such that for every x, y, and z in A:

)

—/ Technically, a relational system has a unigue type only if each of
its relations is non-empty. This difficulty can be avoided by the
device of considering n-ary relations as functions from A" +*o the’
truth-values. See Tarski, op. cit.

Ibid.
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<x,y,2 > € o if and only if < f(x),f(y),f(z) > € %, that is, since o
and * are operations, z = xo vy, flz) = £f(x) * £(y), and, hence, - -
flz) = f(x o y) = £(x) * £(y). Thus, we see that in applying this
definition to relaticnal systemg in which all the relations are opera-
tions on the domain of the relational system we have the standard

algebraic notion of homomorphism. There are several alternative defini-

tions of "homomorphism” for relational systems all of which reduce to
£he standard algebraic notion for. operations. é/ However, Traski's
‘definition,is best suited for our present purposes.

If a function f maps & relational system O7 homomorﬁhically onto
a relational system,}@’and is, furthermore, one-to-one it is éaid to be

an isomorphism of &7 and jg'u A funetion f that maps a relational

system O7 isomorphically onto itself ie a automorphism. &7 is homomor-

phically embeddable in ,&-if'some subsystem of X&)is e homomorphic image

of @7 . A numerical relational system is a relational system whose

domain is the set Re of all real numbers. By a theory of measurement

relative to a numerical relational system EE is meant a class of rela-

tional systems, closed under iscmorphism, each homomorphically embeddable

in 6& . A numerical assigmment for a relational systemtﬁf with respect

to a numerical relational system él is a function that homomorphically
embeds Of in & . Thusg, if I is a numerical assigrment for

ol =< A,Rl,.on,Rn > with respect %o R =< Re,R

_1,e.o,

R >, then T
-1

is a function that assigns real numbers to the elements of A, but not

5/
Some, but not all, of these alternatives are discussed in R.C. Lyndon,
"Properties Preserved under Homomorphism,” Pacific Journal of Mathe-

matics, Volume 9 (1959), pages 143-15L.
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necessarily every real number is the image of an element in A,
Three numerical relational systems important to measurement . are

the following: (1) & _ = <Re, <>, (2) (ﬁbd = <Re, <, T > in which

s
T is the aquaternary relafion on Re such that for any real numbers
m, n, i, and J: mnTij if and only if |m-n| < |i-j|, and (3) & o =
< Re, <, +>.

The standard method in measurement theory has been to consider
axiom systems characterizing or generalizing these three numerical
relational systems. Thus, there are familiar axiom systems for: (1)
gseries such that & relational system < A,Q > of type <2 > is a

gerieg if it satisfies certain axioms and 62’5 is a numerical series,

that is, éi’s is a model of these axiome; (2) difference structures

 such that a relational system < A,Q,R > of type < 2,b> is a dif-
ference structure if it satisfies certain axioms and &Ld_ is a numerical

difference structure; and (3) extensive systems such that a relational

system < A,Q,0 > of fype < 2,3 > ié an extensive system if it satis-
fies certain axioms and die is a numerical extensive system (or, as is
usually the case, the relational system ~<'Re+, S*J ++ > , where Re+
is the set of positive real mumbers, <, is < restricted to Re -,

+
and + _ is + restricted to Re , iz an extensive system)ué/ :

&/

For example, see Patrick Suppes and Joserh L. Zinnes, "Basic Measure-
mert Theory," Technical Report No. 45, March 15, 1962, Psychology
Serieg, Institute for Mathematical Studies in the SBocial Sciences,
Stanford University. A series is also called a strict simple ordering;
Q is required to be asymmetric, transitive, and connected in A. A
treatment of difference structures can also be found in Patrick Suppes
“and Muriel Winet, "An Axiomatization of Utilities Based on the Notion
of Utility Differences," Management Science, Volume 1 (1955) pages
259-270, Extensive systems are treated in Patrick Suppes, "A Set of
Independent Axioms for Extensive Quantities,” Portugaliae Mathematica,
Volume 10 (1951), pages 163-172.
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As empirical examples of each of these kinds of systems, we have
the following: The most important example of extensive systems occurs
in mass or weight measurement. In such an example the binary relation
is one which holds between objects x and y Just in casge the pans
of an equal-arm balance remain level when x and ¥y are placed in
the fwe pane or the pan in which x is placed goes up (that is, intuiu_
tively, x 1s not heavier than y); the ternary relation is a binary
dperation such that x o y i1s the result of piacing objects x and

y - in the same pan. Z/

Examples of difference structures occur in utility theory of
economics; series are important throughout psychology and other
behavioral sciences.

The representation problem of measurement theory is that of

-characterizing the Tormal properties of the empiricael operations and
relations used in a given process of measgurement ané of proving that
any of the resulting relational systems is homomorphically embeddable
in. an appropriate numerical relational system. Thus, a solﬁtion tq the
representation problem for mass measurement by means of én equal-arm
balance has been given by characterizing the formal properties of an
empirical binary relation and an empirical binary operation in such a
way that one can prove that any relational system satisfying the

characterization ig homomorphically embeddable in ZEEJ

/4

It is not germane here to discuss the relizability of this interpre-
tation; for example, a difficulty arises right away with the interpre-
tation of x o x. Since o is an operation there must be such an
element = 0 x.. . . .




We continue the definitions of notions not standard in general set
theory by introducing Suppes and Zinnes's definition of scale:
< 0 ,'az ,T > is a scale 1f and only if f is a numerical assignment

for O7 with respect to Ze . A clasgification of scales, following the

-outlines set by Stevens, can be wmade on the basis of certain groups of

=

transformations. A transformation is a one-one function of the set of

real numbers onto itself. A ratio scale is a scale < éW ,222 , T >

guch that for any funetion g, if < 7 s 32,,g > 1s also a scale,

then there is a similarity transformation ® (i.e., there ig.a positive

kx , for all real numbers x) such

]

real mumber k such that o(x)
that

g=9of.

N

Definitions of other types of scales are analagous to that of ratio

" scale, and they may be briefly indicated here by giving the restriction

~on the transformation ®. For absolute scales, ¢ must be the identity

transformation, i.e., ®(x) = x, for all real numbers x.. For interval

gcales, © must be a (positive) linear transformation, i.e., there is

a positive real number k and a.real number J (positive, zero, or

negative) such that for every real number =x, ®{x)} = kx + j. For

cordinal scales, ¢ wmust be a monotone transformation, i.e., @ 1is

either a monotone increasing transformation, thus for all real numbers
x and y, if x <y, then ®(x) <®(y), or ©® is a monotone
decreasging transformatior, thus for all real rumbers x and y, if

x <y, then ®(x) > ®(y). For nominal scales, © - may be any one-one

transformation.
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Certain cbservations concerning the various definitions given above

are relevant to our set-theoretical explication of empirical meaningful-~

ness. §/

Theorem 3.1. If f ig a numerical assigmment for a relational

system 07 with regpect to a numerical relational system BE and © 1is
any transformation of the real numbers, then ¢ o f 1is a numerical

assignment (but not necessariiy for J] with respect to BQ ).

Proof: ‘Tet &= < Dom( J7 },R >, where R is the binary rela-
tion such that xRy if and only if £(x) = f(y), Tor all x and y
in the domain of 07 5 and let 34_= < Re, => 3 then ® o f 1is a numeri-
cal assignment for I;with respect to 2* As the dowain of the sub-
system. of B/Lt;ake the range of ¥ o f. We need only show that for =x
and ¥ in the domain of j;', xRy if and only if ¢ o fix) = ® o £{y).
However, this is a simple consequence of the definition of R and th_e

_fact that ¢ 1s a one-one function. Q.F.D,

There are cases in which f is a numerdical assignment for a relational
systen o1 with respect to é numerical relational system m', p is a
transformation, and ® o f is a numerical aSSignment. for J7 with respect
to '32, For example, if f i1is a mumericel agsignment for = relati.onal
'Systém ol with respect to 926, and © is a similarity transformation,

then ¢ o £ is also a numerical assigmnent for 07 with respect to

xR

e

8

_/ In the remainder of this chapter we omit italicizing "empirical
meaningfulnegs" even in those cases in which we are talking about
the concept. It would be pedantic to continue the italics, and no
serious damage results from omitting them.
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We turn now to the_problem of exp;icating empirical.meaningfulness
in this set-theoretical framework. Our intuitive idea, fostered by the
semantic treatment, is that an expression concerning mass ﬁeasurement
is eﬁéiriceliyrﬁeaningful if ifeﬁtrutﬁ-value is inveriant uﬁder different
intefpretatioﬁs giﬁen te the sjﬁbol ! .in Suppee?e lahgﬁege LMo
fhe proposal offéred here.ceneidére speeial funetioes rathef thani
formulas of forﬁaiiﬁed ianguages as.the.objects fo ﬁhich:oﬁe aecribesl
“ﬁhe'predicates ”emﬁirieeliy meaniﬁéfﬁi“V'end‘”eméificelli fneaniﬁéless;'°
We introduce these functions in tﬁeAetages; Jin the firsfretage we re;
tain some features of the semantic approach. For convenience we shall

continue to use Suppes's language L and, in this first stage, as -

M}
.in'the,semantic_approach, formulas, of LM are gaid to be empirieally
meaningful or not. Our approach makes uee of charecteristic funeticns.
In general, a characteristic function is a funetion £ relative to &
subset A of a set B, its domain is the.set B, and its value for
any .2“ in B is determined ae folleﬁse o | o

f(x) 1 if x is in A

Ir

£{x) =0  if x is not in A.

The characteristic functions we shall use are those defined on numerical
assignments. Any function whose domain is a set of numerical assigcnments

we shall call a sig-function .

Definition 3.1. If o is a formula of L

W thee: Fa_, the
characteristic_sigjfunction corresponding to G, is_the‘functiog de-
fined on all numerical assigmments f such that < ?A;D(f),f > is a
ﬁodel for. LM?- and"such thaﬁ_for any numeriealneesigpmeet.rf _in:theh

(94
domain of F
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7 (£) = 1, if « is satisfied by < X,D(f),f&

F* (£) =0, if « is not satisfied by <4 ,D(f),f > .

Note that if < ,A,T > is & model for L, and ¢ is a similarity

transformation, then < ¢ A,0 o £> also is a model for Lye S0 that,

if f is in the domain of a characteristic gig-function corresponding

to a formula of LMV and @ is a similarity transformaticn, then ¢ o T

also is in that domain. We now propose a fourth definition of empirical

meaningfulness relative to the language LM.

. Definition 3.2. If o is a formula of LM, ¢ is empirically
meaningful in sengse D if and only if for all numerical assignments
£ such thst <& ,D(f),f > is a model for L, and for all similarity

transformations - ¢:

() = 7% (0 o £).

. o . . . o L. -
Thus, o 1is empirically meaningful in sense D if F is invariant

under &1l similarity transformations. As an example let
o = '{(va)(m(a) > 2)".

Let A = {01,02}) m(ol) =1, m(oe) =2, and ¢  be the similarity
_transformation such that ¢{x} = 3x, for all real numbers x. Clearly,
o - lg satisfied by <33L,A,m om >, but not satisfied by < QL,A,m >
thus, Fo(m) = 0, FG(Q om) =1, o, then, is not empirically meaning-
ful in sense D.

.In the second stage of introducing our porposed explication of
empirical meéningfulness we take into.consideration gll sig-funections,

not just those that are characteristic sig-functions. Remember that a
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sig-function is any function whose domain is some set of numericalr
asgignments. Let us consider three s;g-functions as examples. Let

G be the sig-function whose domain is the set of all_numerical
assignments (i,en,_the get of all functions T such tb@t for some
numerigal relational system Zﬁfand gsome relational system.d§7 £ is

a numerical assigoment for 07 with respect to ZE_) and whoge value

Tor any numerical assigmment I is the set of ordered_pairs_ < XY >
such that f(x) = 2.f(y). A second sig-function is ﬁhe fugction_zM
_Wﬁose domain is the set of all_numerical.assignments_with finite .domain

and such that for any Tinite numerical assigmment f

K(D{£))

("K(&)" denotes the cardinality of the set A); that is, M is the
function that assigns to any numerical assignment with finite domain

its mean. Big-functions that, like M, take real numbers as values

will be called numerical sig-functions. As a third example of a sig-

Tunetion considér the function H defined on the set_of all Tfinite

M
numerical assignments such that for any finite numerical assignment
o f HM(f).‘is.the‘set of 2ll objects x ip the.domain of f such
that f(x) = M(£); that is, E,(f) 1is the set of all objects whose
value under £ 1is the mean of f.

.Consider, now, a feature_qf the sig-funqtiqn G _wﬁich_we_sha}l
find useful. Let f be a numerical ass;gnment andr ® Jthe.similarity

transformation such that @(x) = kx, for all real numbers x, k> 0.

)
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By Theorem 3.1 ¢ o.f is also a numerical assignment, and, thus, both
fand © o f are in the domain of G. Any pair < x,y > of elements

x and y in the domain of f = Gomain of © o f is in the set

Glp o T) if and only if ¢ o f(x) = 2-® o f(y); that is, if and only

if kf(x) . 2kf(y). Since k is positive, < x,y > is in G(p o ©)
if and only if f£(x) = 2.f(y); that is, if and only if < x,.y > is in
G(f). This observation leads us to conclude that G is invariant under
any similarity transformation.

It will be recalled that invariance undér all similarity transfor-
mations of the characteristic sig-function corrésponding to a formula
of LM was the defining property of empirical méaningfulness in sense
D. This suggests exteﬁding the range of application of empirical mean-
ingfulness to all gig-functions, not just characteristic sig-functions.
In making this extension no reference is made to language LM (or to
any other formal language)'or to mess measurement per se. Thus, this
extension ie in two directions: +to all sig-functions and to mumerical
asgignments other tﬁan mass measurement functions.

Consider the case in which = psyCholbgist has what he believes to
be a method of measuring intelligence. Let us say that he has solved
the representaﬁion proBlem'for this method; fhat is, he has characterized
the formal properties'of the empirical relations and operations used in
the method and has proved that any relational system satisfying this
characterization is homomorphically embeddable in a perticular humerical

relational system"aab, We shall call the class of relational systenms _ :

the characterization "K."

K, are finite).

" (we assume all members of Eb
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,£O isla theory of measurement acco?ding to the formal definitiqn‘givgn
above.

. The pgychologisf is interested in the ”meaningfulness"_of‘certain
‘hypotheses;rfor example, does it make sense, on his theory, to say that
one object is twice as intelligent as.another; similarly, does it make
gense, op_his theory, to talk of_an object having average intelligence.
According.fé the épprpach advocated here these questions can be an-

swered by determining whether, for all Cj7int Eb_, the values of the

glg-functions G and HM are constant for all numerical assignments

for 07 with respect to 3200 We shall say that a sig-function F is

congtant on Eb if F is constant for all numerical assignments for

e

07 with respect to ZQ, .for all Cj7in K. - In general:

0’ =0

Definition 3.5. If K 1is a theory of measurement relative to a

numerical relational system 88 s then a sig-funetion F 1is constant

on 5 if and only if for every'éﬂ in ‘K the value of I 1ig constant

for all numerical assignments ftn'a7 with respect to 22,; that is, if
f and g &are any numerical assignments'for.d7 with respect:to 2,
r(s) = Flg). |

For purpoges of illustration let us assume that our'psydholbgist

has proved that 1f 07 is in K. and if f and g are mmerical

=0

assignments for 07'with respect to 280 5'£heﬁ there is a'poéitive'

linear transformation @ such that g = ¢ o £, that is, if f is

a ‘numerical aseigment for U7 with respect to &

| O",'then <01, R 1>

is a linear scale. Since 'HM is invariant undér all pdéiﬁivé linear
‘transformations it follows that Hy(g) = H (¢ o £) = H (f). Thus, H,
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is constant on Eb . ILet us try to convince ourselves intuitively that

~

this answers the psychologists question concerning the "meaningfulness"

of having a#erage intelligence. We could have set up a language' LI

analagous to Suppes's language L, , but containing a symbol For finite

M 2

summation, division, and, probably, many‘other.symbols. We assume that

for L. there are available definitions of model, satisfaction, and

I

two models for LI being related Ez a linear transformation. The

definition analogous to that for empirical meaningfulness would be:

A formula £ of LI is empirically meaningful in sense B' if

and only if S is satisfied in a mode1.07 for IT when and only when

it is satisfied in every.model for L

T related to 07 by a linear'ﬂ

transformation.

We suppose L. rich enough to contain the formula:

T
o='m{y) = ) omlx) - I—ll'
xeh

"ot

where 'n 1is to be interpreted as the number. of elements in A. It
can be verified that o is empirically meaningful in sense7 B'. Thus,
without going into detail, we hold that the formula ¢ in LI cor=-
responds (in % loocse, intqitive, sense) to the sig-function HM
(restricted to numerical assignments m such that <:}A‘,A,m.> is a
model for LI); furtherﬁore, o is empirically meaningful in senge
.B' and HM_ is constant on go. We argue Trom this to the conclusion

that the psychologist could answer his question concerning the "meaning-

fulness of having average intelligence” by showing that H, = is constant
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on Eb, Insteaq;of referring to sig-functions as gmpirically megningful
_(or meaningless)xrelative to a theory of mggsurement.>§ we prefer to
say that they are (or are not) constent on K .

We now ask; _What conditions muet a sig-functipn _Fx.satisfy to
guarantee that it be constant on a theory of measurgment‘ X7 Let K
be a theory of measurement relative to a numerical relational system
az.., and letd7 be some member of K. Fdf f to be.conétant dn EH,
the value of F ”must be the same for ail nmumerical assiénments for.CT7
with respect to EE,_ If £ is =a nuﬁericai assigmment for CV'with
respect to ZQ,, then F(f) must equal F{(® o f), where "¢" ranges

over all transformations relating two numerical assignments for di

with respect to 32 . This notion of a transformation relating two

nunericsl sssigmments for d? with respect_Eg ® gives us a clue to
the answer to our question about the conditions F must satisfy to
guafantee being constant on K. However, we can give two interpreta-

"tioms_to_it. In the first interpretation we define the class

o( 0] , R )

Definition 3.L. ‘1 01 is a relationdl system and aa is a riumerical

relational system, then o 01 » ?2 ) is the class of all transforma-
tions © ‘such that for some numerical assigmments T and “g for 07

with respect to 22 s, g=0o f.

Tnvariance under all transformations of - &( a1 ,'zl'),'for all CE’in a
theory of measurement K relative to 32-, does not guarantee-that a
sig-function ¥ 1is constant on XK. In addition a( 57_, pa ) Tust .

. satisfy the unigueness condition.
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Definition 3.5. A class of transformations ' satisfies the

uniquenegs condition relation tc a relationmal system.dn'and a numerical
relational system Ze if ‘and only if: for all nimerical.assigmments f
and g for 1 with respeét to (P there is a transformation 'w in T

such that g = Vv o f.

Not all classes of transformations &( a7 ,'52 ) satisfy the uniqueness
condition relative to U7 and EIZ. For example, let A = (a,b,c) ,

E = {(a,b),(a,c)} » A= (.(X;_Y)/X < Y'lﬁ} .’ and

fla) =1 gla) = 1
f{b) =3 (b)) = b
fle) =4 glc) = 4 .

£ and g are numericai assignments for 67 =< A,R> with respéct7
to ¥ =< Re,A> , but there is no transformation ¢ such that
g ; P o f. 7Aééume there were such a transformation @, then
p(3) = ¢(£(b)) t'é(b) = b = gle) = ®(f(é)) = ¢{L4), contrary to the
condition that © is one-one.

We can now state conditions on a sig-function F td guarantee
that it be constant on a theory of measurement. However, the hypothesis
of the following theorem is too strong to be useful, as we shall show

subsequently.

Theorem 3.2. If a sig-functiOn' ' is invariant under all trans-

formations of o( {7 , W ) ana o 07 , ) satisfies the uniqueness
condition relative to 0 and ?Q , for all relational systems o in

a theory of measurement K relative to %1 ; then ¥ 1is constant on K.
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Proof: Let 07 be any relational system in X and .f and g
‘numerical assignments for d? with respect to BZh. Since .¢(d7.,?{;)
satisfies the uniqueness condition there is a transformation ¢ in

o( §) , R ) such that g = @ o f£.. By hypothesis, F is invariant

under ©, and F(g)'=F(p o £) = F(f). Q.E.D.

The hypothesis of Theorem 3.2 is too strong. That is, F wmust
be invariant under too many tranéformations‘fof Theorem 5.2 to be of
umuqh use. To see that too many transformations are contained in
o( 01,2 ) consider the exsmple with A = {a,b,c}, R = {(a,a),(b,b),

(c:c_).: (a,b), (a:c); (b,ye)} ,

fla) =1 - gla) =1
£(b) = 2 g(b) = b
fle) =3 gle) = 9.

f and g homomorphically embed-l£77= < AR > in IZS. Tt is
possible to show that if £ is a'nhmerical agsignment for any rela-
tional system 07 with respect to 328, then < 07, RZS,f > dis an
ordinal scale; also-if ¢ 1s any monotone trénsformation, thén ®wof
“also is a numerical assigmment for 07 with respect to ae's' Thus,
all monotone transformations are in &( 07 ;E}Z S). Howe#er; the
transformetion ¥ such that V(1) = 1, ¥(2) = 4 ¥(3) = 9, v(¥) = 2,
¥(9) =3, and ¥(x) = x, for all other real numbers x, is also
a member of & a1 s BQ s), and ¥ is not .a monotoﬁe transféfmatibn.
To make use of Théofem 3.2 we.would nee& to know. that a sig—function
F is inveriant under V¥ in order to be guaranteed that F is constant

on the class of all series.
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Since Theorem 3.2 imposes too strong a condition on sig-functions

to be constant on a theory of measurement we consider a second inper-

pretation of transformation relat:.'L'ng two mumerical assignmenté for J7

with reslﬁect to ?2 :2/

Definition 3.6. If ﬂ? is a relational system and 38 is a2 numeri-

cal relational system, then T{ 07,% ) is the set of all transformations
¢ such that for évefy hﬁnierical"éssignment £ for J] with respect to

‘ZQ/ ,‘Ep o f is also 2 numerical as'signment"for 07 witn respect to x .

Not all clasées T( 07 ,%) satisfy the uniqueness condition. i].Z'he
example used to show that o a7 ) % ) does not always satisfy the
uniqueness condition also shows that T( d7 s P ) does not always
satisfy the uniqueness condition. In fact, it is often & very dif-
Ticult problem in characterizing the formal properties of a procedure
of meas_urement to establish t_l'lat the resulting classes T Ol 3 % )
satisfy the uniqueness condition. Thus, .it must be emphasized that
the following theorem has two hypotheses -- the first by itself is not
sufficient -- not only, for all AN in X, (1) must a sig-function
F be invariant under all transformations of T( o, R ), Dut also
(2) =( Jq7, 2 ) must satisfy the uniqueness condition to guarantee
that F' is constant on a theory of measurement 5 relative _tq %

Theorem 3.4 shows that (1) alone is a necessary condition.

The author is indebted to Professors Ernest W. Adams and William
" Craig.for Definition 3.6 and Theorem 3.3.
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Theorem 3.3, If, for every relational system ﬁ? in & theory of
measuremenf \5 relative to a numerical relational syétem Be.,
T(. 07 R P ) satisfies the uniqueness ’condit:_i_on and if a sig-function
F dis invariant under all the transformations of T(d? R 2?, ), then

P ig constant on _Ig .

~

Proof: Let 07 by any relational system in K and let f and
g be any mmerical assigmments for J7 with respect 't_o & . Since
T( o1 ,2@ ) satisfies the uniqueness condition there is a transfo_rma-
tion © in T( O7 , 7% ) such that g = ¢ o f. By hypothesis, F

is invariant under ¢. Thus, F(g) = Flp o £) = F(f). Q.E.D.

Being constant on a theory. of messurement K relative to a
numerical relational system a:_), guarantees that a sig-function is.

_ invariant under all transformations of T{ 07 » % }, For all 07 in K.

Theorem 3.4. If a sig-function F is constant on a theory of

meagurement XK relative to a numerical relational system %', then,
for every J] in K, F is invariant under all the transformations of
o 01, R ).

Proof: Let 47 be any member of K ,. f a numerical assignment
for 07 with respect to 22, » and ¢ any transformation in

v 07 , . ). Thus, @ o f &lso is a numerical assignment for'C)? with

‘respect to ). , and, by hypothesis, F(f) = F(p o f). Q.E.D.

I+ is helpful %o relate the classes T( 677 5 7?/ ), for 07 in some
theory of measurement X relative to % , and the automorphisms of

‘&2 . The following theorem states the main relationship.
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Theorem 3.5. The class of automorphisms of a numerical relational

system 72 is a subset of all classes T(dJ7 , &), for all relational

Systems 01 homomorphically embeddable in &Z .

FProof: Let ¢ be any automorphism of ﬁZ . Thus, ¢ 1is a one-
one Tunction from Re onto Re, that is, it ig a transformation.
Furthermoré, fér all relatidns R of & , 1if R is an n-ary relatiom
on Re, then for éll ordered n-tuplés (rl
if and only if R(9(r,),...,0(r )). We want to show that 17 {7 is

L _n ‘
,..,,rn) in Re R(rl’f°°’rn)

~ homomorphically embeddable in aZ,, then .Q € Tt J1 , % ). Let £

be any numeriéal asaigﬁment fof Jd] with respect to‘?gl ; Note tﬁat
©oof is a function whose domain is the domain of 47 and range a sub-
get of Re. Let R be any relation in ZE- ; say that R is an n-ary
'relatiOn; Since f ‘homomorphically embeds 07 in zZ-, for any n-tuple

(a .oa,an), all of whose components are in the domain of J? , we

1?
have that ﬁ(al,...,an) if and only if R(f(al),.,,,f(an)), where R
is the m-th component of a7 and R 1is the m-th coﬁponent of 32 .
Since ¢ is an awtomorphism of (K. we have R(f(él),,,,,f(an)) if

and only if R($(f(al),.,,,®(f(an))e Thus, ¢ o f also is a numericsl

assignmént for-éﬁ with respect to ® . Q.E.D.

In the case of the psychdlogist with the method of measuring
intelligence we used fhé fact that the sig-function HM is invariant
under all (pdsitive) linear transformations to show that HM is

‘constant on K

0 This suggests that often we can use information about

a sig-function's invariance under certain classes of transformations,

namely, those used in characterizing scale-types, in deciding if the
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sig-function is constant on a theory of measurement. The basis for in-
vestigations designed to obtain such information is contained in the

following theorems.

Theorem 3.6. If a.gig-function F is invariant under

identity
similarity
all linear ' transformations, and if K is a theory of
monotone ~
cne-one '

measurement relative to a numerical relational system P such that for
all 552 in K, 1if £ dis a numerical assignment for a? with respect to
abgolute
. X . I‘atio C . . H. .
KZ, , < J?, BZ.f > is a(n) interval ~scale, then F 1is
' ' ' ' ' ordinal ' ' -

nominal

invariant under all transformationé in T( d? 3 ?@. ), TFor all dZ-in K.

Proof: Let 07 be any member of K, f any nmumerical assignment
for 01 with respect to 00 , and @ any transformation in T(J7 , ).
By definition of T( a7, 227) ¢ o f is also a numerical assignment
for 07_with respect to &l,. Consider case (ii) in which <14”ﬁ'ﬁa,f >
is a ratio scale and F is iﬁvariant under éll similarity traﬁsformations.
Since < 07 B ?6,,f S and < 07, ?Z.,@ o f > are scales, ¢ is a
similarity transformatioﬁ. Hence, F(p o £) = F(f). The other cases

_are treated similarly. Q.E.D.

Theorem 3.7. If K 4s a theory of measurement relative to a

~

numerical relational system 7%1 such that for every 07 and T, if

a1 igs in K and f ig a numerical assigmment for (j7 with respect
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) absolute
. . ratio : _
to W, then <07, % ,£> is a(n) interval } scale, and if
' ordinal
nomiral

identity
similarity
F is a sig-function invariant under all linear transformations,
monotone
one~one

then F is constant on E .

Proof: ©Note that we can not use Theorems 3.6 and 3.3 td”prove
immediately Theorem 5.7. We Woﬁld ﬁeéd to know, in addition, that the
classes T(én ,7&1 ) satisfy the.qniqueness condition. We shall give,
instead, = directjﬁrbéf frdm the definitions. Tet 7 be an arbitrary
member of K and f and .g humerical assignments for 07 with respect
to W . By the definitions of the various scale-types there is an
appropriate transformation: © such that g =% o0 f. Bince T . is
dnvariant under all appropriaté trensformations, F(g) = F(o o £) = F(f).

Q.E.D.

Theorem 3.8. If K is'a theory of measurement relative to a

numerical relational gystem zﬁl, and if, for every 57 in X, it f
and. g are ény two numericsl assigmments for d7 with respect teo x »
then there is arn automorphism of X such that g = $'o.f, then a sig-
. . . 10/ R .
function F is constant on X iff, for every numerical assignment

f for some_ﬁv_ in. X with respect %o ZE, in the domain of F ,

F(f) = F(9 o T),  for every automorphism ¢ of _2EL.

o

‘We use "iff" as an abbreviation of "if and only if".
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Proof: (i) Assume F is constant on . K. Let ¢ be any automor-
phism offaa and f g numerical assignment for J? in K with respect
to R such that f is in the domain of F. By Theorem 3.5 @ is in
m( J7 ,% ), and, thus, P o f is a numerical assigmment for &7 with
respect to 2., By assumption, then F(f) = F(p o £). Notice that
in (i) we did not use the secoﬁd hypothesis of the theorem. (ii) Assume
that for every numerical assigmment f for some 07 in g witﬁ respect
to 32., f in the domain of F, F(f) = F(p o £), for all automorphsims
© of 32., Let O] ve any member éf K and £ and g any two
humefiéal assigmments for Cﬂ with resgpect to 7%1-. By the second
hypothesis of the theorém there is an aufomorphism )] bf Zfl such

that g = @ o £. By assumption we have F(f) = F(p o £) = F(g). Q.E.D.

In the next chapter we shall.show that various sig-functions are
invariant under certain classes of transfdrmations (class of similarity
transformations, calss of linear transformations, class of monotone
transformations). By Theorem 3.7 it will follow that'thesé sig-functions
. are constant_onrall theories of measurement .E relative to a.numerical
relational system 72 such that for any J] in K, if f is any
numerical assigmment for 01 with respect to & , then < CW; %Z,,f >

.
ie of an appropriate scale-type (it is a ratio, an interval, or an
ordinal scale). TFurthermore, we have.argued that there is merit in the
position that determining whether a sig-function is constant on a théory
'bf_measurement is highly relevant to the "meaningfulness problem". The

claim ig that there are good reasons to ask if a certain sig-function

is constant on a .theory of measurement rather than to set up a Formalized
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language and ask if a certain formula of that language corresponding
(in some sense) to your informal hypothesis is empirically meaningful
relative to that theory of measurement,

The relationship bebween Suppes's semantical version of empirical
meaningfulness and the present treatment can best be seen in the follow-
ing thecorem. IEmpirical meaningfulness in sense B is used as it is

more convenient than senses A and C.

- Theorem 3.9. If «a is any formula of LM’ then « 1is empirically

meaningful in sense B if and only if the corresponding characteristic
o ' .
sig-function F  is invariant under all gimilarity transformations if

and only if G is emplirically meaningful in sense .

Procf: Assume & is empirically meaningful in sense B. Let
T be a function such that 13%-= < ZL,D(f),f > is a model for LM
and ¢ =a simiiarity transformation. We observed previously that in

this case ﬁg =< ?fL.,:D(f),cp o f > also ie a model for I,. Thers

are two cases, F{f) =1 or FXf) = 0. For case (1), FUz) =1,

a is satisfied by z;f" Since a is empirically_meaningful in sense
B, « is satisfied by frg._ Thus, X ® o f) = 1. For case (ii},
f) =0, & is not satisfied by :iif- Hence,.using the face that

¢ is empirically meaningful in sense B, « 1is not satisfied by

I;’ g} thus, Fa(@ of) =0, We conclude that F* is invarisnt under
_ail similarity transformations, and thus, by definition, & is empirically
meaningful in sense- D. On the other hand, now assume that @ 1= empir-
jeally meaningfql in senge D hence,_by definition, Fa_ is invariant

under all similarity transformations. Let ng_z < BA,A,f > and
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:éLg = < aﬁ—,A,g > be models for LM

transformation ¢ (i.e., g =@ o f). We now need to know that £

‘related by & similarity-

and g are numerical assignments and, thus, in the domain of Faa
This seems a natural assumpt%pn-although this is not expliecit in

Suppes’s formulation in his article in Measurement: Definitions and

. 11
Theorleso-ﬂ/ Agair we proceed by considering two cases. (i) @ is
- ﬁ' o .
satisfied by g3 thus, F (£) = 1. Hence, by hypothesis,
0] o )
F{g) =F (po f) = Fa(f) =1, and «a is satisfied by ]ﬁkg. In
case {ii), O is not satisfied by 'z;f' Thus, Fa(g) = Fg(m o f) =
(04 -
F(f) =0, and Qa is not satisfied by f;é. We conclude that «
is satisfied by a model for LM iT and only if it is satisfied by

every model for L

M related to it by a similarity transformation.

Q.I.D,

In order to extend the biconditionals in Theorem 3.9 to Fa
-being constant on an appropriate theory of measurement we need to
make further assumptions not explicit in Suppes's treatment.

The. results we have obtained show that it is possible to treat
empirical meaningfulness via sig-functions in a .set-theoretic framework

ingtead of via formulas in a semantic framework. There are two

11/
I < BL,A,E > is a model for L., Suppes says that "the function
m 1s meant to be a possible numerical function used to represent
gxperimental results," in "Measurement, Empirical Meaningfulness,
and Three-Valued Logic" in Measurement: Defiritions and Theories,
‘edited by C. West Churchmsn and Philburn Ratoosh, New York:. John
Wiley, 1959, page 136. Suppes and Zinnes, op. cit., pages 110-111,
comes closer tO saying wm must be a numerical assigmnment in the
technical sense, bub.the treatment there is informal.
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advantages to the former approaéh. In the semantic approach it is
necessary to specify explicitly what language one is talking about

and, where necessary, to set up a formalized language. While this

is theoretically possible it is tedious and there are many'complei
probiems that must be avoided. All this linguistic difficulty is
avolded by the set-theoretic approach. 22/ It is also possible to
avoid certain conceptual confusions by using the set-thecretic approach;
for example in discussing transformations from the semantic point of
view one can easily confuse a transformation of the real numbers, a
set-theoretic notion, with the transformaticn of a linguistic expression
by replacing parts by other symbols (in particular, by replacing names

of functions by names of other functions).

Of course, it might beé necessary or desirable to formalize the under-
1ying set theory; however, the semantic approach slso makes usge of
set-thecretic rotions, and, thus, the formalization necessary for
formalizing set theory sufficient for the set-theoretic approach
would be simpler than that necessary for the semantic approach.
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CHAPTER IV

INVARTANT STATISTICS

In this chapter we use the concepfs ahd results developed in thé

last chapter to elucidate Stevens's work on Hinvariant statistics”;

Stevens distinguishes between "invafiance of numefical valueﬁ (or
numerical invariance) and ”invariancé of refereﬁce” {or item.invariance),}/
A typical case of the first kind is cdefficieﬁt.of variation. .If- V is
the éoefficient of.variation of é numerical assigmment £, fheﬁ .V is

also the coefficient of variation for any numerical assignment reiated

to T by a similarity transformation. In this case the nﬁmeriéal value
-remains constant. A dtypical case of invariance of reference is the mean.
The mean of a numerical assignmént is not.invariant under any linear
transformation (except the identity transformation}, When Stevens lists
the mean as invariant he means it is invariant in the sense that if the
value of a humerical assigmment f = for an object a 1is the numericail
mean of f, then the value of a :for any numerical assignment. related
to f Dby a linear transformationuis the same as the numerical mean of

that assigmment. 2/

&/ S.5. Stevens, "Measurement, = Psychophysics, and Utility," in
Measurement: Definitions and Theories, edited by C. West Churchman
and Philburn Ratoosh, New York: John Wiley & Sons, 1959, page 28.

2

_/ Ibid., and in the initial statement of his theory, where he made no.
explicit distinction between the two kinds of invariance, "On the
Theory of Scales of Measurement," Science, volume 103 (1946), pages
677-680, reprinted in Philosophy of Science, readings edited by
Arthur Danto and Sidney Morgenbesggr, New York: Meridian Books,
1960, see especially page 1hlk,
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While the numerical wvalue of the mean is not invariant under any
non-identity linear transformation it transforms in a simple way. 3By
congidering the way it transformes we are led to results concerning con-
ditions under which certain ”st&tistics” sre item invariant (reference
invariant). As d first step ﬁe siﬁgle out two sig-functions asséciated
with the ”meah statigtic”. The first, which we call "¥" , is.a.
.numerical sig—funétion and‘assigné o a numerical sig-funetion with
finite domain its mean. (In 6rder to avéid ceftain complexities not
germane fo our‘study we shallrresffiét M to finite numerical assign-
menfs.) .Thus, if the domain of f .is finite,

() = ok

IO F f(x)',

xeD(f)

. The other sig-function, M , is what might be called "a reference sig-
function'; it assigns to a finite numerical assigmment £ the set of
all those objects x such that . £(x) = M(f); that is, all objects
whose value under f is the.Same-as the mean of f. We are now able
to give a clearer statement of the géﬁeral results we shall obtain.
This distinction between the numerical sig-function M and the reference
sig-function M associated with a stetistic has a more general applica-
tion than just to the.mean. Wé éhal1.state conditions- such that if a
numerical sig—functi;n éatisfies these conditions, then the associated
reférence sig-Tunction is invariant under certain transformations.
Considef a.class A = {g,b,c,d,e] and a numericg1 assignment Sl
for some relatiOnal.systan a7 whose domain is the_set A .relative to

gsome numericsl relational system ?ﬁi :
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The mean of f' is 8. Now, let V¥ be the linear transformation such

that V(x) = 3x + 3, for all real numbers x. Thus,

y(£t(a)) = 12 V(£ (b)) =18 v(£r(e)) = 2k
V(£ (d)) = 36 V(£ (e)) =45 .

The mean of V¥ o ff is 27 = ¥(8). In general, if ¢ is any linear
transformation and £ i1s any nuﬁerical agsignment, then the mean of
P o T is the value of © for the mean of f. Note that by Theorgm
5.1 ¥ o f' 1is a numerical assignment, although it might not be one
for d1 with'respect to & .

| Wé.shali say that the sig-function M is covariant under all
linear transformations in view of the fact that M(o o £) = o(M{£)),
for all numerical assignments £ in the domain of M and all linear
transformations ©. é/_ Given this notion of covariance we shall show
that if a numerical sig-function is covariant under a transformation
P, then the associated reference sig-function is invariant under 0.
Thus, since M 1is covariant under.all linear transformations, M is
invariant under all linear transformations.

In view of these remarks we turn now to the itagk of providing

general definitions of these concepts.

5

The word 'covariance” is used both in statistics and in tengor
analysig, but in different ways. Our use of the term differs
from its use in statistics, but is analogous to its use in tensor
. analysis. ' ' '
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Definition 4.1. A numerical sig-function F is covariant under

i
a trangformation ¢ 1frl —/ - for every numerical assigmment T in the
domain of F

F(p o £) = p(r(e)) 2

Definition 4.2. If F is a numerical sig-function, then T is
the sig-function whose domain is that of F and such that for any
mmerical sig-function in its domain ?(f) is the set. of all objects

x such that f£{x} = F(F).

We now state and prove the theorem discussed above in terms of

reference gig-functions -- we now use the bar operation.

Theorem U4.1. If F 1is any numerical sig-function and ¢ 1s any

transformation, thern if ¥ 1is covariant under ¢, then F is invariant

under. . ©.

‘Proof: The following biconditionals hold for an arbitrary X3
x is in F(f) afr fx) = #(f) iff, olf(x)) = p(R(£)) iff,
®o f(x) = Flwo £} (since P is covariant under o) iff x iE in
Flp o £). Taus, F(f) = F(p o £), for all numerical assigmments f

in the domain of F and all transformations @, Q.E.D.

Y

We use "iff" ag an abbreviation for "if and oniy if".

5/

Covariance could be defined on sig-functions that do not take real
rumbers as values, but ordered n-tuples of real numbers. In such
a case we would also use the extended use of "transformation” such
that, for example, if < x,¥y,z > 1is an ordered triple of real
numbers, then (< x,y,2 > ) = < o(x),0{y),e(z) > . Thus, in the
generalized version of covariance, if F(f) is the ordered triple
<5,7,8> and F is covariant under the linear transformation V,
Eﬁegf-“’ o f) =vy(F(£)) =¥(<5,7,8>) = <v¥(5), ¥(7), ¥(8)> = <18,
3 > .

56




'Accgrding.to thié theorem, .for example, if we show that M -is
éovariant under all linear transformations, then it follows that M
is invariant under all linear transformations, If TF(f) is non-empty,
then given that T is invariant under @ it follows that F 1is
covariant under ¢. Let x be some merber of ?(f), for soﬁe numerical
éssignmeﬁt £ such.that .F( £) 15 non-empty, thus, f(x) = 'fﬁ; Since
F o ois 1nvar1ant under ®, x is also a member of F($ 0 f), that 1s,
o(F(f)) = o(f{x)) = Flo o £}, and, hence, F is covariant under 9.
It is not always the case, however, that there is some element in the
domain of a numerical assignment that is mapped into the mean of the
.assignment, or, in general, into the value of F Tfor the assignment.
Theorem 4.1 still holds, of course; the value of ¥ for such an
assignment is the empty set. Even in such cases if the value of F
for an.a551gnment f 11es between the values of f for obgecfs. a
and b (£la) < F(f) < f(b)), the value of F for the assignmenf
¢ o T, wheré ¢ is at least a monotbné increasing transforﬁation
such that F is cofariant under ¢, lies between @ a)) and

o(f(b)). Thls result is stated in the follow1ng theorem°

Theorem L4.2. For any monotone increasing transformation o ,

numerical gig-function F, and numerical assigmment f, if a and
b are any objects such that f(a) < F(f) < f(b), then if F is covariant

under @, then @ o f(a) <Flpo f)y<go f(b)

Proof: - 8Bince ¢ 4is a monotone increasing transformation,
p(f{a)) < o(F(f)) < p(f{b)). As F 1is covariant under o ,

o(F(£)) = F(p o £), 'Q.E.D,
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Theorems 4.1 and 4.2 can be extended to the case in which given a
mmerical sig-function - F we have the sig-function F such that for
any nmumerical asgignment f: in the domain of - F, .F(f) is the get of

all objects x such that f(x) < F(F).

Definition 4.3. If F is a numerical 51g-funct1on, then ¥ is

the sig-function whose domain ig that of I and such that for any f
in its domain F(f) ig the get of all objects X such that

f(x) < F(£).

Theorem 4.3. For any monotone increasing transformation ¢  and:

nunerical sig-function F, if F is covariant under ¢, tThen Fois

invariant under Q.

PTOOf; “ An objeét  x ié in. Flo 0 f) iff p({f(x)) < F(w o f),
since .F is covariant under $, this.holds iff Q(f(x)} < w(F(f)),
Since © 1s.a one-one monotone 1ncrea51ng function @ (x)) < o(F(£))
iff f(x) < F(f), that is, iff x is in F(f). Thus, F(f) = Flp o £),

for all numerical agsignments f. Q.E.D.

We turn now to prove the result that the mean function is covariant
under all linear transformations. However, ﬁe shall limit ourselves 10O
the.case in which the numefical aSSignments have finite dOmains; The
object of this treatment is to sketeh how "statistics" (in Stéﬁens‘s
sense) such as the mean when applled to measurements can be treated in
our set-theoretical Fframework. We, thusg, shall avoid stating conditions
under which the mean of an infinite numerical assignment exists. Again

we uge the notation "K(A)" <+o denote the cardinality of A.
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" Definition 4.4. M dis the numerical sig-function with domain the

.set of all numerical assigmments with finite domain such that for every

finite numerical assignment I:

1

M(f) = m fxé%(f)f(x) o

Theorem 4.4. M is covariant under ell linear transformations.

- Proof: Let k be a positive real number, J any real, @ the
linear transformation such that o¢(x) = kx + j , for all real numbers

%, and I a numerical assigmment with finite domain.

Mo f) = 3 olflx) = § xf(x)+3
xeD(p o £) xeD(P o £) °
K(D(p o £)) K(D(p o £))

By definition of functional composition D(@ 0 f) = D(f). Using an

elementary result on summation we obtain:

y  2(x)

xeD{F
(

) + J = KM(£) + 5 = o(M(F)). Q.E.D.
K(D(£)) :

=k -

Theorem 4.5. M ig invariant under all linear transformations.

Proof: Theorems.4.1 and L.L.

Perhaps it would be beneficial_fo recapitulate the relevance of
- Theorems 4.% and 4.5 to the question of empirical meaningfulness. Let
us suppose that there is a process of measurement for which the represen-

tation problem has been solved such that K. 1s the theory of measurement

0]

i~

(relative to a numerical relationsl system 9 ) associated with the
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-process. Furthermore, let us assume that for every 7 ¢ 50 s 07 is
finite and if f &and g are numerical assigmments for a7 with respect
té ZE,, then there is a linear transformation © such that g = ¢ ¢ f.
By Theorem 4.5 M is invariant under all linear transformations; this,
together with our assumptions, is sufficient toc guarantee, using Theorem
5.7, that M is constant on ED « Thus, if ar ig any member of EO

we can speak of an object. a 'Standing at.the mean of the domain of &7
since given any mumerical assignments f and g Zfor 07 with respect
to & f(a) =M(£) iff gla) = Mg).

Operations on numerical sig—fungtions other than the bar and wavy-
line operations could be defined, but the bar operation was introduced
in order to explicate Stevens's assertion that the mean is invariant
under & linear transformation. This has ied to more general results.

The same thing is true by considering his assertion that standard devia-
tion is invariant undef a linear transformation. If o is the numefical
sig-function assigning to 2 mumerical assignment its standard deviation,
ag defined in standard ways, then we might expect, from Stevens's remark,
o(f) = alp o ), for all mmerical assigmnments f,. © a linear trane-

. 6 o .
formation. —/ This is mnot the case, however. For example, consider

&/
There are two definiticns of standard deviaticn in the statistical
literature. We shall use '

o(f) = | T (£(x) - m(£))*
xeD(f)

K(D{£))

where the domain of £ dis finite. The other customary definition,
for the finite case, has "K(D(f))-1" in the denominator.

60




A, £', and ¥ again. o(f') = 4, but oy o ') = 12. We note that -
~o(¥ o £') + ¥(o(f')), and so o is not covariant under the linear
transformation ¥. This, in itself, does not preclude the possibility
that o is invariant under V. However, note that o(f1) is empty,:
but a is a member of oy o £1). Apparently, what Stevens means when
he says that standard deviation is invariant uﬁder any linear transfor-
mation is that the set of all objecté % wWhose values under a numerical
:éssignment f. differ from,ﬁhe mean of f by less than thé.étaﬁdard
deviation of.lf remains congtant undér any iinear tf&nsformatibn. Tﬁis
leads us to introduce ancther operation on numerical sig—functions. In

the general case the definition is AS fbllows:

Definition 4.5. If F is a numerical sig-function, then Ff is
.:‘the_sig-function whose domain is that of all numerical assigrments with
finite domain alsoc in the domain of P guch that for any £ in its

domain F#(f) is the set of a1l objects x such that |f(x}-M(£)| < F(f).

Actually, this could be generalized to the case in which any real number
is uged instead of the mean.

Similarly, consider the variance of a distribution. Let V be
the sig-function defined on all finite numerical assignments such that
V(f) = d(f)g, for all f in its domain. We obtain: V(f') = 16 and
V(¥ o £') = 14k, Thus, V is neither invariant under ¥ nor
covariant under Y. However, if the sguare of the difference between
f(x) and the mean of f is less than the variance of f, then the
square of the difference between ¢ o f(x) and the.meap.of .$_o r is

less than the variance of © o f, for all linear transformations @.
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Thus, we have a case analogous to the mean and standard deviation.

Firgt, we introduce a sig-function which maps a finite rumerical assign-
ment £ into the class of all objects - x - such that the square of the
difference between f(x) and the mean of £ is less than the variance
of f. In the general case we introduce an cperation on numerical sig-

functions.

Definition 4.6. If F is a numerical sig-function, then F§ is
the sig-function whose domain consists of all numerical assignments
with finite domain in the domain of ¥ such that for any f 1in its

domain T§(f) is the set of all objects x such that (f(x)-M(f))2 < F(£).

Now, in the cdge of the mean we have shown that if M 1is covariant
under all linear'transformatiohs, then M is invariant under -all linear
transformations (we have shown more since ﬁe have made certain generaliza-
tions). What we should like fo do is +to find two conditions (call them
"A" and "B") such that if ¢ satisfies condition A, then o # is
invariant under all linear transformations, and if V satisfies condi-
tion B, then V§ is invariant under all linear transformations. The
author found such a condition for the case of standard deviation, and
Professor Ernest W. Adams generalized it in such a way that not only is
variance thereby treated, but so are many other "statistics"; more
important, being covariant and invariant are special cases of this

general condition.

Definition 4.7. A mumerical sig-function F is multivariant

under the transformation ¢ with respect to the transformation ¥

iff for all numerical assigmments £ in the domain of F:
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F(lop o £).=Yy(F(£)) =¥ o F(f) .

Immediafe:conéeQuences of ﬁﬁe definition aiéé A numericai“sig_
function F 1is invarianfnunder P ziff F -is multiveriant undéf )
with respect to the identity.transformation; and F is covarianf.under
@ iff F is multivariant uﬁder ) with‘respect to“ P, |

| We now need a way of géﬂerating transformations wt@) from linear
transformétions P .such tha% if standard'deviation.is ﬁulﬁiéarianﬁ
.ﬁnder all linear traﬁsformations ©® with respect to V(®), then .U #

is invariant under gll linear transformations. Similarly for variance.

N

Definition 4.8. If © dis d linear transformaiion such that for

some positive real number %k and some real number i, o{x) = kx+.j,
for all real numbers x,  then ®° igs the similarity transformation

~such that ©°(x) = kx, for all real numbers ‘x.

Definition 4.9. If ® 1s a . linear transformation such that for

some pogitive real number k and some real number J, plx) = kx + J,
for all real numbers x, then ©°° is the similarity transformation

such that ¢°°(x) = k2X , for all reai numbers x.

We now prove = general result connecting multivariance with respect

to.the "degree" operations and invariance.

Theorem 4.6. TP F is multivariant under a linear transformation

® with respect to ©° , then F# is invariant under o.
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Proof: Let f be a numerical assigmment in the domain of F# ,
z an object in its domain,' k>0 and J real numbers such that
o{x) = kx + j, for all real numbers x. Since f is in the domain

of T# , f is also in the domain of F and M. Since f is finite,

® o f also is finite and, thus, in the domain of M; ¢ o f also is

in the domain of f as F is multivariant under ¢ with respect to

¢°; from this it follows that ¢ o £ is in the domain of F#E. oz is

in F{p o £) iff lo(f(z)) - M(Q.o £)] < #{p o £); since F is multi-
variant under @ with respect to ¢° +the right side holds iff

Im(f(z)) - M9 o £)] < °(¥(£)). By Theorem &} this holds iff

lo(£(z)) - o(M(£))| < @°(F(£)); that is, if |(kf(z) + 3) - (wu(r) + J)] <
kF(f) iff |x(£{z) - M(£))| < kF(f). Since k> 0 this holds iff

k| (£(z) - M(£)] <xF(f) dirf |£(z) - M(£)| < F(f) iff =z is in

F#E(F). Thus, F#(f) = B (o o F). Q.E.D.

Theorem 4.7. If F is multivariant under a linear transformation

© with respect to ®°°, then F§ is invariant under .

froof: Let £ be a mmerical assignment in tﬁe domain of ¥T§ ,
z an object in its domain, k > 0 and ] reai nmbers such that
'Q(X) = kx + J , Tor all real numbers x. Since f 1is in the domain
of F§ , £ is also in the domain of F and M. Since f is finite
® of =also is fini%e and, thus, in the domain of M; @ o £ also is
Hiﬁ the domain of ¥ ags F is muliivariant under- © with respect to
oo

p°%; from this it follows that @ o f dis in the domain of F§. =z 1is

in FS(pof) iff (p(f(z)) - Mg o £))° < F(p o £); since F 1is o
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miltivariant under © with respect to - 9°° the right side holds iff
(p(f(z)) - M(p o f))-2 < ¢°°(F(f)). By Theorem 4.4 this holds iff
(p(£(2)) - p(u(£)))% < @°°(F(2)); thet is, i7f ((kf(z) +J) -
(M(£) + 31)° < koF(s) irr (k(£(z) - M(£))® < K°F(£) iff

k2(f(z) - M(f))2 < kEF(f), Since k > O, K > 0, and we have that
z is in F§(p o £) iff (f(z) =~ M(f))2 < F(f) iff =z is in F§(Ff).

Q.E.D.

Before applying Theorem 4.6 to the case of the standard deviation
sig-function o0 we state and prove a theorem showing a relationship
between rultivariance under = linear transformation o With.respect

to ¢° and covariance.

Theorem 4.8, If, for every linear transformation ¢, a numerical

sig-function F 1is multivariant under ¢ with respect to @°, then

F 1is covariant under all gimilarity transformetions.

Proof: Let ¥ be a gimilarity transformation and f a numerical
assignment in the domain of F. V¥, when, also is & linear transforma-

tion V¥° =Y. Hence, F(¥ o f) =y (F(£)) = ¥(F(£)). Q.E.D.

We shall now apply our results to the standard deviation sig-function
g. For convenience we limit ourselves to numerical assigmments with
finite domains. FQr the sake of completeness we insert here a formal

definition of the sig-function o.




Definition 4.10. Z/ ¢ 1is the numerical sig-function with domain

the get of all numerical assignments with finite domains such that for

any finite numerical assigmment I -

Thecrem 4.9. For all linear transformations ¢, ¢ is multivariant

under © with respect to ©°.

Proof: Let k be a positive real number, J any real number,
¢ the linear transformation such that plx) = kx + j, for all real

numbers x, and f & mmerical assigrment with finite domain.

1) epof)=| T (0(£(x)) - Mo o )2
xeD($ o f)

X(D(o o 1))

By Theorem 4.4 we have:
(p(£(x)) - Mo o £))° = (0(£(x)) - o(u(£)))"

Using the definition of © and various numerical results we have;

= [(er(x) + 3) - (M(e) + 3)1°

= (x(£(x) - M(£))F = K2(e(x) - M(£))Z

1
See footnote 6, page 60,
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Replacing this value in (1) we obtain:.

ot) =] ¥ Klelx) - 122
o . xeD(£) . » _

K(D(£))

Using a theorem concerning summation and one on sguare roots we have:

]

K |y ((x) - u(£)?
xeD(f)

K(D(£))

1

k o (£f) = ¢°(a(f)) - Q.E.D.

Theorem 4.10. ¢ ds covariant under all similarity transformations.

Proof: Theorems 4.8 and L4.9.

Theorem h,ll,‘ 0# is invariant under all linear transformations.

Proof: Theoréms 4,6 and 4.9.

Theorem 4.11, then, states that the classg of all objects whose
value under a_numerical assignment differ from the mean by less than
the standard deviation is invariant under g1l linear tfﬁﬁsformations.
To put it another way: differing from the mean by less than the
standard deviatipn is independent of any particular_numerical assign-
ment for a relational system ﬁr7ﬁwith respect to a nmumerical relational
system_'aa 5 provided < J7 P ?%l‘,f > 1is én interval scale féf any

numerical assigmment f Zfor CU with respect to 'aa_f _
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Similar results are obtained for variance.

Definition 4.12. V is the numerical sig-function with domain
the set of all numerical assigmments with finite'domain guch that for

any finite numerical assignment f:

1 2
v(r) = Yo (2(x) - M) .
KD(E)) 1 B(e)
Theorem 4,12, For all linear transformstions @, V 1is rulti-

variant under ¢ with respect to @°°.

Proo?: Let k ©be a positive real number, -5 any real number,
@ the linear transformetion such that o(x) = kx + j, for all real

numbers x, and f a numerical assigmment with finite domain. We

obtain:
Vip o £) = (o{p o f))2 ; by Theorem 4.9 we have:
o 2 2 2 2
= (9°(a(£)))” = {k ¢ (£))” = ¥ o(f)
= 9°°(V(£)). . Q.E.D.
' Theorem h.lﬁ. s is invariant under.all linéar transformaﬁioﬁs.

Proof': Theorems L.7 and L4.12.

- Thus, the class of all cbjects such that the square of the dif-
ference between the value of the object under a numerical assigrment
and the mean of the mumerical assignment is less than the variance of

the numerical assignment is invariant under a1l linear transformations.
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It is possible to extend this ireatment to other resulis previously
stated less formally by Stevens. The results listed under the headings
"measures of location" and "dispersion" in Table.e reproduced on page
17 from a recent publication by Stevens §/ can be handled in the manner.
outlined above. The resulis listed under "association or correlation”
can not be dealt with by using sig-functions. The author has obtained
results for some of the "statistics" listed in this category by intro-

ducing correlation functions; these are functions defined on ordered

pairs of numerical assignments where the domains of the two assignments
are the same. An analogue of invariance for correlation functions is
defined in.tﬁé following way: A cbfrelation functioﬁ C is_invariant
under the pair of traﬁsformations © and ¥ iff 4C($ o_f,w og) =
C(f;g), Tor all pairs of numerical assignmenﬁs < f,g > in the domain
of C. An example of the results obtained.is showing formally that the
o Peafson product-moment correlation function is invariant under all pairs
of linear transformations. The results are not sufficiently complete
to present here, nor are they'sufficiéntly germane to Justify more

than these abbreviated remarks.

§/ .
S8.5. Stevens, "Measurement, Psychophysice, and Utility," in
Meassurement: Definitions and Theories, edited by C. West Churchman

and FPhilburn Ratoosh, New York: John Wiley, 1959, pages 18-63.
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CHAPTER.V

THE MEANTNGFULNESS OF OPERATIONS

In the definition of constant on a theory of measurement K rela-
tive to a numerical relational system-%ﬂ no reference is wmade to the
relations and operations of &2 or to the relations and operations of

the members of X. On the other hand, Weitzenhoffer.does make a restric-

tion concerning these relations. and operations.

We can, if we desire, useé the number system as representa-
tion for measurements on ordinal and additive scales, provided
one réstricts one's self to using only the relations of "greater
than", "lesser [sic] than", "equal to", and the operation of
"addition." [footnote: OFf course, in the case of ordinal scales
one must also exclude =ddition.] To subtract measurements from
one ancther at this stage is not allowable, and even less to multi-
ply measurements together -- simply because these concepts have
not been defined for measurements, although they are well defined
for numbers. }/

I% might be noted that this ig nol a semantic discussion of what sentences
are empirically meaningful, but s discussion of what relations and opera-
tions onh measurements are allowable. It is not e¢lear in what sense they
are or are not allowable. Part of his criteria for allowability seems

tc be that if o is a binary operation on the set Re of real numbers,
then, given a numerical assigmment I for a relatlional system J7 witn
respect to a numerical relational system 'aa , 0 1is allowable for

< 0 ) a1<,f > iff o 1is cne of the operations of aa_(cr definable,

A.M. Weitzenhoffer, "Mathematical Structures and Psychological
Measurements,”" Psychometriks, volume 16 (1951), page 395, italics
not in the original. - .= o '
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in some unspecified way, ih terms of the operations of R ). This
criterion is inadequate, if ihterpreted in this way ——_altefnative_in—
terpretations are.even less clear. Clearly, it is very restrictive,
although how restrictive depends on what meaning is assigned to "defined
for measurements”. On the other hand, 1t is not restrictive enough.

ILet F be the sig-function such that F(f) is the set of all pairs
<a,b > such that #(a) + £(b) =1 (this is but a single example, any
number could be used but we choose - 1 for illustratiqn). F owould
seem to satisfy Weltzenhoffer's criteria for allowability for E , the
set of extensive systems (that is, the set of all relational systems

07 homomorphically embeddable in BZE =< Re, <, + >),_because additicn
is a component. of aae' However, 1t 1s not constant on E , and,
correspondingly, the formula "m(a) + m(b) = 1" is not empirically
meaningful in LM.

We should not lose sight of a sigrnificant point, however. Is it
possible to give any sense to "the operation of addition as applied to
measurementsrmakes gsense (is allowable)_qnly when those measurements
. are on a ratio scale?” Weitzenhoffer comes close to saying something
like this; Stevens also comes close, and 1s interpretated by many to
have said so. We reject Weitzenhoffer's criteria for allowability, and
turn now, using concepts introduced previously in this thesis, to attempt
to clarify this problem.

We note, first, that the operation of addition is not a sig-function.
However; consider the sig-function F+, whose domain is the get of all

mimerical assigmments and whose value for any assignment . £ is the set
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of a1l ordered triples < a,b,c > such that f£(a) + f(b) = flec). We
proceed first by showing, in a fashion similar to that used in Chapter
IV, that F, 1is invariant under all similarity transformations. ILet
k be any positive real number and ¢ +the similarity transformation
such that o(x) = kx, for all real numbers x. < a,b,c » 1s a member
of ¥ (f) iff f(a) + £(b) +£le) ief k{f(a) + £(b)) = kf{e) iff
ke(a) + KP(b) = k2(c) iff o(f(a)) + ¢(£(d)) = o(flc)) iff <a,b,c >
belongs to F+(® o T). Thus, F, is invariant under all similarity
transformations.

'F+ is not invariant under any linear transformstion not also a
© similarity transformation (unless F%(f) is empty, and then there is
at least one linear transformation ¥ such that.'F+(f) i F+(¢ o £)).
Iet < a,b,c > be a member of F+(f), kX a positive real number , J
a non-zerc real mumber, and @' the linear transformation such that.
@' {x) = kxx + j, for all real numbers x. ¢'{c) =ke + j = k(ath) + j =
ke + kb + 3 + (ka + 3) + (kb + §) = ¢'(a) + ¢'(b); hence, < a,b,c >
is not a member of F+(®i o f). If F+(f) is empty, then let a be
any element in the domain of f and ¢" the linear transformation such
that @"(x) = x < £(a), for all real numbers x. We now have:
¢"{f(a)) = 0, and, thus, o"(f{a)) = o"(£(a)) + 0o"(f(a)); from which
it follows that < a,a,a > is a member of F+(@”-o f), and
¥, (£) $ 7 (0" o 1),

In Chapter ITT the concept of constant on a theory of measurement
was introduced to clarify "empirically wmeaningful", From Theorem 3.7
and the result jﬁst obtained we infer that F+ “ig constant on any theory

of measurement X relative to a numerical relational system ZEE satisfying
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the condition thaf for every CW in X, if T is a numerical assign-
ment for CW with reépect to EZ 5. then < 57 B aa , > 1is a ratio
scale. T his means, it will be remembered, that for such a theory of
measurement X , if 07 is any member of K , and if [ and g are
Iany numerical asgigmments for 07 with respect to A , then F+(f) =
F. (g). That is, if <a,bc>e¢ F+(f), for a particular numeri cal
assigment f for J1 with respect to 22,, then. < a,b,c > béiongéﬁ
to F+(f), for E&i numerical agsignments f  fbr.fv ‘ﬁith respect fo
EEL . We suégest that showing F+ to be constant on any ratio
measurement {(to abbreviate the more complete statement) is a solution

of the "allowability" problem for the operation of addition. Perhaps

it would be advisable to introduce a notion, allowable relative to K,

o~

such that a numerical opératibn 0 1is allowable relative to K iff

o~

F0 is constant on X . We do not believe this is necessary, but

~

shall turn to géneralizing some of these ideas.
It is possible to generalize F+ not only fo all mumerical opera-

tions, but even to all numerical relations.

Q

Definition 5.1. If Q@ is an n-ary relation on Re, then F
is the sig-function whose domain is the set of all numerical assign-
ments and whose value for any asgigmment £ is the set of all ordered

n-tuples v such that < f(vl),f(ve),uu.,f(vn) >e Q.

Since sghowing F. to be invariant under certain transformations

Q

is relavant to the question of the "meaningfulness or allowability of
Q" we epell out the conditions under which ¥, is invariant under a

Q

transformation . .

[




Theorem 5.1. If Q@ d4s any n-ary relation on Re, then. FQ iz
invariant under ¢ iff for every ordered n-tuple v of real numbers

<V Vs eV > € Q0 IEF < 0(vy),0(v,), e,y ) > & Q. : ’

Froof: Assume F . dis invariant under ©. The identity function

Q .
I homomorphically embeds aze in azé, and thus is a numerical

assigmment. By assumption FQ(I) =F (p o I). Taus, given any ordered

Q
n-tuple v of real mmbers < vl,v2,n..,vh > e Q iff < I(Vl),I(vz),.ao,

(v, ) >eQq iff ve FQ(I) iff v e FQ(® o I) iff < P(I(v,)),

(I(v )),.,o,w V')) >e Q iff < m(vl),w(ve),..u,$(vn) > ¢ Q. Assume,

now, that for all ordered n-tuples v of real numbers < v,,V

1’ 2,...,vn'> € qQ

iff < w(vl),w(ve),..e,Q(vn) >e Q. Iet £ be any’numerlcal assign-
ment and t any ordered n-tuple of elements in the domain of fT.
(£) afr < £(t,), £t

<t ,t st > el .,o,f(t ) > e Q 4iff  (by

l) 2)" Q, 2))

hypothesis) < m(f(tl)),m( (t )),,,a,w(f )) > ¢ Q 1ff < tstoyeees

tn > e FQ(@ o f). Thus, FQ is invariant under @. q.E.D.

A very important fact is brought out by Theorem 5.1 E/ From this
theorem we see that sclutions to particular problems of the meaningfuiness
of humeriéal relationg can be reached by solving nuﬁeriéal préblems that
do nof themselves concern measufement. .Ihat is, for any n-ary reiation
Qg on Re we must determine ifr, for every.ordered ﬁ-tuple v of
real numbers, < Vy,Vps.--,V, > € Q iff <p(v ),@ ),.,;,¢( ) > ¢ Q,
for all approprlate ¢ (appropriate relative to the given theory of

measurement ). —/

2

~/ This point was made by Profesgor William Craig in criticizing an
earlier draft of this chapter. The work presented in this chapter
owes much to the suggestions of Professor Craig.

3/

It should be noted that some questions closely comnnected with the
meaningfulness of operations and with the way we have treated 1t have
not been dealt with here. The present chapter serves as a prolegomena
to further work on these questions.
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CHAFTER VI

SUMMARY

In this thesis we have attempted to clarify two notions which we
believe to be closely related. On the one hand, we have treateq the
work of S. S. Stevens concerning "invariant statisties". On the other

hand, we have considered the notion of empirical meaningfulness as

applied to measurement statéments. We can meaningfully speak of the
mass of an object A _being three times greater than the mass of object
B, but we can not meaningfully speak of the temperature of A being
three times greater than the temperature of 3. It is meaningfulness
in this sensé, as applied to stateménts containing no reference to
units, that has been our concern. It is natural to £reat this as a.
semantic problem, and Chapte: IT summsrizes an explication using
metamathematical methods developéd by Patrick Suppes. However; sub~
stantial difficultiés arise in this semantical treatment. In an ﬁttempt
tq.bypassrthese difficulties a set-theoreticai, rather than a semantical,
explication i1s given in Chapter III.

Using notions from Tarski's model theory and Scott and Suppes's work
in the foundations of measgrement we have introduced sevéral new_notions

in giving a get-theoretical explication of empirical meaningfulness. A

sig-function is & function defined on numerical assignments. If K is a
theory of measurement relative to & numerical relaticnal system ;E, then

a sig-function F is said to be constant on X if and only if for every

.
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L~

relational system CV in K if f and g are any numerical assign-
ments for O] with resvect to & , then F(f) = F(g). We have argued
that showing a sig-function to be constant on a theory of measurement
is a particular solution of the meaningfulness problem. Thus, instead
of asking if fofmulas in a formalized language are empirically meaning-
fullor not the set-theoretical approach advocated here suggests one
determine thdse gsig-functions that are constant on given theory of
meagurement . |

Given a relational system 67 and a numerical relational gystem

GZ— , T 07 P 72 ) is the class of all transformations ¢ such

that if £ is any numerical assignment for 07 with reswvect to 2 »
then ¢ o £ also is a numerical assignment for 07 with réspect to
X . Ve say that a class T( 01 , % ) of transformations satisfies

the uniqueness condition if and only if f and & are any numerical

assigmments for 07 with respect to &l , then there is a transformation
@..of ( §1 ,'ﬂl ) such that g =@ o f. Theoreﬁs 3.3 and 3.4 state
sufficient and necessary éonditions for a sig-function to be constant on
K , a theory of measurement relative to a .numerical relatilonal sysfem
Ze- : (1)..If 01 is any member of X , then F 1s invariant under
a1l transformations of o O] s /% )3 ?é) if O] is any mewber of K ,
then T( 07 , B ) satisfies the uniqueness condition. (1) aﬁd (2),~
together, are a sufficient condition# (1) alone is & necessary condition.
Theorem 3.7 Hserves a8 a basis for connecting fhe traditional

(gince Stevens) classification of scales to the explication of meaning-

fulness offered here. According to this theorem if K is, for example,
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a ratic measurement theory, and if ‘F is g sig-Tunction invariant under
all similarity transformations, then ¥ is constant on X .
According to the semantical explication empirical meaningfulness is

ascribed to formulas of a particular formalized language. The formalized

language. used by Suppes, L

W is one designed to discuss mass measure-

ment, & ratio scale. 3By congidering certain characteristic functions
we have shown that for every formula of LM there is,a_sig-function

corresponding to it. IFurthermore, alformula of L. is empirically

M
meaningful if and only if the.sig-funciion ocrresponding to it is
invariant under all similarity transformations. Thus, it ie pogsible
to treat the sig-function instead of the‘formula, and, since the set-
theoretical treatment avoids the difficulties Qf_the semantic approach,
it is preferable to do so.

. Using this set-theoretibal approach we.have attempted to clarify
the results obtained by S. 8. Stevens concerning "permissible statistics”,
In providing this clarification two new concepts, covariance and multi-
variance, are introduced. A numerical gig-function F (i.e., one taking
numbers as values) is covariant under & transformation ¢ if and only
if Flpof )= @F(£)) =¢ o F(f), for all mmerical assignments T

in ite™domain. Multivariasnce is a generalization of covariance; a

numerical sig-function F  is multivariant under a transformation o

with respect to a transformation V if and only if F(o o f) = ¥(F(f)) =
¥ o F(f)), for all rumerical assignments f in its domain. Thus, a sig-
function ¥ i8 covarisnt under a transformation © if and only if it

is multivariant under ¢ with respect to ¢. In Chapter IV several

7




results are established relating covariance, multivariance and Stevens's

invariance of numerical value and invariance of reference. We have also

formally proved the results stated by Stevens in an informal way.
In Chapter V we have attempted to expiicate the concept of mean-

ingful or allowable numerical relation as applied to measurements. For

this purpose we have introduced a class of sig-functions as follows:

If Q@ 1is an n-ary numerical relation, then F ig the sig-function

Q

vhose value for any numerical assignment £ i the set of ordered n-
tuples v such that < f(vl),f(vg),.uo,f(vn) > ¢ Q. We have shown

(Theorem 5.1) that F. is invariant under & transformation ¢ if and

Q
only if < vy,Vps ..,V > e @ if and only if < w(vl),@(vg),.a.,¢(vn} >

€ @, for every'drdefed n-tﬁple v of_real'nuMbers. By means of this
theorem we link up the study of the meaningfulness of mumerical rela-
tions to the more general question of empifical neaningfulness. We
‘also see from this theorem that the cuestion of the meaningfulness of
humerical relations are applied to measurements is.essentially & numeri-
cal problem and sclutions to particular meaningfulnéss {of numefical,

relations) questions do not involve measgurement.

8
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