
APPLICATION OF MATHEMATICAL

LEARNING THEORY AND LINGUISTIC ANALYSIS

TO VOWEL PHONEME MATCHING IN

RUSSIAN WORDS

Pat~ick Suppes, Edward Crothers, Ruth Weir

TECHNICAL REPORT NO • 51

December 28, 1962

PSYCHOLOGY SERIES

Reproduction in Whole or in Bart is Permitted for

and Purpose of the United States Government

INSTITUTE FOR MATHEMATICAL STUDIES IN THE SOCIAL SCIENCES

Applied Mathematics and Statistics Laboratories

STANFORD UNIVERSITY

Stanford, California





TABLE OF CONTENTS

Page

l. INTRODUCTION • . . 1

2. EXPERIMENTAL METHOD 4

3. EXPERIMENTAL RESULTS 11

4. LINGUISTIC INTERPRETATION OF RESULTS 23

5. QUANTITATIVE APPLICATION OF STIMULUS

RESPONSE THEORY . . 30

ONE-ELEMENT MODEL 30

TWO-ELEMENT MODEL 36

6. APPENDIX. 41

7· REFERENCES 53





1. INTRODUCTION
l

The present paper reports the second of a series of experimental

studies of second language (Russian) acquisition by native English speakers.

The first aim of the investigations is to provide empirical findings in

controlled learning situations. Secondly, the data are used to evaluate

mathematical learning models. Thirdly, the data are compared with relevant

predictions of contrastive linguistics.

Professor R. Weir is responsible for the linguistic aspects of the

design and interpretati.on, and Professors P. Suppes and E. Crothers for

the psychological features, although each has contributed to both facets

of the project. ·The reader wishing a more general introduction to the

project should consult the Introduction to our previous Technical Report

(Suppes, Crothers, Weir, and Trager, 1962).

That report dealt with discrimination learning of pairs of Russian

consonant - vowel (CV) syllables by college students. The syllables were

selected according to linguistic criteria and played, One pair at a time,

over a tape recorder. On each trial, the subject responded "same" or

"different" according to whether he thought the two members of the pair

were the same or different. After each wrong response, he received an

error signal. The data from five halfchour sessions were discussed in

1
The research reported herein was conducted pursuant to contract
SAE 9514 between Stanford University and the U.S. Office of Education,
and was also partially supported by a grant from the Carnegie Corporation
of New York. Part of the computing related to the analysis of data
has been supported by USPHS grant M6154 from the National Institute
of Mental Health. We wish gratefully to acknowledge the assistance
of Dr. Edith Trager and Elise Belenky in preparing and conducting
the experiment.



connection with contrastive linguistic analysis and mathematical learning

theories. The overall outcome regarding relative item difficulty generally

aQcorded well with linguistic 'expectation. Neither an incremental (linear)

model nor a one-element stimulus model adequately predicted the properties

of the learning data. However, a two-element Markovian model (Suppes and

Ginsberg, 1961) proved reasonably satisfactory. The model, which will be

analyzed in detail in this report, postulates an initial, intermediate,

and final stage of learning.

The present experiment was designed to extend our two-fold approach

to more difficult discriminations, using junior high school students as

subjects,2 One important accomplishment of a native speaker is his

ability to recognize different allophones as instances of the same vowel

phoneme, or "equivalence class". On the other hand, a beginning student

may, for example, confuse a contextual variant of /i/ with lei. We

wished to study the simultaneous learning of vowel matching (within an

equivalence class) and vowel discrimination (between equivalence classes).

An experimental arrangement appropriate for this purpose may be

schematized by this multiple-choice paradigm for a single item:

S - Al - A
2

- A
3

- A4• Each letter denotes an aUditory presentation of

a Russian word containing one vowel preceded and/or followed by a

consonant. The subject's task is to select the alternative A. (i~ 1, 2,
l

3,4) which contains the same vowel as the stimulus, S. Only one of the

alternatives is correct on each trial, and the subject is informed of

the correct answer after he responds. We are interested in predicting

We wish to acknowledge the cooperation of the Palo Alto Unified School
District, and particularly the help of the principal and language
staff of Terman Junior High School.
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2. EXPERIMENTAL METHOD

Subjects. A total of 98 subjects (age 12 years), ,ebnstituting; ;five

classes of seventh-grade foreign language students at Terman Junior High

School in the Palo Alto Unified School District served as subjects for

the experiment. Two classes consisted of students studying French, and

three of students studying Spanish, all in their first year. The students

had not studied Russian, or heard the language at home. The five classes

were divided into two groups, according to the type of instruction given

and to the manner of presentation of the stimulus items. One French

class (18 subjects) and one Spanish class (26 subjects) comprised the

"random order" group (Group R) and one French class (29 subjects) and

two Spanish classes (10 and 15 subjects, respectively) formed the

1"progressive difficulty" group (Group p). In regard to demonstrated

ability in foreign language study, the teachers considered the classes

in Group R good and fair, and the ones in the Group P good, fair, and

poor, respectively. Rather than attempt to improve on these crude

ratings, interclass difference were taken into account in the data

analyses.

Materials. The material consisted of the taped items and of the

sheets on which the subjects wrote their answers. Each answer sheet was

numbered from 1 to 50, corresponding to the item numbers. Each number

was followed by the digits 1, 2, 3, and 4, allowing the subject to

indicate his answer by circling the appropriate digit.

1 Fifteen additional students were excluded from the experiment for
failure to attend all sessions or to understand the instructions.
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Six taped lists, one for each experimental day, were used with each

group. A list contained 50 multiple-choice items, each comprised of a

stimulus syllable followed by one correct, and three incorrect, response

alternative syllables. The order of the four alternatives was random.

In every case, the response alternatives had the same form (V, cv, eve,

or evee) as the stimulus. Usually, when the initial consonant in the

stimulus was plain, the initial consonant in the correct alternative was

palatalized, and vice versa, with one exception. Because of the rarity

in Russian of an /e/ after a plain initial consonant, the palatalized

.f.onn was used nearly always.

Table 1 gives the frequency of presentation of each vowel in the

Insert Table 1 about here

stimulus member of the item on each day, and indicates the form of each

stimulus. As Table 1 shows, the groups differed in the number of presen­

tations allotted to the various vowel stimuli on Days 1 - 4. The differ­

ences accrue from the decision to give a disproportionate amount of

training on the difficult phonemes /e/ and /i/ in Group P. On the other

hand, each vowel phoneme was presented equally often in Group R. The

presentation frequencies per subject may be contrasted as follows.

Group P received a total of 46 more presentations of /i/, and 13 more

of /e/ than did Group R. On the other hand, /0, u, a/ were presented

24, 20, and 15 more times, respectively, to Group R than to Group P.

-5-



The groups also differed in the order of presentation of the items.

A new random order was used on each day for Group R. However, the item

order for Group P was designed to present a progression from easy to

difficult matching tasks. On linguistic grounds, three factors were

judged to affect the difficulty of an item: (1) the form; ev material

was expected to be easier than CVC; (2) the stimulus vowel; la, 0/ and/u/

should be easier than Ie/or/if; (3) the similarity of the incorrect

alternatives; incorrect alternatives having either the same initial

consonant phoneme as the correct alternative, but a different following

vowel phoneme, or having a vowel phoneme easily confused with the correct

vowel phoneme should yield a high proportion of errors. Within the set

of ev items, and again within the set of eve, evee items, la, 0/ and u/

stimuli were presented first, progressing from easy to difficult according

to (3). Then the 'difficult vowels were presented, in the same graded

order. The trials on a given vowel phoneme were administered in blocks

of from four to twelve successive items, interspersing the plain

and palatalized initial consonant forms. On Days 5 and 6, the breakdown

into the two types of initial consonant was such that 6, 2, 4, 6, and 7

of the 10 la, e, i, 0, u/ phonemes, respectively, we~eplain.

No syllable appeared, either as a stimulus or as a response alterna­

tive, more than once in a given list. However, the same list was used

in each session in Group R, while Group P received new material on each

of Days 1 - 4. The Group R syllables were Russian words, whereas the

Group P items consisted of nonsense syllables constructed according to

the above criteria. On Day 5, both groups received the items used on

Days 1 - 4 in Group R. The random presentation order was the same for

both groups on Days 5 and 6.



/a/

/e/

/0/

/u/

Table 1

Frequency of Presentation of each Vowel Phoneme in
the Stimulus Word

Group P
Day Days Group P, each of

1 2 3 4 1 - 4 Days 5 and 6

V, ev ev eve, evee eve, evee eve, evel . Group R, each of
. Davs 1 - 6

8 1 2 9 5 25 10
,

11 9 5 13 15 53 10

16 13 14 19 24 86 10

6 1 1 4 4 16 10

9 1 3 5 2 20 10

50 50 50 50 50 50 50





Equipment. Each class was run, in the school's language laboratory,

at the time which that class ordinarily used the laboratory for work in

French or Spanish. Electromechanical equipment (a Lingua-·Trainer) was

used. Briefly, it consists of a teacher console with individual student

switch plates and a multiposition channel selectory switch with special

position for independent library type use and an individual intercom

switch. The tape decks are housed in a remote control cabinet, and are

dual track, record and play-back and erase heads. Two channels serve

each student position, one for the master recording, the other for the

student. An automatic stop device is provided for stopping the tape at

the end of the lesson. The tape speed is 3.75 inches per second. All

amplifiers are transistorized. The tapes use all loops, ip this case

Fidelipac cartridges. .Each student position is equipped with a headphone-

microphone and a record-playblack switch plate, all housed in a standard

language laboratory booth.

Procedure. (i) Preliminary instructions. On the .day before the

experiment began, each teacher familiarized his class or classes with

the experiment. Each student occupied his usual individual booth in the

language laboratory. Then a.sample blank answer sheet was distributed

to each subject and the following instructions were read'

We are interested in seeing how well you can
recognize vowel sounds in words, both in English and
in foreign languages. You will first hear a word,
then a pause, and finally four more words. Listen
to the vowels and decide which of the four words had
the same vowel sound as the word before the pause.
If you think the third word had the same vowel sound
as the word before the pause, write "3" on your
answer sheet and likewise for the other numbers.
Next you'll hear the correct word. Then we will go
on to item two on your answer sheet and proceed in
the same manner.
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The students were asked if they understood the instructions, and

questions were answered by emphasizing the appropriate portion of the

instructions. Then the practice session began.

(ii) Practice session. The teacher read 25 sample items one at a time to

the students who circled their answers as 'instructed. The first 15 items

were in English (e.g., "but II, "leglT flbi II Ifhitll !lson"),ll, , ,) and the last 10

were in French for the French classes and in Spanish for the Spanish

classes.

(iii) Experimental session. For the two Group R classes, the instructions

were

You are going to hear 50 groups of Russian words.
The first word of each group is the key word. One of
the four other words in the group has almost the same
vowel sound as the key word. Your job is to decide
which of the four words it is, 1st, 2nd, 3rd or 4th.
Circle 1, 2, 3, or 4 on your answer sheet, accordingly.

Now in case you missed something, we are going to
repeat the instructions. On the answer sheet in front
of you, reading from left to right, are the numbers
1-50, each representing a Russian key word. Listen to
the key word, followed ,by four other words, one of
which has almost the same vowel sound. After each
number from 1 to 50, circle 1, 2, 3, or 4 according
to which word has almost the same vowel as the key word.

To tell you if you were correct, you will next
hear the key word followed by the correct comparison
word. Here is an example in English:

but---hit, ban, fez, son

You should circle 4 on your answer sheet because 'son',
the 4th word, has the same vowel sound as 'but'. After
you have had a short time to circle the right number,

,yoU will hear this:

but---son.

For the three classes in Group P, an alternative set of instructions,

:intended to facilitate matching learning, were played. These instructions

were:
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You are going to hear 50 groups of Russian
syllables. The first syllable of each group is
the key syllable. One of the four other syllables
in the group has almost the same vowel sound as the
key syllable.

To make your task easier, we will now tell you
what the five pairs of Russian vowel sounds are:

lo:el or le:ol

Similarly, Iy: 101 or 110: y /
Similarly, la:fll or Ifl:a/
Similarly, 13:el or·/e:31
Similarly, 1M: 1111 or 1111: wi

On the answer sheet in front. of you, reading
from left to right, are the numbers from 1 to 50, each
representing a Russian key syllable. Your job is to
decide which of the four syllables following the key
syllable has almost. the Same vowel sound as the key
syllable, the 1st,. 2nd, 3rd, or 4th. Accordingly,
circle 1, 2, 3, or 4 after each of the numbers from
1 to 50.

Here is an example of what you will hear on this
test:

m'IJI- BOPC , rYlK, MItIllIb, BAC
If this were the first item, you would have circled 4
after item 1 on your answer sheet, because the key
syllableITflJI and the 4th syllable in the group, BAC,
have similar vowel sounds. After you circle your
answer, to tell you if you were correct, you would hear
ITflJI- BAe. This will teach you that the sound Ifll
in ITHJI is almost the same vowel sound as lei in BAC.

After this the next item will follow.

Then the taped stimulus items were played. The time intervals between

the taped events were:
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The following sequence of experimental session was necessitated by

the school's schedule at the time the experiment was administered. There

was a three-day break between .the first and second experimental days, and

a two-day break between the fifth and sixth days. Each daily session

lasted about 13 min .•

The procedure on Days 2 - 5 was the same as on Day 1, except that the

instructions were not repeated. However, in view of the three day break

between Days 1 and 2, the five vowel contrasts given in the instructions

were repeated for Group P. The procedure for DaY 6 differed in that it was

purely a retention test; no reinforcement was delivered after the response.

Hence, Group P, but not Group R, was told (a) the vowel phonemes;

(b) which allophones belong to the same vowel, and (c) a method of attending

to the items which was expected to facilitate learning of the correct match.
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Table 2

Results of Analysis of Variance in Total Errors

per Subject on Day 5

Source Mean Square D.F. F

Groups. 128.80 1 22.98*

Classes 134.31 1 23.96*

Groups x Classes 155.24 1 27.94*

Within Groups 442.83 79

* p < .01



3 . EXPERIMENTAL RESULTS

Lea,ning. Figure 1 presents the proportion of errors on each

experimental day for the subjects in each class. The N (number of

observation~)'and the mean proportion of errors are also given. Since

these means were computed over six days, they serve mainly to emphasize

Insert Figure 1 about here

that expected performance differences occurred between classes which

received the same training ,method. This finding will be discussed in

connection with the linguistic analyses (Section 4). The figure shows

that the performance of Group P exceeded that of Group R on Days 1 and 2.

At this stage, we recall that Group P was being trained on V, CV, and

easy CVC mate'±al. On Days 3 and 4, the proportion of erro,s was higher

in Group P than in Group R. On these days, Group P received intensive

practice on difficult discriminations, so its higher proportion incorrect

is not surprising. The critical comparison involves the proportion of

errors on Day 5, since then the stimuli presented to the groups were

identical. A groups x classes analysis of variance was computed, using

the total errors on Day 5 for each subject. Class 3 of G,oup B,wnich

was composed of students of lower estimated language aptitude" was

excluded from the analysis. As Table 2 shows, the groups and classes

Insert Table 2 about here
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main effects, and the groups x classes interaction are all significant

at beyond the .01 level. We conclude that within each group the class

of students previously rated better surpassed the other class, and that

Group R surpassed Group P in proportion correct on Day 5.

The efficacy of the training methods may also be measured by

estimating the asymptoti.c performance. For Group R, the error curves

exhibit a steady decline over Days 1 - 5, and the better class appears

to be approaching a limit of about .25 incorrect. By contrast, the

Group P curves do not begin to decline until Day 5. What the asymptote

for this group would have been with continued training is hard to

estimate, but it seems unlikely that the proportion correct would have

been near one.

An i.nteresting observation may be made by comparing Group P on Day 5

with Group R on Day 1. Neither group had prior practice on the material

presented on those days, so any performance difference should be attri­

butable largely to Group P 1 S training on Days 1 - 4. The indicated

proportions correct were .59 for Group P and .51 for Group R. Evidently

the net positive transfer is slight, especially' since warmup could be

responsible for part of the .08 difference. Figures 2 - 4 show the

learning curves for the individual vowel phonemes. Even though Group P

Insert Figures 2 - 4 about here

contained a higher proportion of students rated "good" than did Group R,

the latter made a higher proportion of errors than the former when they'
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received the same material (Days 5 and 6). For most phonemes, the greatest

increase in errors occurred on Day 3, when CVC and CVCC items were predominant.

In general, the curveS for the various vowel phonemes are roughly parallel

within each experimental group and vary markedly between groups, indicating

that the gross characteristics of the learning process are governed more

by the training method than by the specific matching task. Moreover, a

subsidiary analysis showed that the curves were similar for plain and

palatalized initial consonants when followed by the same vowel. That is,

a rise or fall in the one graph of errors by days was usually accompanied

by a parallel change in the other graph.

Forgetting. By this term we mean the decline in proportion correct

between Days 5 and 6. Figures 1 - 4 present the relevant data. For Group R,

the proportions correct on Days 5 and 6 were .70 and .66, respectively.

The corresponding figures for Group P were .59 and .55. The failure to

find appreciable forgetting will be discussed in Section 4.

Confusion matrices and relative vowel difficulty. In this analysis,

we assess the overall performance on the various vowel phonemes without

regard to the day-by-day learning data. The matrices shown in Table 3

indicate the proportion of times each vowel was selected as a response

...- .. _.. _......•-------.-----.--------.-------------------------

Insert Table 3 about here

--------------------------------------~-~----~---

alternative for each stimulus vowel. The entries in the table are based

on the number of times that the particular vowel appeared among the

alternatives presented to the subject. For example, in Group P /e/ was

available as a response alternative 3345 times when /a/ stimuli were

-~-



presented, and 431 errors occurred, so the proportion of errors is .13.

Each entry in .Table 3 is based on an N of at least 575 (Group R) or at

least 645 (Group p). The entries on the main diagonals are the proportions

of correct responses. In Group R, the vowels exhibited the following

ascending order of difficulty: /u, aland/oJ e, i/o In Group P, the ranking

was /cyand/o, a, e, i/o These rankings are remarkably similar despite

the fact that Group P received a disproportionate amount of training on

/e/ and Iii.

The starred entries denote, for each stimulus vowel, the wrong

alternative with the highest probability of occurrence. The pattern of

these entries indicates that the major "sources of confusion" were

virtually the same in both groups. Separate tabulations for each class

(not included) revealed the same general pattern to hold without exception,

even in classes widely differingih profi~iency. A conspicuous finding

indicated by the tables is that /i/ responses to /e/ stimuli and /e/

responses to /i/ stimuli were by far the commonest types of errors.

Another analysis of how the training method affected the confusion

pattern is the comparison of the groups on Days 5 and 6 (See Figures 2 - 4).

Pooling the data over the two days, the difference between the groups

in proportion correct was found for each vowel. The Group P minus Group R

figures are .21, ..18, .14, .12, and -.03.for Ii, a, e, u, 0/, respectively.

Hence, the dramatic finding is that the training conditions aided Group R

(or hindered Group p) chiefly on the more difficult vowels, those which

had been presented more often in Group P than in Group R.
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Table 3

Observed Proportion of Each Vowel Response to Each Stimulus Vowel

and Frequency of Presentation of Each Stimulus Vowell (N)

Group R Group P

Response Response

Stimulus N /a/ /e/ /0/ /u/ /i/ Stimulus N /a/ /e/ /0/ /u/ /i/

/a/ 2370 .64 .15* .13 .08 .02 /a/ 2640 .66 .13* .13* .07 .05
/e/ 3965 .ll .54 .08 .05 .25* /e/ 2640 .12 .60 .07 .05 .18*
/0/ 2040 .15* .10 .63 .15* .06 /0/ 2640 .08 .07 ·75 .10* .04

/u/ 2095 .04 .05 .09* .80 .06 /u/ 2640 .06 .04 .12* .74 .06

/i/ 5780 .07 .36* .ll .08 .51 /i/ 2640 .07 .27* .09 .07 .55

* Most common incorrect response to the stimulus indicated.

1 The entries in a given row do not sum to one because the proportions

are based on the frequency that each vowel was an alternative in the

four-choice items.





Guessing biases. The assumption of equiprobability of guesses, 'which

has worked reasonably well in recall experiments (e.g., Bower, 1961;

Estes, 1961), proved untenable in the present study. In our recognition

context, the hypothesis requires the probability of a correct response to

be 1/4 when the subject is guessing. This is because he is assumed to

distribute his guesses uniformly over the set of available response

alternatives. We were skeptical that guessing would be unbiased for two

reasons. First, it is well-known that people have stereotyped digit

preferences. Secondly, the response alternatives were presented serially,

so any preference for, say, the alternative immediately following the

stimulus would manifest itself in a disproportionately high frequency of

Data from trials 1 - 16 on Day 1 were used to estimate the guessing

habits, because the likelihood of a guess is undoubtedly greater at this

initial stage. We then assumed that no systematic changes in guessing

patterns developed during the experiment. The proportions of responses

at positions 1 ~ 4 were .11, .27, .36, and .26, respectively. Since the

correct answer occurred equally often at each position, we conclude that

preference for '''3'' and avoidance of "1" occurred. A more precise test of

guessing habits would have been possible if different subjects had

received different random orders of item: 'presentation, but the phenomenon

appears hardy enough to survive such tests.

Proportion of correct responses at each position. The data on guessing- ,. .,..----

habits indicated how likely it was that the i th (i = 1,2,3,4) alternative

would be chosen. Now we ask how often such choices are correct. Hence,

the number of correct choices at each positiOn was divided by the total

-15-



number of choices at that position. The observed proportions were .64,

.62, .59, and .63 at positions 1, 2, 3, and 4, respectively. This slight

"serial position" effect could have been an artifact if.more of the easy

correct alternatives had appeared in positions 2 and 3 (to escape circular

reasoning, we would argue that the easy vowels are those so indicated by

other data and by phonological properties). Actually, our randomization

of the position of the correct alternative resulted in ~leven hard (lei and

Ii/) items with the correct alternative in positions 2 and 3 and nine in

positions 1 and 4. However., the distribution for the easy (/01 and lu/)

items was i.dentical to the above and the lal items were equally divided.

Hence, no bias of this type is evident.

The serial position curve may be considered from the standpoint of

the following brief characterization of the factors operating on each

triaL Placement of the correct alternative in position 1 should ai.d

learning, because of the temporal closeness of the stimulus. On the

other hand, if the subject responds before hearing the other alternatives,

he forfeits useful information. If he delays his response, the opportunity

for forgetting increases with the nearness of the alternative to the

stimulus. The effects of these and other relevant variables evidently

almost cancel one another.

Sequential effects. First we sought to determine whether the

correctness of a response was independent of the stimulus vowel presented

on the preceding triaL In the first analysis, the vowel on trial n-l

was classed as "the same as!! or "different from tl the vowel on trial no

If one-trial dependency holds, it seems reasonable to expect .that the

probability of a correct response,when the stimulus vowel was the same



as that on the preceding trial, would be higher than when a different

vowel appeared. Table 4 presents the findings. For Group R, the results

Insert Table 4 about here

of the X2 tests show clearly that the probability of a correct response

is independent of whether the same or a different stimulus (and reinforcement)

vowel appeared on the preceding trial. Such a result supports the

independence assumption of a wide: class of the models. The failure to

find facilitation when the same stimulus vowel was presented on the preceding

trial suggests that (1) short-term memory effects may be negligible, or

(2) there is not enough similarity among different items having the same

vowel to permit transfer across adjacent trials. When all the components

of the item are considered (stimulus, wrong alternatives, and correct

alternatives) it is not difficult to notice i.mportant structural differences

between items whose stimuli. have a common vowel. Moreover, appreciable

differences in total errors were found among such i.tems, as will be i.ndicated

in the secti.on on li.nguisti.c interpretations. These arguments are offered

in support of (2), but (1) i.s a more general assertion which will be

disconfirmed in the analyses which follow.

For Group P, independence from the sti.mulus on the precedi.ng trial

is not confirmed on Day~~l, 3, and 4. In an attempt to understand thi.s

difference from the Group R results, the x2 contri.buti.on was computed

separately for each trial n stimulus vowel. On Days 3 and 4, variance

attributable to /e/ and /i/ stimuli accounted for practically all of
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each value. This is not surprising, because the low frequency of

presentation of the other vowels on these days meant that /a/, /0/, and

/u/ stimuli seldom appeared on successive trials. On the average, the

difficult /e/ and /i/ stimuli were appearing in long runs of trials

uninterrupted by easier items. The dependency pattern on Days 3 and 4 is

illustrated by Table 5. Probably the main conclusion supported by this

---------~-------~----------~--------------~-------

Insert Table 5 about here

table and by the Day 1 results is that the contingency pattern varies from

one vowel to another on a given day. Since the same presentation order

was used with all subjects in a group, the day x vowel analysis is

undoubtedly unduly influenced by which specific items contribute to the

Il saroe fl categoryo

At the same time, the day by day variation between vowels in presen­

tation frequency leads to artificial daily fluctuations in the x2 computed

from pooled vowels data. A reasonable way of minimizing the distortions

due to presentation order peculiarities in either group would seem to be

to examine the data pooled over days for individual vowels.

Only in Group R is this analysis not confounded by variables associated

with the presentation order, so only these data will be used in evaluating

the independence assumption of the models.

Table 6 gives the frequency of correct and incorrect responses for

each possible pair of stimulus vowels on adjacent trials. (The diagonal

Insert Table 6 about here

----------------------------~--------------------



Table 4

Frequency of Correct (C) and Incorrect (I) Responses

when the Same or Another Stimulus Vowel Appeared on the Preceding Trial

Day

1 2 3 4 5 6

R P R P R P R P R P R P

C 45 1128 283 773 228 260 26'7 43'7 309 328 299 2'74
Same

I 43 24'7 201 21'7 124 345 129 388 131 222 141 226

Other C 1000 1126 968 1285 1091 1195 1192 86'7 1194 1254 1116 1054

I 1008 194 '704 420 '70'7 895 568 1003 522 891 600 896

0.03 5.25 0.05 2.56 1.95 38.09 0.01 10.00 0.0'7 0.25 1.36 0.09

P n.s. <.05 n.S. n.s. n.s. <.001 n.s. <.01 n.s. n.s. n.s. n.s.



Table 5

Frequency of Correct (c) and Incorrect (I)

Responses to /e/ and /i/ Stimuli when the Same or

Another Stimulus Vowel Appeared on the Preceding Trial

/e/ /i/
Day C I P C I P

Same 62 48 .56 156 284 .36
3

Other 362 243 .60 250 355 .41

Same 83 137 .38 354 251 .59
4

Other 241 309 .44 283 432 .40



Table 6

Frequency of Correct (c) and Incorrect (I) Group R Responses

as Function of Stimulus Vowel on the Preceding Trial,

Days 1 - 5
Trial n

Trial /a/ /e/ /i/ /0/ /u/
n-l C I P C I P C I P C I P C I P

/a/ 316 168 .652 136 216 .386* I 335 281 .543 I 244 152 .616 I 268 84 .761

/e/ 324 160 .669 i 189 119 .613 I 205 279 .423 I 270 126 .681 I 390 138 .739*

/i/ 223 129 .633 I 259 269 .490 I 153 155 .496 I 415 245 .628 I 307 45 .872I

/0/ 224 172 .565* I 310 174 .640 101 163 .382* 182 126 .590* I 468 104 .818

/u/ 260 180 ·590 211 185 ·532 292 236 .553 269 171 .611 292 60 .829

Sum of 1031 641 .617 916 844 ·520 933 959 .493 1198 694 .633 1433 371 .794

non-diagonal entries

* Lowest proportion correct for that stimulus vowel.





entries denote cases listed as "s'ame" in Tables 4 and. 5.) We compared

the diagonal proportions with those in the last row of the table. The

proportion correct on Days 1 - 5 was, higher in four of five vowels when

the same stimulus vowel appeared on successive trials than when different

vowels appeared. The greatest difference was .093 and occurred with /e/.

On the other hand, an interference effect amounting to .043 obtained with

/0/. Using the frequencies along the diagonal and those in the last row

of Table 6, a X
2

independence test was performed for each vowel. The

resulting values were 2.22, 8.95, 0.01, 1.76, and 1.98 for /a/, /e/, /i/,

/0/, and /u/, respectively. With one degree of freedom, only the X2

for /e/ is significant (p < .01). This latter finding, as well as the low

proportion correct upon two successive presentations of /0/, are puzzling.

A tentative explanation of the facilitating effect found with /e/ might

include the fact that successive instances of the same vowel are more

similar when that vowel is /e/. This is because very few instances of

plain initi,al consonants plus /e/ appeared.

Another interesting finding is that the most difficult vowels, /e/

and /i/, did not exert the greatest degree of interference on the next

trial. For only one vowel, /u/, was the probability correct lowest when

/e/ or /i/ stimuli were presented on the preceding trial. (The objection

that dependencies associated with the response on trial n-l may outweigh

the effects of stimulus contingencies will be discussed in a later analysis).

A striking correlation was found between the confusion matrices (Table 3)

and Table 6. In general, the vowels which are followed by poor performance

on a given vowel on the next trial are those which, according to Table 3,

are most readily confused with the vowel on the latter trial. The following
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list clarifies this point. The. salient exception to this rule occurs with

trial n stimulus
vowel

/a/

/e/

/i/

/0/

/u/

most highly
II confusable"

vowels

/e,o/

/a,i/

/e,o/

/a,u/

/o,i/

trial n-l vowels
associated with
lowest proportions
correct on trial n

/0,u/ ..

/a,i/

/e,o/

/0,u/

/e,a/

/u/ stimuli, but this vowel is too easy to claim a major share of our

attention.

One step toward formulating an explanation of these findings is to

suggest that the subject may be responding to the stimulus and reinforcement

presented on the preceding trial. Such generalization should be greater

when the stimulus vowels on succeeding trials are more similar. Then, for

example, not only should there be (1) a relatively low proportion correct

for /a/ following /0/, (see the first row of the table), but also (2) a

persistence of /0/ responses,rather than other errors. As we have seen,

(1) is verified. To test (2), the frequency of occurrence of the response

reinforced on the preceding trial was divided by the number of possible

occurrences of such responses. The obtained proportions were .25, .25,

.25, .23, .28, and .28 for Days 1 - 6, respectively. Each figure is based

on 1496 or more observations, depending on the day. To show that a

persistence effect is indeed operating, it is necessary only to establish

that these proportions are above chance. And that fact is obvious, since

the chance proportion is (1-c)/4, where c is the proportion of items learned.
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But ~ is greater than zero, 'so the observed ,proportions of persistence

exceed chance. It is alSo, important to note that the cited proportions

do not decline across'days,in spite of the increasing mean proportion

correct. Especially striking is the finding of identical .28 values on

Days 5 and 6. Since no reinforcement was given on Day, 6, this finding

seems clearly to indicate that the persistence derives from the stimulus

and/or response of the previous trial, 'not the reinforcement.

Superficially, these assertions of intertrial effects seem to

contradict the earlier statement that the probability of a correct

response was independent of whether the same or a different stimulus

vowel was presented On the preceding trial. To resolve this dilemma, the

X2 ,s were recomputed, this time according to the Table 6 classification

(i.e., the vowels on trial n-l were not lumped into "same" and "different"

with respect to trial n). The outcome of this analysis is displayed in

Table 7. The number of degrees of freedom, was three or four, depending

Insert Table 7 about here

on whether every vowel preceded a particular vowel on a given day.

Regardless of the day, most of the X2 , s are significant, underscoring

our finding of intertrial interactions.

A final analysis of sequential effects involved determining if the

probability of a correct response was independent of whether the response

on the preceding trial had been correct. In our consonant discrimination

study cited earlier, the result depended on the manner of analysis. The



probability of a correct response was independent of the.response to the

innnediately preceding stimulus, but depended upon the response to the

preceding presentation of the trial n consonant contrast. The method

adopted in the present experiment consisted of examining successive

responses in the original protocol, regardless of stimulus vowel. Using

the Days 1 - 5 Group R data (10,780 observations), a 2 x 2 x2
independence

test was performed. The obtained X2 of 76.91 is significant at well

beyond the .001 level, based on one degree of freedom. A comparison of

the observed· and theoretical frequencies showed the direction of signifi­

cance to be such that correct responses were more likely when the preceding

response had been correct. However, this finding does not seem to be of

great moment, since the non-independence could be imputed to subject, item,

or stage of learning selection.

At any rate, the sequential analyses lead one to question the

"independence of path" assumption found in many learning models. In view

of the complexity of the items we employed, such a result is not surprising.
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Table 7

2Results of X Independence Tests for each

Trial n Stimulus Vowel in Table 6

lal lei /if 10 1 lui
Day X2 D.F. P x2 D.F. p X2 D.F. P ~ D.F. p X2 D.F. P

1 10.87 3 <.02 I 7.63 3 <.10 43.61 3 <.001 18.87 3 <.001 8.98 3 <.05

2 9·99 3 <.02 21.66 3 <.001 15.76 2 <.001 11.73 4 <.02 9.14 4 <.10

3 6.61 4 >.10 44·98 4 <.001 39·00 4 <.001 7.87 3 <.05 10.12 3 <.02

4 19.63 4 <.001 25.63 4 <.001 25·15 3 <.001 6.07 4 >.10 9·37 3 <.05

5 20.36 3 <.001 29·09 3 <.001 7.43 4 >.10 15.93 3 <.01 3·22 4 >.10

6 12.86 3 <.01 37 ·39 3 <.001 20.76 4 <.001 27.46 3 <.001 9·10 4 <.10

1 • 5 72·95 4 <.001 65.16 4 <.001 91.62 4 <.001 84.48 4 <.001 52.56 4 <.001





4. LINGUISTIC INTERPRETATION OF RESULTS

Subjects. The teachers' evaluation of the students' language learning

aptitude was quite generally borne out by our experimental data. For

example, the class ranked lowest by the teacher produced the highest error

rate in the vowel matching task. In addition, the French classes had been

given the Modern Language Aptitude Test (1959) at the beginning of the

academic year. The results of the test section on auditory discrimination

again generally agreed with our findings; that is, the students' scores on

the MLAT correlated well with their performance in the experiment.

Most and least difficult items. The linguistic hypotheses pertinent

to this experiment have been well corroborated by our results. It must

be borne in mind that the linguistic problems are on two different levels:.

(1) the identification of different allophones within the Russian phonemic

ranges, and (2) the interference of the subjects' native English phonemic

patterns with that of Russian.

Table 8 lists the items ranked according to total errors. An

adjustment has been made to accommodate the observed guessing biases. It

will be recalled that this was done by using the data from Day 1, items

1 - 15 to determine initial number guessing preferences. Our first

analysis dealt with fourteen most difficult and fourteen easiest items

(see Tables 8 and 9).

------------~--------------~------------------------

Insert Table 8 about here

-------------~---------------------------~----------
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----------------------~----------------------------

Insert Tables 9 and 10 about here

Table 10 gives an interesting contrast between the proportions of the

hard and of the other items which possessed certain properties. The

properties which most acutely discriminated between the two item types are

the last two headings in the table. An initial palatalized consonant in

the stimulus occurred with 25% more hard items than other items. Even more

striking, an alternation (plain-palatalized) between the final consonant

in the stimulus and correct alternative occurred for 36% more hard than

other ·items. Starting with the identification of allophones of the phoneme

/a/) three items were "difficult", and two were "easy" 0 The three most

difficult items had widely separate allophones in the stimulus and correct

alternative. Specifically, the stimulus contained the low front rae] when

the correct alternative had a backed low central vowel [~] or a low back

[~], of vice versa. Not only does Russian cover a rather wide phonetic

range here, but /re / and· /a/ are also distinct phonemes in English; hence,

we would expect strong native interference which would prevent the subject

from identifying the two sounds as "same." Conversely, the two instances

of /a/ matching among the easy items referred to above contained allophones

in approximately the same position; that is, in the low central range.

Turning now to the front vowel phonemes /e/ and /i/, we find them

present more often than other vowels in the difficult items. For items

containing identification of the phoneme /e/ are among the most difficult,

while only one is among the easiest. Again the allophones of the difficult

items are quire far apart, requiring the matching of a lower mid front [E]
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Table .8

Total Correct on each Item Minus
Expected Number Correct by Guessing

Rank Stimulus Alternatives Adj;uBted
Correct Wrong No.

Correct

1. qYTb EYM q]IIH, CIilITh, EAPC 175.8

2. IIlAP~ qAX lUilliK, PEB, IIIYP~ 167.8

3. JIIDE En .1IliJ:K, EOPT, COX 165.8

4. mIP,U TAHK BmIIb, CbIPT, rn 162.8

5. ,UOlK,Ub TOK q]7Df( qb17lX, EJIb 157.8,
6. ,UY'Pb BblOK ,Uox, KO~T, ,UAlIlh 157.2

7. MYX TIOJIb MbIJI, 'PlIBb, JIllEX 143.2

8. KYJIb BblOH llbIP, Eli1JIJIb, nbiJIb 142.0

9· lIlEJ! POK XY,U, IIID, rnm 140.8

10. ~YHT lOr rrn:CK, Ij:ET, M03r 134.0

11- rOJI JIEr rAJIC, RACC, TbiJI 132.2

12. TYB HlOX HA,U, TIiITI Tonb .128.0,Il

13. lO~Tb JIYH :llCIDA , EPIII , .1IliJ:IIIb 127.0

14. II3P lllEJIb I1H,Ub, IIOP, lIJI 122.8

15. MOJI TOJIb MYJI, BY,Ub, JIbDK 122.2

16. BIOCT JKYK TEP, MbIC, BOKC 121.0

17. JIE3Tb UEHTP JIAHb, PAHb, UVliflP 118.8

18. JKEq;b ECTb IIlYP , JKJ7ITb, mAr 116.0

19. cm TIblIH TIEPC, B,OT, COP 114,0

19. BbiJI BJlIJI KAPq, rAJIJI, 110JITb 114.0

21- 1!;)K BOPlll JIlOiPT, TlIlK, lllYIT 114.0



Table 8 (Con't)

220 PYEJIh ID3 JKE3JI, HblJI , POMh 113.0

230 l1b1JI JI1'ITh EYF, l1Y(l) , l10JIK 111.2

240 KErJIh lliEeT MJiqh, T1'IC, (l)OH 10702

250 MY.[(l) lliJiIJI HE(l), MOX, l1YX 10500

260 PH,U lli.AXT liET, PElih, POB 10100

270 qEPT 1lI0B TIDK, UEHT, qAP 99.0

280 30RT nEC EAU, TEHT, EEHU 94-02

290 BEPX KEI'Jl BJiIXPh, PHJK, 3YE 9308

30. HATP l1HTh METP, MEJK, HOC 90 08

310 mm JIJiITh EYF, l1Y(l), l10JIK ·8700

32. (l)JiIPH CliIHb (l)EPM, MECT, PAK 83.8

33. lliECTb C3P EbIT, EblTb, CEM 77.0

34. l10JI mCTh JIYK, XAH, U1'IPK 7600

350 MY.[(l) llIJiIJI HEiJi , MOX, l1YX 7200

36. l1bIJK MYIH JKEP.Ilb, MOm, ,UIDH 7008

370 (l)AJI ,UhHK (l)OPT, JKEJIlib, (l)EP3h 7000

380 l!l1IX CW EME, tIEX, CYK 6500

390 l10,U MEP3 HBb, RYE, 1VIRTb 62.0

400 EHSb (l).l!PC iJiEPT, BOPC, EEG 58 02

410 M3P liECTh qACTh, MAT, . MJiIP 5108

4-2. llIJiIlli EJiIJI KYC, BElllb, CAM 46.8

>43. 311Eb MAJI MEJI, KOTIh, 3EB 4600

440 JIE3Tb UEHTP JIAHh, PAHb, UliI(l)P 45.8

450 qEM ITOPCK liEl'Jl, qAC, MIDJIh 45.0

46. HJ71Th EbIK ITEHh, HYJIh, MO,U 37.0

470 TEX ECMb liOX, Bff3b, TJiIX 22.0

48. ITlllTb llIJiIIT llIYHT, l1ETb, l1.AX 12.0

49. TbIH BJiITb TIDPK, TYHr, ,UEHb -1100

500 TEI'Jlh PER 3HTb, BMllib, IT1'IM -48.0



Table 9

Most and Least Difficult

Russian Words

EASY DIFFICULT

'§arf v fal dyakcax

lyart tank byasy fars

zyapy mal

vV
~estyper scely mer

lyesty centr

tyemy ryek

tyex yesmy

tin vyity

myity bik

pyity V.Slp
v. sinClX
v.v byilSlS

v
dosty tok pot myors

gol lyok v porskcom

¥ol rok

durf vyuk

kuly vyun

mux tyuly

tup nyux

funt jug
v
cuty bum

lyup bU~

jufty lun



Table 10

Contrasts between some Properties of 14 Hard Items and the Remaining Items

Property Stimulus
vowel

Fraction of lal, lei and li/
items possessing the property

lei

Iii

lei

in wrong alternative

n I! Ir

"1I 11

lal

lei

Iii

Total

hard items
la/-3 le/-4 /i/-5

5/9

5/12

5/1 5

15/36 (42%)

other items
la/-7 le/-6 li/-5

8/21

6/18

4/15

18/54 (33%)

Wrong alternative

with same initial

consonant as right

answer

stimulus with

palatalized initial

consonant

Correct answer with

plain final consonant

when stimulus has

palatalized final

consonant, or vice versa

lal

lei

/i/

Total

lal

le/

Iii

Total

lal

lei

Iii

Total

2/9

2/12

2/15

6/36 (17%)

2/3

3/4

4/5

9/12 (75%)

2/3

4/4

3/5

9/12 (75%)

2/21

2/18

1/15

5/54 (9%)

2/7

5/6

2/5

9/18 (50%)

1/7

4/6

2/5

7/18 (39%)



with a higher mid front [e] which is also quite tense, or vice versa.

Interference from English is probably also strong here since the English

analogs to the Russian allophones occur in very different syllabic nuclei.

The remaining items of /e/ identification, in the least difficult group,

presents the only deviation from what was just stated since the allophones

there are similar to the ones described above. However, the higher mid

front vowel is followed by jly/ which may have carried a slightly lower

variant. Perhaps this was an easy item largely because the wrong

alternatives offered were /a/ and /0/, which are widely different phonemes

from lei.

Since with /i/ the subjects were always asked to match the high

front allophones [i] or [iV ] with the high central [~], it is not surprising

that many instances of /i/ are among the most difficult items. Again

the wide phonetic range of allophones is a plausible explanation of the

difficulty. On the level of native interference, the subjects are once

more presented with a reduction of their native contrast of /i/ and /~/

to Russian allophonic variation, an expectedly difficult task.

The back vowels /0/ and /u/ were usually more readily recognized

than their front counterparts. Three of the /0/ items were among the

easiest, and two among the most difficult. The allophones of the thr~e

former ones in the stimulus and correct response are all within the mid

back range of [0]. The two in the latter category contain the matching

of [0] with a mid central variant, again covering a wide phonetic range.

Probably a contributing factor is the subjects' tendency to identify the

latter allophone with the English phonem0 /a/, again an attempt to preserve

a native phonemic contrast, namely that of English /0/ and lei.
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Of the fourteen least difficult items, eight required the matching

of /u/. B.r contrast, no /u/ matching appeared in the most difficult

category. This is another expected result, because of relative closeness

of the allophones and the lack of interference from the native English

phonemic system of the subjects.

Confusion matrices, This armlysis includes all the Group R data.

The responses to a given stimulus were analyzed in terms of proportions

of choices of the various alternatives offered, whether correct or incorrect,

based on the number of times each alternative was offered as a choice.

For example, if the stimulus contained the phoneme /a/ realized by the

allophone raj, and the same allophone was presented in the correct

alternative, the subjects chose it 90% of the times it was offered. When,

however, in the correct response the phoneme /a/ was realized by the

allophone rae J, this· alternative was chosen only 65% of the times it was

offered (See Table ll, which elaborates on Table 3),

Insert Table II about here

For the stimulus items, all phonemes of a given word were utilized

in the analysis, thus permitting a comprehensive analysis of responses to

many vowel allophones. For the alternatives, only the initial consonant

and following vowel were considered. (We use C to denote any consonant

an~ Cy to denote any palatilized consonant),

In the case of CaC and CaCy stimuli, the correct alternatives, regardless

of the nature of allophones, were selected more than 50% of the time. For

example, [aJ was matched with [aJ no less than 90% of the time this

choice was offered. Of the incorrect responses, only the mid back /0/
-26-



Table 11

Percentage of Occurrence of Each Response Form to Each Stimulus,

Based on the Frequency That Words of the Response Form

were Offered as Alternatiyes

Ca Cya Cye Ce Ci Cyi Co Cyo Cu Cyu

CaC ·90' .65 .06 .05 .16 .15 .09

CaCy ·53 .14 .19

CyaC ·75 .24 .04 .03 .10 .03 .05

CyaCy .38 .26 .n

CyeC .05 ,16 .64 .20 .06 .06 .05

CyeCy .16 ,13 ·33 .67 .n .34 .06 .10

CeC .08 .10 .59 .37 .08

CeCy

CiC .n --\"" .42 • 53 .12 .10 .09

CiCy --r-

CyiC .06 .05 ·31 .49 .52 .10 .05

CyiCy .02 ·50 .49 .30 .07 .06

CoC .17 .06 .14 .08 .05 .6l .52 .23

CoCy .07 .04 .85

CyoC .21 .16 .08 .07 .66 .08 .n

CyoCy

CuC .02 .06 .07 .20 .04 .07 ·79

CuCy .04 .03 .05 .04 .13 ·92 .76

CyuC .09 .02 .06 .01 .85

CyuCy .04 .20 ·73





was chosen with any marked frequency, and then only 16% of the times it

was offered. When /a/ in the stimulus was preceded by a palatalized

consonant, the most probable wrong answer, (chosen about 25% of the times

it was offered) was /e/ preceded by a palatalized consonant. This is not

surprising in view of the frontness of the allophone of /a/ in this

context. Perhaps more interesting is the fact that in the correct

alternative with the allophone [a], CyaC was matched 75% of the times

it was offered, but CyaCy only 38%. This is analogous to our findings

in the analysis of most and least difficult items where the subjects

found it very difficult to match Russian [Ee] with [a].

The two most difficult phonemes were /e/ and Iii, and in both

instances some wrong alternatives had a higher probability of choice than

the right ones. Since /e/ occurs relatively infrequently after a plain

(nonpalatalized) consonant, not many such words could be used. However,

since the character of the final consonant seems to affect vowel quality

more significantly in terms of closure, this neglect of Ce seems justified.

The stimulus CyeC was matched 64% of the time with Cye alternatives, but

the stimulus CyeCy only 33% of the time, indicating that the chosen

alternatives had plain final consonants more frequently. This is supported

by the fact that the CyeCy stimulus was matched with 67% of occurrences

of Ce alternatives, and CeC with 59% of the Cye correct alternatives.

Not unexpectedly, by far the most frequently chosen wrong alternative for

/e/ was Iii, particularly the front allophone after a palatalized consonant.

An especially striking case is the stimulus CyeCy, for which the matching

percentages were of Cyi : 34%, Cye : 33%. This is probably due to the

particular tenseness of the /e/ allophones between palatalized consonants
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which causes the English speaking subject to identify them as allophones

of the highe. phoneme Iii.

The most difficult phoneme to match was /i/, evidently partly because

widely different allophones were presented in the stimulus and correct

alternatives respectively. A si.milar percentage of correct choices

(about 50%) was made in four out of five types of correct alternatives.

In the case of CyiCy matched with Cyi, this identification was chosen only

30% of the time it was offered. The stimulus CyiCy was most frequently

identified with Cye, corroborating the above evidence that /e/ is

commonly identified with Iii.

The phoneme /0/ accounts for two of the most and three of the least

difficult items. The corresponding figures for /a/ were three and two,

respectively. The confusion matrices show that /0/ responses are the

commonest errors to /a/ stimuli. Conversely, /a/ and /u/ errors frequently

occur to /0/ stimuli. Fo. example, CoC was matched with Cu 23% of the time

the latter was offered. This is probably due to the fact that both /0/

and /u/ are back vowels. The phoneme /u/, aside from some confusion

with /0/, proved the most readily identifiable phoneme. The only other

distractor for /u/ is the allophone of /i/ preceded by a plain consonant.

This represents an identification of a central articulation with a back

one, probably to be expected from English speaking subjects.
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Although great care was taken to control the order and series of

consonants in both the stimulus and alternatives, except for the plain vs.

palatalized series, no salient relationship to vowel matching performance

was found.

Comparison of Groups f. and~. When both groups received the same

material (on the fifth day of the experiment) Group P~s performance was

considerably below that of Group R. Group P did not do much better on

Day 5 than Group R did on its fi,st day. Several linguistic inferences

are possible: (1) There seems to be very little transfer from CV to CVC

patterns, due probably to the effect of the final consonant on the vowel

allophone. (2) Although lei and Iii were correctly predicted to be the

more difficult vowels to match, the practice of first teaching la,o,u,1

and then le,il did not result in more efficient learning of the latter;

henc~ little transfer appeared. (3) The attempt to help matching by

basing. instructions on Russian vowel letters rather than Russian phonemes,

that is presenting la:H,y:1O I etc., rather than the plain vs. palatalized

consonant series, did not aid in phoneme identifications.

Retention. An interesting result. of the experiment was the high

amount of retention shown. There was an interval of two days between the

fifth and sixth experimental sessions, the .sixth session being devised

to test retention with minimal opportunity for relearning. The error

rate of the sixth session rose only 4% as compared to the fifth, i.e.,

little forgetting occurred. This is particularly interesting since no

reinforcement was given in Session 6. Hence, when auditory reinforcement

was absent, visual reinforcement did not seem significant in helping the

subjects to perform their tasks.
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5. QUANTITATIVE APPLICATION OF STIMULUS,RESPONSE THEORY

In this section we continue the applications'begun in our earlier

report, of mathematical learning theory to linguistic data. The reader

is referred to that report (Suppes et al, 1962) for a description of the

more important models considered, as well as several relevant statistics.

In the present report we concentrate on the one,element and two,element

stimulus sampling models.

One,element model. As noted before (Suppes and Ginsberg, 1961), the

one,element model implies a binomial distribution of responses prior to

the last error. The statistical tests discussed by Suppes and Ginsberg

may be performed hereto determine whether the responses indeed are

binomially distributed. Previously (Suppes et al, 1962) we applied these

tests in analyzing data from an experiment in which subjects judged CV

pairs as "same" or "different" l Those findings did not support the

conception of an all-or-none learning process. Instead, a three-state

two-element model which we shall consider next proved reasonably accurate.

In the present experiment, the stimulus element was identified with the

vowel phoneme, so five sets of tests for binomiality were performed,

each using the response sequence corresponding to one stimulus vowel

phoneme sequence. Group P data were excluded unless otherwise noted,

since the graded difficulty and non random presentation order for this

group violated the requirements of the model.

In Table 12 appear the x2 tests for stationarity. Some Group P

values are included for comparison. Both the Vincenti zed and the non-

----------~---------------------------'-------------

Insert Table 12 about here



Vincentized data, are significantly non-stationary, usually at beyond the

.02 level. Figure 5 reveals a general decline in the proportion of errors

----------------~--~~-------~-~---------------------

Insert Figure 5 about here

across quartiles. Also, most of the findings in Table 13 indicate a

Insert Table 13 about here

----------------------------------------------------

non-binomial response distribution. The test for independence of

successive responses 'yielded significant x2 /s in three of five cases.

The tests of the distribution of responses, and of response sequences

in blocks of five successive trials strongly refute this particular

application of the one-element model.

One could argue that the failure to ohtain stationarity of response

probability might be attributed to lack of homogeneity of item difficulty.

For example, a difference between,quartiles in the relative frequency

of easy and difficult items could mask stationarity. Consequently, two'

further analyses were performed in an effort to trace the course of

learning within sets of equally difficult items. In the first comparison,

items haVing the same stimulus vowel and estimated guessing probability Po'

(as determined by the position of the correct alternative)'were grouped.

The, criterion for specifying the last error was 6, 8, or 10 consecutive

correct responses, depending on whether Po' was ,113, .262 or .265', or

.360, respectively. As Table 14 shows, the frequency of correct responses
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Insert Table 14 about here

-----------------------------------------------------~

summed over sets of such items increased across quartiles. An additional

step was taken to decrease the effects of inter-item differences. Pairs

of items, both members of which yielded about the same total number of

'l
errors and which met the two above conditions, were selected. Table 15

gives the number correct on each of Days 1 - 5 for these pairs. The

maximum possible correct per day was 88.

Insert Table 15 about here

Equal difficulties are encountered in fitting a linear incremental

model to the data. According to the exponential learning curve implied

by the single-operator linear model (Bush and Sternberg, 1959), the

greatest incr~nent in the probability correct should occur between Days

1 and 2. This prediction received support in only two of the six sets

of item 'pairs. Although the tabulation does not permit a stationarity

test, the dramatic absence of steady improvement may be seen in another

way. There was essentially no improvement from Day 1 to Day 5 on the

second /a/ set and the /0/ set. After Day 1, the same rema'rk applies to

the second /i/ set. And for two or the remaining three sets, a string

may be found of three days without a net increaSe in the number correct.

This represents a lack of improvement over 100 p~esentations. In

agreement with Table 14, the overall pattern is an irregular increase

in the frequency of correct reinforces, corresponding much more closely
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Table 12

Results of Stationarity Tests of Vincenti zed and

Non-Vincentized Response Sequences

Concept (Vowel Vincenti zed Non-Vincentized Data
Phoneme) Datal

Group X2
P X2 d.f- P

/a/ R 8.68 <.02 18.87 7

P 67.59 <.001 <.01

/e/ R 62.75 <.001 68.4b 7 <.001

P 50.62 <.001

/i/ R 58.57 <.001 89.44 7 <.001

P 91.14 <.001

/0/ R 13·72 <.005 15.36 7 <.05

P 47.39 <.001

/u/ R 8.60 <.020 2·93 1 <.10

P 60.29 <.001

All Vowels R 59·35 <.001

I
166.42 28 <.001

P 102·50 <.001

1
These
so the

2
X s were
number of

computed for quartiles of responses prior to last error,
degrees of freedom is two in each case.



Table 13

Results of Order, Response Distribution, and Response Sequence

Distribution Tests} Group R.

Concept (Vowel Order1 Responses2 Response Sequences
Phoneme)

X2 X
2 2

P P X D.F. P

/a/ 4.62 <.05 6.26 .10 66.81 23 <.001

/e/ 1.98 >.W 18.63 <.001 80.50 30 <.001

/i/ 9·51 <.005 11.]1 <.01 46.]1 30 <.05

/0/ 1.40 >.10 ll.80 <.01 45,.97 23 <.01

Iu/ 3 ·93 <.05 ].32 <.W 43.38 15 <.001

All Vowels 6.]6 <.01 20.46 <.001 99·22 30 <.001

1 The number of degrees of freedom is one in each case.

2 The numbe;r of degrees of freedom is three in each case.
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Tabl" l4

Number of Responses, N, and Number Correct, N., per quartile
l

(i = l, 2, 3, 4) for Items Grouped According to Vowel and

Estimated Guessing Probability, P .o

Vowel P N Nl N2 N
3

N4 N4-N10

/a/ .. 113 68 26 20 22 23

/a/ ,265 146 61 82 66 88 +

/a/ .360 7 2 5 1 2 0

/a/ .262 74 46 52 52 59 +

/e/ .U3 69 18 15 29 28 +

/e/ .360 167 63 83 82 106 +

/e/ .262 135 55 76 72 93 +

/i/ .265 226 71 85 105 95 +

/i/ .360 66 28 34 36 49 +

/i/ .262 107 26 49 57 58 +

'£ 1065 396 501 522 601



Table 15

Number Correct per Day for Pairs of Items with

Approximately Equal Guessing Probability

and Total Correct Responses

Total Correct Day
Vowel Days 1 - 6 1 2 3 4 5

/a/ 171, 184 48 57 60 54 69

/a/ 232, 237 78 76 78 79 82

/e/ 188, 192 44 64 66 63 76

/i/ 59, 82 6 18 18 36 33

/i/ 140, 142 28 52 48 57 49

/0/ 169, 184 65 53 52 69 55

:z. 959, 1021 269 320 322 358 364

Day n - Day n -1 51 2 36 6



to a step function than to an exporiential curve (ihthisconnectionsee

particularly the last row of Table 15).

One might also conceive the learning process as consisting of the

elimination of error tendencies, a view advanced by Harlow (1959).

Incorrect responses should be extinguished one after another, resulting

in a reduction to one type of error on the trials just preceding errorless

performance. We may hypothesi.ze that the learning process is stepwise,

with a step occurring when one error tendency is removed. Hence, response

probabilities should be stationary between steps.

To test this notion with a given vowel, we must determine the most

persistent error and examine trials after the last occurrence of other

errors. This' analysis was performed on the two response sequences with

the most errors, i.e., those having /e/ stimuli and those having /i/

stimuli. The most persistent error was assumed to be the most frequent

error as indicated by the confusion matrix (Table 3). For /e/ stimuli,

this error constitutes /i/ responses, and vice-versa. Of course, the

error patterns of some subjects might not be reflected by the group matrix.

We now illustrate the method of analysis by use of the response sequence

to /e/ stimuli. Let n + 1 denote the trial number of the last response

other than /e/ or /i/ and let n ' + 1 denote the trial number of the last

/i/ response. Then the probability of a correct response was calculated

in quartiles of trials 1 to.n, and likewise for trials n + 2 to n'.

Since, by definition, an error always occurred on trial n ' + 1, data

from this trial were excluded. Figure 6 shows that the probability of

Insert Figure 6 about here
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a correct response generally increased between trials 1 and n and between

trials n + 2 and n ' . For /e/stimuli, the proportions are based on 235

responses per quartile on trials 1 to nand 40 on trials n + 2 to n l
• The

corresponding figures are 144 and 36 for /i/. The former increase does

not negate our stationarity hypothesis, since several types of errors are

being eliminated on these trials. However, the lack of stationarity when

only one type of error remains (trials n + 2 to n I) refutes the notion

that one stimulus element is being conditioned all-or-none on these trials,

We investigated an additional way of conceiving the stimulus situation

within the one-element model framework. In the sequence of presentations

of the stimulus /i/, it is feasible to argue that two subsequences are

represented. The items are "hard" or "easy", according to whether /e/

is or is not a choice alternative. Perhaps stationarity would be exhibIted

wi thin each subsequence. Therefore" the responses to /i/ stimuli prior

to the last error were grouped into Vincentized quartiles, employing

the usual learning criterion of ten successive correct responses. The

data with /e/ stimuli were not suitable for this analysis, since /i/

choice alternatives were offered almost always. The proportions correct

were

Quartile

1 2 3 4

le/ present .14 .34 .32 .62

le/ absent .48 .67 .50 .67

Presumably, some of the instability is due to the paucity of observations

(N ~ 77 and 52 per quartile for the first and second rows, respect2vely).
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Nevertheless, the definite tendency for the proportion of correct responses

to increase argues against a stimulus identification in terms of the one­

element model.

Stationarity tests using individual data. This final analysis

contributed nothing new, but merely emphasized the evidence against

stationarity at the vowel level. For each of the 44 subjects in Group R,

the proportion of errors on each vowel was computed, separately for each

half of the trials prior to his last error on that vowel. In the over­

whelming majority of cases, the probability of error decreased from the

first half to the second half of trials. Going further, it is of

interest to see if item difficulty is a factor in determining whether

stationarity obtains. For each subject-item and the trials prior to

last error, the difference in the proportion of errors between the first

and second halves of trials prior to last error was found. If the

increase in errors exceeded .10, a + was recorded; if the decrease

exceeded .10, a - was recorded. Otherwise, the difference was entered

as 0. With this rough classification, the frequency of +, 0, and - was

tallied for items whose last error occurred on trials 1 - 30 versus items

whose last error occurred on trials 31 - 50. In the latter case, errors

commonly occurred as late as trials 45 - 50, suggesting that more errors

would have occurred had more trials been given.

The proportions of +, 0, and - changes when the last error occurred

between trials 1 - 30 were .16, ,48, and .36, respectively. When the

last actual error occurred between trials 31 - 50, the corresponding

proportions were .07, .43, and .50. The first set of figures is based
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on 56 cases, and the second on 164. Hence, there was some tendency for

the items learned faster to display an initial rise in errors, compared

to the items learned more slowly. The fact remains, however, that among

items of both types the predominant trend was a reduction in errors from

the first half to the second half of trials.

Two-element model. This model assumes that, prior to the trial of

last error on a given concept, the two-element stimulus set representing

the concept may pass from the initial state in which neither element is

conditioned to the correct response to the intermediate state in which

one of the two elements is conditioned. We assume that the probability

of a transition is constant over trials and call this parameter c. The

response parameters qo and ql refer to the probability of an error in the

initial state and the intermediate state, respectively. The corresponding

quantities in our previous report (Suppes et aI, 1962) are the averages,

over subjects, of 1 - go and 1 - gl' A natural way of testing this mode~

is to see how well it predicts various properties of the group data.

Specifically, we were interested in the mean and variance of total errors

per subject, "autocorrelations" of errors, the probability distribution

of the number of trials before the first correct response, the frequency

of error runs of length j (j = 1, 2, ---, 5), and the binomial distribution

b. (i = 0, 1, 2, 3, 4) of errors in blocks of 4 trials summed over trials
1

prior to criterion. The exact formulation and derivation of all theoretical

expressions are given in the appendix.

Before computing the observed and predicted values of these statistics,

two decisions were necessary regarding treatment of the data. (1) Because

of heterogeneity among the vowels in the learning rate, it seemed advisable
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to compute all quantities separately for each vowel. The advantage of

such a procedure is tl1at the equal item difficulty assumption of the

model is more closely approximated, reducing the observed variances.

However, considerable differences in total errors still remained among

different items containing the same vowel (Table 13). Despite this lack

of homogeneity, it is instructive to evaluate the adequacy of the model.

Later an analysis will be reported in which item difficulty was equated

more precisely. (2) The model imposed another limitation on the treatment

of the results. All derivations assumed a fixed number, n, of trials

prior to last error, so an arbitrary choice of h is required in calculating

the observed quantities. Selecting a high value of n would include most

of·the data from the slow learners, but data from others would be excluded.

Choosing a small h would include more subjects, but less data from each.

A compromise was adopted which permitted inclusion of most of the data.

Table 16 gives the number of subjects and trials included in the analysis

for each vowel.

Insert Table 16 about here

There are three parameters of the model to be estimated, the

probability q of an error when both stimulus elements are unconditioned,o

the probability ql of an error when one element is conditioned, and the

probability c of passing from the state of no elements being to that of

one being conditioned. Since we kqew of no way of using the estimates

for one vowel to obtain those for another, five separate estimates of

each of the parameters were required. The initial error probability,
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qo' was estimated from the first 15 trials of Day 1. First the probability

of choosing each position was computed over those trials. Then each

probability was weighted by the probability that the experimenter had

allocated an incorrect alternative to that position, and the weighted

guessi.ng probabilities were summed over positions. Employing these q
o

values, the method of estimating ql and c was a minimum X
2

fit to the

observed b. (i = 0, 1, 2, 3, 4) frequencies, using Equations 16 - 20
l

in the appendix. We recall that b
i

is the number.of nonoverlapping

blocks of four trials containing i errors. There are four degrees of

freedom among the b. and three are used in estimating parameters, so
l

there remains one degree of freedom for evaluating the goodness-of-fit.

Inspection of Table 16 reveals generally excellent agreement between

the predicted and observed b .. Only for /0/ is the X
2

close to significance
l

(p < .02).

It is of interest to compare the parameter estimates obtained for

the various vowels. There is fairly close agreement among the ~ , sug­
o

gesting that learning over the first 15 trials has not invalidated our

estimation procedure. Comparison of the ql values reveals considerable

intervowel difference. It is. important to note that variation in rates

of conditioning, ~, are not sufficient to account for the intervowel

variance in errors. Instead, substantial differences also appear in

~l' the probability of an error in the intermediate state.

Table 17 presents additional comparisons of the two-element model

and the data. The quantitative predictions of the mean total errors are

Insert Table 17 about here

~--------~---~------~-----------------------------
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Table 16

Estimation of Parameters for Two-Element Model, Including Comparison of Data (in Parentheses) with

Quantities used in Least Squares Estimation

/a/ /el /i/ /0/ /u/

Number of trials 40 40 40 44 12

Number of Subjects 39 42 43 38 40

Number b 52.81 (52) 30.07(33 ) 3L09 (2e) 67.49 (77) 48.68 (50)0
of blocks, b. bl

126.48 (l30) 104.87 (101) 98.00 ;(102) 14L06 (120) 37.24 (34)
l,

of four trials b2 122.30 (117) 145.82 (143) 136.31 ,(135) 12L30 (133) 19.08 (23)

with i errors b 66.34 (70) 103.74 (no) n4.25 (112) 64.07 (65) 10.64 (8)
3

b4 22.15 (21) 35.45 (33) 50.35 (52) 24.09 (23) 4.36, (5)

x2 .60 L03 .41 5.68 LB8

.-q .76 ·73 ·72 .76' ·T30
-q .36 .45 .41 ·33. .n

1

i; .17 .13 .06 .14 .34



Table 17

Comparison of Two-Element Model and Data

(a( (e( /if (o( (u(
Total errors Obs. Pred. Obs. Pred. Obs. Pred. Obs. Pred. Obs. Pred.

Mean 16.87 17.62 20.21 20.68 21.30 22.16 17.71 17.69 3.10 3.12

Variance 51.01 14.34 34.81 13·92 29·60 31.73 55·78 22.11 7·07 3·46

Autocorrelations

of errors· k

trials apart, for

k • 1 8.01 7.74 10.69 10·50 12.35 12.19 7·45 7.76 1.20 1.19
2 7·50 7.36 10.58 10.12 11.75 11.80 8.05 7·37 1.29 .88

3 7.94 7·02 10.39 9.76 11.47 11.42 7.71 7.02 1.08 .67
4 7.90 6·72 10·92 9·42 11.22 11.06 7.76 6·70 ·93 .53

5 7.56 6.44 9·80 9·10 11.09 10·70 7.63 6.41 .80 .43

Total j-tup1es,

for

j • 1 16.87 17.62 20.21 20.68 21.30 22.16 17.71 17.69 3.10 3.12
2 7.62 7·74 10·38 10·50 11.74 12.19 7·50 7.76 1.10 1.19

3 3·67 3.68 5·67 5·51 6.65 7·11 3·58 3·84 '·53 ·54
4 2.13 1.90 3·26 2·99 3·90 4·39 ,1.89 2.11 ·33 .25

5 1.33 1.04 2.10 1.67 2.20 2·74 1.08 1.25 .18 .12

Probability of k
errors before first

success, for

k • 0 .23 .24 .60 .27 .07 .28 .66 .24 ·75 .27

1 ·51 .23 .02 .22 .12 .22 .18 .23 .18 ·35
2 .18 .18 .12 ,17 .40 .16 .05 .17 .03 .19

3 .03 .12 .14 .12 .09 .11 .00 .12 .00 .10

4 .03 .08 .02 .08 .19 .08 .03 .08 .05 .05

5 .00 .05 .00 .05 .00 .05 .00 .05 .00 .02



well confirmed in all cases. The total observed j-tuples per subject

generally agree quite closely with the predicted values, although several

moderate disparities appear in the /e/ comparisons and in the cases where

j = 1. The fit is less satisfactory when we consider variance of total

errors, autocorrelations of errors, and the probability distribution of

trials to the first correct response. Regarding the former, the prediction

of a monotonic decline in autocorrelation as j increases was generally

supported except for /0/. Most of the observed magnitudes exceed those

predicted, the deviations increasing with j.

More serious discrepancies arise with the remaining statistics.

Undoubtedly it is not surprising that the observed variances are well

above the predicted values. In our application of the model, we have

ignored intersubject variation and differences in difficulty among items

with the same stimulus vowel. However, this rationale is not entirely

adequate, because we have no assurance that the variance would be predicted

accurately even if subject and item sources were considered. There are

also wide disparities between the observed and predicted distributions

of errors before the first correct response. For four vowels, a marked

tendency exists for the first correct response to occur sooner than

predicted. It is believed that this particular measure is especially

sensitive to interitem differences in our experiment, because the item

presentation order was the same for all subjects. If, for example, the

first /il item were unusually easy, then the observed probability of

zero errors before the first success would be expected to exceed the

predicted probability.
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Save for these restrictions pertinent to statistics influenced by

interitem variability, we conclude that the model fits the data quite

satisfactorily.
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Appendix

Derivation of Theoretical Expressions for

the Two-element Model with N trials before the Last Error.

Because we are considering only trials before the last error, the

three-state transition matrix of the two-element model reduces to two,

Co and C
l

(we use a subscript to indicate the number of elements conditioned

to the correct response). The two-state transition matrix is simply that

of the one-element model.

The difference from the one-element model is to be found, of course, in

the probability of an error in each of the states. In the two-element model

P (error

P (error ~.

The number n of trials before the last error, which may be any number

less than the trial number of the last error, is determined directly from

response data. The parameters c , qo and ql must be estimated by statistical

methods. All of the expressions derived are functions of n, c, qo and ql'

We begin with the derivation of the expression for the expected number of

total errors.
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Let X be the random variable that has value 1 on trial m if
m

an error is made, and value 0 on trial m if a correct response is made.

Then the mean number E{ul)ofer,rors;in n"tl'ials" ill:

(1) n n ]
E(U

l
)" = l: p(X =1) = L:.. t (l_C)m-l + ql(l_(l_C)m-l)

m=l m m=l to

n

= l: (qo-ql) (l-c )m-l + ql
m=l

To obtain the variance of total errors: in :n,trial;s we use the familiar

theorem that

(2 )

We begin with
n
l: Var(X)

m=l m

n n
l: Var(X) = l: p(x =l)[l-P(X =1)]

m=l m m=l m m

n
= l:

m=l

n
= l:

m=l
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(4 )

Next we turn to the covariance term. First we note that for i < j

Cov(X.X.) = E(X .X.) - E(X. )E(X.)
lJ Jl J l

Now

E(X.X.) = p(X. = 1 & Xl' = 1)
J l J

= p(X. =lls. =1) p(S. =lls. =1) P(X. = lis. =1) P(S. =1)
J J J l .. ' l .. l l

+ p(X. =lls. =1) P(S. =1ls. =0) p(X. =lls. =0) p(S. =0)
J J J .. l l l l

+ p(x.=lls.=o) p(S. =ols.=o) p(X. =lls. =0) p(S. =0)J. JJ . l . l l l

where S. is the random variable whose values on trial j are the
J

,

possible states Co and Cl , indicated here by 0 and 1 respectively.

Note that the three terms on the right correspond to the three possibilities

for entering state Cl , namely, before trial i, between trials i and

j I or after trial j. Computing the terms shown above we then have:
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E(X.X.) ; q12 [1_(1_c)i-1] + q1q [l_(l_c)j-i] (1_C)i-1 +
1 J 0

And

» j-1 j-1 ()i-1 (( )i-1)]E(X. E(X. ; [q (l-c) + q1(1- (l-c) )][ q 1-c + q1 1- 1-c .
J 1 0 0

2( )j-1( )i-1 ()j-1 ( )i-1; q 1-c 1-c + q q1 [ 1-c + 1-co 0

( ) j+i-2 2 [( )j-J. ( )i-1- 2 1-c ] + q1 1- 1-c J[ 1- 1-c ]

So J by (5)

2 ( )j-1 (. )i-1+ q 1-c [1- 1-c ]
o

( )2( )j-1 )1-1; Qo-Q1 1-c [l-(l-c ]

Hence

1 ::::i< j ::::n
CoV(X.X.) ;

1 J
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(6 )
2( n , 1 n , 1 j-1

= (q -q) E (j_1)(1_c)J- - "E" (l_C)J- E
01 '2 "2"1J= J= l=

The first term in brackets is
n " 1J­
E (j-1)(1-c)

j=l

= ~ j(1_c)j-1
j=O

n
_ E (1_c)j-1

j=l

n
= E

j=O

= _ i- "[l-(l-Ct+l]_ [l-(l-C)nJ
dc " c c

=
1 - (1_c)n+1 _ (n+1) C (l_c)n

2
c

The second term in brackets in Eq. (6) is

n "t j 1J_ E (1_c)j-1 l-(l-c) -
j=2 c

When j=l ,[l-(1_c)j-1j = 0 , so we can sum from j=l :
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(8 ) -l+(l-c ).n 1- (l-c )2n
= -2 - + 2-

c c (2_c)

Putting Eqs. (7) and (8) in (6), we have

~ Cov(X.X. )
l::;i<jCn lJ

(n+l)c (l_c)n + 1_(1_c)2n
2c (2-c)

(
_

)2 ~n(l_C t -1+ (l_c)n 1- (l-c )2n]
= qo q1 + 2

c c (2-c)

1- (l-c )2n -J
c (2-c)

(10)

we add the variance term and twice the covariance term by using Eqs. (4)

and (9).

(q -q )
o 1 [l_(l_c)n j

c

+
2 (qo-ql)2 ~-i1-C j2n

- 1 - (n_1)(1_c)n
c c 2-c
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We now consider the distribution of errors before the first success,

i.e., first correct response. Let F be the random variable whose

distribution is that of errors before the first success. Then for

k;= 0,1,2, •.• , N-l,

;= q k (l-q )(l_c)k+ q k C(l-c)k-l(l-ql)
o 0 0

~
k kjk [qo(l-C)] - ql

(l-q )(l-c) + cq (l-ql) (1) .o o· q -c·- q. .01
(n)

q j-l[q (l_c)]k- j
1 0

We next derive the expression for the expected number of j-tuples

of errors in n trials. From this expression, it is easy to obtain

the expected number of runs of errors of given length.

of errors with 1st error on trial m. Note that

E(U2 1) ;= q 2 (l-c) + q qlc
,,' 0 0

Let U. ;= j-tuple
J,.m

For the case in which the transition from state ° to state 1 occurs

between trials m and m + j - 1, we define k as the number of trials in

state ° after trial m. (1 ~k < j). Then
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Now

q j with probability (1_c)m+ j -2
o

E(U. ) ~ qlj with probability 1- (l-c )m-l
J,m

qokqlj-k with probability c(1_C)m+k-2 ,

for m:::: n-j+l

Thus, for m :::: n-j+l

Whence

j-l
L: q k

k~l 0
(l_c)k q j-k

1

j-2 k k' k 2
~ q (l-c)ql L: q (l-c) qlJ--

o k~O 0

(12) ( ) j (1 )m+ j -2 j ()m-l ()m-lE Uj,m ~ qo -c + ql [1- l-c ] + c l-c qoql'

E
j-l( )j-l J'-lJq l-c - qo 1

q (l-c) - qo 1

We next sum over m to obtain E(U.) .
J

We consider each of the three

terms on the right of Eq. (12) individually.
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'l j
o

n-j+l
2.. (1_C)m+ j -2
m=l

n-j+l

= 'l j(l_c)j-l z.. (l_C)m-l =
o m=l

. . 1 [l_(l_C)n-j+l j'l J(l_c)J-
o c ,

[

j-l(· )j-l j-l] n-j+l
'lo l-c - 'll z.. m-l

c'lo'll . 'l (l-c)-'l _ (l-c) =
_ 0 1 m=.L

Whence, adding together these three terms and factoring, we have

E(U. )
J

We next consider the "autocorrelation" of errors k trials apart.

Let C
k

= event of error on trial m and on trial m + k .
,m

E(C
k

) = 'l (l_c)m-l 'l (l_c)k + 'll[ l_(l_c)m-l j 'll
"ill 0 0

( )m-l k ( )i-l+ 'l l-c 'll E l-c . c
o i=l
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Whence

n-k
= L:

m=l

n-k
L: (l_C)m-l+ q12(h-k)

m=l

(14)

(15)

Finally, we derive the binomial distribution of errors in blocks

of four trials. Let b. = event ofj errors in a block of four
J,m

trials with m the first trial of the block. Then we see immediately

that

b - U
4,m - 4,m.

Let n be divisible by 4 and let Q, = n/4. We want
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Now

Q.1
L:

m=O

Whence

. 4m
(l-c) =

4Ql-(l-c) _
41.(1.c)

(16)

We next compute

3 2 2+ (l-q )q1 c + [2q (l-q )q1 + 2q q1(1-q1)]c (l.c)o . . 0 0 - 0

Thus

2 2
2qo ql(1·q1)]C(1.c) + [3qo (1-qo)q1 +

q 3(1_q )]C(1_c)2t11.(1.C):]
o . 1 J 1. (l.c)
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(18)

(20 )

Similarly,

) 6 2 )2 (2 2 3 2 ( )2E(b2 = Q'h (1-q1 +(6q
o (l-tJ.o ) (l-c) - 6q1 1-q1

2 2
+ [3qol:(l (1-q1) + 3 (l-qO)l:(l (1-q1)]C

2 2 2 2 ( )+ [qo (1- q1) + 4qo(1-qO)q1(1-1:(1) + (1-q
0
11:(1 ]c 1-c

2( )( ) ( )2 ()2j' [l_(l_c)n]+ [3q 1-q 1-q1 + 3q 1-q q1]c 1-c 4
o 0 .0 0 l-(l-c)

And

E(b1 ) = nq1 (1-q1)3 + [4q
o (1-Qo)3 (1_c)3 - 4Q1 (1-Q1)3

+ [3 (1-Qo)Q1 (1-Q1)2 + Qo(1-Q1)3]c +

(l-QO) (1-Q1 )3 c + (l-Qo )2(1-Q1 )2c (l-c) + (1-Qo)3 (1- Q1)c (1_c)2]

[l-(l-ct]

1_(1_c)4

For s subjects each with n trials, we multiply the equation by s

to get the group prediction.
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