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1
o4 INTRODUCTICN-

‘The present paper reports the second of a series of experiméntal

- studies of Seéond 1anguagé (Russian)'acqﬁiéition"by native Engliéh'speékersu

The first éim:of‘the'invéstigations'is to prdvidé empirical findings in

‘controlled learning situations. Secondly, the data are used to evaluate

" mathematicsl learning models. Thirdly, the data are compared with relevant

predictions of contrastive linguistics.

Professor R. Welr is responsible for the linguistic aspects of the

design and interpretation, and Professors P. Suppes and E. Crothers for

the psychological features, although each has contributed to both facets

of the projectﬁ ‘The reader Wishing'é more generzl introduction to the

project should consult the Introduction to our previous Technical Report

" (Suppes, Crothers, Weir, and Trager, 1962).

That report dealt with discrimination learning of pairs of Russian

consonant - vowel (CV) syllables by college students. The syllables were

'selected according to linguistic ecriteria and played, one pair at a time,

over & tape recorder. On each tfial, the subject responded "same" or

"different" according to whether he thought the two members of the péir

were the same or different. After each Wrohg response, he received an

error signzl. ThHe data from five half-hour sessions were discussed in

The research reported herein was conducted pursuant to contract

SAE 9514 between Stanford University and the U.8. O0ffice of Education,
and was also partially supported by a grant from the Carnegie Corporation
of New York. Part of the computing related to the analysis of data

has been supported by USPHS grant M6154 from the National Institute

of Mental Health. We wish gratefully to acknowledge the assistance

of Dr. Edith Trager and Elise Belenky in preparing and conducting

~the experiment.




connection with contrastive linguistic analysis and mathematical learning
nneoriéé, The overall outcome regarding relanive item difficulty generally
accorded well with linguistic 'expectation. Neither an incremental (linear)
model nor z one-element stimulus model adeqnateiy predicted the properties
of the learning data. However, a two-element Markovian model (Suppes and
Ginsberg, 1961) proved reasonably satisfactory. Thé model, which will be
analyzed in detail in this report, postulates an initisl, intermediate,
and final stage of learningo

The present experiment was designed to extend our two-fold approach
to mere difficult discriminations, using junior high school students as
snbjectso2 Cne important accomplishment of a native gpeaker is his
ability to recognize different allophones as instances of the same vowel
pheneme, or "equivalence class". On the other hand, a beginning student
may, for exsmple, confuse a conmtextual variant of /i/ with /e/. We
wished to study the simuitanecus learning of vowel matching (within an
equivalence class) and vowel discrimination (between equivalence cilasses).

An experimental arrangement appropriate for this purpose may be
gchematized by this multiple-cholice paradigm for a single item:
5 - Al - A2 f A3 - Ah' EBach letter denctes an auditory presentation of
a_Russian word containing one vowel preceded énd/or followed by a
consonant. The subject’s task 1s to geleet. the alternative Ai (i= 1, 2,
3,'h) which containg the same vowel as nhe gtimulus, 5. Only one of the
alternatives is correct on each trial, and the subject is inforned of

the correct answer after he responds. We are Interested in predicting

We wish to acknowledge the cooperation of the Palo Alto Unified Sechool
Distriet, and particulakly the help of the principal and language
staff of Terman Junior High School.
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statistical properties of the learning process, in correlating item
~difficulty and word strgcture,:and in ascertaining how'prgqedural
wvariations affect the learning rate. o

To pursue the first two objectives, we ran cne group of subjects
with & fixed set of items presented in random or@ero_ Infqrmation on
. -the third topie was gained by running.a_sgcond group of subjects
-~ under a-éystematic presentation order, by.progregsivgly introduciqg
longer and more difficult items,_and‘by-providing instrugtions devised
so as to ald learning. The question was whether such an adaptation
of a "programmed learning” method would facilitate performance, as

compared;tcxthe Tirst group.




2. EXPERIMENTAL METEOD

Subjects, A total of 98 subjects (age 12 years), wconstitutingi five
classes of seventh—grade foreign language students at Terman Junior High
School in the Palo Alto Unified School District served as subjects for
the experiment. Two classes consisted of students studying French, and
three of students studying Spanish} all in their firet year. The students
had not studied Russian, or heard the language at home. The five classes
were divided into two groups, according to the type of instructlon given
and.to the manner of presentation of the stimulus items. One French
class (18 subjects)} and one Spanish class (26 subjects) comprised the
"random order" group (Group R) and one French class (29 subjects) and
two Spanish classes (10 and 15 subjects, respectively) formed the
"progressive difficulty" group (Group P)nl In regard to demonstrated
ability in foreign languasge study, the teachers considered the classes
in Group R good and fair, and the ones in the Group P good, fair, and
poor, respectively. Rather than attempt Tto improve on these crude
ratings, interclass difference were taken intc account in the data
analyses.

Materials. The material consisted of the taped items and df the
sheets on which the subjects wrote their answers. Each answer sheet was
numbered from 1 to 50, corresponding to the item numbers. Each number
was followed bj the digits 1, 2, 3, and 4, allowing the subject to

indicate his answer by circling the appropriate digit.

Fifteen additional students were excluded from the experiment for
failure to attend =211 sessicns or to understand the instructions.

e




Six taped listé, one for each experimental day, were used with each
group. A list contaihed'SO multiple~choice items, each comprised of a
gtimilus sylliseble followed by one correct, and three inéorrect, response
alternative syllsbles. The order of the four altefnatives was random.
In every case,-the response alternatives had the same form (v, ¢cv, cvc,
ér CVCC) as the stimulus. Usually, when the initial consonant in the
stimulus was plain, the initial consonant in the correct alternstive was
palatalizéd,-and vice versa, with one exception. Because of the rarity
in Russian of an /e/ after a plain initial consonant, the palatalized
fom was used nearly always.

Table 1 glves the frequency of presentation of each vowel in the

stimulus member of the item on each day, and indicates the form of each
stimulus. As Table 1 shows, the groups differed in the number of presen-
tations allotted to the various vowel stimuli on Days 1 - 4. The differ-
ences accrue from the decision to give & disproportionate amcunt of
training on the difficult phonemes /e/ and /i/ in Group P. On the other
" hand, each vowel phoneme was presented equally often in Group R. The
presentation frequencies per subJect mey be contrasted as follows.

Group P received a total of 46 more presentations of /i/, and 13 more

of /e/ than did Group R. On the other heand, /o, u, a/ were presented

2, 20, and 15 more times, respectively, to Group R than to Group P.




The gfoups also différed in the order Qf_presentation of the items.
A new random order was used on each day for Group R. _However, the i@emt
:order for Group P was designed to present a progression from easy to
difficult matching tasks. On lingpistic grounds, three factors were
Judged to affect the difficulty of an item: (1) the fofm; Ccv material
was expected to be easier than CVC; (2) the stimulus vowel; /a, o/ and/fu/
sﬁould_be easier than /e/ or/i/; (3) the similarity of the incorrect
:alternatives; incorrect alternatives having either the samé initial
cbnscnant phoneme as the correct alternative, but a different following
~vowel phoneme, or having a vowel phoneme easily c¢onfused with the correct
v&wel phoneme should'yield a high proportion of errors. Within The set
of CV items, and again-within the set of CVC, CVCC items, /a, o/ and u/
stimuli were prééented Tirst, progressiﬁg from easy to difficult according
to (3). Then the ‘difficult vowels were presented, in the same graded
order. The triasls on a‘giﬁen vowel phoneme were administered in blocks
of from four to twelve successive items, interspersing the plain
and palatalized initisl consonant forms. On Days 5 and 6, the breakdown
| imto the two types of initial consonant was such that 6, 2, %, 6, and T
of the 10 /a, e, i, o, u/ phonemes, respectively, were plain.

" No syllable appeared, either as a.stimulus or as & response alterna-
tive; more than once in a given list, However, the same list was used
in each session in Group R, while Group P received new material on each
of Days 1 - 4, The'Group R syllables were Russian words, whereas the
Group P items consisted of nonsense gyliables constructed according to
the above ériteria. .On Day 5, both groups received the items used on
Days 1 - 4 in Group R. The random presentation order was the same for

both groups on Days 5 and 6. ' p



Table 1

Frequency of Presentation of each Vowel Phoneme in

the Stimulus Word

Group P
Dey Days {Group P, each of
+ 2 3 L i - 4|Days 5 and 6
V, OV | CV | OVC, CveC | OVC, Cvoee | Cve, oved 1%;"31;1’131 gech of
8 1 2 9 5 25 10
1 9 5 13 15 53 10
16 13 1h 19 2l 86 10
6 L 1 4 Iy 16 10
9 1 3 5 2 20 10
50 50 ] 50 50 50 50 1 50







Equipment. Each class was run, in the school's language isboratory,
at the time which that class ordinarily used the laboratory for work in
French or Spanish. Electromechamical equipment (& Lingua-Trainer) was
used. Briefly, it consists of a teacher comsole with individual student
switch plates ard & muitiposition channel selectory switch with special
positidon for independent library type use and an individual intercom
switch. The tape decks are housed in a remote control cabinét, and are
dual track, record and play-back and erase heads. Two chamnels serve
each student position, one for the master'recording, the other for the
student. An automstic stop device is provided for stopping the tape at
the end of the_lessono The tape speed is 3075'inches pér secondu All
amplifiers'are traﬁsistorized? The tapés uséiall lobps;'in this case
Fidelipac cartridges. _Each“sﬁudent position ié equipped With a headphone-
microphone and a record-playblack switch plate, all housed in a standard
language laboratory booth.

Procedure. (i) Preliminary instructions. - On the .day before the
experiment begsn, each teacher familiarized his class or classes with
the experiment. Each student occupied his usual individual booth in the
language laboratoryn Then a .sample blank answer sheet was diétributed_
to each subject and the following instructicns were read.

We are interested in seeing how well you can
recognize vowel sounds in words, both in English and
‘in foreign languages. You will first hear a word,
then a pause, and finally four more words. Listen
to the vowels and decide which of the four words had -
the same vowel sound as the word before the pause.
If you think the third word had the same vowel sound
as the word before the pause, write "3" on your
answer sheet and likewise for the other numbers.
Next you'll hear the correct word. Then we wlll go
on to item twe on your answer sheet and proceed in

the same manner.

-




The students were asked if they understood the instructions, and
duestions were answered by emphasizing the appropriate portion of thg
instructions. Then the practice session began.

(ii) Practice session. The teacher read 25 sample items one at a time to
the‘students who cirecled their answers aseiﬁstructedo The first 15 items
‘were in English (e.g., "but", "leg", "bin", "hit", "son"), and the last 10

were in French for the_French classes and in Spanish for the Spanish
classes.

(iii) Experimental session. For the two Group R classes, the instructions
were 3

You are going to hear 50 groups of Russian words.
The first word of each group is the key word. One of
the four other words in the group has almost the same
vowel sound as the key word. Your job is to decide
which of the four words it is, lst, 2nd, 3rd or 4th.
Cirecle 1; 2, 3, or 4 on your answer sheet, accordingly.

_ "Now in case you misgsed something, we are going to
repeat the instructions. On the answer sheet in front
of you, reading from left to right, are the numbers
1-50, each representing a Russian key word. Listen to
the key word, followed by four cther words, one of
which has almost the same vowel sound. After each
number from 1 to 50, cirele 1, 2, 3, or 4 according

to which word has almost the same vowel as the key word.

To tell you if you were correct, you will next
hear the key word followed by the correct comparison
word. Here is an example in Englisgh:

but---hit, ban, fez, son

You should eirele Lk on your answer sheet because ‘son',
the 4th word, has the same vowel sound as 'but'. After
you have had a short time to circle the right number,
_you will hear this:

but---son.
For the three classes in Group P, an alternative set of instructions,
intended to facilitate matching learning, were plsyed. These instructions

were;




You are going to hear 50 groups of Russian
syllables. The first syllable of each group is
the key syllable. One of the four other syllables
in the group has almost the same vowel sound as the
~key syllable.

To make your task easier, we will now tell you
~ what the five pairs ‘of Ru581an vowel sounds are:

/o:8/ or /JE: o/

Similarly, o /y:in/ or /wiy/

Similarly, Jasa/ or /aza/
Similarly, - o /3;é/ or  feis/
Similarly, /win/ or /uin/

On the answer sheet in front. of you, reading
from left to right, are the nmumbers from 1 to 50, each
representing a Russian key syllable. Your job is to
decide which of the four syliables following the key
.syllable has almost the same vowel sound as the key
syllable, the 1st, 2nd, 3rd, or 4th.. Accordingly,

_eirele 1, 2, .3, or L after each of the numbers from

1 to 50.
-Here is an example of what you will hear on this
test: _
- BOPC, IV, MVLE , BAC

If this were the first item, you would have circled L
after item 1 on your answer sheet, because the key
syllable[If1Jl and the 4th syllable in the group, BAC,
- have similar vowel sounds. After jou circle your
answer, to tell you 1f you were correct, you would hear
[IfJI- BAC. This will teach you that the sound /g/
in i)l is almost the same vowel sound as /a/ inBAC.

After this the next item will follow.

Then the taped stimulus items were played. The time intervals between

the taped events were:
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The following sequence of experimental session was necessitated by

- the school’s schedule at the time the experiment was administeredn There
was a three-day break between the first and second experimental days, and
a two-day breask between the fifth and sixth days. Eéch daily session
lasted about i3 min..

The procedure on Days 2 - 5 was the same as on Day 1, except that the
instructions were not repested. However, in view of the three day break
between Days 1 and 2, the five vowel contrasts given in.the instruetions
were repeated for.Group P. The procedure for Day 6 differed in that it was
purelj a reftention test; no feinforcement was delivered after the response.

Hence, Group P, but not Group R, was told (a) the vowel phonemes;

(b) which allophones belong to the same vowel, and (c) a method of attending

to the items which was expected to facilitate learning of the correct match.

~10-




P (error)

.60
.50
.40
.30
.20

.10

Figure 1.

1 2 3
| Day
Proportion of Errors on each

4 5 6
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Table 2

Results of Analysis of Variance in Total Errors

per Subject on Day 5

Source Mean Square D.F. F.
Groups | . 128.80 1 22.68%
Classes 134.31 1 23 096;e
Groups x Classes 155,24 1 27 . o4*
Within Groups Lo, 83 79 e

* P <.01




3. EXPERIMENTAL"RESULTS -
Learning. Figﬁre.i preseﬁts the-proportion of errors on ééch'
experimental day for the subjects in each class. The N. (number'of '

observationg)-and the mean proportion of errcrs are also given. Since

these means were computed over six days,'they serve mainly to emphasize

that expected performance differences occurred between classes which
received the same training method. This finding will be discussed in
connection with the linguistic analyses (Section 4). The figure shows
that the performahce of Group P exceeded that of Group R on Days 1 and 2.
- At this stage, we recall that Group P was being trained on V, CV, and
easy CVC materisi. On Days 3 and 4, the proPOftion of errors was higher
in Group P than in Group R. On these daye, Group P received intensive
practice on difficult diseriminations, so its highér propertion incorrect
is not surprising. The cTitical comparison involves the proportion of
errors on Day 5, since then the stimuli presented to the groups were
identical. A groups X classes analysis of variamcelwas computed; using
the total erroré cn Day 5‘f0r each subject. Class 3 of Group B, which
was composed of students of lower estimsted language aptitude,. was

excluded from the snalysis. As Table 2 shows, the groups and classes

ey - T A AN A G O o o




main effects, and the groups x classes interaction are all significant
at beyond the .0l level. We conclude that within each group the class
of students previousiy rated better surpassed the other class, and that

Group R surpassed Group P in proportion correct on Day 5.

The efficacy of the training methods may also be measured by

estimating the asymptotic performance. For Group R, the error curves

exhibit a steady deciiné over Days 1 - 5, and the better class appears

to be approaching a limit of about .25 inoorréct° By contrast, the

Group P curves do not begin to decline until Day 5. What the asymptote

for this group would have been with continued training is hard to ' o o

egtimate, but it seems unlikely that the proportion correct would have

been near one. ' SIS ' ' ' ' o
An interesting cbservation may be made by comparing Group P on Day 5

with Group R on Dey 1. Neither group had prior practice on the material

“presented on those days, so any performance difference should be attri-

butable largely to Group P's training on Days 1 - 4. The indicated

“proportions correct were .59 for Group P and .51 for Group R. Evidently

the net positive transfer is slight, especislly since warmup could be

responsible for part of the .08 difference, Figures 2 - L show the

learning curves for the individual vowel phonemes. Even though Group P

contalned a higher proportion of students rated.”good" than did Group R,

the latter made a highef p:oportion of errors than the former when they

19—
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received the same material (Days 5 and 6). For most phonemes, the greatest

Vincrease'in errors occurred on Day 3, when CVC and CVCC items were predominait.

C In gehéral,‘the curves for the various vowel phonemes are roughly parallel

within each experimental group and vary markedly between groups, indicating
‘that the gross characteristies of the learning prbcess are governed more
by the training method than by the specific metching task. Moreover, a
subsidiary analysis showed that the curves were similar for plain and’
palatalized initial consonants when followed by the same vowel. That'is,

a rise or fall in the one graph of errors by days was usually accompanied
by a paraliel change in the ‘other graph.

Forgetting. "By this term we mesn the decline in proporiion correct
between Days 5 and 6. Figures 1 - L4 present the relevant data. For Group R,
" the proportions correct on Days 5 and 6 were .70 and .66, respectively.

The corresponding figures for Group P were .59 and .55. The failure to
find appreciable forgetting will be discussed in Section L.

Confusion matrices and relative vowel difficulty. In this analysis,

we assess the overall performance on the various vowel phonemes without
regard to the day-by-day learning data. The matrices shown in Table 3-

indicate the proportion of times each vowel was selected as 'a response

FAER N e M e e T MR N e O AT RA S e op e W O T WS S e e T U ek ) e e SR M N KM WD e e e ek e e

T T P o D e e ) T g e Y S G P S R S e e O ED O ER o ) e g s e

alternative for each stimulus vowel. The entries in the table are based
on the nmumber of times that the particular vowel appeared.ambng the
alternatives presented toc the subject. For example, in Group P /e/ was
available as a response alternative 3345 times when /a/ stimuli were

-13-




. presented, and 431 errors occurred, ;o.the_proportion of errors is .13.

. Each entry in.Table 3 is based on_ap,N of at least 575 (Qroup‘R)'or at
least 645 (Group P). The entries on the main diagonals are the prqportions
-of correct regponses. In Group R, the vowels exhibited thg following.
ascending. order of difficulty: /u, a/and/b,re,_i/. ‘In Group P, the ranking
was /U/and/b, &, e, i/. These,rankings are remarkably similar_despite

the fact that Group P received a disproportionate amount of trainigg on

/e/ and /if.

The starred entries denote, for each stimulus vowel, thg wrong .
alternative with the highest probsbility of occurrence. _The“pattern of
these entries indicates that the major "sources of_confusionf were
T_yirtually the same in both groups. Separate tabulations.fof_eéch élass

(ﬁot_included) revealed the same gengfal pattern to_hqld without exception,
even in classes widely differingjn,proficiency, A_cpnspicupus_f}nding
indicated by the tables is that /i/ responses Lo /e/ stimuli,and /e/
~responses to /i/ stimuli were by far the commenest types of errors.

Anqther analysis of how the trainigé méthod éffected tﬁg confﬁsion
pattern is the_comparison_of the groups on Days 5 and £ (See Figures 2 - 4).
Pooling the data over the two days, the difference between the groups
in proportion correct was found for each vowel. The Group P minus Group R
figures are .21, .18, .14, ;l2, and ~-.03 for /i, é,le, u, O/grrespectively.
Hence, the dramatic finding is that the traizning conditions aided Group R
(or hindered Group P) chiéfly dn the more difficulﬁ vowels, those which

had been preSéntéd more often in'Group P than in Group R.

~1h-




Stimulus

[a/
/e/
/o/
faf
/i/

.
2370
3965
2040

2095
5780

Table 3

Observed Proportion df Each Vowel Response to Each Stimulus Vowel

and Frequency of Presentation of Each Stimulus Vowel:L (M)

6h
11
J15%
. Ok
Ner

© Group R _ © Group P
Response 7 _ Response
e/ o/ o/ /i) ssimaws N fa/  fe/ o] [u/
L1 L3 .08 .02 /a 260 .66 .13*  .13% 0T
.5k .08 .05 L25% Je/ 2640 .12 .60 Nori .05
.10 63 .15 .06 /o/ 26ko .08 .07 .75 L10%
.05 .09 .80 .06 /u/ 2640 .06 Mol L1k STh

.36% .11 .08 <51 /i/ e6ko .07 Y-t .09 07

Most common incorrect response to the stimulus indicated.

The entries in a given row do not sum to one because the proportions
are based on the frequency that each vowel was ah alternative in the

four-cheoice items.

ey

.05
. 18%
okl
.06
.55







Guessingrbiasesn The assumption of equiprobability of guesses, which

"has worked reasonably well in recall experiments (e.g., Bower, 1961;
Estes, 1961), proved untenable in the present study. In our recognition
- ‘context, the hypothesis requires the probability of a correct response to
be l/ﬁ when the subject is guessing. This is becsuse he is assumed to
-distribute his guesses uniformly over the set of available response-
alternatives. We were skeptical that guessing would be unbiased for two
reasons., First, it is well-known that people have stereotyped digit
preferences. Secondly, the response alternatives were presented serially,
éq any preference for, say, the alternative immedistely following the
stimulus would manifest itself in a disproportionately high frequency of
"1" choices.

" Data from trials 1 - 16 on Day 1 were used to estimate the guessing
habits, because the likelihood of a guess is undoubtedly greater at this
initial stage. We then assumed that no systematic changes in guessing
patterns developed during the experiment. The proportions of responses
&t positions 1 - L were .11, .27, .36, and .26, respectively. Since the
correct answer occurred equally often at ¢ach position, we conclude that
preference for "3" and avoidance of "1" occurred. A more precise test of
guessing habits would have been possible if different subjects had
received different random orders of item presentation, but the phenomenon

 appears hardy enough to survive such tests,

Proportion of correct responses at each pogition. The data on guessing
+ — :
habits indicated how likely it was that the i*® (i = 1,2,3,4) alternative
would be chosen. Now we ask how often such choiceg are correct} Hence,

the number of correct choices at each position was divided by the total

-15-




number of choices =at ‘chat__posifion° The observed propqrtionslwere 6l
.62, .59, and .63 at positions 1, 2, 3, and &, respectively. This slight
"serial position" effect could have been an artifact if more of the easy
- correct alternatives had appeared in.positions 2 and 3 (to escape circular
reasoning, we would argue that the easy vowels are those so indicated by
cther data and by phonological properties).. Actually, our randomization
of fhe position of the correct alternative resulted in eleven,hard‘(/e/ and
/i/) items with the correct alternative in positions 2 gnd_3.and nine in
- positions } and 4. However, the distribution for the easy (/o/ and /u/)
items was identical to the above and the /a/ items were equally.divided.
Hence, no bias of this type is evident.

The serial positicon curve may be considered from the standpoint of
-the following brief characterization of the factors operating on each
trial. Placement of the correct alternative in position 1 should aid
_learning, because of the temporal closeness of the stimulus. On the
other hand, if the subJject responds before hearing the other alternatives,
he forfeits useful information. If he delays his response, the opportunity
Tor forgetting increases with the nearness of the alternative to the
sfimuluse The effects of these and other relevant variables evidehtly_
almost cancel one another,

Sequential effects. First we sought to determine whether the

correctness of a response was independent of ﬁhe stimulus vowel presented
_on the preceding trisl. In the first ahalysis, the vowel on trial n-1
was classed as "the same as" or "different from" the vowel on. trial n.
5If one-trial dependency holds, it seems reasonable to expect that the

probability of a correct response, when the stimuius vowel was the same




as that on the preceding trial would be higher than when a different

Vowel appeared. Table 4 presents the findingso For Group R, the results

of the Xe tests show clearly that the probabllity of a correet response

is independent of whether the.same or a different stimulus (and reinforcement )
vowel appeared on the preeeding‘trialu _Such a result supports the
independence assumption of a widelelass of the models. The failure to

Afind fa01litatlon when the same stimulus vowel uas presented on the preceding
trial suggests that (l) short -term memory effects may be negligible or
(2)_there is not enough s1milarity among different items hav1ng the same
vowel to permit transfer aeross adjacent triais. .When all the coﬁponents

of the item are con51dered (stimulus, wrong alternatlves, and oorrect
_alternatives) it is not dlfficult to notloe important structural differences
between 1tems whose stimuli have a common vowel. Moreover, appreolaple
differences in total.errors were found among such 1tems, as w1ll be indicated
in the section on lingulstic interpretations° These arguments are offered
in support of (2) but (l) is a more general assertlon which will be‘
dlsconfirmed in the analyses which follow°

: For Group P, independence_from.tne stimulus on tne preeeding-trial

is not confirmed on Days:l, 3,-and 4, .In an attempt £o understand tnis
.differenoe from‘the-éroup R results; tnel.X? contribution uas computed
separately for each trial n stimulus vowel. On Days 3 and.ﬁ, rariance

attributable to /e/ and /i/ stimuli accounted Ffor practically all of

-:;IYf




each X2 value. This is not surprising, because the low frequency of
presentation of the other vowels on these days meant fhat /a/, /o/; and
/ﬁ/ stimuli seldom,appearéd on sﬁccessivé triais. On the aversge, the
difficult /e/ and /i/ gtimuli were appearing in long runs of trigls
uninterrupted by essier items; The dependency pattern on Days 3 and L is

illustrated by Table 5. Probably the main conclusion supporied by this

N e L L 1 = P e e e L e
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table and by the Day l‘results is that the contlngency pattern varies from
one vowel.to another on a given day. Siﬁce the same presentation-order
was used with all suﬁjects in a group, the.day X vowel analyéis is
.uﬂdoubtedly ﬁnduly influenced by which specifie items contribute to the
'@mﬁ"cﬁﬁgny; |

..At the same time, the day by day variation between vowels 1n presen-
tation Tfrequency leads to artificisl daily.fluctuations in the X? computed
from pooled vowels data. A réasonable way of minimizing the distoffions
due to presentation order peculiarities in either group would seem to be
to examine the dats pooled over days for indi%idual vowels.

| Only in Group R is this anélysis not confounded by variables‘associated
with the presentation order, so oﬁly these data will be used in evaluating
the independence assumption of fhe models.

Table & gives %he fregquency of correct and incorrect responses for

éach possiblé paif of stimulus vowels on adjacent trials. (The diagonal
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Same

Cther

Table L

Frequency of Correct (C) and Incorrect (I) Responses

when the Bame or Another Stimulus Vowel Appeared on the Preceding Trial

R P

C 45 1128

I 43 24t

C 1000 1126

I 1008 194

0.03 5.25

n.s. <.05

283

201

968
7Ok

0.05

173

217

1285

420

2.56 |

228

12k

1097
107

1.95

n.s.

Day

260

345

1195
895
38.09

<.001

267

129

1192
568

0.01

437

388

867
1003

10.00

309

131

119k

522

0.07

328

222

125k
891

.25

299

AN

1116
600

1.36

274

226

1054
8%

0.09




Table 5

Frequency of Correct (c) and Incorrect (I}
Responses to /e/ and /i/ Stimuli when the Same or

Another Stimulus Vowel Appesred on the Preceding Trial

Y

Day C I P C I P
Same 62 48 .56 156 284 .36

’ Other 362 243 .60 250 355 41
Same : 83 137 .38 1 35% 251 .59

* : Cther - 241 309 kb 283 432 ko




_ Table

6

Frequency of Correct (e¢) and Incorrect (I) Group R Responses

as Punction of Stimulus Vowel on the Preceding Trial,

non-diagonal entries

Lowest proportion correct for that stimulus vowel.

Days 1 - 5

‘ . Trial n .

Trial /a/ /e/ /i/ /of [a/

n-1 C I P C I P C I P c . I P c I P
/a/ 316 168  .6%2 136 216 - .386* | 335 281  .543 okl 152 . .616 268 8k 761
/e/ 32Lk 160 669 189 119 .613 205 279 }h23 270 126  .681 390 138 739
/i 223 129 .633 259 269  .Lgo 153 155  .LoA Li5 24 628 307 L4 .872
/o 224 172 L B565% 310 174 ,6Lko 101 163 .382% 182 126 .590% 468 10k .818
/u/ 260 180 . 590 211 185  .532 292 236  .553 266 171 .61l 292 60  .829
Cgum op 1031 641 617 916  8:k  .520 | 933 959 .93  |1198 69k 633 W33 371 .79k







entries denote cases listed es'”same”“in Tables 4 and 5.) We compared
the diagenal proportlons with those in the last zow of the table. The
proportlon correct on Days 1 - 5 was hlgher in four of flve vowels when
the same\stlmulus vowel appeared on successive trials than when different
vowels appeared. The greatesgt difference was .093 and cccurred with /e/°
On the other hand, an interference effect amounting to .0L3 obtained with
/o/o Using the frequencies along the diagonal and those in the last row
of Table 6, a X? independence test was performed for each vowel. The
resulting values were 2.22, 8.95, 0.0l, 1.76, and 1.98 for /a/} /e/, /i/,
/O/, and /u/, respectively. With one degree of freedom, only the X2
for /e/ is significant (P < .OL). This-lstter-finding, as well as the low
proportion correct upon two successive presentations of /o/, are puzzling,
A tentative explanatlon of the faC1lltat1ng effect found with /e/ mlght
include the fact that successive 1nstances of the same vowel are more
srmllar when that vowel is /e/° This is because very few instances of
plaln rnltlal consonants plus /e/ appeared

| Ancther 1nterest1ng finding is that the most dlfflcult vowels, /e/
and /1/ did not exert the greatest degree of interference on the next
trlal For only one vowel /u/, was the probablllty-correct lowest when
/e/ or /i/ stimuli were presented on the‘precedlng trial. (The obgectlon
that dependencles associated with the response on trial n-1 may outweigh
the effects of stimuius cont1ngenc1es will be drscussed in a later analy51s)o
A striking correlatlon was found between the‘confu81on metrlces (Tahle 3}
and Table 6 In general the vonels whlch are followed by poor performance
on a gliven vowel on the next trial are those whlch accordlng to Table 3,
are most readlly confused with the vowel on the latter trlal The follow1ng
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list clarifies this point. The salient exception to this rule occurs with

trial n stimulus most highly trial n-1 wvowels

' vowel © "eonfusable" ' ' associated with
vowels lowest proportions
: correct on trial n

/2/ | /esof VRS
e/ i ey
i/ : /es0/ [e;0/
/of e/ | Jo,u/
v/ L fosi/ /esaf

/v/ stimuli, but this vewel is too easy to_claim.a ma jor snare of our
.attention, | |
.One step toward formulating an explanation of these findings is to

suggest that the subject may‘be responding to the stimulus and relnforcemEnt
presented on the preceding trial. Such generalizstion should be greater
when the stimulus vowels on succeeding trials are more similar. Then, for
example, not only should there be (i) a relatirely low proportion correct
for /a/ following /o/ {see the first row of the table), but also {2) a
pers1stence of Jo/ responses,rather than cther errors. As we nave seen,
(1) is verified. To test (2), the frequency of occurrence of the response
reinforced on the preceding trial was divided by the number Qf possible
occurrences of such.responses; The obtained proportions nere QES, 25,
925; ;23, .28, and .28 for Days 1 - 6, respectivelyor Each figure is-besed
on 1496 or more observations, depending on the day. To.show that‘s
persistence effect is indeed.operafing, it is necessary only to establish
that these proportions are above chance, And that fact is obVieas, since

the chance proportion is (l e)/h, where ¢ is the proportion of items learned.
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But ® is greater than- zero, 'so the observed propertions of persistence
exceed chaﬁce.“~It is aldo important to .note that-the cited proportions.
do not deeline across-days, 1n spite of the inereasing meaﬁ-proportion-
correct. Especially striking is the finding of identical .28 values on
Days 5 and 6. Since no reinforcement was given on Day.6, this finding
geems clearly to indicate that the persistence ‘derives from the stimulus
and/or response of the previous trial,.not.theareinforc_emeﬁtn
Supérficially,-these assertions of intertriasl effects seem to
contradict the édrlier statement that the probability of a correct
" response was indepeﬁdent of whether the game or a different stimulus .
vowel was presented on tle preceding trisl. To resclve this dilemma, the
**Xe's -Were‘recomputea, this time according to the Table 6 classification
(i.e.é the vowels on trial n-1 were not lumped into "same™ and "ddfferent"
with respect to trial n). The outcome of this analysis is displayed in

“Table 7. The number of degrees of freedom was three or four, depending

2 2 L e D G T O G AW R R G M OW W B GO A 0 S LI 4 gy el A B I S e T W O

D D e 0 AT T N TR P D G P ) D 0 S s ) ot OO

on whéther every vowel preceded a particular vowel on a given day.
Regardless of the day, most of the Xg's are significant, underscoring
our finding of intertrial interactions.

A final analysis of sequentizl effects involved determining if the
probability'of a correct response was independent of whether the response
on the preceding trial had been correct. In our consonant discrimination

study cited eariier, the result depended on the manner of analysis. The
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probability of & c¢correct response was iﬁdependent of the response to the
immediately preceding stimulus, but depended upon the response to the
preceding presentation of the trial n consonant contrast. The method
adopted in the present experiment consisted of examining successive.
responses in the original protocol, regardless of stimulus vowel. -Using
the Days 1 - 5 Group R data (10,780 .observations), a 2 x 2 X2 independence
test was performed. The obtained'_xg' of . 76.91 is significant at well.
béyond the .00l level, based on one degree of freedom. A comparison of
the cobserved and thecretical freguencies showed fhe direction cf signifi-
cance to be such that correct responses were more likely when the preceding
response had been correct. EHowever, this finding does not seem fo be of
great moment, since.the non-independence could be imputed to subject, item,
--or stage of learning selection.

At any rate, the sequential analyses lead one to guestion the
"independence of path" assumption found in meny iearning models. In view

of the complexity of the items we employed, such a result is not surprising.
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Day.

X
10.87
9.99
6.61
19.63
20.36
12.86

T2.95

e/

o W

w

>.10

<.001

<. 001

<.001

7.63
21.66
k. g8
25.63
29.09
37.39
65.16

Table 7

Trisl n Stimulus Vowel in Table 6

e/

D.F.

FOoF w oW

<.001
<.001
<.001
<.001

<, 001

<.001

fif

-

ST R = oY

<.001

<.001

<.001

<.001 |

<.00%

<.001

Results of X2 Independence Tests for each

18.87
11.73

7.87

6.07
15.93
27.46
8L 48

=

9.1
10.12
9.37
3.22
9.10

52.56

=
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k. LINGUISTIC INTERPRETATION OF RESULTS

SubJjects. The teachers' evaluation of-the students’ language learning
aptitude was quite generally borne out by our experimentsl data. For
. example, the class ranked lowést by the teacher prdduced the‘higheSt errof
rate in the vowel matching task. In addition, the Frénch classes had been
given the Modern Language Aptitude Test (1959) at the ﬁeginﬁing of the
acaaemic year. Thé results of the test seétioﬁ on auditory diserimination
:agaih geherally agreed with our findings; that is, the students' scores on

the MLAT correlated well with their performance in the experiment.

.Most and least difficult iteﬁsu The linguistic hypotheses pertinent
fo this experiment have beén.well corroborated 5y our résﬁltéu It nust
be borne in‘mind that the linguiétic problems are on two different levels:f
f(l) fhe identification of diffefent.allophones within the Russian ﬁhonemic
Vfanges, and (2) the interference ofrthe sﬁbjecfs' native Engliéh phonemic
pétterns with that of Ruséién° |

N.Table 8 lists the itéms ranked éccordiﬁg to tbtal efrbrsﬂ lAn
adjustmeht has been méde.to-acéommcdate the observed gﬁessing'biases, it
will be recalled that this was done by using thé data from Day 1, items.
1 - 15 to determine iniiial numbef gﬁessing preferences.-'Our first
'analysis dealt with fourteen most difficuit aﬁd fourﬁeeﬁ easiest items.

{see Tables 8 and 9).
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Insert Table 8 about here
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Table 10 gives an inmeresting contrast between the prbportions of the
hard and of thé other items which possessed éertain‘properties° .The
properties Which most acutely discriminated between the two item types are
the last two headings in the ta’ble° An Initial palata;ized consonanf in
the stimlus occurred with 25% more hard ifems than ofher items. Eﬁén more
striking, an alternation (plain—ﬁalatalized) between the final.consonant

.in the stimulus and correct alternative occurred for 36% more hard.thaﬁ
.other'items. Starting with the identificatioﬁ of allophdﬁes of the phoneme
_/a/, three items were "difficult"”, and two were "easy". The three most
'.Qifficult itgms had Widely separate allophones in the-stimulus and correct
élternative° Spécifically, the stimulus contained theﬁlow_front [ee ] ﬁhen
fhe correét alternative had albacked low céntral vowel.[éﬂ or a low back
[#], ¢f vice versa. Not only does Russian éover a2 rather wide phonetic.
range here, bﬁt /&a/ and’/a/ are.also diétinct phonemes in English; hence,
we would expect étfoﬁé_n&tive interference which would prevent the subject
frém identifying the two sounds as ''same.’ Converseiy, the two instances
of /a/ matching among the easy items referred to above contained allophones
in spproximately the same position; that is,-in the low central range.

Turning now to the front vowel phonemes /e/ and /i/, we find them

present more often than other vowels in the difficult items. For items
containing identification of the'phoneme /e/ are among the most difficult,
while only one is among the easiest. Again the allophones of the difficult

items are quire far apart, requiring the matching of a lower mid front [e]
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Table 8

Total Correct on each Item Minus .
Expected Number Correct by Guessing 3

Rank Stimulus Alternatives Adjnsted
' Correct Wrong No.
Correct
1. yyTh BYM umTE, CHITb, BAPC = 175.8
2. WAPS YAx - IMHK,  PEB,. LyP® 167.8
B i: EYK MK,  BOPT, COX 165.8
4.  nAER TAHK Bﬁﬂba CHPT, TVK 162.8
Se TOKIE TOK UK, YBMX, EJIb 157.8
6. I¥Ph BERK I0X,  KO®T, HAND  157.2
7. MYX TN MHII, PABb, MEX 14%.2
B KY b BENH IHP, BWANB, THAR . 142.0
9. ComEn POK Xyn, @DE®, THI  140.8
- 10. QYHT KD ONCK,  HET, MO3T 134.0
11. IOl JED TAIC, KACC, 'THI 132.2
- 1a. TYE HIOX HAN, ‘T, TOMb  128.0
13, 0BT . IyH YoM,  ¥Pm,  JWmB  127.0
14. T3P MEJD nAmb, TOP, R 122.8
15. 71MOH TOJE MY, BYIOb,  JIHX 122,2
16. BIOCT KTK TEP,  MHC,  BOKC  121.0
17. JIE3TH LEHTP . JlAHB, PAHb, . IUPP  118.8
18. XEYL BOTH nye, mmmbg AT 116.0
-LQM cam bR TIEPC,  EBOT, CGOP . 11440
19. BRI : BUIIL | Rﬁqu TANN, TONTH = 114.0

21, COBK BOPI meT,  TOK, Oy 114.0




Table 8 (Con't)

22.
23,
24,
25,
265

27

28.
29.
| 30,
s,
32,
33,

34

35,
36.
37
38.
9.
o,
41
4.2 .
43,

45,
46,
48,
:-149n
50

PYEIDB
MBI

KET'b

M
PAL

YEPT
SO0HT
BEPX

 HATP
T
SUPH
| LECTH
monm

TIHX
OATT

I¥(e)13
EA3D
N3P
I

39Bb

NE3Th
ukM

HATEL
. TEX
TINTE

THH
TEMb

03
JUATE

HECT

L

[IHAXT

OB

KEM
TIATE
TITE
CYHB
CaP
TOCTE

 IIDAK

CHH

MEP3

BEPC
YECTH
BWN

MAN

IEHTP
TIOPCK

BHEK

ECMb

BATH

PEK

. XE3I,

EYP,

‘NAUB,
HE®,

UET,
TIK,
BAI,
BUXPD,
METP,

'EYP,

'@Eng

BHT,
K,

KEPID,
BOPT,

fIBb,
SEPT,

YACTD,

KO,

MET,

 JIAHEB,.

YEM,

. TIEHD,
YOx,

WYHT,

 PHPK,

3ATh,

"HYJIIG,

HHI,

TG,
MOX,

PEUD, -
IIEAT,
TEHT,

PAK,

MEX
nyéﬁ"
MECT,
BHTE,
XAHQI
MOX ,

'MOH,

KEUb,
9Ex,
KB,
BOFC,
MAT9 
BEWD,
KOIlb,
PAHB,
YAC,

BA3L,
TETDH,
TYHDP,

BUIIE,

POME
[TOJIK
$OH

. POB

UAP

BN

3¥E

HOC

TIOJIK
Pak
chu

OIPK

" TieH

®EP3b

- C¥K
CHATD

BEC

CAM

- 3EB

ey
MIOJID

- Mon

TIX

 TIAX

HEHD

113.0
111.2
10702
105.0

'. lolo O

99.0
ou,2.
93.8
90,8
87,0
83.8
77.0
76,0
72.0
70.8
70,0
65.0
820
58,2
51.8
46.8
46.0
45,8
45,0
37,0
22,0
12,0
~11,0
~48,0




EABY

v
sarf

lyart

per

dogty
gol
Yol
durf
kuly
mux
tup
funt
guty
lyup
Jufty

v
cax

tank

v
%cely

tok
lyok

rok

vyun
tyuly
nyux
Jug

bus

lun

Table 9

. Most and Least Difficult.

Rugsian Words

DIFFICULT

fal
byasy .
zyapy

- mer
lyesty
tyemy
tyex
tin
myity
pyity
o
clx

LV
5

n<
e

v
com

dyak

fars

%esty

centr

ryek
yesmy
vyity
bik
v,
sip
sin

byil

myors
porsk




Table 10

Contrasts between some Properties of 14 Hard Tiems and the Remaining Items

Property

/e/ in wrong alternative

fif "o
fef "

Wrong slternative
with same initial

conscnant as right

answer

Stimulus with

palatalized initial

conscnant

Correct answer with
plain final conscnant
when stimulus has
palatelized fingl

consonant, or vice versa

Stimulus
vowel

/a/

e/

/i/

Total

/a/
/e/

ey

. Total

/a/
Je/
/i/

Total

/a/
/e/
/1/

Total

Fraction of /s/, /e/ and [/i/
items possessing the property

hard items

/al-3 Je/-k [i/-5

5/9

5/12

5/15
15/36 (42%)

2/9
2/12
2/15
6/36 (17%)

2/3
3/h
/5
9/12 (75%)

2/3
/)
3/5
9/12 (75%)

other items

Jal-T [e]6 [1/-5

- 8/e1

6/18

4/15

18/5k4

2/21
2/18
1/15
5/ 54

2/

- 5/6
2/5
9/18

1/7
/6
2/5

7/18

(33%)

(9%)

(50%)

{39%). -




with a higher mid front [e] which is also quite tense, or vice versa.
Interference from English is probably also strong here since the English
analogs to the Russian allophones occur in very different syllabic nuclei.
The rem=ining items of /e/ identification, in the least difficult group,
presents the only deviation from what was just stated since the zllophones
_there are similar to the ones described above. However, the higher mid

. Tront vowel is followed by /ly/ which may have carried a slightly lower
variaﬁt. Perhaps this was an easy item largely because the wrong
alternatives offered were /a/ and /o/, which are widely different phonemes
from /e/,

Since with /i/ the subjeéts were always asked to match the high
front allophones [i] or [i¥] with the high central [4]}, it is not surprising
that many instances of /i/ are among the most difficult items. Again -
the wide phonetic range of sllophones is a plausible explanation of the
difficulty. On the level of native interference, the subjecis are once
more presented with a reduction of their native contrast of A/ and A/
to_Russian allophonic variation, an expectedly difficult task.

The back vowelé /o/ and /u/ were usually more readily recognized
than their front counterparts. Three of the /o/ items were among the
:easiest, and two among the.most difficult. The allophones of the thr:e
former oneg in the stimulus and correct response are all within ths midr
back range of [o]. The two in the latter category contain the métching
of [o] with a mid central variant, again covering a wide phonetic range.
Probabiy a contributing factor is the subjects’ tendency to identify the
latter allcophone ﬁith the English phoneme //, again an attempt to preserve

a native phonemic contrast , namely that of English /o/ and /9/.
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Of the fourteen least difficult items, eight required the matching
of /u/ . By.contrast,' no /u/ metching appeared in the most difficult ‘
category. This is another expected result, because of relative closeness
of the allophones and the lack of interference from the native English

phonemic system of the subjects.

Confusion matrices. This analysis includes all the Group R data.
The responses to a éiven stimulus were analyzed in terms of pr0portions
of choices of the various alternatives offered, whether correct or incorrect,
based on the number of times each alternative was offered as a choice.
" For example, if the stimulus contained the phoneme /a/ realized by the
allophone [al], and the same allophone was presented in the correct
alternative, the subjects chose it 90% of the times it was offered. When,
however, in the correct response the phoneme /a/ wes realized by the
allophone [ze ], this alternative was chosen only 65% of the times it was

offered (See Table 11, which elaborates on Table 3).
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For the stimulus items, all phpnemeé of a given word were utilized
in the analysis, thus permitting a comprehensive analysis of responses to
many vowel ailophones. For the alternatives, only the initial consonant
and following vowel were considered. (We use C to denote any consonant .
and Cy to denote any paiatilized consonant ). |

| In the case of CaC and CaCy stimuli, the correct alternatives, regardless

of the nature of allophones, were selected more than 50% of the timeﬂ. For
example, [é] was matched with {a] no less than 90% of the time this

cholce was offered. Of the incorrect responses, only the mid back /o/
' T




Table 11

Percentage of Occurrence of Each Responge Form to Each Stimulus,

Basged on the Frequency That Words of the Response Foerm

were QOffered as Alternatives..

Ca ~ Cy=a Cye Ce Ci Cyl Co Cyo Cu
CaC .90 .65 .06 --- -—- .05 .16 .15 .09
CaCy -— .53 b - -— S .19 -——— ———
Cyal 75 ~-- .24 - . Ol .03 .10 .03 .05
CyaCy .38 --- 26 -— - S .11 -—- _——
CyeC 05,16 .6k --- - .20 .06 .06 .05
CyeCy 16,23 .33 67 11 3h .06 .10 -
CeC 08 .10 .59 --- --- .37 .08 - ———
CeCy ——— mem ae- --- —— - - ——- ———
Cig A1 --- kb2 —-- -—- .53 12 - .10
Cicy mmm. mmm e ——- ——— - - - ——
CyiC .06 .05 .31 -e- L9 .52 100 - .05
CyiCy 02 —-- .50 - 149 .30 Neri - .C6
CoC A7 .06 L1b - .08 .05 61 .52 .23
CoCy _——— == 07 —— ——- LOb .85 —— -—
CyoC 21 .16 .08 ——— -—- e .66 ——— .08
CyoCy ——— m-- e -~ ——— -—— - - -—-
CuC .02 .06 .07 --- .20 .0k .07 - ——-
CuCy O - 03 -—- .05 Ok .13 = .92
CyuC mmm e e --- .09 .02 .06 .01 .85
CyuCy ——— mem een -— - Ol ——— .20 .73







"was chosen with any marked frequency, and then only 16% of the times it
was offered. When /a/ in the stimulus was preéeded by a palatalized
"conéonant,'the most probable wrong answer, (chosen about 25% of the times
it was offered) was /e/ preceded by a palatslized consonant. This is not
surprising in view of the frontness of the allophone of /a/ in this
context. Perhaps more interesting is the fact that in the correct
alternative with the allophone [a], CyaC was matched 75% of the times

it was offered, but Cyaly only 38%, This is anzlogousg to our findings
in the anélysis of most and least difficult items where the subjects
found it very diffieult to match_Russian fae ] with [a].

The two most difficult phonemes were /e/ and /i/, and in both
instances some wrong zlternatives had a higher probsbility of choice than
the right ones. Since /e/ ocecurs relatively infrequently after a plain

(nonpalatalized) consonant, not many such words could be used. However,
since the character of the final consonant seems to affect vowel quality
more significantly in terms of closure, this neglect of Ce seems Jjustified.
The stimulus CyeC was matched 64% of the time with Cye alternmatives, but
the stimulus CyeCy only 33% of the time, indicating that the chosen
" alternatives had plain final consonants more frequently. This is supported
by the fact that the CyeCy stimulus was matched with 67% of occurrences
of Ce élternatives, and CeC with 59% of the CUye correct alternatives.

Not unexpectedly, by far the most frequently choser wrong alternative for
/e/ was /i/, particularly the front allophone after a palatalized consonant.
An especially striking case is the stimulus CyeCy, for which the matching
percentages were of Cyi : 34%} Cye : 33%, This is probably due to the

particular tenseness of the /e/ allophones between palatalized consonants
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which causes +the English speaking subject to identify them as allophcnes
of the higher phoneme /i/.

| The most difficult phoneme to match was /i/, evidently partly because
widely different allophones were presented in the stimulus and correct
alternatives respectively. A similar percentage of correct choices
(about 50%) was made in four out of five_types of correct alternatives.
In the case of CyiCy matched with Cyi, this identificaticr was chosen only
30% of the time it was offered. The stimulus CyiCy was most frequently
identified with Cye, corrobecrating the above evidence that / e/ is
commonly identified with /i/.

The phoneme /o/ accounts for two of the most and three of the least
difficult items. The corresponding figures for /a/ were three and itwo,
respectively. The confusion matrices. show that /o/ responses are the
commonest errors to /a/ stimuli. Conversely, /a/ and /u/ errors freguently
occur to /o/ stimuli. For example, CoC was matched with Cu 23% of the time
the latter was offered. This is probably due to the fact that both /o/
and /u/ are back vowels. The phoneme /u/, aside from some confusion
with /o/, proved the most readily identifisble phoneme. The only other
distractor for /u/ is the allophone of /i/ preceded by z plain consonant.
This represents an identification of a central articulation with a back

one, probably to be expected from English spesking subjecis.
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Although great care was taken to control the order and séries of
‘consonants in both the stimulus and alternatives, exéept;for the pilain vs,
- palatalized series, ne salient relationship'to vowel_ﬁatching performance

was found..

Comparison g;_Gfoups E and R. When both groups received thg same
:‘ﬁaterial (on'the fifth day of the expefiment) Group P!s pefformancé was
" considerably below that of‘Group.R. Group P did not d;_much'bgtterron
~Day 5 than.Group R did on its first day. Several linguistic infgrenées
~are possible: (1) There seems to be very little transfer from CV to CVC
'patterns, dué-probaﬁiy to the effect of the finalrcohsonant on thé vowel
allophone. (2) Although /e/ and /i/ were correctly predicted to be the
more difficult vowéls to ﬁatch, the practice of figst_teaching /a,o,u,/
and then /e,i/:did not.result'in_more éfficient_learning_of thé latter;
.hencq little transfer appeared.--(3) The aﬁtempt to help matching_by-
-basing.instruétions on Russian vowel letters.rathér_than Russian phonemes,
:that is presenting /aia,y:n/ ete., rather than the plain vs,_palatélizéd
-1consdnaﬁﬁ-seriés, did not aid in phoneme_identifications.
ﬁetention. An interesting result of ihe:experiment waé the high
amount of retention shown. There was &n interval.of two days between the
fifth‘and sixth exﬁerimental sess;ons, the .sixth session being devised
.to test Tetention with minimal.épportunity for releérning, The error
rate of the éixth_éession rosé_only.h%_as_compared to the fifth, i.e;,
little.forgetting occurréd. This is particﬁlarly interesting since nb
. reinforcement was given in Session 6. Hence, when auditory reinforcement
was abseht;.viéual reinforcement'did.not_seeﬁ significant in helping the

subjects to;pérform their tasks.
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5. QUANTITATIVE APPLICATION OF STIMULUS-RESPONSE THEORY

In this section we continue the applicatiocnsibegun in our earlier

' report, of mathemafical learning theory tq linguistic data. The reader

is referred to that report (Suppes et al, 1962) for a description of the

more important models considered, as well as several relevant statistics.
In the prgsent reportﬂwe:concentrate on the one—eiement and two-element

stimulue sampling models.

One-element model. As noted before (Suppes and Ginsberg, 1961), the

cne-element model implies a binomial distribution of responses priocr to
the last error. The statistical tests discussed by Suppes and Gingberg
may be perfofmed here . to determine whether the responses indeed are
| binomially distfibutedn Previously (Suppes et al, 1962) we applied these
teéts in analeing data from an experiment in which subjects judged CV
peirs as "same" or "different"{ Those findings did not support the
conception of an ali-or-none learning process.  Instead, a three-state
_two-element medel which we shall éonsider next proved reasonably accurate.
In the present éXperiment, the stimulus element was identified with %he
vowel phoneme, so five sets of tests for binomiality were performed,
each using_the response sequence corresponding toc one stimulus vowel
.phoneme sequence, Group P data were excluded unless otherwise noted,
since the graded difficulty and non random preseﬁtation'order for this
group violated the requirements of the model.

In Table 12 appear the Xe tests for stationarity. Some Group P

“values are included for comparison. Both the Vincentized and the non-
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- Vincentized data-are significantly nonrstationary, usual1y at beyond the

'_.02 tevel. Figure 5 reveals-a_geﬁeral-deglipe in the_proportion of errors

L o e L L T

_'ﬁoh-binOmial respoﬁsé diétribution; The teét for iﬁdependence of
successive responses-yieided'signifiéanfr XEES iﬁ'three of five cases.
The tests of the diétribuﬁion §f responéeé, and of'fespohse segquences
in blocks of_fiye éucgéssive trials strohgly_refute:this-particular
.appliéation of fhe one-élement'model; o |
One could argue'fhét the’féilure_to o%tain staﬁionarity'of response
probability might be éttributed'tociaék of homogeneity:of item diffiéulty;
_ For.éxampié; a differeﬁce 5etweén_quartiles inifhe relafiﬁe frequency
~of éasy énﬁ.difficult.items could’ﬁaék'stationarity."Consééﬁeﬁtly,'two"
‘furthErhanal§ses were pEfformed in an effort to traée the cbﬁrse_of.'
léarﬁihg.witﬁih sets of equally difficult_iﬁems. 'Ip the first comparison,
itemé'having the Same stimﬁlus vowel.and estimated guessing probability‘Pd
:(as determined b#.fhe poSition of the correct alternatiﬁe)‘were:gfouﬁed.
.Thé:ériterion £of spécifyihg the last ef?or was 65 8, or 10 danecutive
correﬁt ré5poﬁsés,féepeﬁding on whether p& was 113, .é62 or .2655 br

.360, respectiﬁely,  As Table 14 shows, the frequency of correct responses .
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summed over sets.of such items increased across quartiles. An additional

gtep was taken to decreése the effects of inter~itém differences. Pairs

of items, both members of which yielded about the same total number of
. S

- errors and which met the two above conditions, were selected. - Tgble 15

_gives the number correct on each of Days 1 - srfor theée pairs,. The

maximum possible correct per day was 88,
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,.Equal difficulties.are encountered in_fitting a linéar incfemenfal
“model to the data. According to the exponential learning curfe'iﬁplied
by the single-operator linear model {Bush and Sternberg, 1959), the

‘ ._greaﬁest increment in the probability cgrrect_should odpur petween Days
: l_éﬁd 2. This ﬁrediction_receifed:suppqrt_in'on;y two of the'six'sgts
,1bf_item;pairs. Although the tabulation does not perﬁit a'stationafity f

.tést, the dramaticlabsgnce of steédy_improvement ﬁay be_sgen inlanother

:'way. There was essentially no iﬁprovement from Day 1 to Day 5.0n.the

~second /a/ set and the /of éet.. After Day 1, the same remark apﬁlies.fo
‘the second /i/ set. And for two of the remaining three sets,.a string |

- may be found of thrée days without.a.net‘increaSe in the ﬁumbef'corfectt

 This represents a lack of_imp?ovemegt over 100 preséntations. In

=agreement'with Table 14, the ovefall pattern is an irregul&r increase

in the frequency of correct reinforees, corresponding much-mbre closely '
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Table 12

Results of Stationarity Tests of Vincentized and

Non-Vincentized Response Sequences

Concept (Vowel Vincentized Non-Vincentized Data
Phoneme) _ Data |
Group _ X2 P N - 4.1, P
Ja/ 'R - 8.68 <.02 18.87 7
P 67.59. <.001 <, 01
/o) R " 62.75 <.001 68.40 7 <001
P 50,62 <.001
/1) R 58,57 <001 ©89. 4k T <.001
P 91.14 <.001
/o) R 13.72 <.005 15.36 7 <.05
P 47.39 <.001 S
1/ R .. 8.60  <.020 - 2.93 1 <.10
7
P 60.29 <.001
ALl Vowels 59.35 <.001 16642 28 <. 001
102.50 <.001

1 o
These X s were computed for quartiles of responses prior to last error,
50 the number of degrees of freedom is two in each case.




Table 13

Results of Order, Response Distribution, and Response Sequence

Distribution Tests, Group R.

Concept (Vowel Order™ ' Resp0nse52 Response Sequences
Pronene) X2 P x& N P
Ja/ L.62  <.05 6.26 .10 | 66.81 23 <,001
/é/ 1,98 >.10 18.63  <.001| 80.50 30  <.001
/1/ 9.51 | <005 | 11.71 <.oi' 46,71 30  <.05
_‘/o/ 1.&0__ >.10 i1.80 <.01. L5.97 3 <.01
/ﬁ/ 3.93  <.05 7.32 <10 | 43.38 15  <.001
A1l Vowels 6.76 <.01 | 20.46 <.001§ 99.22 30  <.001

The number of degrees of freedom is one in each case.

The number of degrees of freedom is three in each case.
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Vowel

/a/
/a/
/a/

/e/
/e/
e/
/1/
/if
/1i/

Table 1k

Number of Responses, N, and Number Correct, Ni’ per quartile

(1 =1, 2, 3, 4) for Items Grouped According to Vowel and

Estimated Guessing Probability, Po"

95 -

P N N, N, m, N,
LI113 68 26 20 22 23
265 W6 61 82 66 88
.360 o7 2 5 1 2
262 Th W6 s 52 59
.113 69 18 15 29 28
.360 167 63 83 82 106
;262 i35 55 T6 12 93
265 206 71 85 105
.360 66 28 3k 36 49
262 107 26 49 57 58
1065 396 501 522 601




Table 15

- Number Correct per Day for Pairs of Items with
Approximately Equal Guessing Probability

and Total Correct Resgponses

Total Correct . Day

Vowel Days 1 - 6 ! 2 3 4 5
[a/ 171, 184 48 57 6 54 59
/a/ 232, 237 78 76 ® 79 82
/e/ 188, 192 i an 66 63 76
/1i/ 59, 82 6 | 18 18 36 33
/i/ 140, 1k2 28 52 48 57 #9
/o/ 169, 184 65 53 52 69 55
Z 955 102 269 . 320 . 322 358 36k

Day n - Dayn -1 . --- 51 2 36 .6




“to a step function than to én‘éxpéﬂéntial'cﬁrﬁé (in this connection see
particularly the last row of Table 15).

One mighﬁ also conceive the léarning‘proceSS'aé consisting of the
elimination of error tendencies; & ﬁiew advanced by Harlow (19%59).-
HIncorreét responses should be extinguished one after anocther, resulting
'in a reduction to one type of error on the trials just preceding errorless
performance. We méy hypothesize that the learning process is stepwise,
with a step occurring when one error tendemcy is removed. Hence, response
probabilities shouid be stationary between steps.

To test this notion with a given vowel, we must determine the most
pérsistent error and examine trials after the last occurrence of other
Errors. ThisfanélySis was performed on the two response sequences with
the most errors, i}e., those having /e/ stimuli and thﬁse having /1i/
gtimuli. The most persiétent error was assumed to be the most'frequent
error as indicated by the confusion metrix (Table 3)° Fbr'/e/ stimuli,
this error constitutes /i/ responses, and vice-versa. Of course, the
errér pattefns of some subjects might not bereflected by the group matrix.
We now illustrate the method of énalySis‘by use of the respdnse sequence
to /e/ stimuli. Let n + 1 denote the trial nuwber of the last response
other than /e/ or /i/ and let n' + 1 dencte the trial number of the last
/i/‘response. Then the probability of a correct response was calculated
in quartiles of trials 1 to n, and likewise for trials n+ 2 ton'.

Since, by definition, an error always occurred on trial n' + 1l, data

from this trial were excluded. Figure 6 shows that the probability of




8 cbrfect response generally increased between trials 1 and n and between

trials n + 2 and n'. For /e/ stimuli, the proportions are based on 235

responses per quartile on trials i to n and 4G on trials n+ 2 to n'. The

corresponding figures are 144 and 36 for /i/. The former increase does

not negate our stationarity hypothesis, since several types_of errors are

being eliminated on these frials. However, the lack of stationarity when

only cone type of error remainS'(trials n+ 2 ton') refutes the notion

that one stimulus element is beihg conditioneq all-or-none on these trials.
We investigated an additional way of conceiving the stimglus situation

 ﬁithin the one-element model frameﬁork. In thersequence of presentations

of the stimulus /i/, it is feasible to argue that two subsequences are

represented. The items are "hard" or "easy", according to whether /[e/

is or is not a choice alternative. Perhaps stationarity would be exhibited

within each subseguence. Therefore, the responses to /i/ stimuli prior

to the last error were grouped into Vincentized quartiles, employing

the usual learning criterion of ten successive correct responses. The

-data with /e/ stimuli were not suitzble for this snalysis, since /i/

choice alternatives were offered almost slways. The proportions correct

weI_'e
Quartiie
1 2 3 4
/e/ present LAk o3k .32 .62
/e/ sabsent 48 .67 .50 .67

Presumably, some of the instability is due to the paucity of observations

(N = 7 and 52 per quartile for the first and second _rows,_.respectively)°
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Figure 6. The last error in 50 trials occurred on trial n' + 1, The last /e/ response to /i/ stimuli; - o
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or vice versa, occurred on trial n + 1 {(n < n'). Within each of the two successive series, the

percentages correct per quartile are shown.







Nevertheless, the definite'téndency for the proportion of correct responses
to inérease argues against a stimulus identification in terms of the one-
element model.

Stationarity tests using individual data., This final analysis

contributed.nothing new, but merely emphasized the evidence against
étationarity at the vowel level. For each of the 44 subjects in Group R,
-the propqrfion of errors on éach vowel was compufed, sepérately for each
ﬁalf of the trialé prior %o his last.error on that vowel;. In the over-
whelmingumajérity of caées, the prébébility of érror_decreaséd from the

- first half to the.second half of tfials; Going further, it is of
intereét to seé if iﬁem difficulty.is a faétor iﬁ détérmining‘whether
Hétationaritj oﬁtains. for each subject-item and the trials prior to
.last-error, the difference.in the.proportion of errors between the first
-and ségSHd halveslof trials prior to lasﬁ error Was fouﬁd, If the
4increase in.efrors excééded .10, a + was recorded; if the decreése
excéeded’.lo, a ; was reéorded. Otherwise, the differenee was“entered
ésro. -With this rough classification; the frequency of +, 0, and - was
féllied for.ifems ﬁhose last error occurred on frials i - 30 versus items
:ﬁhﬁse.last errﬁr occﬁrred on triéls 31 - 50. .In the latter caée, errors
'commonly occurréd as late as trials 45 - 50, suggesting that more érrors
would hawve occurred héd more trials béen given. |

The proportiéns of7+, 0, and - changes when the last error occurred

between trials 1 - 30 were .16, .48, and .36, respectively. When the
iast'actual error bccurréd bétween trials 31 - 50,.the'correéponding

propbrtions were 07, .43, and .50. The first set of figures is based
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on 56 cases, and the second on l6h. Hence, there was some tendency for
the items learned faster.to dlsplay anllnltlal rlse in errors; compared
‘fo the items learned more slowly, The facn remains, however, that among
items of both types the predqminant_trend was a reductlon in errors from
the first half to the second half of trials. -

Two-element model. This model assumes that, prior to the trial of

last.error on a given cencept ”the two-eienent atimulus set representing
the concept may pass from the initial state in Whlch nelther element.ls
conditioned to the correct response to the 1ntermed1ate state in which
ene of the two elements is conddtioned. We assume that the probability
of a transition is constant cover trials and call'thia paraneter.c. The
responselparameters g and dq refer ﬁo nhepfdbability oflan error_dn the
initisl sfate and the interm_ediate”state,"lresbeetively° The cerresponding'
duantities in our previcus renort (Suppes et al, 1962) are tne averages,
over subjects, of 1 -.go and.l.; gl.. A natural.way of teating‘tnis nodel
is to see how well it predicts vafious propeities of tne éreup data.
Specifically,_we were interesfed iﬁ the mean and variance Qf tqtal errors
per subject, "subocorrelations” of errefe, the nrobabilitj ddafribution
bf the number of trials before the firstrcorfect response,.tne frequency
of errer runs.ef length:j (j =1, 2,.~~-, 5), and the binomial distribution
Bi (i =0, 1, 2, 3, M)Ief errors inrnlecks of d tfials summed over trials
pnior to criterion. The‘exact formuiation and derivatien'of gll theoretical
expressions are given in.the_alapendi_x° | |

i Before eomputdng the observed and predicted valaes of these statistics,
two decisione were necessar& regarding-ffeatment of the data, (1) Because

of heterogene1ty among the vowels in the lesraning rate, it seemed adv1sable
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. to coﬁpuie all quantities separately for each vowel. The advantage of
such & procedure is that the_equal;itgm difficulty assumption of ther
quel is more closely approximated, reducing the observed variances.
However, considerable differences in total errors still remained among
different items containing the same vowel (Table 13). Despite this lack
of thogeneity, it is instructive to evaluate the adequacy of the model.
Iater an analysis will be reported in which item difficulty was equated
more precisely. (2) The model imposed another limitation on the treatmemt
of the results. All derivations assumed a fixed number, n, of trials
prior to last error, g0 an arbitrary choice of n is required in calculeting
ﬁhe obéerved quantities.':Selecting a high value of n would inciude most
of .the data from the slow learners, but data from others would be excluded.
Choosing a small B would include more subjects, but less data from each.

A compromise was adopted which permitted <inclusion of most of the data.
Table 16 gives the number of subjects and trials included in the snalysis

for each vowel.
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Thére are three parameters of the model to be estimated, the
prbbabilitj ¢y of an error wheﬁ both stimulus elements are uncbnditioned,
the probability.ql.bf én error when one element is conditioned, and the

) probability ¢ of passing from thé'state of no eiéménts being to that of
one being conditioned. Since we knew of no way of ﬁsing the estimates
for ome vowel to obtain those for another, five separate estimates of
eachrof the parameters were requiréd.' The iﬁitial error Qrobability,
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qo, was eétimaﬁed from the first 15'trials of'Day'l. First the probability
of choosing each position was compﬁted over those trials. Then each
probability was weighted by the probability that the experimenter had
allocated an incorrect alternative to that position, and the weighted
guessing probgbilities Weré surmed over positions. EmploYing these qo
values, the method of estimating a4 and ¢ was s minimum X2 fit to the
observed b, (1= 0, 1, 2, 3, 4) frequencies, using Equations 16 - 20

in the appendix. We recall that bi is the number of nonoverlapping

blecks of four trials containing i errors. There are four degrees of

freedom among the bi and three are used in estimating pasrameters, so

‘ thefe remains one degree of freedom for evaluating the goodness-of-fit.
 Inspection of Table 16 reveals generally excellent agreement between
the predicted and observed b,. Only for /o/ is the %2 close to ‘significance
(P < .02).

It is of interest to compare the parameter estimates obtained for
the various vowels. There is fairly close agreement ameng the ﬁb, sug-
gesting that learning over the first 15 trials hasg not invalidated our
estimation procedure. Comparison of the 9 values reveals considerable
intervowel difference. It is important to note that variation in rates
of conditioning, €, are not sufficient to account for the intervowel
variance in errors. Instead, substantial differences alsc appear.in

al’ the probability of an error in the intermediate state.

Table IT presents additional comparisons of the two-element model §

and the data. The quantitative predictions of the mean total errors are

Insert Table 17 about here
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Table 16

Estimation of Parameters for Two—ElemEnt Model, Including Comparison of Data (in Parentheses) with

Number of frials

Number of Bubjects

Number b
o]

: of blocks, ?i,ibl
of four trials b,
with i errors by

By,

o

d?-“9> er 

Quantities used in Least Sguares Estimation

LY
40
39

52.81 {52)

| 126.48 (330)

122.30 (117)

- 66.34 (70)

| 22,15.(2;)'

60

.-.76 '
.36
-.17<

e/

40 |
b2
30.07 '(33)
104.87 (101)
145.82 (143)

103.74 (110)

©35.45 (33)

1.03
73

5
a3

/1]
. ho o
L3

31.09 (28)
98.003(102)
136.31 +(135)
11%.25 (112)
50.35 (52)
41
72
'-.hl_ |

06

Y
o
38

67.49 (77)

141,06 (120)

121.30 (133)
ék.07 (65)
24.09 (23)
5.68
'.767.
-33.
BT

o/
12

ko

L48.68 (50)

37.2% (34)
19.08 (23)
10.6% (8)
k.36 (5)
1.86

73

11
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Table 17

Compariscn of Two-Element Model and Data

: =/ ' /e/ Evi fof M/
Total errors Obs. Pred. - Obs. Pred. Obs. Pred. Obs. Pred. Obs. Pred.
Mean T 16,87 17.62 - 20.21 20.68 21.30 22.16 17.71 17.69 3.10 3.12

Variance S1.01 1h,3h 34.81 13.92 29.60 31.73 55.78 22,11 7.07 3.46

Autocorrelations
of errors k

. trials apart, for

E=1 8.01 7.7%  10.69 10.50  12.35 12,16 . T.bs 7.76 1.20 1.19
2 T.50 7.36  10.58 10.12  11.7% 11.80 8.05 7.37 1.29 .88
.3 7.9k 7.02 10,39 9.76  11.h7 11,42 7.71 7.02 1.08 67
L 7.90 6.72  10.92 9.2 1122 0 1106 7.78 6.70. .9 .53
"5 7.56 6.4 9.80 9.10 11.09  10.70  7.63 - 6.4l 8o Lk
" Totel j-tupies,
_ for .
y=1 16.87  17.62  20.21 20.68 21.30 22,16 17,71 17.6%  3.10 0 3.2
2 7.62 7.7 10.38  10.50 11.7h 12,19 7.50 7.76 1.10 1.19
3 3.67 3.68  5.67  5.51 ° 6.65 7.11  3.58 3.8 .53 .54
b 2.13 1.90 3.26 2.99  3.90 4,39 1.89 2.11 .33 .25
5 1.33  1.0b  2.10  1.67. 2.20  2.7%  1.08  1.25 .18 .12
_Probability of k
errors before first
success, for .
k=0 ' .23 N .60 .27 07 .28 66 .2k 75 .27
1 .51 .23 .02 220 .2 .22 .18 .23 L8 .35
' .18 .18 12 .17 Lo 16 .05 .17 .03 19

2

3 .03 .12 b .12 .09 Sl .00 .12 .00 .10
b .03 .08 02 .08 .19 .08 .03 .08 .05 .05

5 .00 .05 00 ¢ D05 .00 .05 .00 .05 .00 o2




well-confirméd in all'éases.. Thé éotal obServéd.j-tuﬁiéé pef'subjéct
geneféily'égree quite closely with the ﬁrédiéted values,'althoﬁgh.éeVéral
moderate disparities appear in the /e/ comparisons and in the cases where
Jd =1, The fit ie less gatisfactory when we consider varisnce of total
errors, autccorrelations of errors, and the probability distribution of
trisls to the first correct response. Regarding the former, the prediction
cf & monotonic decline in auiocorrelation as J incresses was generally
supported except for /o/, Mesit of the observed magnitudes exceed thosge
predicted, the deviations increasing with j.

More serious discrepancies arise with the remaining statistics.
Undoubtedly it is not surprising that the cbserved variances are well
above the predicted values. In our application of the model, we have
ignored intersubject variation and differences in difficulty among items
with the same stimulus vowel. However, this rationale is not entirely
adequate, because we have no assurance that the variance would be predicted
accurately even if subject and item sources were considered. There are
also wide disparities betweeﬁ the observed and predicted dlstributions
of errorsbefore the first correct response. For four vowels, a marked
tendency exists for the first correct response to occur sconer than
predicted. It is believed that this particular measure is esPécially
sensitive to interitem differences in cur experiment, beczuse the Iitem
presentation order was the same for ail subjects. If, for example, the
Tirst /i/ item were unusually easy, fhen the observed pfobability of
zero errors before the first success would be expected fto exceed the

predicted probsbility.
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Save for these restrictions pertinent to statistics influenced by
interitem variability, we conclude that the model fits the data quite

" satisfactorily.
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Appencix

Derivation of Theoretical Expressions for

the Two-element Model with N +trials before the Last Error.

Becsuse we are considering only triais before the last error, the
three-state transition.matrix of-the two-element model reduces to two,
Co and Cl (we use a subseript to indicate the number of elements conditioned
to the correct response). The twé—state transition matrix is simply that

of the one-element model.

The difference from the one-element modei is to be found, of course, in

the probgbility of an error in each of the states. In the two-element model

P (error

i
o

CO)

94

P (errgr \ Cl)

The number n of trials before the iast error, which may be any number

less than the trizl number of the last error, is determined directly from
fesponse data. The parameters c., q and 9 must be estimated by statistical
methodsf' All of the expregsions derived are functions of n, c, qO and Qy v

We begin with the derivation éf the expfession for the expected number of

total errors.
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Let Xﬁ be the random variablé.that has value 1 om trial m if
an error is made, and value © on trial m if a correct response is made.

Then the mean numbey E(Ui)“of-erforsvin n - trialsiis:

n no . _
1) E(U )= T P(X=1) = xn ag (1) + ql(l—(l-c)m‘fﬂ

n

T o e :
o (qo ;) (1-¢)"" + q

]

= (q.-qy) 1—(1—0)ﬂ

c

+ nql

To obtain the variance of total errors:ifrn itrialswe use the familiar

theorem that

(2). Var Z Xm - Z Var(xﬁ) + 21<<§<J< (X X )

n
We begin with = Var(X )
m=1 m

Il

(3). mgl Var(Xm) mgl P(Xm=l)[l-P(Xm=l)]

m;l [a,(1-e)™" + a; (1-(2-e)")1[1-q, (1—c) = ql(l-(lwc)m'l)]

I

n m-1 | -1
|z [(a -a)(2-c)""" + a;1l2-(q_-q,)(1-c)""= q ]

o
=E(Uy)- 3 I:(qo-cztl)a(l-c)2m~2 + 2q) (a_-a; ) (1-¢)" " + q12:l

Iy ITA 0N




| T 2n n :
i 2 (1-(1-c)) ) (1~(1-c)") 2

)

(¢ -q,) (q_-q,)(1#(1-c)™)
E(Ul)-nq12 - —EEEEE_ [1_(1-c)n][iqo qlg_c + qu_ .

(&)

Wext we turn to the covariance term. First we note that for i < ]

o COV(Xin) E E(iji) - E(X,)E(X;) .

Now

E(Xin) P(XJ. =1&X, = 1)

— — — _ — =1 —
P(xj _.1[__5‘j _.1) 1_3(8j _1_|‘si =1) lﬁP(Xi— l‘,..Si =1) P(Si =1)

+ZHXj=lBj=l)P$j=lmi=0)P@ﬁ:lmi=O)Pwi=G)
+ P(Xj;lfsj=9) P(SJ. =ols=i=o) P(X, =llSi =0) P(Si =0) ,

where Sj is the random varisble whose values on trial J are the

possible states CO and Cl s indicated here by 0 and 1 respectivély.
Note that fhe three terms on the right correspond to the three possibilities
for entering state Cl P nameiy, before trial i , between trisls 1 and

J , or after trial Jj . Computing the terms shown above we then have:




0" [1-(1-e)™ + qqa [1-(1-0)™) (2-0) 7

E(Xin) =
0 (1-e)? (10)
= qy{a - ) (1) + qD(qo-ql)(l-C)j_l +a,
And
B0 B(K, ) = [a,(0-e) ™ + g (1-(1-) )], (10077 4 gy (2-(2-0)T )]
= 0 P(1-e)? M ae)M 4 g [(1-e)I T e (ze) T
- 2(1-0) B + ¢ % [-(2-0)? T 1-(1-0)P )
8o, by (5)
cov(x¥,) = a7 (1-0)97 [1-(1-¢)' 7] + qq; [22-)92 2 (1-0)T)
v 02 (1-e)? [-(a-)
= (a,-0,) (1-e)9™F [1-(1-)"™]
Hence
| Ta 2 . -1 . :
2 Cov(XiX,) = (qo-qi)g{g J‘Z (l—c)Jr-l - ; JZ (l-c)']"l(l-c)l‘ﬂ
1<i<jgn J j=2 1i=1 gee i1 |

SN




. n . .no. . j-1 i.
) =(%ﬂﬂ12 (1 - E e s (1) 7
j=2 ) J=2 i=1

n x
: -1
The first term in brackets is z'(,j-l)(:L-c)J

J=1

= Z J(l—c)j-l - g (l—c)j-l

Jj=0 J=1
= IZI - i 1-c J - [l- l-c):]

5=0 de ( ) c
_ _ & |1 ,l-c)_nﬂ-']_'[i- l-'c)n]
T o de L ¢ c
= - EE c(n+1)(ljc)n - lf(l-c)nf{J- {;:L%:EléJ

(1) _2= o™ () e oo [1-(1«)1‘ }

e

The second term in brackets in Eq. (6) is

S 3 (1-0)3'1[1' 1'““]

J=2 €

When - j=1 , {l—(l-c)Jél] =0 , so we can -sum from JS=1 :

- }.l:g (l-c)rj"l - (1-0)23“2:[= 1 ]_..-(l._c.)n . l-(l_c)gn-ﬂ
% =1 % e 1-(1-e)?

| LI g [ =

U5




; o ; an 2n
®) ' Jozi(l-c)™ | 1-(1-c)
c2 : + c2(2-.c)

Putting Egs. (7) and (8) in (6), we have

(1-c)" - (l—c)n+l— (nt+1)e(1-c) N l-(l-c)en
-. et . 2(e-c)

= cov(xx,) - (qo-ql)E[

1 <i<j<n

L ol (1-c )ri[

c

= (qo-ql)el}(l“c)n ‘nQ(léC)n.-c(l-c)n: + l;_(l-c)zn . —1+(]_-c)n]
¢ © et (2-c) c

)-2 IFn(l-c)Il - 1+ (;i—c )" + 1- (1-c )En]

= (a,-q
o1 c 02(2-0)

-

e o
(9) P n [—(:L-c)n<n-1>-1.+ 1) |

We add the variance term and twice the covariance term by using Eqs. (4)

and (9)

(10)  Var(s ) = E(U;)mg -~ - [1-(1-¢)™] —

(g _-a,) | (a_~a )2+ (2-e)™)
= H[OQI +2qll

2(qo—ql)2 E;(I_C)En

- B l - (n-1)(1-c )n t

+
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We now econsider the distribution of errors'before the first success,
i.e., first correct response. let F be the raﬁdom variable whose
distribution is that of errors before the first success. Then for

kK =0, 1, 2, oco, N-1,

P(F<k) = qok (l~q0)(l-<:)k+q0k c(1-¢)"H(1-q, )

Look=l k-2 - k-1
+ a4 (2-g))(T-e)” T e+ i (1-q;)e

oql

. ok .
- g F LIy J-1 k-J
= q, (1-g )(i~c)"+ cq (1-q;) 3%1 9, lg (1-e)]

la,(1-e)T" - a,"
g (1-c)~aq;

(11) =0t (g )(-e) +eq (2-q,)

We next‘derive‘the expression for the expected number of J-tuples
of errors in n trials. From this expressioni it is easy to obtain
the expected number of runs of errors of given length. Let Ujvm = Jj-tuple

3
of errors with lst error on trial m . Note that

E(Ul_,l) = qO 2

. - 2 .
E(U; 1) = ay” (I=e} + qq .
For the case in which the transition from state O to state 1 occurs

between trials mand m + J - 1, we defiﬁe k as the number of trisls ip

state 0 after trial m. (1 <k < j). Then

ol




a with probability (1-c)@d-2

E(U, ) = qlJ with probability 1-(1-c)m'1

qokql K yith probability c(l-c )52

for m < n-j+l .
Thus, for m < n-j+l

o d g ymRd=2, J o g ymel
E(U; ) = 9" (1-¢) +q.” [1-(1-c)7]

j-1
+e(1-e)™ 'z qok.(l-C)k q
k=1 -

J-k
€

Now
j-1 - S j-2 .
: k k -k k k k-2
"% g (l-e) q,9 = g (1c)g, = g~ (1-c) q?
'} 1 (o} 1 o} 1
=1 =0
j=1 j-1 7-11
Q' (1-e)? T - g7
qo(l—C) - ql

= g (1-c)q,
Whence

(12) B(U, ) = a) (1-e)™ 9 4 ) [1-(1ee)™ ]+ e1-0) e

oql
j-1 j-1 §=1
9,° "(1-e) 9"
q (1-¢) - q

We next sum over m to obtain E(Uj) . We consider each of.the three

terms on the right of Eq. (12) individually.
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n-j+1 n-j+l

) o4 .
o Z @)L gl Z )" -
m=l m=l

c)n-,3+l]
IS 3

qoj(l—c)j“l [l'(l“

IR S ' . o ‘n_j+l
qlJ Z (1-(2-e)"] - qngEn'3+l) - [%:LE:El :} ;

m=1 ¢

._' - e 3 n- ‘+l
q J l(lqc)J l_ a J=1 J
cq q 0 1

o1 qo(l-c) - =l

(l-c)m-l _

ro3-1,.  \i-1 3-1]- .
cq g [?o (1-e)"" - g 1-(1-¢)*" 9t
9%y qo(l-c) -q, ' c

Whence, edding together these three terms and factoring, we have

3-1 j-1 -1

. . . . q
_ s J Jd - J"l - J N 1

.' l—(l-c )Il"j"‘l

C

We next consider the "autocorrelation" of errors k trials apart.

Let _Ck o event of error on trial m and on trial m+ k .
. X

E(C

(€ ) = 800" q (1-0)* + q) [ 1-(1-)*1 g

| -1 k i-1
+ qo(l—c) ql Z (l-c) c
i=1l

=bh9-




Whence

n-k _
E(Ck) = 21 (ck’m)
o kK 2. k) BoE mel 2
= {qo (1-e)™ -q,"+q a,(1-(1-c) }} Zl (1-c)} 7+ g, (n-k)

(1)

1.

[

n-k
ggogcl-c)k- qle-+qoqlc1ﬂ(1-c)§§(¥:£l:91 ; )+ CEY

Finally, we derive the binomial distributicn of errors in blocks

of four trials. Let bj = event of - J errors in a block of four
2

trials with m the first trial of the block. Then we see Immediately

that

b = U

bym = Vhm .

Let n be divisible by 4 and let Q = n/t We want

E(Uu’l) + E(Uh,5) F oo + E(Uh}n_3) =

0 > (1-c)-q,°

q.{1-c)-q,

- I | R
(15) ZOE(U ) = EAlay (3ee)q) "+ ey
m=0 m=0

(le)um + g

1

3 3 3] Q-1. j.
P s
qu + qO (lwc) q,l +cq0qlL qo(l_c)_qlq by (‘l Q)

=0
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Now

Q-1 (1o
¥ (l-c)um - 1-(1-e) ™

m=0 1-(1-c)

Whence

| | : 3 343
e Mg o [ e
a RS N 6 | A

i

N

(16) Em) =g

-

We next compute

E(by ) = {’+<1O3(l-qo)(l-c)3 - b (1-q) )+ 30,9," (1, )
3 2., 2 -
+ (L-q.)a; e +[2q_(1-q )9, "+ 29 "q, (1-q, ) le(1-¢)

- .[3%2(1"%)‘11 +q 0 (1-g;)Je(2-c )2} (1-e)" "+ 4q,* (1-q,)

Thus

Q-1
1 E{(b,) = Z E(b
G Eey) = T By,

3 3 3 . 3.
) =nq,.7(1-qy) f%”% (1-q )(1-c)” -kq,”(1-q,) +
3a,a,° (1-q  Je+ (1-q_)a e+ [2g,(1-a_)a,” +

| 2q_%q, (1-q, ) Je(1-c) + Bc:tf(l--qo)ql +

qj(l-ql)]c(lw)g}ﬂﬂ“—fl |

; 1-(l-c)lL
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Similarly,

(8) B(v,) = 603,%(1-,)° +{60 2(1-0,)7 (1)’ -69)%(1-q))°
2 2
+ [39,9, (1~q7)"+ 3(1-q )q, " (1-¢))]c
+ [q02(1~ql)2+ hqo(l-qo)ql(l-ql)4-(l-qaﬁq1210(l-0)‘

[1-(1-¢)™]

T :3q02(l_qo)(l_ql)-rjgo(l-qo)g QLl]c(l—C)2_§ 1-(1—C)h

And

(19) B(v,) = q, (1-0,)° + fig (100, (1-0)° - by (109, )’

o+ [3(1—q0)ql(l-ql)245qb(l?ql)3]c o
£2qo(l—qo)(l~ql)24-2(1-qo)2qi(l-qi)]c(l-C) +

1-(1-¢)™]

[3(l-qo)2q0(l“ql) +(l_q0)3q3—]c(1-c)2} [l (l )

(20) B(b,) = (l-a)) "+ [(1-q ) (1-c)’ - (1-q)" +

(1-a,)(1-q; e+ (1-0,)%(2-q,)%c(1-c) + (2-q)  (1-g) e (i-c)?]

C[1-(-e)?]

l-(l-c)u
For s subjects each with n +trials, we multiply the equation by s
to get the group prediction.
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